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Abstract

This paper is devoted to a class of inverse coefficient problems for nonlinear elliptic
equations. The unknown coefficient of the elliptic equations depends on the gradient
of the solution and belongs to a set of admissible coefficients. It is shown that the nonlinear
elliptic equations are uniquely solvable for the given class of coefficients. Proof of the
existence of a quasisolution of the inverse problems is obtained.
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1. Introduction

In this paper we consider the problem of determining the unknown coefficient k£ (§) in
the nonlinear elliptic boundary value problem

—V (k(Vul)Vu) = f(x), xeQ
u(x)=0,  xel, T cr=aQ

(1.1)
KIVul)3E = pC), x €T,
from knowledge of the measured data given on the boundary
u(x) =gx), xely (1.2)

where the domain  C RY (N > 1) is assumed to be bounded and simply connected
with a piecewise smooth boundary I"and ') NI, = P, N U T, =T, measTy # 0.
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The determination of unknown coefficients in elliptic partial differential equations
from additional boundary conditions (measured data taken on the boundary) is known
in the literature as inverse coefficient problems (ICPs). Physically, an ICP is the recon-
struction of an intraproperty of a medium (for example, conductivity or permittivity)
in some bounded region by using steady-state measurements on the boundary.

ICPs for linear elliptic equations have been studied by many people, for example,
by Cannon and DuChateau [1] for rectangular domains, and by Cannon and Rundell
[2] for unbounded domains. ICPs for semilinear parabolic equations have also been
considered by Liu [8-12]. In the case of elliptic equations, uniqueness and continuous
dependence results for various inverse problems have been proved by Kohn and
Vogelius [6] and Sylvester and Uhlmann [13].

For a given coefficient k = k(s), we sometimes call the problem (1.1) the direct
problem DP. Denote the solution of DP by u[x;k]. Then from the additional con-

dition (1.2), we see that the ICP (1.2) consists of solving the nonlinear functional
equation

ulx;k] =gx), xel,

for given data g = g(x), over the solution u = u[x; k] of the nonlinear boundary value
problem (1.1).

In applications, instead of the measured data (1.2) on the boundary, one may get
the nonlocal measured data

/ u(r)dx = ®. (13)
Q

In this case we shall define the problem of determining a solution k = k(s) of the
nonlinear functional equation

/ ulx;kldx = &
Q

over the solution of the DP as a nonlocal inverse coefficient problem.
In the practical solution of such ICPs, instead of solving the functional equations
above, one usually tries to find the solutions of the minimization problem

1(k) = min [;(k), where 11(12)=f |u[x;12]—g(x)|2dx (1.4)
keK P

is an auxiliary functional and K is a set of admissible coefficients. Tikhonov and
Arsenin [14] call a solution of the minimization problem (1.4) a quasisolution of the
ICP (1.2) (see, for example, [3-5] for more detail).

For the ICP (1.3), a quasisolution can be defined as a solution of the minimization
problem

L(k) = min L,(k), where (k) = ' / ux; k]dx — d>‘.
kek Q
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The ICPs (1.2) and (1.3) have been considered by Hasanov [4] under the set K, of

coefficients k(s) satisfying the following conditions:

(@ O<c 2k(s) <

() k'(s) <0

(c) k(s)+2k'(s)s =c¢3 > 0,5 € (0,s%)

(d) 3so, k(s) + 2k'(5)s9 > ¢c3 > 0,5 € (0, s5¢)

(e) k'(s) is a monotone increasing (or decreasing) function on (0, s*).
In the set of admissible coefficients K, Hasanov [4] has proved that the ICP (1.2) has
at least one quasisolution.

However, in many applications, the coefficient k(s) does not satisfy the conditions
above. It may not be monotone and piecewise smooth. Also, it is not easy to estimate
the constant s*, which should be an a priori upper bound for |Vu(x)|*, Vx € Q.
Therefore, one should consider the ICPs in the interval [0, 00) instead of 1 in [0, 5*]. In
the following we shall generalize the results in [4].

With respect to the coefficients k = k(s) we make the following assumptions:

(Al) ke C[[0,00)] and c; < k(s) < 2, Vs € [0, );
(A2) Yo [KUEPE — k(E'DE]E — &) = csl6 — &2 VE, £ € RY.
Here ¢y, ¢; and c; are positive constants.
The set K of coefficients satisfying Assumptions (A1) and (A2) is called the set of

admissible coefficients for the ICPs under cons_ideration.
Comparing with the conditions (a)-(e), we have the following result.

LEMMA 1.1. Suppose that a coeﬂiczent k(s) satisfies the conditions (a)—(c) above
with s* = 00. Then k € K.

PROOF. Let the coefficient k(s) satisfy the conditions (a)-(c). By the definition of
the admissible coefficient set K, we have to show that k satisfies Assumption (A2).
Forall £, & € RY and ¢ € [0, 1], define the functions

V() =15+ (1-n¢ and f(t)=k(I\V(r)|2)A[\V(t)(§—E')]-

Then
N

Y {kGEPE - k(1E'1PE] (& -
=k(EPE (£ - &) —k(EPE (£ - )
: 1
= 1= = [ £

| |
= f k(WP g =& +2¢ (W@ P) [$0) (€ - )] e
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1
> f [k (W) + 2% (WO 1w @P] & - & ar
0
>0 If - 5"2-

The first and second inequalities above use the Cauchy inequality, and conditions
(b) and (c), respectively. The proof is now complete. v ]

LetV = {ve H(Q) : yv =0onT,} and H = L}(), where y : H'(Q) —
L?(32) denotes the trace operator. Applying the Poincaré inequality we may define
the Hilbert space V with norm |lully = (J, |Vu|*dx)"/*. Identifying H with its
dual, we have an evolution triple V C H C V* with dense, continuous and compact
embeddings (see, for example, Zeidler [15]). For convenience, we denote by (-, -)5
the duality of B and its dual B* as well as the norm by || - || 3 for any Banach space B.

For any k € K, we define the nonlinear operator A : V — V* by

(Au, v)y = /k(quIz)Vqudx Yu,veV.
Q

Since we always assume that f € H and ¢ € L*(T';), the linear functional F on V is
well defined by

(F,v)y =/f(x)v(x)dx+/(p(x)v(x)dx.
) Q I

Using the operators defined above, it is easy to see that a weak solution of the problem
DP can be defined as a solution of the variational problem

(Au,v)y = (F,v)y YveV.

2. The inverse coefficient problem

The first theorem we intend to prove is as follows.

THEOREM 2.1. Ifk € K, the problem DP has a unique solution u € V. If u is the
solution to DP, then there exists a constant ¢ > 0 (independent of k € K ) such that

lully < e (1 fln + leliry) - 1)
PROOF. Applying a well-known existence theorem for monotone operators (see,

for example, Zeidler [15]), we readily obtain that DP has a unique solution in V for
any k € K. ‘
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Let u be the solution to DP. We notice that u € V. Using (1.1) and integration by
parts, we have

/k(IVulz)IVulzdx=/fudx+/ o(yu)dx. 2.2)
Q Q r;
By Assumption (A1), it follows that

c,/ |Vu|2dxka(IVuIZ)IVuI2dx.
Q Q

Moreover, using the Young inequality with any € > 0, we have
€2 5 1 , _ €k ) 1 )
[ fudx < S [ waxs sy < S [ vatar+

In the last inequality, we have used the Poincaré inequality, where ¢y is the Poincaré
constant.

By virtue of the boundedness of the trace operator y and the Young inequality, we
obtain

€? 1
/z;g go(yu)dx = _2_ ‘/;Q Iyulzdx + 2_82”90”22(&)

elyl?
2

1
2 2
< S [ 19udx + ol
From the above bounds and (2.2), we may choose € > 0 small enough and readily
deduce (2.1). This completes the proof. |

In what follows we analyze the class of admissible coefficients and prove stability
of the coefficient and then obtain the main result - the existence theorem for the
inverse problem. As seen above, the two Assumptions (Al) and (A2) guarantee the

solvability of the nonlinear DP in V. Therefore, when defining a set of admissible
coefficients for the ICPs under consideration, some conditions have already been

given. On the other hand, it is natural to endeavour to obtain a solution of any ICP
with minimal requirements on the desired coefficient. Unfortunately, in many cases
the given conditions (physical or mathematical, such as the DP solvability conditions
(A1) and (A2)) do not guarantee the compactness of the set of admissible coefficients
in the suitable space. Therefore, the main problem is to construct a compact set of
admissible coefficients with minimal additional conditions with respect to k = k(s).
Now we turn to the solvability of inverse coefficient problems. In order to obtain a
theorem on the existence of quasisolutions for ICPs, we need the following result.

THEOREM 2.2. Suppose that a sequence of coefficients k,, € K converges to a
function k € K in the following way:

li_{rgolkm(s) —k(s)| =0, Vsel0,o00). (2.3)
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Then the sequence of solutions u,, = u(x;k,) converges to the solution u = u(x; k)
inV.

PROOF. Sincethe sequencek, k,, € K (m = 1,2, ...),by Theorem 2.1 the solutions
u,u, (m =1,2,3,...) are well defined. By the definition of solutions for DP, we
have Vv € V

/ Ky, (IVit ) Vit Vodx = / fudx + f o(yv)dx,
Q Q Iy

/ k(JVul»)VuVvdx = / fvdxdt + / o(yv)dx,
Q Q I
which imply
/ [kn (V) Vit — k(IVuP) V] V (u — u)dx = 0.
Q
Therefore, we get
/ o 1V () Vth — k(| ) VitV (1 — w)elx
Q
+ f [kn (V) — K(Vul) VY Gt — u)dx = 0.
Q
By Assumption (A2) and the Holder inequality, we obtain

03/ IV (um — u))*dx
Q

< f |[kn IV = k(Vul®)] VeV, — )| dx
Q

12 12
< {/ [k IVt [?) —k(IVu12)|2|Vul2dX} {/ [(V(upm — u)lde} ,
Q Q

which implies that
c§f |V (U, — u)|*dx < / ke 1V ) —k(qu|2)|2|Vu|2dx. (2.4)
Q Q
By Assumption (A1), we have
(1) = k(Vul)|* |Vul? < 3 Vul. 2.5)
By virtue of (2.3), (2.5) and Lebesgue’s convergence theorem, we obtain
lim / |kn(1Vul?) = k(Vul?)|* |Vul2dx = 0.
m—00 Q
Therefore, using inequality (2.4), it is easy to see that
Hm ||u, — ully =0.

The proof of the theorem is complete. a
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Next we study the existence of a quasisolution of the ICPs (1.2) and (1.3). For this
reason we need a compact set of coefficients and continuity of the functionals 7, (k)
and I,(k) defined in the previous section, respectively. First we note that the two
Assumptions (Al) and (A2) that compose the set of admissible coefficients K arise
as solvability conditions for the problem DP. By virtue of Theorem 2.2, it is natural
to construct a compact set of admissible coefficients in C[[0, 00)]. For this reason, in
addition to Assumptions (A1) and (A2), we assume that the subset K, of K is equi-
continuous, that is, K. C K and for every ¢ > 0, there exists § > 0 such that if
ke K.s s €[0,00)and |s; — 55| < 8, then lk(s)) — k(s2)| < €.

Now we shall show the following generalized Ascoli-Arzela theorem.

THEOREM 2.3. Let K. be an equicontinuous subset of K. Then for any se-
quence {k,) of coefficients in K, there exists a subsequence, still denoted by (k.,},
such that lim,,_, oo k. (s) = k(s), Vs € [0, 00) and k € K..

PROOF. The idea of the proof is similar to that of the Ascoli-Arzela theorem. For
the convenience of the reader, we give an outline here.

It is well known that the interval [0, 00) is separable. One may choose a dense
countable subset {s;} in it. By use of Assumption (Al), there is a subsequence
{k{"} € {kn} such that the sequence {k{"(s;)} converges to a real number, denoted
by k(s;). Then by Assumption (A1) again, one may choose a subsequence {k@} C
{k{1} such that the sequence {k(s2)} converges to a real number, denoted by k(s;).

Repeating the procedure, we obtain a subsequence {k{} such that

lim k& (s;) =k(s), i=1,2,...,n

We easily conclude that the subsequence {k!™} C (k,,} constructed above has
lim k% (s) = k(s), i=1,2,3,....
m—00

Furthermore, we shall prove that k™ (s) is a convergent sequence for all s € [0, 00).
By use of the equicontinuity, for every € > 0, there exists § > O such that if
5,8 € [0,00) and |s — §'| < §, then [KUV(s) — k()| < €/3,m = 1,2,3,....
Since {s;} is dense in [0, 0), Vs € [0, 00) \ {s;}, we can get an s;, € {s;} such that
|si, — s| < & and by the convergence of {k™(s;)}, one can choose M > 0 such that
k™ (s.) — kS (s,)] < €/3,Vm, m' > M. By the inequalities above, if m, m’ > M,
we easily get

K 6) = K 6)] = 6) — o)+ 500 = K 54)

+.

' N € € € v
K6) —KEO| < S+ +5 =<
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which implies that & (s) is a Cauchy sequence. Therefore, we have shown that
lim k™ (s) = k(s) Vs € [0, 00).
Similarly we easily conclude that k € K.. The proof is complete. a

REMARK. Let K, be a uniformly Holder continuous subset of K. Then K, is
equicontinuous. In particular, any subsets of K which are bounded in H' ([0, 00)) are
equicontinuous.

Using the compactness of the class of admissible coefficients K, C K, we can
prove the following existence theorem for ICPs.

THEOREM 2.4. Both ICPs (1.2) and (1.3) have at least one quasisolution in the set
of admissible coefficients K.

PROOF. Let {k,} C K, be a minimizing sequence of the functional /; on K, defined
by (1.4). By Theorem 2.3, we may assume that k,,(s) — k(s) asm — 00, Vs €
[0, 00). Using Theorem 2.2, the sequence u, = u(x;k,) converges to u = u(x;k)
in V. Applying the trace theorem (see [7, Theorem 6.5]), we conclude that the
sequence {u,,} converges to u in L*(I';). Therefore, we have

min /y(k) = lim 1 (kn) = 1,(k).

keK,

Similarly, we can show the existence of quasisolutions of I, on K. The proof is
complete. d

COROLLARY 2.5. Let K, be a subset of admissible coefficients satisfying the con-
ditions (a)—~(d) with s* = 0o. Then both ICPs (1.2) and (1.3) have at least one
quasisolution in K.

PROOF. By Lemma 1.1, we get that K, C K. It is easy to see from (a) and (d) that
Vk € Ky, Vs € [0, 00), c3 — ¢2/250 < k'(s) < 0. Therefore, K| is an equicontinuous

subset of K. From this point, we can use the same argument as that in Theorem 2.4
to show the corollary. The proof is complete. O
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