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Abstract

This paper gives a necessary and sufficient condition for a Kuhn-Tucker point of a non-
smooth vector optimisation problem subject to inequality and equality constraints to be an
efficient solution. The main tool we use is an alternative theorem which is quite different
to a corresponding result by Xu.

1. Introduction

A vector optimisation problem is a problem where two or more objectives are to be
minimised on some set of feasible solutions. In such a problem we often deal with
conflicts amongst objectives and hence in most cases cannot find a feasible solution
which is optimal in the sense that it minimises all the objectives simultaneously.
So in vector optimisation we must use concepts different from this requirement of
optimality. In this paper, we restrict ourselves to the concept of an efficient solution:
this is a feasible solution such that there does not exist another feasible solution at
which all objectives are the same or better, with at least one being strictly better. From
a mathematical viewpoint it can be formulated as follows. Let us consider a set S,
of an Euclidean space R” and m functions f; (i = 1,2, ..., m) defined on R". The
set S; can be interpreted as the set of feasible solutions and the functions f; can be
regarded as our objectives which we want to minimise. Then a point xo € S is an
efficient solution if we cannot find another point x € §; such that f;(x) < fi(x,) for
all i and, in addition, at least one of these inequalities is strict. This efficiency property
originated with Pareto [16] and plays a crucial role in economics, game theory and
statistical decision theory (see [1,3,7, 16,22, 24]). In many practical situations §; is
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given as a subset of a closed set S which consists of all points x of § satisfying a
system of inequalities and equalities:

g§x)S0 (G =12,...,k), h(x)=0(s=12,...,0).

In addition, the functions f;, g; and h, are not differentiable in the classical sense. In
this paper they are assumed to be locally Lipschitz. Such functions are often encoun-
tered in economics, engineering design and various branches of analysis. Examples of
locally Lipschitz functions arising in these fields can be found in [5] which is a basic
book for everyone interested in nonsmooth analysis. The problem of finding efficient
solutions for the objectives f; on the above feasible set §, is referred to as problem
(VOP) and is written as follows:

Minimise f (x) := (f,(x),fz(x), ,f',,,(x)) subject to

gx) =0 (=L2,...,k), (1.1)
h(x)=0 (s=1,2,...,1D), (1.2)
x €S. (1.3)

It is well-known [12] that the convexity of functions involved in a minimisation
problem with inequality constraints (that is, problem (VOP) where p = 1, S = R” and
h, are absent) assures the optimality of a point satisfying the Kuhn-Tucker conditions
[12] and the validity of the Wolfe duality theorems [12]. In 1981, Hanson [9] was
the first to show that a generalised convexity requirement, later called invexity, is an
appropriate substitute for the usual convexity condition in proving these facts. The
invexity idea is also useful for establishing necessary optimality conditions [10, 11] and
alternative theorems (4]. In [13] the invexity property was extended to KT-invexity to
prove that a Kuhn-Tucker point (that is, a point satisfying the Kuhn-Tucker necessary
optimality conditions) is a minimiser of a minimisation problem with differentiable
data if and only if this program is KT-invex at this point. A generalisation of invexity
to locally Lipschitz functions was introduced in [6, 17, 18]. It has been noted [21] that
invexity is not suitable for problems with equality constraints since the Kuhn-Tucker
multipliers associated with these constraints are not necessarily nonnegative. So a
new notion of infine functions was defined and was shown in [21] to be an adequate
tool for equality constraints. Observe from [21, Remark 3.5] (see also Remark 4.2
of the present paper) that introducing a new terminology for infineness is needed
since the class of locally Lipschitz infine functions does not coincide with the class of
cone-invex functions defined by Craven [6]. The invex-infineness property (that is, the
requirement of invexity for objectives and inequality constraints, and of infineness for
equality constraints) is used in [21] to establish a necessary and sufficient condition
for an efficient solution to be a Geoffrion properly efficient solution [8] in problem
(VOP) with locally Lipschitz data.
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The aim of this paper is to extend the invex-infineness to KT-pseudoinvex-infineness
and GKT-pseudoinvex-infineness such that under suitable assumptions a Kuhn-Tucker
point X is an efficient solution of (VOP) if and only if (VOP) is KT-pseudoinvex-infine
(or GKT-pseudoinvex-infine) at xo. Roughly speaking, we want to generalise a known
result of Martin [13, Theorem 2.1] to the case of efficient solutions of nonsmooth
multiobjective problems subject to mixed constraints (1.1)—(1.3). The proof of the
above result and other related facts in Section 4 is based on an alternative theorem
which is established in Section 3 for a system of inequalities and equalities given
by the support function of nonempty convex compact sets. When each of these
sets is a singleton we obtain a result (Corollary 3.2) which is quite different from
the nonhomogeneous Farkas lemma of Xu [23]: Xu restricts himself to the case
when equalities are absent and some additional hypothesis is required for the validity
of his Farkas lemma while our Corollary 3.2 is true without these restrictions. (The
formulation of Xu’s result and that of our own is also different.) Section 3 also contains
an application of our alternative result to a concave vector optimisation problem subject
to several concave inequality constraints and abstract linear constraints. Observe that
applications of concave programming problems arise more frequently in areas such as
inventory, production and transportation planning, site selection, Leontiev substitution
systems, assignment problems, decision theory, network flows and so forth. The reader
is referred to [2] for a comprehensive survey of the theory of concave programming
and an overview of its applications.

To conclude this introduction let us observe from Remark 4.4 that our paper contains
results which can be applied to any practical problem with inequality constraints. This
shows the applicability of some of our theoretical results to a wide class of problems
often encountered in practice.

2. Preliminaries

Let R” be an Euclidean space. Forx = (xy,...,x,) € R"andy = (y1,...,Y.) €
R* we will use the following notation:

=y x; =y, forall i;
<y &x; <y, forall i
Syex; Sy, forall i
<yoxSyand x #y;

L R e

£ y : the negation of x < y.

Let us observe that if n = 1, that is, if x and y are real numbers then the above
notation shows thatx <y & x < y.
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If I is a nonempty subset of {1, 2, ..., n} we will denote by A, or (A;);c; the vector
with components A; (i € I). Similarly, if f; : R® — R (i € I) is a function then we
will use the symbol f; or (f;);e; to denote the vector-valued map with components f;
(i €elI).

Let f : R* — R be a locally Lipschitz function, that is, for any z € R", there
exist ¢ > 0, 8 > O such that for any x,x’ € R* with |[x - z|l < a, |x' - z|| < @,
f ) — f (x| £ Bllx — x'||, and let xo € R". Then the Clarke directional derivative
of f at xq in the direction v is defined by

fxoiv) = limsupf(y + Av) — f(y)
y—>xorl0 A

and the Clarke subdifferential of f at x, is defined by
9 (xo) = (£ € R": fO(xo;v) 2 (£, v) Vv € R},

where (-, -) denotes the inner product in R".
It is well-known [5] that for any v € R”

0 . —_
f o v) = max (£, v)
and 9f (xo) is a nonempty compact convex subset of R”. When f is of class C!
then 9f (xo) coincides with the Fréchet derivative f of f at x, (see [S]). If f,is a
vector-valued map with locally Lipschitz components f; (i € I) then we denote by
f P (xo; -) the vector-valued map with components f (xg;-) (i € I). The symbol f/ is
used to denote the matrix with row vectors f/, (i € I). Thus f; n is simply the vector
with components f/ n := (f; ,n) (i € I).
Let S be a closed subset of R" and x, € R”. The Clarke [5] tangent cone of S at x,
is defined by

Ts(xg) :={veR": dg(xo; v) = 0},
where dg(x) = inf .5 ||z — x||, and the Clarke [5] normal cone of S at x, is defined by
Ns(xo) := {w € R" : (v, w) < 0Vv e Ts(xp)}.

A subset A C R"is said to be a cone if Ax € A forallx € A and A 2 0. A cone
which is a convex set is satd to be a convex cone. For any nonempty subset A C R”
denote by cone A the intersection of all convex cones containing A. It is easy to check
that cone A is a convex cone consisting of all points of the form )_;., A;x; where m is
a positive integer, x; € A and X; 2 0. Alsocone A = cone(co A), where co A stands
for the convex hull of A. When A is a convex set, coneA = {Ax : A 2 0, x € A}.
It has been proved [5] that Ns(xo) = cl cone dds(xo), where cl A denotes the closure
of A. Also we denote by spA the intersection of all subspaces of R" containing A.
Observe that spA = cone A — cone A.
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3. An alternative theorem

In this section we give an alternative theorem which is needed to prove the results
of Section 4. Let

filx) = mz}}x(v,x), iel :=(1,2,...,m},
VED;

g (x) =m%x(v,x), jeJ:={1,2,...,k},
vel;

he(x) = me/qu(v,x), selL:=1{1,2,...,1},
VEA,

where B; (i € I), C; (j € J) and A, (s € L) are nonempty convex compact subsets
of R”. Let S be a closed convex cone in R". Setting h;(x) = max,_4, (v, x), we see
that

hy(x) < a,

- h;(x) = a;. 1
hs(x) é —as - (X) “ (3 )

Let S~ :={& € R": (¢£,x) £ 0 forany x € S}. Then we can check that x € § if
and only if

q(x) £ 0, (3.2)

where g(x) = max;ep (&, x), D := §~ N B" and B" is the closed unit ball of R".
The following lemma will be needed for obtaining our alternative theorem.

LEMMA 3.1 ([19,20]). The system of inequalities f;(x) < 0 (i € I), gi(x) £ 0
( € J) has a solution if and only if 0 & colJ,, Bi + cl cone | ;, ;.

iel

Nowleta = (aj,az, ..., a)), b= (b, bs,...,b,) and ¢ = (c1, ¢3, ..., ) and let
A, = A, x{—a;} CR"xR, B; = B;x{-b;} C lR"x[Rande’. = Cjx{—¢;j} C R*xR.

We will need the following closedness assumption (H).

(H) Foreach p € I the set

conelUB,f, Uq] +spl JA, +[5 x {0}]

i#p jelt sel

is closed.

REMARK 3.1. Assumption (H) automatically holds if each of the sets B;, C; and
A, is a singleton and if S~ is a polyhedral cone.
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THEOREM 3.1. Assume that the closedness assumption (H) holds. Consider the
following statements:

(a) The system

fx)<b, gx)Sc¢ hix)=a, xe€8 (3.3)
has a solution, where f = (f)ic1, 8 = (8))jes and h = (h)ser;
b
(Mier >0, ()jer 20, (B)ser 20,  (6)seL 20, (3.4)
0e) MBi+D G+ 8.A,—) 5.A,+S5, (3.5)
@ i€l jed sel seL
0= Mbi+Y wc+) sa,—Y ba, (3.6)
iel jeJ sel seL
or
(M)iet 20,  (U)jes 20, (B)ser 20, (5)ser 20, (3.7)
I 0eY MBi+ D wiC+) 8A,—) 5A,+S5, (3.8)
( ) iel jel sel selL
0> Mbi+ Y wic+)y 8a—Y ba, (3.9)
iel jeJ seL sel

has a solution.
Then

(1) (a) does not hold =—> (b) holds.
(2) Ifwe assume additionally that for any s € L, A, is a singleton, then we can state
that either (a) or (b) holds, but never both.

PROOF. (1) Suppose that (a) does not hold. Then system (3.3) has no solution.
Using (3.1) and (3.2) we derive that for each fixed index p € I the following system
in the variable x’ = (x, r) € R* x R has no solution:

| 0,x) —1r <0,

fpx) —b,r <0,
fixk)—=bir£0, i#p,
am gix)—¢rs0, jel,
hy(x)—ar <0, selL,
hy(x)+ar<0, sel,
g(x)+0r<0.
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By the closedness assumption and Lemma 3.1, we have

Oe co{B,, X {—-b,,} , {0} x {—l}}

+ cone [UB;,Uq, A —UA;] +[87 x (0}].

i#p jeJ sel sel

Thus there exist A\, 2 0,7, 2 0, A" 20, (i #p), u 20, € J),6? 20,
8% 2 0, (s € L) such that

A =1 (3.10),
’ ’ ®) P)
0er,0+X,B,+Y APB;+Y u?C
i#p ieJ
+Y 8PA, =) §PA, + 5 G.11),
sel sel
and '
’ ’ ) )
O=—-1-r,—2,b, —ZAE” b,-—Zy,I(.p o
i#p jes
Y 8Pa,+) §Pa, +0. (3.12),
selL seL

Summing up (3.11), over p € I and setting

A=A AR A0+,
A=A A AP+,

wp=u +u? ™, jed,

8, =8 +8P+... 480, selL,
§ =80 +82+...+8°, sel,

we obtain that

0e) MBi+ D> G+ 8A,—) §A, +5. (3.13)

iel jel sel seL

Summing up (3.12), over p € I and setting

r/=r;+r£+...+r’/"’ (314)
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we obtain

O=—1-r =) "Mbi—Y pG—) &a+ Y 5a +0. (3.15)

iel jeJ selL sel

There are two cases:
(i) Vp € 1l,r, =0 (hence r = 0by (3.14));
(ii) 3p € I such that r, > O (hence r > 0 by (3.14)).

14
In case (i): Vp € I, A;, = 1 (see (3.10),). Therefore A, > 0 (¥p € I) and
system (I) has a solution.
In case (ii): system (II) has a solution (see (3.13), (3.15)).
(2) Suppose that A, is a singleton for any s € L. Assume to the contrary that (a)
and (b) hold simultaneously and A;, u;, é;, 8, satisfy system (I). Since (X;);e; > 0, we
see from (3.3) that there exists x € S such that '

DM <Y kb, Y Sk =) da;,

iel iel seL seL
Zu'jgj(x) § Z“‘jcjv _nghs(x)z_zgsa:
jel jet seL seL

and hence we have

F) =Y Mfil) + Y g () + Y 8ho(x) — Y Bk (x)

iel jed sel sel
<Y Mbi+ Y mo+ Y da—) 8a,=0 (by(36).  (3.16)
iel jeJ sel seL

On the other hand, since A, is a singleton, it follows from (3.5) that there exists
& € §™ such that

(=&, x) S ¢x). (3.17)

Since x € Sand & € S™, then (—§, x) 2 0. Hence (3.17) implies that £(x) 2 0, a
contradiction to (3.16).
Assume now that x satisfies (3.3), and A, u;, §;, &, satisfy (II). Then we have

0> D Abi+ ) wic+ Y 8a,— Y ba, (by(3.9) (3.18)

iel jeJ sel sel
> ¢(x) (by (3.3)and (3.7) (3.19)
2 (=&,x) (by 3.17) (3.20)
2 0. (3.21)

This is a contradiction.
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REMARK 3.2. The closedness assumption (H) is not used for proving that (a) and
(b) do not hold simultaneously.

REMARK 3.3. If A; is a singleton for any s € L, then (b) in Theorem 3.1 can be
replaced by (b)', where

(by
[ (MDier >0, (;)jes 20,  (B,)ser € R,

Oe) MBi+) wGC+y 5A+S,

iel jeJ sel

0= Zkkb,‘ + Z/.LjCj + Egsas
L iel jeJ sel
or

(Adier ; 0, (P"j)jel é 0, (SS)SEL € Rl,

0e) MBi+ ) G+ 8A,+5,

iel jel selL
0> Zkibi + Zu,-c,- + Z&as
iel jeJ seL

has a solution.

This can be obtained by setting 8, = 8, — &, (5, can be nonnegative or nonpositive).

COROLLARY 3.1. In addition to the closedness assumption (H) of Theorem 3.1, we
assume that the system

fEESb, gx)<c¢, hx)=a x€S (3.22)

has at least a solution and for any s € L, A; is a singleton.
Then either

(a) System (3.3) has a solution or
(b) System (1) has a solution,

but never both.

PROOF. It suffices to show that the consistency of (3.22) implies the inconsistency
of (I). We omit the proof of this fact since it can be established by an argument similar
to that used in the proof of the second part of Theorem 3.1 (see (3.18)—(3.21)).

COROLLARY 3.2. Let S~ be a polyhedral cone. Let each of the sets B;, C; and A,

be a singleton: B; = {u;}, C; = {v;} and A, = {w,)}. Denote by (u, x) the vector with
components (u;, x} (i € 1) and similarly for (v, x) and (w, x).
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(A) Then either
(a) the system

(u,x) <b, (v,x)<ec¢, (w,x)=a, xe€S 3.23)

has a solution or
(b) the system
[ Mier >0, (1j)jes 20,  (85)ser € R,

0e ZA,’M,"FZ/.L]U] +Z§,w,+S‘,

(I)I iel jelJ sel
0= inbi -+ Z[LjCj +Z$,a,
iel jeJ sel
or

[ (XLi)ier 20, (j)jes ; 0, (55):& € Rl,

Oe ZA;u,--{-Zujvj +Z<§,ws+S‘,

any’ 1 iel jel seL
0> Mbi+ Y wG+Y ba
iel jeJ sel

has a solution,

but never both.
(B) Ifwe additionally assume that the system

(u,x) £b, (v,x)S¢, (wx)=a, x€8§

has at least a solution, then either
(a) System (3.23) has a solution or
(b) System (1) has a solution,

but never both.
PROOF. Thisis adirect consequence of Theorem 3.1, Corollary 3.1 and Remark 3.1.

REMARK 3.4. Let us compare our Corollary 3.2 with [23, Theorem 2.1] under the
same assumption that § = R"” (which implies that §~ = {0}). In this special case,
part (A) of Corollary 3.2 is quite different from Theorem 2.1 of Xu [23] since in our
case the equalities exist. Also, unlike [23] no assumption is imposed on our corollary.
Our conclusion is quite different from that of Xu [23] and does not contradict his
counterexample 1.1.

COROLLARY 3.3. Let each of the sets A, be a singleton: A; = {w,). Consider the *
Sfollowing statements:
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(a) System (3.3) has a solution.

(b) Foranyu; € B; (i € I)andv; € C; (j € J), system (3.23) has a solution.
Then (a) = (b); and the converse implication holds if the closedness assumption (H)
is satisfied.

PROOF. (a) = (b) This implication is clear from the definition of the functions f
and g.

(b) = (a) Assume to the contrary that system (3.3) has no solution. Then by
Theorem 3.1 either system (I) or system (II) has a solution. If system (I) has a
solution then there exist u; € B; and v; € C; such that system (I)' has a solution.
By Theorem 3.1 and Remark 3.2, system (3.23) has no solution, a contradiction to
statement (b). Similarly, the consistency of system (II) implies the consistency of
system (II)’ where u; € B; and v; € C; are suitable points. By Theorem 3.1 and
Remark 3.2, system (3.23) has no solution, a contradiction to statement (b).

Now we will consider an application of Corollary 3.1 to a concave vector optimi-
sation problem. Let f = (fy, f2,-..,fn) and g = (g1, &2, - - ., &) be vector-valued
maps with components being concave on R". This means that for all x and xo € R”

fi®) = fixo) S flxos % —x0) (i=1,2,...,m), (3.24)
g (%) — g (xo) S gllxoi ¥ —x0) ( =1,2,...,k). (3.25)

Let S and M be closed convex cones in R" and R’, respectively. Let A be an
| X n-matrix, and let ¢ = (¢}, &3, ..., ) and d = (d,, ds, . . ., d;) be given vectors.

Consider the following concave vector optimisation problem (VOP) ¢ with concave
constraints and abstract linear constraints:

Minimise f (x) := (fi(x), f2(x), ..., fm(x))

(VOP) subjectto g(x) < ¢, (3.26)
Ax+deM, (3.27)
x €SS (3.28)

A point x satisfying (3.26)—(3.28) is called a feasible solution of (VOP).. We
are interested in finding an efficient solution xy of (VOP)(, that is, a feasible solu-
tion xq such that there is no other feasible solution x of (VOP)¢ with f (x) < f (xp).
Obviously, if xo € S is an efficient solution for (VOP), then the system

Fl0x) <0, gGux) S, Ax+d eM, xeS,

is inconsistent where ¢ = ¢ — g(xo) and d’ = Axy + d. Indeed, if this system has
a solution x then in view of (3.24) and (3.25) we see that x := x + x, is a feasible
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solution of (VOP) ¢ such that f (x) < f (x,), a contradiction to the efficiency property
of X0-
Letus set x’ = (x,y) € R" x R/,

Fi(x") := f)(x05x) = max(¢, %), H(x) = (a,x),

Gj(x') == g)(x;x) = max(¢’, x'), §'=8xM,
¢eC

where B; = df(xo) x {0}, Cj’ = dg;(xo) X {0}, a, = (a,, —p;s), a, is the s-th row
of the matrix A and p;, = (0,...,0,1,0,...,0) € R’ (1 being the s-th component

of p;).
Then the following system must be inconsistent:

Fx)<0, Gx"YSd, Hx)=-d, x' €S8.

Observe that x’ = (0,d’) € R” x R is a solution of the last system with the sign <
of its first inequality being replaced by <. So by Corollary 3.1, we find (A)ie; > O,
(4j)jes 2 0and r; € R (s € L) such that

0ed LB+ wC+) rd +5" (3.29)

iel jeJ seL
and
0= X0+ wec, =Y rd, (3.30)
iel jeJ sel

if the following closedness assumption holds: for every i € I, the set

0(i) = cone [U B, x {0}, | J ¢ = {—c,-}] +sp [U{a;} x {d;}] + [ x (0]

i i jes selL
is closed.
From (3.29) and the definitions of B/, C; and a;, we can derive that
0€ Y Adfilxo) + ) w;dg(xo) + Y ra, + 8 (3.31)
iel jel sel
and
0= X0+ u0-Y rp.+M". (3.32)
iel jeJ selL
Setting r = (r, 3, ..., ), we see that ZkeL r,py = r. Thus (3.32) means that
r € M~. From (3.30), we have
> wie — g o)) = Y _[rs{as, xo) + ridi] =0 (3.33)
jeJ seL
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(from which we can derive the complementarity condition).
From the above discussion, we can obtain the following necessary optimality
condition for (VOP)c.

THEOREM 3.2. Assume that for every i € I the set Q(i) is closed. If xq is an
efficient solution of the concave vector optimisation problem (VOP), then there are
Aier > 0,, (Uj)jes 2 0and (r;)ser € M~ satisfying (3.31) and (3.33).

COROLLARY 3.4. In addition to the above assumption that Q(i) is closed for each
i€l assumethat g =0, c =0and f isof class C'. If xy is an efficient solution for
(VOP)c, then there are (A))ie; > 0, (r)ser. € M~ such that

0€Y Mfi,+) ra+S and 0= r((a,x)+d),

iel seL sel

where f |  is the Fréchet derivative of f; at xo.

REMARK 3.5. In the case where M = R’ (the nonpositive orthant of R') and
§ = R*, Corollary 3.4 is exactly Theorem 3.1 of [23] (the closedness assumption is
automatically satisfied since the sum of polyhedral cones is closed).

4. Efficient solutions of nonsmooth problems of vector optimisation

In this section we will use the notion of a Kuhn-Tucker point for the vector optimi-
sation problem (VOP) which coincides with the usual notion of a Kuhn-Tucker point
for the case of scalar optimisation. For smooth problems with inequality constraints
only, Martin [13] (see also [14, 15]) introduced a class of KT-invex problems and
proved that every Kuhn-Tucker point is a global minimiser if and only if this problem
is KT-invex. The main result of this section is Theorem 4.1 which shows that the
above result of Martin can be extended to the case of nonsmooth vector optimisation
problems with mixed constraints, that is, the case when not only inequality constraints
(1.1) but also equality constraints (1.2) and a “geometric” constraint (1.3) are con-
sidered. The class of KT-pseudoinvex-infine problems (Definition 4.1) and the class
of GKT-pseudoinvex-infine problems (Definition 4.1") will be used as substitutes for
the class of KT-invex problems of Martin. We will see that they are suitable for our
goal. As a consequence of Theorem 4.1 we will obtain a generalisation of the above
result of Martin to problems with mixed constraints (see Remark 4.3). This section
will also discuss relationships between several classes of invex-infine problems (see
Theorems 4.2 and 4.3).

Letf == (f1,far. . fm) :R" > R™ g := (g1, 82,---,8):R" > Rfand h :=
(hy, ha, ..., b)) : R" — R/ be locally Lipschitz functions, and let S be a nonempty
closed subset of R”. Let I ={1,2,...,m},J ={1,2,..., k}and L ={1,2,...,1}.
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Consider the vector optimisation problem (VOP) formulated in the introduction:
Minimise f (x) subjectto x € Sy,

where S; denotes the set of all points x satisfying (1.1)—(1.3). We will be interested in
efficient solutions of (VOP). Recall that x; € S is an efficient solution of (VOP) if for
anyx € Sy, f (x) £ f (xo), that is, there does not exist x € S; such that f;(x) < fi(xo)
for all i and at least one of these inequalities is strict.

Let Jo = {j € J : gj(xo) = 0}. A point xy € S, is said to be a Kuhn-Tucker point
of (VOP) if there are vectors (A;);e; > 0, (it;)jes, = 0 and (ry)ser € R’ such that

0€ ) Xdfi(xo) + ) _ 198 (x0) + D _ redhy(xo) + Ns(xo).  (4.1)

iel j€J sel

This becomes the usual notion of a Kuhn-Tucker point if m= 1.

DEFINITION 4.1. Problem (VOP) is KT-pseudoinvex-infine at xo € S if for any
x € 8 with f (x) < f (x¢) there is n € Tg(xg) such that

0 > fxo;n), (4.2)
0 2 g5 (xo; ), (4.3)
0 = h°(xo; ). (4.4)

REMARK 4.1. Let us consider problem (VOP) when the function & is absent. In
this case, it is natural to use the terminology “KT-pseudoinvex” instead of “KT-
pseudoinvex-infine”. We now provide an example showing that (VOP) is KT-
pseudoinvex in the above sense but it is not KT-pseudoinvex in the weaker sense
of [19]. Recall that the authors of [19] say that the problem (VOP) of minimising f
subject to g(x) £ 0,x € S is KT-pseudoinvex atxg € S; := {x € §: g(x) £ 0} if for
any x € §; with f (x) < f (xp) there exists n € Ts(xo) such that

0> f°Uoim), 02 g (xo;m).
Consider the following vector optimisation problem:
(VOP) Minimise f (x) subjectto x € §; :={x € S: g(x) £ 0},

where f (x) = (—x%,x?—x),g(x) = (x*-1/4, —x)and § = R. Then S, = [0, 1/2].
For xo = 0, the active constraint function is g,(x) = —x and we have f; = (0, —1)
and g;, = —1. We can check that f (x) < f (xo) for any x € S \ {0}. For all such x,
let n = 1. Then we have f, n = (0, —n) < 0 and g3, n = —n < 0. Thus (VOP) is
KT-pseudoinvex, but (VOP) is not KT-pseudoinvex in the sense of [19] since f|, =0
and hence we cannot find n such that f, n < 0.
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DEFINITION 4.1’. Problem (VOP) is GKT-pseudoinvex-infine at xo € S if for any
x € 8 with f (x) < f (x0) and

u; € of i(xo) (i € 1), v; €dgj(xo) G € Jo), ws € dhs(xo) (s € L), 4.5)

there is n € Ts(xg) such that

0= (u,n), 4.2y
02 (v, n), 43y
0=(w,n). 4.4y

(Recall that (u, ) is the vector with components (u;, n) (i € I') and similarly for

(v, n) and (w, n).)
Let us introduce the following closedness assumptions.

(H,) Foranyi € I the set

cone [U of # (x0), U ag; (xo)l + sp U ah,(x0) + Ni(xo)

i"#i jelo sel

is closed.
(H,Y Foranyi € I and

up € f u(xo) (' #1), v; €03g(x0) G € Jo), ws € 0hs(x0) (s € L), (4.6)

the set cone {{J,; ur, Ujep, 5} + 5P U,er ws + Ns(xo) is closed.

THEOREM 4.1. Consider the following statements:

(a) Problem (VOP) is KT-pseudoinvex-infine at xy € Si;

(b) Problem (VOP) is GKT-pseudoinvex-infine at x, € S;;

(¢) Ifxo € S is a Kuhn-Tucker point then x, is an efficient solution of problem (VOP).
Then .
(1) (a) = (b) ifh is of class C'; and (b) = (a) if h is of class C' and (H,) holds.
(2) (b) = (c); and (c) = (b) if (H;)' holds.
(3) (@)= (¢) if h is of class C'; and (c) = (a) if h is of class C' and (H,) holds.

PROOF. (a) => (b) (if k is of class C'): Obviously. (Observe that dh,(x,) equals
the Fréchet derivative k), of k; at xo since h, is of class C'.)

(b) = (a) (if h is of class C' and assumption (H,) holds): This is a direct conse-
quence of Definitions 4.1, 4.1’ and Corollary 3.3 where S is replaced by Ns(x¢), J is
replaced by Jo and functions f;, g; and h, are replaced by

[l =f2G0) &0 =g&n), h()=h(x;). 47)
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b)=>(@):Letr; >0@G €l),pu 20, € Jo),r; € R, (s € L), u; € 3fi(xp),
v; € dgj(xo), ws € 3h,(xp) and y € Ns(xp) be such that

= Z)\.,’M,"*‘lejvj +erw.\‘=_yv (48)

iel Jj€h seL

that is, let xo be a Kuhn-Tucker point of (VOP). Suppose to the contrary that xg € S;
is not efficient for (VOP). Then f (x) < f (xo) for some x € S,. From (4.2)-(4.4)’,
we have (£, n) < O for suitable n € Ts(x,) while (4.8) yields (£, n) = (—y,n) 2 0.
Thus we obtain a contradiction and the efficiency of xq is proved.

(c) = (b) (if (H,Y holds): If xo € 8 is a Kuhn-Tucker point of (VOP), then by
statement (c), there is no x € §; such that f (x) < f (x¢). This obviously means that
(VOP) is GKT-pseudoinvex-infine at x;.

Assume now that xo € S, is not a Kuhn-Tucker point of (VOP). Then, for any
u;, v; and w; satisfying (4.5), the following system has no solution:

Adier >0,  (W))jes 20, reR (sel),

(VS Z)\,»u,- + Z,LLJUJ + erws +Ns(X0).

iel jeh seL

Observe that the system

(u,x) £0, (v,x)£0, (w,x)=0, x € Ts(xg)
has a solution x = 0. By Corollary 3.1 the system

(u,x) <0, (v,x)£0, (w,x)=0, x € Ts(xo)

has a solution denoted by n. Thus, for any x € §; with f (x) < f (xo), the point 5
satisfies all the requirements of Definition 4.1".

(a) = (c) (if h is of class C'): This is obvious since (a) = (b) and (b) = (c).

(¢c) = (a) (if 4 is of class C! and if (H,) holds): If xo is a Kuhn-Tucker point then
the conclusion is obvious since by statement (c) thereisnox € §, with f (x) < f (xp).
If xo is not a Kuhn-Tucker point then the system

(Ai)iel > 01 (“j)jé!o Z Ov rs € R (S € L)’
Oe Zliafi(xo) + Zﬂj agj (xo) + Z rehi,, + Ns(xo)

iel jeh sel

has no solution. Observe that the system

fik)S0GelD, g@)S0(G edy), hx)=0(s€L), x € Ts(xg)
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has a solution x =0, where £, g and h, are defined by (4.7). By Corollary 3.1, with
fi, &~ hs and Ts(xo) in place of f;, g;, h; and S respectively, we infer that system

fx) <0, gx)<0, h(x)=0, x e Ts(xp)

has a solution x = 5. Thus for any x € §; with f (x) < f (xo) the point  satisfies all
the requirements of Definition 4.1.

THEOREM 4.1'. (1) Assume that h is of class C' and the closedness assumption
(H,) holds. Then the statements (a), (b) and (c) of Theorem 4.1 are equivalent.
(2) If Ns(xo) is a polyhedral cone then the statements (b) and (c) of Theorem 4.1
are equivalent.

PROOF. This is a consequence of Theorem 4.1.

Before going further let us introduce some notation which is close to Definitions 4.1
and 4.1’ (see Propositions 4.1 and 4.2).
Let Sy ={x € 8§ : fi(x) < fi(xo) forsome i € I}.

DEFINITION 4.2. Problem (VOP) is KT-invex-infine at xo € S, if for any x € S,
there exists n € Ts(xo) such that

f @)= f(xo) = £ (x5 ), 4.9)
0 2 g5 (xo:m), (4.10)
0= h(xo; ). (4.11)

DEFINITION 4.2'. Problem (VOP) is GKT-invex-infine at x, € S; if for any x € §,
and u;, v;, w, satisfying (4.5) there exists n € Ts(xo) such that

fx) = f(x0) = (u,n), 4.9y
02 (v,n), (4.10)
0= (w,n). (4.11y

DEFINITION 4.3. Problem (VOP) is HC-invex-infine at xo € S, if for any x € S
there exists n € Ts(xg) such that

f(x) = f (x0) = f2x0s m), (4.12)
81, (x) = g1 (x0) 2 g5 (x0;m), (4.13)
0 = h®(xg3 ). (4.14)
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DEFINITION 4.3’. Problem (VOP) is GHC-invex-infine at x4 € ) if for any x € S‘,
and u;, v, w, satisfying (4.5) there exists n € Ts(xo) such that

S &x)—fxo) = (u,n), (4.12y
815 (x) — 815 (x0) 2 (v, n), (4.13y
0= (w,n). (4.14)

REMARK 4.2. Let us note [21] that the appearance of equality constraints (1.2) in
problem (VOP) leads to the introduction of a subclass of invex functions, called the
class of infine functions. Recall [21] that a locally Lipschitz function & : R” — R is
called infine on S at xo € S if

VxeS VEe€di(xg) Ine Tslxo): &(x)=Z(xo) = (£ n).

Consider now the trivial cone M = {0} of R and define the M -invexity of E onS§
at xo in the sense of Craven [6] (see also [17]) by requiring that

VieS IneTs(xe): &x)—Z(xo)—Z°xoin) eM

(that is, £ (x) — & (x0) = £°(xo; m)).

It is natural to ask if the class of infine functions coincides with the class of {0}-invex
functions of Craven. The answer is negative: the function £ (x) = |x| is {0}-invex on
S = R at xo = 0 but it is not infine in our sense. So a separate definition of infine
functions is needed. The situation is similar to that of the non-coincidence of the class
of convex functions and the class of linear functions.

When dealing with both inequality and equality constraints (1.1) and (1.2) it is
natural to require that each component of g is invex and each component of 4 is infine,
with the same 1 € Tg(xo). This is nothing more than the notion of invex-infineness of a
vector-valued function introduced in [21]. Recall [21] that the vector-valued function
(845 h) is called invex-infine on S atxo € Sif forany x € S, v; € 9g;(x0)(j € Jo)
and w; € dh,(xp)(s € L) there exists n € Ts(xo) such that g, (x) — g, (x0) = (v, n)
and h(x) — h(xg) = (w, n). If in Definition 4.3’ S; = S, then conditions (4.13) and
(4.14)’ mean that (g,,; h) is invex-infine on S; at xo € S, in the above sense. Indeed,
for x € S; we have h(x) — h(x¢) = 0 and hence a combination of this equality with
(4.13) and (4.14)’ shows that all the requirements of the definitions of invex-infineness
of (gy,; h) are fulfilled.

We begin our discussion of the relationship between Definitions 4.1-4.3, and Def-
initions 4.1'—4.3’ with the following obvious result.

PROPOSITION 4.1.
(1) HC-invex-infine = KT-invex-infine = KT-pseudo-invex-infine.
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(2) GHC-invex-infine = GKT-invex-infine = GKT-pseudoinvex-infine.

The following proposition shows that if m = 1 then KT-invex-infine < KT-
pseudoinvex-infine, and GKT-invex-infine <> GKT-pseudoinvex-infine.

PROPOSITION 4.2. Assumethatm = 1 (thatis, f is a real-valued function). Then
(1) The following statements are equivalent:
(a) Problem (VOP) is KT-pseudoinvex-infine at xy € §,.
(b) Problem (VOP) is KT-invex-infine at xy € S;.
(c) Foranyx € S8 there exists n € Ts(xy) such that

@) = f (x0) Z f (x05m), (4.15)
02 g5 (xos 1), (4.16)
0 = h%(xo; ). (4.17)

(2) The following statements are equivalent:
(a)’ Problem (VOP) is GKT-pseudoinvex-infine at xy € S;.
(b)Y Problem (VOP) is GKT-invex-infine at xy € S).
(¢) Foranyx € 8, and u;, v, w; satisfying (4.5) there exists n € Ts(xo) such that

f @)= f(x0) 2 (u,n), (4.15
02 (v, n), (4.16)
0= (w, n). 4.17y

PROOF. Let us prove the first part of Proposition 4.1. The second part can be proved
using a similar argument.

@=@®): Sincem=1_5 ={x €8 :fx) < fx)) Letx € §, thatis,
f (x) < f (x0). By Definition 4.1 there exists n € Ts(xo) satisfying (4.3), (4.4) and
the inequality £ °(xp;n) < 0. Let y > 0 be such that

F &)= fxo) > vf(xosn) = f2Lxos M),

where 7 = yn € Ts(xo). Thus (4.9)—(4.11) hold, with 7 in place of 5.

(b) = (a): Sincem =1, f (x) < f (x0) © f (x) < f (x0) (see Section 2). Thus if
x € Syand f (x) < f (xo) thenx € S;. To complete the proof it remains to note that
conditions (4.9)—(4.11) imply conditions (4.2)—(4.4).

(c) = (b): Letx € 8, with f(x) < f(x0). Then by (c) there exists n € Ts(xp)
satisfying (4.15)—(4.17). Since f (x) < f (x0) & f (x) — f (x0) < 0 we derive from
(4.15) that £ °(x% 1) < 0. As in the proof of implication (a) = (b) we can find y > 0
such that (4.9)(4.11) are satisfied, with n being replaced by n = yn € Ts(x).
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(b) = (c): If x € § then the fact of the existence of n € Ts(xo) satisfying
(4.15)(4.17) is a direct consequence of Definition 4.2. If x ¢ S|, thatis, x € §; and
f (x) Z f (x0), then n = 0 € Ts(xo) satisfies (4.15)—(4.17).

COROLLARY 4.1. Let § = R". Let f be a real-valued function and f, g and h be
of class C'. Then the following statements are equivalent:

(a) Forany x € S, there is n € R" such that

fO)—f(xo) 2 fin  —gnlxo) 2 g0, O0=h, 7.

(b) If xo is a Kuhn-Tucker point then x4 is a minimiser of the (scalar) optimisation
problem (VOP). .

PROOF. Since f is a real-valued function an efficient point is exactly a minimiser.
Therefore our corollary is a direct consequence of Theorem 4.1’ and Proposition 4.1.
(Observe that for a C'-function the Fréchet derivative coincides with the Clarke
subdifferential and that g, (x¢) = 0.)

REMARK 4.3. Corollary 4.1 is a generalisation of a result of Martin [13, Theo-
rem 2.1} to programs with mixed constraints. In [13] Martin restricts himself to
inequality constraints only.

Clearly, if his of class C' then KT-pseudoinvex-infine = GKT-pseudo-invex-infine,
KT-invex-infine = GKT-invex-infine and HC-invex-infine = GHC-invex-infine. We
have seen from Theorem 4.1 that under suitable assumptions KT-pseudoinvex-infine
<> GKT-pseudoinvex-infine. It is then natural to ask under which conditions we have

KT-invex-infine < GKT-invex-infine,
HC-invex-infine < GHC-invex-infine.

The remainder of this paper is devoted to giving an answer to this question. Our
results (Theorems 4.2 and 4.3) are also interesting from the point of view of sufficiency
conditions for the efficiency property. Indeed, from the implication (b) = (c) of
Theorem 4.1 and the first part of Proposition 4.1 it is clear that conditions equivalent
to GHC-invex-infineness or GKT-invex-infineness are sufficient conditions for a Kuhn-
Tucker point to be an efficient solution of (VOP). The same is true for the case of
HC-invex-infineness and KT-invex-infineness if 4 is of class C' (see Theorem 4.1 and
Proposition 4.1).

Let us introduce the following closedness conditions:
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(H;) Foranyie€ landx € S, the set

cone [U o v (x0) X {fe(xo) — fr (@)}, | 98 (x0) x {0}]

el jedo

seL

+5p (U 3k, (xo) x {0}) + [Ns(xo) x {0)]

is closed.
(Hyy Foranyiel,x € § and u;, vj, w; satisfying (4.6) the set

cone lU up X {fr(xo) = fr(x)}, U v; X {0}}

i jedo

+5sp (U w, {0}> + [Ns(xo) x {0}]

sel

is closed.

THEOREM 4.2. Consider the following statements:
(a) Problem (VOP) is KT-invex-infine at xo € ).
(b) Problem (VOP) is GKT-invex-infine at x € S,.
© If Mdie 20, (Uj)jes = 0, (r)ser € R! are such that (4.1) is satisfied then, for
allx € §1, Y ;o Mifi(x) 2 X i, Mif i(x0) and, in addition, this inequality is strict in
the case when (A;)ier > 0.
Then

(1) (a) = (b) ifhis of class C'; and (b) = (a) if h is of class C' and (H,) holds.
(2) (b) = (c); and (c) = (b) if (Hy) holds. -
(3) (@) = (c) if his of class C'; and (c) = (a) if h is of class C' and (H;) holds.

PROOF. (a) = (b) (if & is of class C'): Obviously.

(b) = (a) (if & is of class C' and (H,) holds): This is a direct consequence of
Definitions 4.2, 4.2’ and Corollary 3.3 where b; = fi:(x) — fi(xo),¢; =0,a, =0; §
is replaced by Ns(x¢); and f;, g; and h, are replaced by f_,~, g; and h, (see (4.7)).

(b) = (c): Let (A\)ier 2 05 (14j)jen, 2 0, (r)ser € RY, ui € 8f(x0), v; € 3gj (x0),

w; € Oh,(xp) and y € Ns(xo) be such that (4.8) holds. Then using (4.8) and
Definition 4.2, for any x € S, we find n € Ts(x() such that

D Mlfix) = filxo)] Z (£, m) = (~y, n) 2 0.

iel

Thus 3_,, Ai[fi(x) — fi(x0)] 2 0 and this inequality is strict if (A;);e; > O.
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(c) = (b) (if (H;) holds): Assume to the contrary that for x € S; and u;, vy, Wy
satisfying (4.5) the system

f(X) _f(XO) Z (u1 T]), 0 g (U, r')v 0 = (wv ’I), n € TS(XO)

has no solution. Then by Theorem 3.1 either the system

[ (Ai)ier > O, (ﬂj)je!o ; 0, (rseL € Rl’ (4.18)
0e€ ZA,-u,-+Zu,jvj +erw,+Ns(xo), 4.19)

iel j€b seL
| 2 Mlfio) — fix)] =0 (4.20)

or the system “ _

((Aier 20, ()jen 20,  (r)ser € R, 4.21)
Oe Zkiu,-+z:ujvj +erws+Ns(Xo), (4.22)

1 iel jek sel
D Ailfilxo) — fix)] > 0 (4.23)

iel

has a solution. This contradicts statement (c).

(a) = (c) (if h is of class C!): This implication is obvious since (a) = (b) and
(b) = (o).

(c) = (a) (if h is of class C' and if (H;) holds): Assume to the contrary that for
x € S the system

fER)=f&x)=fm), 02g,(m), O0=h(m), ne Tsx),

has no solution where f—, gJ, and h are defined by (4.7). Then by Theorem 3.1 either
the system (4.18)—(4.20) or the system (4.21)—(4.23) has a solution where w; = h’uo;
and u; € 9fi(xo) and v; € dg;(xo) are suitable points. (Observe that the points u;
and v; which appear in (4.19) and (4.22) may be different points.) This contradicts

statement (c).

We conclude our paper by formulating Theorem 4.3 whose proof is similar to
that of Theorem 4.2 and is omitted. For this purpose, let us introduce the following
closedness conditions:

(H;) Foranyielandx € S, the set

cone {|_J f v (xo) x {fi(xo) — Fr (0}, | 98 (xo) x {g;(x0) — g (x)}]

P jeh

+5p (U 3h,(xo) x {0}) + [Ns(xo) x {0)]

seL
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is closed.
(H;)Y Foranyi eI, x € S, and uy, v;, w; satisfying (4.6) the set

cone {U ue % {fulxo) = fr)), | J w5 x {8 (x0) — g (x)}]

i i jek

+sp (U dh,(x0) X {0}) + [Ns5(xo) x {0}]

selL

is closed.

THEOREM 4.3. Consider the following statements:
(a) Problem (VOP) is HC-invex-infine at xy € §,.
(b) Problem (VOP) is GHC-invex-infine at xy € S;.
©) If Ridier 20, (W)jes 2 O, (r)seL € R! are such that (4.1) is satisfied then

for any x € S, £(x) 2 &(xo) and, in addition, this inequality is strict in the case
(Adier > 0 where

E) =D Aifilo) + ) pyg(x).
iel j€h
Then
(1) (a) = (b) ifh is of class C'; and (b) = (a) if h is of class C' and (H3) holds.
(2) (b) = (c); and (c) = (b) if (H;) holds.
(3) (@) = (¢) if his of class C'; and (c) = (a) if h is of class C" and (H;) holds.

REMARK 4.4. Let us observe that the convex cone generated by a finite number
of points is always closed. Hence the closedness assumptions (H;)’, (H;)' and (H,)’
are automatically satisfied for the case when § = X and the equality constraints are
absent. This remark is useful since many practical problems involve only inequality
constraints and hence for such problems we do not need to check these assumptions.
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