On the problem of the electrified disc
By E. T. Corson.
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§1. ZIntroduction

When a perfectly conducting uniform thin circular disc is kept at
a potential ¥, in an external electrostatic field of potential ®, electric
charge is induccd on the surface of the disc; the problem is to find
the surface-density! o of this induced charge and its potential T' so
that the total potential V 4+ ® has the constant value ¥, on the
surface of the disc. This problem was first discussed by Green? in
1832, and the solution in the case when there is no external field was
deduced by Lord Kelvin® from the known formula for the gravita-
tional potential of an elliptic homoeoid. The problem is still of
interest since similar ideas occur in the theory of diffraction by a
circular disc and in the theory of the generation of sound waves by a
vibrating disc when the wave-length is large compared with the
radius of the disec.

The problem can be reduced to that of solving a pair of dual
integral equations, due essentially to H. Webert. Let us take the
centre of the disc as origin, and the axis of the disc as Oz; in
cylindrical coordinates (p, ¢, z), the disc is then defined by z =0,
p <a. The potential V vanishes at infinity and is equal to V), — ®
on the surface of the disc. But since Vy — @ is assumed to be a one-
valued continuous function of position on the disc, its value there can
be expanded as a sum of terms of the form f(p) cos n(¢ -+ a), where
n is a positive integer or zero. It suffices to consider the case when
Vo — @ reduces to a single term of this form, the general result being
obtained by superposition. In this case, V will be of the form
W cos n (¢ + a) where

W = j: e~tizig(t) J, (pt) dt. (1)

1 By o we mean the total surface density on the two faces of the disc.

2 Trans. Camb. Phil. Soc., (Nov., 12, 1832), reprinted in Green’s Mathematical
Papers (London, 1871), 172-183.

3 Papers on Blectricity and Magnetism (Cambridge, 1884), 175-191.
1 Journal f. Math., 75 (1873), 75-105.
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But this is the potential due to a distribution of electric charge over
the plane z = 0 of surface density o (p) cos n (¢ - o), where

2o (p) = | 140 T (pt) .

Hence i () is the solution of the dual integral equations

Jp0nena=10  ©<p<a,

|Jtvauenac=o (o> a).

Solutions of these equations in various special cases have been
given by Weber! (n = 0, f(p) constant), Gallop? (n =0, f(p) = J¢ (cp)),
Basset® (n=1, f(p)=J1(cp)), and Macdonald* (n arbitrary
f(p) = J, (cp)). The solution when f(p) is an arbitrary function was
first given by Beltrami’ for the case n = 0 and by L. V. King® for any
integral value of n. In all these cases the analysis is difficult and
requires considerable insight into the properties of the discontinuous
integrals of Weber and Schafheitlin?. Quite recently Titchmarsh® has
given a more direct solution of the dual integral equations by means
of the theory of Mellin transforms.

Although the analysis is difficult, the final results arc simple, and
this suggests that there should be a simpler solution. In the present
note it is shown that this is the case, provided that one does not start
from the potential function (1), which is too general for the purpose.
When one starts with a more suitable form of potential function, one
obtains a single integral equation which involves a repeated integral,
and this can be solved by two applications of the known solution of
Abel’s integral equation.

L H. Weber, loc. cit.

2 Quarterly Journal of Mathematics, 21 (1886), 229-256.

3 Proc. Camb. Phil. Svc., 5 (1886), 425-443.

¢ Proc. London Math. Soc. (1), 26 (1895), 257-260.

5 Bologna Memorie (4), 2 (1880), 461-505.

¢ Proc. Roy. Soc. (A), 153 (1936), 1-16.

7 Cf. Watson, Theory of Bessel Functions (Cambridge, 1944), 398-406.
8 The Theory of Fourier Integrals (Oxford, 1937), 334-339.
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§2. Three Lemmas
Lemma 1. If n i8 a positive integer or zero and if « and b are

positive
j‘2rx eindt d¢ 4 J‘Min (a, b) t2n dt
o Ve F b —2abcos g} a"bnl, Vi(a? —2) (b2 —t3)}

the two square roots being positive.

On account of the symmetry and homogeneity of the former
integral in @ and 6, we may assume that b =1and 0 <a < 1. Putting
z = ¢, we have

J‘zn e de 1 J— 2" dz
o Via* +1 — 2acos ¢} —— e {z(z—a)(l — az)}
where C is the circle |[z| = 1 and the branch of v/{z(z — a) (1 — az)}
is chosen which has the value 1 — a when 2 = 1. The integrand is
regular in the z-plane supposed cut along the real axis from 0 to e
and from 1/a to infinity. The value of the integral is unaltered if the
path C is deformed into aloop surrounding the cut from 0.to a. Making
the loop coincide with the two sides of the cut, we obtain

jzn gind d</> s Ia 7 df,, L

o v{aZ+ 1 —2a cos ¢} ovir(@a—r (1—an}

4 ja 2 dt
ovVila?— &) (1—1)}

where 2 = ar. This completes the proof of Lemma 1.

=a—n

Lemma 2. Let f (x) and f' (z) be continuous in 0 < x < a. Then
the solution of the integral equation

x t
f(z):JoV_(g?(i_ﬂd: (0 <z <a)

18
2 2 (* =zf () _2d(* tf@)
g =2po+ 2] 2O a 221 U0 g

Lemma 3. Let f(x) and f' (z) be continuous in c =<z < a. Then
the solution of the integral equation

f(x)=r~£—(t)——dt (c<z<a)

x'\/(tz—xz)
18
2 . 2 = () =_£d“ tf(t)
g (x) = ;f(a):/————— j \/(tz—x2) j v(tz_xz)d‘
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Lemmas 2 and 3 are trivial transformations of the well-known
solution of Abel’s integral equation under conditions which are
sufficient for our present purpose. The transformation ¢ = z sin 6
turns the integral equation of Lemma 2 into Schlémilch’s integral
-equation?.

§3. The solution of the problem of the electrified disc

Theorem. Let the potential on the surface of the circular disc z = 0,
O<p<a be f(p) cos n (¢ + a), where a 18 a constant, n is a positive
integer or zero and f (p) is continuously differentiable in 0 < p=a.

Let the function

1 d [r t*+1f(2)
S = ——j — 2 dt 2
(p) 5 o a5 Vo VP — (2)
be continuously differentiatle in ¢ = p =< a for any positive value of

e(<a). ,
Then the surface-density of electric charge on the surface of the disc
is o (p) cos n (¢ + a), where
__ 2 .,.,4d j’“ £ S (t)
a(p) P 3 = at. (3)
The potential at the point of cylindrical coordinates (p, ¢, z) due
to a distribution of electric charge of surface-density o (p, ¢) on the
disc is
a [ 2r U
V=j I o(u, 6) — db du
070 r
where r is the distance from (p, ¢, 2) to the point (u, 6, 0) of the disc.
We have to choose o so that V = f(p) cosn (¢ + a) when 2= 0. But
if we expand o (p, ¢) as a Fourier series in ¢ of period 27, we see at
once that it must reduce to one term, o (p) cos 2 (¢ + a) say, where
o (p) has to be chosen so that

a 2m
Joa (u) u Jo T quoin;zu-z:s)(ﬁ mr dfdu = f(p)cosn(p + a) (4)
when 0 < p <a.
By Lemma 1, we have
2n cosn (0 + a)df __4cosn(p+a) r““"’- u) 127 dt
jo vV {p* +u? —2pucos (6 —¢)} pr Ut 0 V(W — ) (p2 —12)}

1 Of. Whittaker and Watson, Modern Analysis (Cambridge, 1920), p. 229.
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Hence equation (4) becomes

_4_ P 1—n ju th it 0
P {L"(““‘ o VI{(E— ) E )}
t2n di

R R e e R

Inverting the order of integration, we obtain

1 n . ] 12n a (u)ul n (l’lb
_pf(p)_jov(pz_tz)ft SR dt  (0<p<a). (b)

To solve the repeated integral equation (5), we substitute

S(p)=j:°7"%‘%‘ (0<p<a (6)
and obtain
___p"f j ¢ 8 (‘) d‘ (0 < p <a). (7)

But since f (p) and [’ (p) are contmuous, we may apply Lemma 2 to
(7). This gives

1 d (r 2 f () dt
s vire
(P) = 2mp?hdpJy /(P2 —17)
By hypothesis, this function and its first derivative are continuous in

€ = p = a, for any positive value of ¢(<a). Hence by Lemma 3,

wer @ [C 28 (1) dt
u dpdy v/ (= p?)’

(0<p<a).

o(p) = — —

which solves the problem.

§4. Some special solutions

The simplicity of the present method of solution of the problem
of the electrified disc is well illustrated by applying it to the special
cases mentioned in §1. That the conditions of the theorem apply in
each case is easily verified.

(i) The disc is raised to unit potential with no external field.
Here n = 0 and f(p) = 1. Hence we have

1 df tdt 1
T A T
0()___1_dja tdt 1

O T ), VE= T v (@ =D

in agreement with the result of Green, Kelvin and Weber.
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(i1) The disc is earthed in an exlernal uniform field parallel to its

surface.
If we take the external field strength to be unity, we have
Vo= 0, ® =pcos ¢, sothat n =1, f(p) =p. Hence

YRS Y T T
2aptdplo v/ (P2 — 13 =

2 clj“ tdt _ 2p
op) = — Ty V=) v (E =)

(ili) Gallop’s problem.
In this case n = 0 and f(p) = J (cp). We easily show that
1

1 djp tJg(ct) d /sin cp cos ¢p
Sip)= o L[ ol gL 4 _cosep
(e) 2mdplo v (0% — 1?) 277dp< c ) 27
1 d j" t cos ct
= — - — | ———=d
*fr) wPp dpJ, v/ (8 — pf)
_ co8 ca _l_j" ¢ 8in ct
ny/ (a? — p?) w2 J /(12— pf)
1(° c¢sinct cos ca lr’ ¢ sin ¢t
= I3 —— | == dt
w?L«/(tZ—p?)d MRV ) BT s
. ¢ 1(“ tcosct
=2—77J0(0P)+;§L _(tz_pz)s/z dt

after using Mehler’s formula! for J, ().
(iv) Macdonald’s problem.

In this case n is an arbitrary positive integer and f(p) = J, (cp).
The expressions for S (p) and o (p) then reduce to

_ __Ci__ Jn—& (cp)
SO =57 @) (oot
c chpm® [P J,—y(ct) tdt
o (p) = ZTJ" (ep) + v (2/)773) . (ct;n(—% (2 — P2)3/2‘

1 Of. Watson, loc. cit., 180 (14).
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