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CENTRAL COMMUTATORS
A, CARANTI AND C.M. ScoPPOLA

We give examples of finite groups of odd prime power order in
which the commutators lying in the centre do not generate the

intersection of the centre and the commutator subgroup.

The problem of finding a finite p-group ( with commutator subgroup
02 and centre Z(G) so that GZ N Z(G) 1is not generated by commutators
has been considered by R. Oliver, and communicated to the authors by

J. Brandt.

To our knowledge, no group having this property has been explicitly
recorded in the literature. The example we propose hereafter is meant to
display the ideas involved in the construction of it; examples of smaller

order, however, can be found, as remarked at the end of this paper.

Notation follows [1]J. We use freely elementary commutator calculus
as in III.1 of [l]}. Matrices act on vectors from the right; that is,

vectors are regarded as row vectors.

Let p be an odd prime number. Let E be an elementary abelian

group of order p3 , viewed as a vector space over GF(p) , and let

€,5€,,€

12%22%3
be a base of E. Let y be the automorphism of £ given, with respect to
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the given base, by the matrix

11
11

Since p > 2 , y has order p. Then the semidirect product
H = E<y> 1is a group of order p“ , and of nilpotency class J. Indeed,

if we set x = e, , we get
[-T,y] = 62, [x:y:y] = 63:

(1)
H, = [H,H] = <e,,e,>, H, = [Hz’H] = <e,> = Z(H) .

H is group 12 of satz II11.12.6 of []] (note that H has exponent
p for p >3 , while H has exponent 9 for p = 3 , check
[1, aufgabe 29, p. 349].

Let now A be an elementary abelian p-group of order plo, viewed as

a vector space over GF(p), and let
Ay, Gy, Ay, Cuy Cyy Dy, by, by, d,, d

be a base of A. Consider the elements & , n € Ayt(4) given, with respect

to the given base, in matrix form by

A straightforward computation gives

En = ng¢ ;

since § and n are unipotent, their Jordan forms have blocks of size at
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most 3, and p > 2, we have

since < aQys Ay Q4> is invariant under & but not invariant under n,
n 1is not a power of £ . Therefore <§,n> is an elementary abelian sub-
group of Aut(4) of order p?. Then setting p(x) = E, p(y) =n , a

homomorphism p : # —> Aut(4) is defined, with
(2) ker(p) = H,.

Let G be the semidirect product of A and H relative to p, so
that |G| = p*. set a, =a, by =b; then in &

( a, = l[a,x]
a; = la,x,2] = [b,y,z] = [b,x,y]
(3) 9
e, = la,y]
L Gy = [a.vy:y]:
b, = [byy,yl = [a,x,y] = [a,y,x]
(4) { 3
d, = [b,x]
d, = [b_,x_,x] .

Furthermore, it is easy to see that a,, by, ¢;, d, are left fixed

by & and n, and then
(5) a,s by, e, d3 € 2(G)
Since 4 < G, [A,H] £ A; by (2),
(6) [, =1,
and then AH2 =A x HZ; therefore, by easy commutator identities
G, = [G,G] = [AH,AH] = [A,H]H2 = [A,H] % H2

and then, by (1), G, is the 10-dimensional direct sum of
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[A,H] = <a,, a;, ¢,, ¢3, D,, b,s d,s d,>

and
H, = <lz,yl , [x,y,y]> .
By (6) and the above [G,,A] = 1; then

Gy

[G,,G] = [G,,AH] = [G,,H] =

[[A,H]HZ,H] = [:4_,!1_,1"1’]113 = [A,H,H] x H3 R
and thus, by (1),

(7 G, is the 5-dimensional direct sum of [A,H,H]

=<a, b,, ¢,, d,> and H, = <[x,y,yl> .

3,

By (5), (1) and (6) G_ < Z(G) and G has class 3. Consider now
3

the element g = [a,x][b,y]-1 € G, 5 (3) and (4) yield
lg,5] = [a,x,2,][b,yy,x) L = 1, [g,y] = [a,m,yliby,yl™ =1 .

Since A is abelian, and G = <4,x,y> , we obtain g € Z(G) neG,
by (7), however, g ¢ Ga' We now show that all central commutators of
G, i.e. the commutators of G 1lying in Z2(G) , are in fact in G,. This

will imply that g is not a product of central commutators. Suppose

(8) w [gl,gzle 2(G), g]_:gz € G.

It is enough to show w = 1(mod Ga)' For a suitable 2 X 4 matrix

t = [tij]’ with entries in Z we have, mod Ga’

(9) w = [atnbtlthaytn, atzlbtzzxtzaytzu]

[a,x]™ 3 [a,y ™" [b,x]™23 b,y 2" [x,y " 2",

. . Since congruences are mod Gy , and
21 3

Ga £ Z(G) we get, by (8), (3) and (4),

where mij = tlith - tljt

1= [w,y] = b, Mg 23 1g y 430

3
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+m,, =0, m_ =m _=m_ = 0.

Therefore by (7) we have, mod p, m,, 24 18 23 34

Now the well known relation
MygMyy = Mgy, + MyyMyy = 0

holds among the 2 X 2 minors of t (see for instance [!], Beispiel
III.1.12); we obtain mij =0 for {i,4} # {1,2}, and thus, by (9),
ws I({mod G3) , as required.

Note that an example of smaller order can be obtained by adding to
a presentation of G as above the relation [(b,z,x] = 1. It is

conceivable that examples of even smaller order exist.
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