AN ESTIMATION OF CLAIMS DISTRIBUTION

NawoJIrRo ESHITA

FOREWORD

There are two phases of difficulties in estimating a claims distri-
bution. If we are going to estimate the claims distribution as
accurately as possible, we should gather considerably long terms
statistics. While economical and social environment will change.
As a result the statistics gathered should be amended by a kind of
trend value. One of difficulties here is the estimation of that trend
value. Another difficulty is the estimation of claims distribution
as being the stochastic distribution. In the case of considering
claim size, the estimation becomes more difficult.

The intention of this paper is to propose an actual way of esti-
mating stochastic claims distribution considering various kind of
claim size by the use of a computer. Regarding the problem of
amending claims distribution by a trend Value I will discuss at
another time.

1. THE MopEL oF Crarvs DISTRIBUTION

(1) The logical clatms distribution

The claims distribution is the distribution of claim amount which
a insurer paid for a definite period, for example, for one year.

Therefore, the claims distribution should be analized by two
factors.

The distribution of claims frequency.

The distribution of claim size.

a. The distribution of claims frequency

Since the claims frequency is a number which is calculated from
the stand point whether or not claim occur in the risk group which
an insurer is retaining in a definite term, the logical distribution of
claims frequency is considered to be a binomial distribution.
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II2 ESTIMATION OF CLAIMS DISTRIBUTIONS

Assuming that numbers of risks and the average claims occurrence
rate in a risk group are » and p respectively, the distribution is
expressed by the following binomial expansion formula.

blk;n - p) = (nk) pF - gn-k

g=1—2
k is probable claims number occurring.

where

The probability of claims occurrence in each risk in a risk col-
lective which a insurer is retaining is not always the same. Ac-
cordingly an risk collective is separated into many kinds of risk
groups with different number of risks and claims occurrence rate.
Assume the number of risks and claim occurrence rate of 7 number
of risk groups are ni, 72, ..., ny and pu, ps, ..., P;m respectively
the following formula holds. '

_ nlpl + n2p2 '+‘ “ e + nmpm
- N
The distribution of claims frequency of a risk collective is ac-
cordingly expressed by the following formula

() ptarcee () ptarmre o () b

where, * show convolution.

b. The distribution with claim size distribution

In considering claim size, the distribution becomes more and
more complex. The calculation is almost unrealistic, even if a
computer is used. Assuming that a risk collective is constructed by
risks being p;, p;, ..., p,, Of claim occurrence rate and sy, s, 3,

., 5; of claim size and 5y, #y5, %3, . . ., %y, Of risk number which
are the case of .5, paSs, D183, . ., P,pS; respectively, the risk col-
lective is expressed by the array of following risk groups.

Rulnu, p1, 1], Rie{mie, p1,82] ....... Rufny, p1, 1]
Roi[nay, po, s1], Raz(nes, po, s2] ... Rai[na, pe, si]

le['nml, Pm, s1], Rm2[nm2. Dm, 52] ----- le[”ml. Pm, Sl]-
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In the case of each risk being independent stochastically, the
claims distributions of each group are shown by the following
formula.

n
bulsikin 2 = (") 8 gt

Ny

bulsski ma ) = (3] 8 g

oy .
bml(slk; nml'pm) = ( kl) pfn 'qgtm’ k

Since a claims distribution of a risk collective is a compound
function of claims distribution of these risk groups, while com-
pound function of binomial distributions is not always a binomial
distribution, a claims distribution of a risk collective is not always
a binomial distribution. Accordingly we describe the distribution
function of a risk collective as p(sk; #, p).

o(sk; m, p) = bu(sik; nu, p1) * bra(sek; Mg, P1) * ..
. * bmi(SiR; nm, Pm).

This is the logical model for claims distribution which may occur
in a risk collective.

(2) The actual claims distribution

The number of actual risks in a risk group is relatively large
(for example more than 30) and the occurrence rate of claim is
relatively small (for example less than o.r). The previous logical
distribution (which is the compound function of binomial distribu-
tions) of risk groups is, accordingly, replaced by the Poisson distri-
bution. And the previous array of logical risk groups is replaced by
the following array of claims distribution.

Du[ma, s1), Dis[maz, s2) ... Dulmay, si]
Dgl[m-n, 81], Dzz[mge, Sz] e Dzz[mzz, 51]
Dmi[mim1, $1], Dme[mime, $2] ... Dyu[#ma, 1)
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where

i = N X p1, Mer = Ret X P2, ... Mmi = i,y X Pm.

In the Poisson distribution, the compound distribution between
the distribution with the value of »; and the value of 2 is the
same to the Poisson distribution with the value of m1 + m2. As a
result, similar risk groups with a same claim size are totalled up to
one. And the previous array of claim distribution is expressed by
the more simple array as follows.

D1[m1, 31], Dg[me, Sz}, e Dz[m[, Sl]
where
My = 1y - ey + L. - g
M = M2y + M2 + ... 4 My
my = my + M + ... + My

Although a compound poisson distribution of some Poisson
distributions is a compound Poisson distribution, the compound
function of actual claims distributions is not the Poisson distribu-
tion, because of another element (s, s5, S5, ..., s;) are contained.
Assume the actual claims distribution of a risk collective to be
described as f(sk; m)

S(sk; m) = pu(sik; mr) * pa(sak; me) * ... pi(sik; my).

This is the actual model for a claims distribution which may
occur in a risk collective.

2. THE ActuaL ESTIMATION OF CLaIMS DISTRIBUTION

(1) Simplification of model

Since a risk collective contains varying risk groups, the actual
claim distribution is constructed by various kinds of claims distri-
butions. Assuming that claim amount occurring in a risk collective
distribute from $ 10,000 to $ 1,000,000, the claims distribution
may have 100 various claims distribution and therefore, we may
have 100 different calculations. Calculations, however, need not be
so multitudinous, for example,
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a. Some distributions with approximately the same number of
claims are totalled up to a single distribution.

Assume, for example, the numbers of claims with size s,, sq, 55,
Say, Sss AT€ My, Mg, Mys, Wiay, Mgs Tespectively and then

my = Mg = Mys = M3y = Mss5.

The distribution is replaced by the next simplified formula.

me 0
po(Sok; 7”0) = ¢ Mo o

k!
where
S, + meSe + 145815 F MaySey + MssSss
S0 = Wy + Mg + M5 + Mgy -+ Mg

My = My ~ Mg -+ My -+ Moy 4 Mss.

b. Some distributions with approximately the same size are also
totalled up to a single distribution. Assume, for example, the claim
size of claim numbers m,, mg, M5, Py, Mss AT Sy, Sg, Sis, So1, Sss
respectively and then

S) = S = Si5 = Sayp = Sg5 = S
My + Mg + Mys + Mgy + Mgs = M.

The distribution is replaced by the next simplified formula.
mg
Po(Sok; mg) = e~™e m
c. Especially when the numbers of claim is very large, the dif-
ference of size could be ignored in the actual calculation. And then

calculations need not be so multitudinous.

(2) The actual calculation of compound Poisson distribution

The following is the calculation flow of the distribution by the
use of a computer. By this flow we can easily calculate the distribu-
tion.

a. The calculation or table research of pa(sik; m1). The number
of mu is not so large that the actual calculation or table research of
pi(s1k; m1) should not be difficult. At this time, we ignore the value
of probability which is insignificant and therefore not pertinent.
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b. The calculation or table research of pa(s2%; m2). The insignifi-
cant value is deleted as the previous step.

c. The calculation of compound function of pi(sik; mi) and
ﬁz(Szk; M2).

Assume the claim size and the occurrence numbers of claims
which should be convoluted as follows.

(51 X A) (probability) (s2 X R) (probability)

51 X 0 0.00674 s2 X 0 0.00005
s1 X I 0.03369 Se X 1 0.00045
s1 X m 0.17547 S2 X ma 0.12511
51 X 2my 0.01813 S2 X 2ma 0.00187

d. The convolution between claim amounts and probabilities of
each distribution.

S1 X0 45852 X0 0.00074 X 0.00005
51 X0 +szX1I 0.00674 X 0.00045
sS1i X I +s2X0 0.03369 X 0.00005
St X I +s2 XTI 0.03369 X 0.00045
S1 X mi 4 S22 X 0 0.17547 X 0.00005
St X my 4§z X I 0.17547 X 0.00045
S1X2my 4 $2 X O 0.01813 X 0.00005
SiX2my 4+ s2 X I 0.018I3 X 0.00045
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e. By the calculated value of claim amount, various values of
probability are totalled and classified.

claim amount probability
) 0.00000
s1 0.00000
251 0.00000
282 0.00003
3S2 0.00017

f. Delete the small value of probability and its claim amount.
The distribution after the delete is described as fi2(s&; m).

g. Calculate f,5(sk; m) by the previous calculation step d. be-
tween fi,(sk; m) and p,(ssk; m;) and proceed to the step e. and f.

h. Step g. is continued until the last.

(3) The caicuiation error by deleting small value of probability

The error is as the following, when the value of probability is
counted fractionary over 0.5 as once and disregarding the rest at
the below sixth.

numbers of m convoluted error

30 % 30 0.00005

60 * 60 0.00011
120 * 120 0.00024
240 * 240 0.00052
480 * 480 0.0011I0

The above example illustrates that errors are small,
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If we find that a more accurate calculation is necessary, 1t may
be figured by replacing the value of probability which we neglected
with a more detad value

SUNMMARY

Many methods have been deseloped over the estimation of claims distn-
butions This paper 1s one of the proposal for estimating claims distnibution

In this paper, I assume that the claims distribution 1s a compound distri-
bution of claim occurrence frequency distribution and claim amounts
distnbution And I propose a actual estimating way of claims distribution
on the above reasoning

The following 15 the architecture of this paper

1 THE MobpeL oF CLaiMs DISTRIBUTION

(1) The logical claims distribution

In order to make the above mentioned compound distribution, the claim
amounts distribution 1s classified by many classes of claim amount

Claim occurrence frequency distribution of the above each class 1s assumed
to be a binomial distribution respectively

And then the model of logical claims distribution is considered to be a
compound distribution of binomial distributions which are the distribution
of each class claim amount

(2) The model of actual clavn distribution

The above logical claims distribution 1s difficult to estimate On the other
hand, however actual claims distributions may be considered to have more
numbers of rnisks than about 50 and be less claim occurrence rate than
aboutor

As a result, the claim occurrence distribution of each claim amount may
be assumed to be a poisson distribution

2 THE EstivaTioNn or a Craims DISTRIBUTION

(1) Swmplification of model

The model of actual distnbution 1» easier to estimate than the model of
logical one In order to make estimations easter, I tried to simplifv the
model itself (In detail I describe it on the main paper)

(2) Actual calculation of compound porsson distribution

The main paper will describe the detail way of actual calculation and
method to simplifv calculation using a computer

(3) The calculation ervor

The main paper will descnibe the calculation error by the wav of simph-
fication incalculation
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