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ON REDUCTION EXPONENTS OF IDEALS WITH
GORENSTEIN FORMRING*
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This paper studies questions connected with when the Rees algebra of an ideal or the formring of an ideal is
Gorenstein. The main results are for ideals of small analytic deviation, and for m-primary ideals of a regular
local ring (R, m). The general point proved is that the Gorenstein property forces (and is sometimes equivalent
t0) lowering the reduction number of the ideal by one from the value predicted if one only assumes the Rees
algebra or formring is Cohen-Macaulay.

1991 Mathematics subject classification: 13A30.

1. Introduction

In this note we discuss under various aspects the Gorenstein property of the formring
G(1)=@,, soI"/I"* 1 of ideals I having small analytic deviation in local Noetherian rings
A. Our premise is that in several situations the Gorensteinness of G(I) is closely related
to low reduction exponents of I. By way of illustration consider first the ideal I
generated by the Pfaffians of a generic skew symmetric matrix or secondly the ideal
generated by the maximal minors of a generic m x n-matrix, m>n; in both cases G(I) is
Gorenstein and the reduction exponent r(I)<1 (cf. [12, Theorem 2.2]). We prove in
Theorems 2.1 and 2.3 that this situation in particular holds for ideals I of analytic
deviation 1 or 2 satisfying some mild additional conditions. These results are shared
with Goto and Nakamura as they were independently obtained by them too but with
other methods [3,4]. Recently N. V. Trung and Z. Tang tried to formulate similar
results also for ideals of analytic deviation >3 by using quite a different approach.

A third example which illustrates our premise is an ideal I which is a power of the
maximal ideal m in a regular local ring A of dim A >2. Then the Gorensteinness of G(I)
implies that r(I)<d—2 by [9, (2.4), (2.6), (3.7), and (3.9)]. One of our main results (see
Theorem 2.5) shows that this conclusion is true for any m-primary ideal in a regular
local ring (A, m). It turns out that the proof of this result uses a new Briangon-Skoda
theorem, which was conjectured by the second author and recently proved by J. Lipman
([13]). Note that if one just assumes that G(I) is CM for an m-primary ideal I in a
regular local ring of dimension d, then one can conclude from the usual Briangon-
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Skoda theorem that r(I)<d—1. When G(I) is Gorenstein we obtain bounds better by 1.
Moreover the proof requires a better Briangon-Skoda theorem.

On the other hand one cannot expect a corresponding result for an m-primary ideal
in a non-regular local ring. As a case in point consider the ideal I:=m in the local ring
(A,m) of a hypersurface singularity with multiplicity e=e(4)>2. Then we have
r(my=e—1 by [6, (26.4)], hence r(m) can be any number although G(m) is always
Gorenstein.

Finally we relate in Corollary (2.7) the Gorensteinness of G(I) to the Gorenstein
property of the Rees ring R(I") for some r2>1 assuming that [ is an m-primary ideal I in
a regular local ring A with a Cohen—Macaulay formring. (Recall that the Rees algebra
R(J) of an ideal J in a ring R is the ring, ROJ D J?* D ... )

2. Results and comments

We always assume that A/m is infinite. We denote the height of an ideal /= A by
ht(I) or h and the analytic spread of I by Z(I) or ¢. The analytic deviation of I is
defined by ad(I)=¢(I)—ht(I)>0. The case when ad(I)=0 has been studied a great deal.
In this case I is said to be equimultiple. See [6] for more information.

The term “I is generically a complete intersection” means that v(Ip)=ht(P) for
PeMin(A/I), where v( ) is the least number of generators of an ideal in a local ring A.

An ideal J<1 is called a minimal reduction of I if J is minimal with respect to the
property I"*'=JI" for some integer n>0. The least such n for which I"*!=JI" is
denoted by r,(I), the reduction number of I with respect to J. The minimum of all such
r,(I) is denoted by r(J), called the reduction number of 1.

For an element ac 4, a* denotes the initial form of a in G(I). In other words, a* is
the image of a in I"/I"*! if aeI" and a¢ I"*'. We will often make use of the fact that
the initial forms of the elements forming a minimal reduction of I sit in degree 1 in G(I).
Moreover, the minimal primes of I and any reduction J of I are the same. Occasionally
if it is clear from context, we will drop the dependence on I of G(I), r(I), etc.

Theorem 2.1. Let I be an ideal of ad(I)=1 in a Gorenstein local ring A. Assume that I
is generically a complete intersection. Then the following hold:
(i) if G(I) is Gorenstein then r(I)< 1;
(i) if r(1)£1 and A/l is Cohen—Macaulay, then G(I) is Gorenstein and r(I)=0.

The following corollary is an immediate consequence of Theorem 2.1 and of [10,
Theorem 2.2].

Corollary 2.2. Under the assumptions as in Theorem 2.1 assume that Afl is Cohen-
Macaulay and there exists a minimal reduction J of I such that r; (I5)<1 for every prime
ideal Qo1 with ht(Q/I)=1. Then r(I)=0.

The proof of Theorem 2.1 is based on the explicit calculation of socle elements in
G(I)/S, where S is a suitable parameter ideal in G(I). We don’t quite see that this
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strategy applies also to deviation 2 ideals. Therefore we use homological methods in this
case, i.e. we compute the a-invariant of G(/),

a(G(I)): =max{neZ | [H&(G(I))],#0},

where d=dim A and H%,(G(I)) is the d"* (graded) local cohomology of G(I) with respect
to the unique maximal homogeneous ideal M of G(I). In [3, Proposition 2.4], the a-
invariant of G(I) was computed for ideals of deviation 1. We describe in the following
Theorem 2.3 an analogous formula for deviation 2 ideals.

Theorem 2.3. Let I be a Cohen—-Macaulay ideal of ad(l)=2 and ht(I)=h>2 in a
Gorenstein local ring A. Assume that G(I) is Cohen—Macaulay and Ip is a complete
intersection for all P21 such that ht(P/I)<1. Then the following hold:

. _frh—=h=-2 if (=2
0 a(G(l»—{_ A Al
(ii) if G(I) is Gorenstein then r(I)< 1.

The next proposition is another version of Theorem 9.1 in [7]. It presents a typical
example of a deviation 2 ideals with reduction exponent r(I)=0; see also [10, Theorem
3.1], and [16, Theorem 10.17], where ideals I generated by weak d-sequences are
considered.

Proposition 2.4. Let A be a Gorenstein local ring and I an ideal of height >0 with
v()=ht(I)+2. Assume that A/l is Cohen—-Macaulay and v(l1,)<ht(P) for every prime
Pol. Then I is an ideal of ad(I)=2 with Gorenstein formring G(I) and reduction
exponent r(I)=0. Moreover I is generated by a d-sequence.

Remark. If we replace the condition v(Ip) <ht(P) for all P>1 in Proposition 2.4 by
the stronger one v(/,)Sht(P) for all P21 and if we assume that I, is a parameter idedal
in Ap for all PeMin(A/I) then G(I) is A/I-torsion free (cf. [7, Theorem 9.2]). Hence if
I=Q is a prime ideal, then the ordinary and the symbolic powers of Q coincide:
Q"=Q" for all n>1. Since v(Qy)=¢(Q,) in our case, this fact is closely related to
Theorem 3.5 in [10]. One has the following example (cf. [12, Theorem 2.2]). Let
X =(X;) be a generic skew-symmetric 5 by 5 matrix with zeros down the diagonal over
a field k. Let I be the ideal generated by the corresponding Pfaffians in k[X;;]. Then [ is
a height 3 Gorenstein ideal of linear type, minimally generated by 5 elements, and in
fact v(Ip) = ht(P) for all P>1 by [12, Theorem 1.16].

Theorem 2.5. Let (A,m) be a noetherian local ring of dimension d. Let I be an

m-primary ideal with minimal reduction J=(x,,...,x,), and let x¥ be the initial form of x;
in G=G(I). Assume that G is Cohen-Macaulay. Let

k=max{j|(I/:m)+J ¢+ J}.
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Then k>1 and G/(x%,...,x¥) has socle elements in degree k—1. If G is Gorenstein then
k—1=r,(I). Moreover, if d>2 and A is regular then k<d—1, so in this case r,(I)<d—2.

Corollary 2.6. Adopt the assumptions of Theorem 2.5. Also assume that A is regular
and that G(I) is Gorenstein. Then k=1 if and only if A/l is Gorenstein.

The ideal I is equimultiple in Theorem 2.5, hence if r(I)<d—1 then G(I) is
Cohen—Macaulay if and only if R(I) is Cohen—Macaulay (see [6]). This last condition is
satisfied in the regular ring 4 by the Briangon-Skoda Theorem ([1]). In the following
corollary to Theorem 2.5 we formulate an analogous statement for the Gorenstein
property of G(I) and R(1%), g>1; see also Theorem 2.3 in [8].

Corollary 2.7. Let (A,m) be a regular local ring of dimension >2 and I an m-primary
ideal in A. Assume that G(l) is Cohen—Macaulay. Then the following are equivalent:

(i) G(1) is Gorenstein;

(ii) there exists an integer q =1 such that R(1?) is Gorenstein.

3. Proof of Theorems 2.1 and 2.3

Before we begin the proofs of Theorems 2.1 and 2.3, we state a fundamental lemma of
Goto and Huckaba [3, Lemma 2.2] which we will use several times:

Lemma 3.0. Let R=(—B,,Zo R, be a noetherian graded ring over a local ring (Ry, m).
Let X be a finitely generated graded R-module with X,=0 for all n>»>0. Then for all
integers k,n we have an isomorphism [H%(X)],=H%(X,) of R,-modules, where N =
mR 4+ R™ is the maximal homogeneous ideal of R.

3.1. Proof of Theorem 2.1. First note that in parts (i) and (ii) of this theorem G(I)
is Cohen—Macaulay by [11, Theorem 2.1]. Then Theorem 2.1 (and Corollary 2.2) reduce
to the case dimA=1, ht(I)=0, I is generically 0 and /(I)=1 by [3, proof of
Proposition 2.4].

Before we begin the proof in this case, we note a couple of facts concerning the
annihilators of ideals and the primary decomposition of (0). Since [ is generically 0, it
follows that for every prime P minimal over I, the primary component of I along P is
the same as that of (0) along P. In particular (0:I) will lie outside all of these minimal
primes and is also unmixed, as A is Cohen—Macaulay. It is easy to see from primary
decompositions that I=(0:(0:1)) iff I is unmixed. Since the dimension of A is 1, this
holds iff A4/I is Cohen—~Macaulay, which we assume for part (ii), but not in part (i).

Choose an element x el such that J=(x) is a minimal reduction of 1. Choose ce(0:1)
but not in the union of primes P17 such that ht(P)=0. This choice is possible since I is
generically 0. Then 0:¢=0:0:1 and x+c is a parameter in A. Moreover x*+c* is a
regular element on G=G(]) and we observe the following (for details see in particular

[1, §51);
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\/(x* +c*)=\/(x*,c*)= M, the unique maximal homogeneous ideal. (1)
For an ideal Q in G(I) let Q, ; signify Q n(G;® G;,, ® ). Since c*G, =0, we have
(x*+c*) s =(x*),,=(x*c¥),,. (2)
As (x*+c*) NG, S (x*),
(x*+c*)g (x*, c¥). 3)

If G is Gorenstein then G/(x*+c*) is an Artinian Gorenstein ring and soc(G/(x* +c¥)) is
1-dimensional. Since x* is not in (x*+c*), an element representing the socle can be
chosen to be a multiple of x*. We claim that this forces G, <(x* +c*). If not, another
socle representative w* could be chosen which is homogeneous of degree at least two.
But then that element will be in the ideal (x*+c¢*,x*) and by (2) this forces
w* e(x* +c*), which is a contradiction. Hence G, S(x* +c¢*), and by (2), it follows that
r(I) <1, which proves (i) of Theorem 2.1.

To prove (ii) it is enough to show that

dim[soc(G/(x* +c*)]=1.

Now since Ig(x+c) (note that I:(x+c¢)=I:c=1I) and dim(soc(A4/(x+c))=1, we can
choose an element we ! which represents the socle modulo (x+c)A. We claim that the
initial form w*e G, (note that w cannot be in I? since I?=xI<(x+c)) represents the
socle of G/(x*+c*). To prove this, observe first that G,,<(x*+c*), hence any socle
element modulo (x*+c*) can be represented by a¥ +a}, where af € Gy, af € G, (possibly
one is zero). Let a§ +af be an arbitrary nonzero socle element modulo (x* +c*).

Step 1: Since G, (af +at)=0 mod (x* + c*) we get

x*(af +at)=(x*+c*)- (b3 + b1 +b% + ).

Then we must have that ¢-byel, hence ¢ byeln(0:1)=(0) (by definition of ¢). Then
boe0:c<0:0:1=1 (note that in part (ii) we are assuming that A/l is Cohen—-Macaulay),
ie. b =0. This implies x*-a} =c*-b* =0, since c*G, =0. Therefore x-ayeI*=x"1I (note
that r(I)<1). Hence

apel +(0:x)=1+(0:1).

(To see that (0;x)=(0:1), observe that (x) and I have the same minimal primes as x is a
reduction of I. Since I and therefore (x) is generically 0, their annihilators are simply the
intersection of the primary components of 0 whose primes do not contain 1.) Therefore
we may assume a,€0:/ in the sequel.

Step 2: Let yem\l; since m-(a§+at)=0 mod(x*+c*) we get y*(ag+a?l)=
(x*+c*)-(b§ +bt + ---). As c*b} =0 we get the following equations:
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yag—cbyel
ya, —xbgel?.
Since c¢,a,e€0:1, we have yao—cboeI n(0:1)=(0), hence ya,=cb,. Moreover ya,—

xbgy € I = x1. Therefore we can freely change b, by an element of I (noting that ¢/ =0, so
that the first equation does not change) and assume that

yag=chy and ya, = xb,.
Thus y(ay+a,)=be(x +c).

Since y is arbitrary in m\I we get finally m(ay+a,)S(x+c). So ap+a, is in the socle
of A/(x+c), hence

ag+a,=aw+{(x+c)-t, ateA. )
Step 3: If aem in (4), then ag+a, =(x+¢) u,ue A; hence
ag—cu=—ay;+xueln(0:)=0,
i.e. ag=cu and a,=xu. This implies that a} +af =(c*+x*)-u*, which contradicts the

fact that a¥+a} is nonzero modulo (c* + x*). (Here u* is considered as an element of
degree zero in G.) Therefore « in (4) is a unit, say w.l.o.g. a=1, and

ag+a;=w+(x+o)t.
Since w was chosen in I, we get as above

ag=ct and a, =w+ xt, (5)
ie. by (5)
ag +at —(x*+c*)(t+ ) =w*,
so that a} +af =w* modulo (x*+ ¢*). Thus soc(G/(x* +c*)) is 1-dimensional. Since G is
Cohen~Macaulay, G must be Gorenstein.

For the proof of r(I)=0 we prove in our situation (ht(I)=0) the following formula for
the Cohen—Macaulay type of G(I).

Claim: type (G(I))=v(I)

For the basic facts on graded local cohomology used in the proof of this claim and
for other proofs below, we refer the reader to [6]. We consider the following two exact
sequences

0 (Hyu(x*G))¥(—1) 5 ws— (Hp(0:6x*)* -0 (6)

https://doi.org/10.1017/50013091500019258 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500019258

REDUCTION EXPONENTS OF IDEALS WITH GORENSTEIN FORMRING 455
0 (H}(G/x*G))” - we—(Hp(x*G))* — (H},(G/x*G))¥ -, Q)

where ( )¥:=Homg¢(—, Eg)=Hom (—, E ) denotes the dual with respect to the injective
hull E; (resp. E,) of the residue field k=G/M = A/m, and wg=Homg(H},(G), Eg) is the
canonical module of G (observe that ( )V switches the grading). Note that

[0:6x*],=0for n>1 and [G/x*G],=0for n>2, 8)

since I>=xI, and (0:1) n I =0. Furthermore, a(G)=0 by [3, Proposition 2.4]. Since the
Cohen—Macaulay-type of G coincides with the minimal number of homogeneous
generators of wg, it is enough to show that wg is generated by elements of degree zero
and that v([wg]o)=v(I). Concerning the first assertion, note that in (6) above we have
[(Ha((0:6 x*))" 1o =([Hp((0:6 x*)] )" =(Hn([(0:6x*)]-,))¥ =0 for all n>1 (the first
equality holds since the dual ¥ switches the grading, and the second equality holds by
Lemma 3.0). Furthermore in (7) above we have [(HY(G/x*G)Y],=
([H%(G/x*G)]_,)¥ =0 for all n>0 (that is clear for n>1, since HY(G/x*G) is a
submodule of the positively graded module G/x*G; for n=0 the argument is as follows:

[H3(G/x*G)" Jo=([H}4(G/x*G)1o)* = Ho(A/1)¥ =0,

since A/l is 1-dimensional Cohen—Macaulay); now we get, by (6), for n>1 [wg],=
x*[H.(x*G)"],_,, where [H}(x*G)¥],_, is a homomorphic image of [wg],_; by (7);
we conclude that wg=G-[wgle. To show that v([wg],)=v(I), consider sequence (6) in
degree O; note that

[HMu(0:6x*)" Jo=([H3(0:6 x*)10)"
=(H([0:5x*],))", by Lemma 3.0
=Hom (HL((0:,x)), E 4(k)), since [0:5x*]o=(0:,x)
=~ Hom ,((0:, x), A), by local duality and the fact that w, >~ A4
=Hom (Hom(A/I, A), A), since (0:x)=(0:1)
=~ A/I, since A/I is 1-dimensional Cohen—Macaulay, (cf. [2, Thm. 3.6]).

Hence sequence (6) in degree O is a split-sequence of A/I-modules. We conclude that
[welo=[Hy(x*G)"]-, ® A/ 9
Now we determine [H),(x*G)"¥]_, as follows:

[HM(x*G)”]_, =[H¥(G/x*G)*]_,, by (7) (since [ws]_, =0)
=([H%(G/x*G)],)” =Hom ([H3(G/x*G)],, E,)
=Hom (H%(I/xA), E,), (by Lemma 3.0)
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which by local duality is isomorphic to Ext}(I/xA4, A).

Finally we show that Ext}(I/xA4, A)=1I/xA (together with (9), this proves the claim).
Note that Exti(I/xA, A)=Exti{(A/xA, A), since Ext3(A4/I,A)=0 (because A is I-
dimensional Gorenstein) and Ext}(A4/1, A)=Hom ,(H%(A/I),E,)=0 (because A/I is
1-dimensional Cohen—Macaulay). Now the sequence

0-5A4/0:N=A/0:x)5A4—>A/xA—-0
induces the exact sequence
A=Hom (A, A) > Hom (A/(0: ), A) = Ext}(A/xA, A) -0, (10)
where Hom ,(A/(0:1), A)=0:(0:1)=1, since A/I is Cohen—-Macaulay. Thus by (10),
Exti(A/xA, A)=1/xA. 0

3.2. Proof of Theorem 2.3. As in the proof of Theorem 2.1(ii) we will frequently
apply Lemma 3.0, without mentioning it permanently. Furthermore, we have to use the
following description of a minimal reduction of I, given by [11], Proposition 3.3 and its
proof ].

Lemma 3.3. Under the assumptions of Theorem 2.3, a minimal reduction J of I can be
generated by elements a,,...,a,,c,d satisfying the following properties:
() ay,...,a,is an A-regular sequence (a:=a,,...,a,, for short),
(i) Ip=Jp=ap for Pemin(A/]),
(ii)) 1,=J,=(a,c)A, for q=21, ht(q/I)=1; more precisely:

I,=(ay,...,a4_,c)A, if q21+(a: 1), ht(g/I)=1
and

1q=aAq ifqg(a:AI), ht(q/1)=1’

(iv) (a:¢)=(a:I);
(V) (a:c)nI=a;
(vi) ((a,¢):d)nI=(a,c).

If moreover r(I)< 1, then
(vii) (a,c)nI"=(a,c)I""! for n>1;

(viii) an I"=al""! for n>1; equivalently, the sequence a%,...,a¥ of initial forms forms
a regular sequence on G(I).

Remark. (1) The proof of Prop. 3.3 in [11] shows that properties (iv)—(viii) are
consequences of the first three properties. Furthermore, property (vi) follows from the
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“first part” of (iii), by a result of Kustin, Miller and Ulrich. This was pointed out in the
proof of Prop. 3.3 in [11].

(2) In case r(I)<1 we know by (viii) that af,...,a¥ form a regular sequence on G(I).
In case r(I)>2 this is not clear a priori. But in Lemma 3.4 below we shall construct a
system of parameters for G(I), with af,...,a¥ being part of it. If G(/) is CM, we have
property (viii) also in the case r(I)>2. This knowledge allows us to reduce questions to
the case ht(1)=0.

Lemma 3.4. There is a s.0.p. of G(I) of the type
at,...,af, c*+x* d*¥+y*,z¥,.. ., z¥ -,

where xe(a: c) and ye(a,c): 41 are chosen such that a,c+x,d+y is a regular sequence
on A and such that c+x,d+y is a A/I regular sequence; moreover z,,...,z4_;_,,¢,y+d is
a s.o.p. of A/l. Furthermore a,c,d are a reduction of I as in Lemma 3.3.

Proof of Lemma 3.4. We first note that this s.0.p. is more precisely an s.0.p. for G,,.
However, we later will show that M is the only maximal ideal containing these
elements.

Using properties (ii) and (iii) in Lemma 3.3 together with McAdam’s prime avoidance
theorem, it is easy to see that

(a0 | —c+P

PeAssa(A/a)

hence there is xe(a:,c) such that x+c is regular on A/a. Now Ass,(A/a)=Ass(A/]),
because A/I is CM; thus x +c is also regular on A/I. Similarly one shows that

(a,0): I U —d+P,

PeAssa(A/(a, x+c))

and finds ye(a,c): I such that y+d is regular on A/(a,x+c) and hence on A/(,x+¢),
too. More precisely, if

(a,¢): 1< U —d+P;

PeAssa(A/(a, x+c))

then by McAdam’s prime avoidance lemma [14, Theorem 5], there is a prime P
associated with A/(a, x +c¢) such that (a,c):, I +(d) = P. Note that height (P)=h+ 1, since
x+c is regular on A/a). Of course, (a,c,d)=J< P, and hence /< P. This implies that
PAp contains ((a,c):, [)p=1p:1p,=Ap which is a contradiction.

Now, let x+c¢,y+d,z,,...,24-4,-, be a s.0.p. of A/I.

We need to prove that af,...,af,c*+x*,d*+y*, z2¥,...,25_,_, is a s.o.p. for G(I). It
suffices to prove that the ideal G, of positive degree elements of G=G(]) is in the ideal
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Q generated by these elements up to radical, since G/G , = A/I, and the images of these
elements are a s.o.p. for A/I. Up to radical G, is generated by the images of the
reduction of I,a¥,...,af,c* d*, and it therefore is enough to prove that both ¢* and d*
are in the nilradical of Q. But the choice of x and y prove that (c*)?=c*(c* +x*)
modulo (a%,...,a¥), and (d*)?=d*(d* +y*) modulo a¥,...,a¥ c*. O

The next two results show that we may reduce to the case h=0, d=2 without
changing the properties mentioned in Lemma 34, provided that G(J) is
Cohen—-Macaulay.

Lemma 3.5. Assume that G(I) is Cohen—Macaulay. Let a,c,d,x,y be as in Lemma 3.4.
Set A:=A/a, I.=1/a, J:=J/a, G:=G(I). Then
(a) J is a min. reduction of T and r;(I)=r,(I); G=G(I)/a* is CM and a(G)=a(G(I)) + h;
(b) the corresponding properties (ii), (iii), (iv), (v), (vi) in Lemma 3.3 hold for T in place
of 1, and if r(I)< 1 then (vii) in Lemma 3.3 holds for I instead of I.

Proof. (a) is well-known and (b) is easy to see. O

Lemma 3.6. Adopt the notation and assumptions of Lemma 3.5. Let I be the ideal T of
Lemma 3.5 (ie. ht(I)=0). If d>3(d=dim A), there is an element ue m\I, such that u* is
regular on G(I) and which satisfies the following properties (where A:= A/uA,I:=(1,u)/
W, =0, w/w,G:=G(T):

(a) ht(1)=0,dim(4)=d—1,a(G)=a(G(]));

(b) J is a minimal reduction of T and ri(T)=r,(I),

(¢) Ts=0 for Peminz(A/I);

(d) I_Q=C—/ZQ Jor QQT, ht(Q/I_)= 1.

Proof. Consider the sets
B:={PeSpec(4)|ht(P)=1,I<P,1,#0}

and

C:={QeSpec(4)|ht(Q)=2,1SQ,I,#cAy).

Since B€min A/(I+(0:41)) and C<min (A/(I+ann,(I/cA)), B and C are both finite
sets. Now

PnA+I+m’ U P+m?+1 U Q+m*+1

>

m/(m*+0H2

PeAssG(I) I+m? pes M+ gic mP+l
(otherwise (m/I)< P for some P e Ass(G(I)) (note that m¢ B U C, since ht(m)=d>3) and

hence grade (mG(I))=0; but on the other hand ht(mG(I))=d—£(I)>1 (since d>3 and
£ =h+2=2), a contradiction).
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Hence we may choose uem\l, such that u* is regular on G(I) and u¢|JpcpP,
u¢{ JoecQ. Properties (a) and (b) are already well-known (and easy to check). We
demonstrate here only (d). Part (c) can be done similarly. Note that a prime Q=1
1 =ht(Q/I) corresponds to a prime Q=(I,u),ht(@)=2 and that

do _ lo+udg (yhere Q=g ;
€Ay cAg+udy uAd

since ue @, we have Q¢ C (by choice of u), hence I,=cA,, so that also in this case the
fraction is zero. This establishes property (d). 0

Remark 3.7. Using Lemma 3.5 and Lemma 3.6 we restrict from now on to the
situation h=0, d=2, in which we shall prove the assertions of Theorem 23. For
convenience we describe this situation here: ht(I)=0, dim(A4)=2, I,=0 for
Pemin(A/I), J=(c,d) is a minimal reduction of I,I,=cA, if ISQ and ht(Q)=1, A4 is
Gorenstein and A/I Cohen-Macaulay; moreover the following relations hold
0;D=(0:0),(0: )" I=(0),((c):d)nI=(c). In case r(I)<1, we know moreover that
()~ I"=cI""! for all n>1. Moreover xI =0, and yl =(c).

For the computation of the a-invariant as announced in Theorem 2.3 we need the
following Lemma 3.8.

Lemma 3.8. Let the situation (h=0,d=2, etc.) be as described in Remark 3.7. Further
assume that G(I) is Cohen—Macaulay. Then:

(@) [(0:5¢*)],=0 for n>1;

(b) [(c*):cd*)/(c*)],=0 for n=>2. If r(I) <2, then this equation holds for n=1.

Proof of (a). By Lemma 34, c*+x*,d*+y* form an s.o.p. for G. Since G is
Cohen—Macaulay, these two elements form a regular sequence. Let aeI”, cxe I"*2. Here
n>1. Since xI=0, we then obtain that o*(c*+x*)=0. It follows that a*=0, which
proves (a).

Proof of (b). Fix n>2, and let u* represent an element in [(c*):;d*)/(c*)],- Then
there exists an element v*e G, such that u*d*+0v*c*=0. Since yl S(c), we know that
yueyl"=(yl)(I""')=cI"~'. Hence we can write u*(d*+y*)+(w*+0v*)c*=0 for some
w*eG,_,. Since n>2, it follows that x*(w* +0v*) =0, S0 that
u*(d* + y*)+ (w* + 0*¥)(c* +x*)=0. Since c*+x*,d*+y* form a regular sequence, we
obtain that u*e(c*+x*)G. As x* Kkills all positive degree elements of G it follows that
u*ec*G, as required.

Now assume that r(I)<2. Let u* be as above except assume it has degree 1. Lift u*
and v* to A, where v* is as in the above paragraph. Then there is an equation
ud +vcel®*=(c,d)I?. Changing u by an element of I? (which doesn’t change u*), we see
that ue((c):d) n I=(c). Hence u* ec*G, as needed. ]
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Proof of Theorem 2.3. Now we compute that the a invariant a(G(I))=r—2 in case
r>2 (the case r<1 being similar), h=0, d=2. We work with the following four exact
sequences of graded G-modules, where G:=G(I).

0-(0:5c*) =G S (c*G)(1) -0
0-c*G—G—G/c*G 0

0 (c*:d*)/(c*) = G/(c*) 5 ((c*d*)/(c*)(1) -0
0—(c* d*)/(c*) > G/(c*) - G/(c*,d*)>0.

Consider the induced long exact cohomology sequences (H(~):= Hi,(—))

(1) 0= HY(c*G)(1)> H?(0:gc*) —» H*(G) = H*(c*G)(1) » 0

(2) H%G/c*G)=H'(c*G),
0— H'(G/c*G)— H?*(c*G) » H*(G) » H*(G/c*G) =0

(3) ... = Hi((c*:d*)/(c*) = H(G/(c*)) = H((c*, d*)(c*))(1) -
H* (e d(e) -

(4) ... = H'"YG[(c*,d*) - H'((c*,d*)/(c*) = H(G/(c*)) > H'(G/(c*,d*)) -
H (e, d)(e) -

Note that in (3) [H'((c*,d*)/(c*))],=0=[H"*'((c*,d*)/(c*))], for n>2 by Lemma 3.8,
while in (4) [H'"Y(G/(c*, d*))],=0=[H(G/(c*,d*))],=0 for n>r+1. Thus we have
isomorphisms

(3 [H(G/(c*)1n B[H((c*,d*)/(c*))]s+, for n>2, and
@) [H'((c* d*)/(c*)], S[H(G/c*)], for n2r+1.

Since [H(G/(c*))],=0 for all n»0, we conclude that [H(G/(c*))],=0 for n>r.
Moreover, in (1) we have [H?((0:5c*)],=0 for n>1 (by Lemma 3.8) and in (2)
[HY(G/(c*)],=0=[H?*(G/c*G)], for n>r (as we have just shown). Hence the sequences
(1) and (2) give isomorphisms

() [HY(G)], S[H*(c*G)]y+, for n21
(6) [H?(c*G)], »[H*(G)], for n>r.

As [H*(G)],=0 for all >0, we conclude that [H*(G)],=0 for n>r—1. This means
a(G(I))<r—2. It remains to show that [H*(G)],_,#0. For that, note that in (4)
[H%(G/c*G)],=0 and [H%(G/(c*,d*))], #0 (because [H°(G/(c*,d*))], = Ho(I'/(c,d)I"™ ") =
I'f(c,d)I""1#0); thus [H'((c*,d*)/(c*)],#0 by (4. Now (3) with i=1 gives
[(H'(G/(c*)],-,#0. Hence in (2) [H%(c*G)],-, #0 and since, by (1), [H*(c*G)],_, #0 is
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a homomorphic image of [H?(G)],-,, we conclude that [H?(G)],.,#0, proving
a(G)=r—-2.

Since the proof of the formula a(G)=0 in case r<1 uses similar arguments, we omit it
here. Instead, we prove now the second part of Theorem 2.3, saying that G cannot be
Gorenstein if r>2. Denote by w; the canonical module of G, ie wg=
Homg(H?(G), Eg(k)). Since a(G)=r—2, it is enough to show that

Wel-rs 2 FA/I(=G(r—2)_,+2)-

For that, apply the functor Homg(—, Eg(k)) =Hom ,(—, E 4(k)) to the above sequences
(1), (2), (3), (4); the new sequences are:

()Y 0— H3(c*G)¥ (= 1) > wg— H}(0:gc*)¥ = H (c*G)" (= 1) >0

(2 H'Y(c*G)¥ =H°(G/c*G)",
0> H*(G/c*G)" > wg— H*(c*G)" - HY(G/c*G)¥ >0

(3)" H™Y((c*:d*)/(c*))" — H((c* d*)/(c*))" (1) = H(G/c*G) " —
H'((c*:d*)/(c*))”

(4)* H{(G/(c*,d*))* ~ H'(G/c*G)* — Hi((c*,d*)/(c*))* > H'~}(G/(c*,d*)* -
i1 (G/(c*)".

Consider the first module in (1)¥ in degree —r+2:
[H*(c*G) (= 1)) -, 42=[H*(*G)"]-,+,
=[H'(G/c*G)"]_ 41, by ()" (use [wg]-,+, =0, since a(G)=r—2)
=[H'((c*,d*)/(c*))¥]-,, by (3)" (use [(c*:d*)/(c*)],-,=0)
=[H°(G/(c*,d*))*]-,, by (4)" (use [H(G/(c*))],=0)
=H,(I'/lc.d)I"™")",

which is a module #0 of finite length over A (since I,=cA4, for all primes g, such that
I=g,ht(g)<1).

We have shown that {wg]_,,,, in sequence (1)¥, contains a non-zero submodule of
finite length; hence H%([wg]_,+,) #0 and we conclude [wg] -, ., % A/I. That finishes the
proof of Theorem 2.3. O

Proof of Theorem 2.5. First observe that k exists, because I':mcl/:I=I"" as G is
Cohen-Macaulay, and '~ ! <J for j»0. Let ue I*:m\(I*+J). Then ue I*~'\I*

Claim. u* is in the socle of G:=G/(x%,...,x¥).
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Proof of the claim. : If yeI\I? then
yuel(I*:msl** :mc**' 4 J,
the last containment by choice of k. This implies
yuel** '+ *nJ=F* L gt

as G is Cohen—Macaulay. Hence y*-a*=0. If ze m\I, then zue I* by definition of u, and
so also z*-u* =0, which proves the claim.

Hence G=G/(x%,...,x¥) has a non-zero socle element in degree k—1, ie. [G],=0 if
n2k since G is Gorenstein. Thus I*=7**'+J[*~! which implies that I*=J -1*"!, ie.
r(I)£k—1. Therefore r,(I)=k—1 since I* " ¢ J (else I*:m< J).

Now assume that A4 is regular. It remains to see that k<d—1. For this we use a result
of Lipman [13], saying that for any m-primary ideal in a regular local ring (4, m) with
minimal reduction J we have

Pmilcy.
Hence IY:mc1?:m? ' = J which proves that k<d—1. O

Proof of Corollary 2.6. The “only if” part is obvious. On the other hand, if A/I is
Gorenstein then | is a complete intersection by [15, Theorem 2.6] since I is a perfect
ideal, so r(I)=k—1=0.

Proof of Corollary 2.7. (i) implies r(I)<£d—2 by Theorem 2.5. Hence we get for the
a-invariant of G:

a:=a(G)=r(l)-d< -2, see[9,(2.4)]

Then g:=—a—121 is the desired exponent of I such that R(I?) is Gorenstein by [9,
Theorem 3.5], which proves (ii). We also note that the remark following Corollary 2.6
shows that R(I) is Cohen—Macaulay.

Conversely assuming (ii), G(/) must be Gorenstein by [8, Theorem 2.3], because G(I)
is Cohen—Macaulay (by the general assumption) which implies also the Cohen—
Macaulayness of R(I) in the situation (ii). 0O
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