RELATIONS AMONG SOME IMPORTANT
ASTRONOMICAL CONSTANTS

By Dirk BROUWER,
Yale University Observatory.

REsumE. — La connaissance de valeurs précises, tant des coeffi-
cients J., Ji, ... du potentiel terrestre que des distances radar Terre-
Lune et Terre-Vénus, nous autorise désormais a utiliser des relations
entre les constantes astronomiques, autres que celles qu’on a jusqu’a
présent employées dans diverses tentatives de construire un systéme
cohérent de constantes astronomiques. Certaines de ces relations, parmi
les plus importantes, sont devenues plus simples.

ABsTRACT. — The availability of accurate values of the coefficients J,, J., ...
in the Earth’s potential and radar determinations of the distances
Earth-Moon and Earth-Venus provides relations among astronomical
constants different in form from those used in previous efforts to construct
a consistent system of astronomical constants. Some of the important
relations have gained in simplicity.

ZUSAMMENFASSUNG. — Die vorhandenen genauen Werte der Koeffi-
zienten J,, Ji, ... im Erdpotential und die Radar-Bestimmungen der
Entfernungen Erde-Mond und Erde-Venus liefern Beziehungen zwischen
den astronomischen Konstanten, die in der Form von denjenigen
verschieden sind, welche in fritheren Bemithungen zur Aufstellung
eines widerspruchsfreien Systems astronomischer Konstanten benutzt
wurden. Einige von den wichtigen Beziehungen sind dabei einfacher
geworden.

Pe3iome. — HbiHe n3BeCTHble TOYHBIE 3HAYeHUA Ko3adpduumeHToB J,, J,,
ToTeHIMalla 3eMJIU B oNpefiesIeHHBIX PafapoOM PacCTOAHUN MeKIy 3eMileit
u JIyHo#t u Memxny 3emieil u BeHepoii, m03BOJAIT HAC B HajbHeIeM
NIPUMEHATh COOTHOIIEHHUA MeKIY AacCTPOHOMHUYECKVNMH ITOCTOSHHBIMU
OTVIMYAIOIIMXCA OT TeX, KOTOphble 10 CHUX IOp OblIM B ynorpeGieHUHn
NpU TONBITKaX CO3AaTh CBA3HYIO0 CHUCTEMY aCTPOHOMHMYECKHUX IIOCTOSIH-
HbIX. HeKoTopble cOOTHOLIEHUS cpeau HauGojiee BaXKHBIX OKA3aJIUCHh
0oJiee TIPOCTBIMH.
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1. The basic formulas. — Three basic formulas are available to
obtain relationships among the masses S of the Sun, E of the Earth,
M of the Moon, the scales of the orbits, and the Earth’s equatorial radius :

(1) gob?= F,GE,
(2) ngag=F;G(E+ M),

(3) KA =GS,

in which

9o, the acceleration of gravity at the equator;

b, the Earth’s equatorial radius;

dg, the mean distance between the centers of the Earth and the Moon;
A, the astronomical unit expressed in meters;

G, the constant of gravitation;

ng, the Moon’s mean motion

= 47 434".8910 per day

= 2.6616995 X 107" rad /s;
k = o0.01720209895 rad/day;
k' = 1.990983675 X 1077 rad/s

~ 86400

The factors F,, F. are numerical factors, close to unity, that must

be provided by celestial mechanics. The units to be used will be the
meter as the unit of distance, the second as the unit of time. Thus the
dimension of GE, GM, GS will be meters®.sec2.

2. The factor F,. — It will be assumed that the Earth’s surface can
be represented by a spheroid; i.e. surface with rotational symmetry
about the axis of rotation, and also with symmetry about the equatorial
plane. Let E, be the mass of the Earth exclusive of the atmosphere.
The surface of the geoid will be represented by the equipotential surface

(4) Y = (—;i[;—' [[ —Ja ib{—l_, Py (sing') — I, %} Pi(sing’)— ...
1 w2R3 . ,
+ 3 G—E,(l — sin?9 )] = const.
in which
¢’, the geocentric latitude;
Jo, Ji, ... are coefficients to be obtained from observations;

P., P,, ..., Legendre polynomials;
the angular velocity of rotation of the Earth
= 1299548."204 per day
= 7.292115156 X 10 ~* rad/s;
w? = 5.317494345 X 107",

w,

https://doi.org/10.1017/5S0074180900104991 Published online by Cambridge University Press


https://doi.org/10.1017/S0074180900104991

RELATIONS AMONG ASTRONOMICAL CONSTANTS. 243

Introduce
w2hs w2bh .k
F= =—15
I

; GE, &o

~ is the ratio between the mass of the Earth with atmosphere to the

I,
mass of the Earth without atmosphere. The ratio is, sufficiently accurate

for the present purpose,
1

l% =1.00000086.
5

Anticipating the result to be derived below, the value

|
[

Fy— = 0.99816386

—

will be used. Also following Fischer [1] :
O = 6378166 m,
&o=9.78030 m/s2,
s = 0.00346141.

The expression 'I' = const., with

'

R=0[1—csin2g — g sintg' —. ],
sec( A
& = —8SeC(T — 3% )—+
‘ FTYIOR?
yields
5K 3 1) P Lo ,
&= ’/',' <1+ —)»Jz— {.l;—p)[l—f— 3asinze 4 G sinte 4L
/)2 2 §
so that

l-‘,:<1+ sz- Ié’.laws)h
2 8 B O

_0.99816576
T 1.00000086

= 0.99816490.

in which use is made of Kozai’s [2] latest results

Ja =+ 0.00108248,
Ji=— 0.0000018].

Inclusion of J;, Js for which Kozai found + 39X 10-%, — 2X107%,

changes F, to 0.99816580. -
A recent determination by D. G. King-Hele, C. F. Cook and Janice

H. Rees [3] includes even values of the coefficients J up to Ji. :

108, = + 108 278, 108)s =+ 24,
108, = — 78, 108J 9= — Jo,
108 = + 7o, 10815 = + 8.
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They find that the coefficient J, is affected sharply by the inclusion
of J,,. With these values,

3 15 35 315 693 3003 R
1+ ;Jz— §~I&+ EJG— i—)§~'3+ 556010 IO_‘liJ“—" = 0.99816299

and
Fi; = 0.99816213.

It appears that the sixth decimal place of F, may still be uncertain
by several units, and that a more definitive determination of this coefficient
may have to be obtained from geodetic satellites. In the following I
have used

Fy = 0.99816500,
which yields GE = 3.986038 X 10'".

3. The factor F.. — Let a, be the radius of an unperturbed circular
orbit of the Moon with the same sidereal period as the actual sidereal
month. Then

(5) niaj=G(E+ M).

The solar attraction perturbs the Moon’s orbit in such a manner that
the actual mean distance of the Moon from the Earth is less than in
unperturbed motion. The ratio is the scale of the variation orbit, found
by E. W. Brown [4] to be

4
%e 0.99909 31419 75298.
Qo
Hence

- agh?

F,= bl 9 = 0. =2818921.
2 <a.(,) 0.9972818924

Then

G(E + M) = 4.0350687 x< 10"

. | O
and, with M= 81.30,
GE = 3.986040 < 10'*.

. [/ .
4. The ratio (71 — The quotient of formulas (1) and (2) may be
. [
written
b _ Y, ac
ag Fo Coi(1+ )
a
= 7.0909178 > 10—12 — & .
7.0909178 X< 10 ERCE)
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The expression for the sine of the Moon’s mean horizontal parallax
becomes

-

b o _

— 9 Qe —6 72 o 2

P = 2.6628777 X< 10 a.s, (14 w)
= 0.016592518.

With p~'=81.30, ¢y=9.7803, ar= 3.844002X 10%, the equation
yields
b = 6378167 m.

The fact that this result agrees so well with the geodetic determi-

nation indicates that p—'=81.30 is compatible with the values
of b, a,, g, adopted in this article. Further discussion is found in
section 9.

5. The ratio é\ — Writing equation (1)
2003 =F,GED,

and dividing by equation (3) yields after simple rearrangement

S b Kb
E A— =5 So

’y

:o.ggSIG;’»oou-
So

With the values for k'?, b, g, adopted it follows that

|

< —Ab—‘ = 2.5803664 < 10—5.

—

The solar parallax in seconds of arc is

b
== 206264".81 1

h3

thus
S

iy 4

B = 2.20644191 X< 108,

This agrees very nearly with the expression given by Spencer Jones [5]
who used 2.26444 X 10*.

The quantity obtained by the dynamical method of determining the
solar parallax [6] is

E+ M’

which, if
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requires the formula

S

m-'-@ = 2.2644191 X 10%(1+ 1),

so that the solar parallax obtained from this formula depends, but not
very sensitively, on the value of p.

6. The ratio f—- — A simple relation between A and a. is obtained
(9

by taking the quotient of equations (2) and (3), or

S _p KA

S =F,— —
E+M ng ag

/\',2 As
=0.9972818¢9 — —;
ng ai

. A
= 0.0053800140 —
s

C
or

(——E—)_— 1773692¢ A
E+M) =g
The series of radar determinations of the Moon’s mean distance at
the Naval Research Laboratory (') gave
ae = 3.844002 X< 108 m.
il §)
The advantage of the use of this formula is that it furnishes a relation

between H_;“ and A without involving the ratio ¥ The table below

shows the values of T (for b = 6.378166 x 10%) and Tf:—\_l as functions

of A.
A. 7:®. E+M
1.4950 <10 Ll 8/.17999411 328 252.5
1.4952 oo 8.7987640 328 384.3
1.4954 ool 8.7975873 328 516.1
1.4956 ... 8.7964108 328647.9
1.4958 ...l 8.7952347 328 779.8
1.4960 ...l 8.7940588 328911.6

7. The Lunar inequality. — The lunar inequality is the coefficient
of the periodic displacement of an object at a distance of one astronomical

(') B. S. YarLeEg, S. H. KNnowLEs, H. Suapriro, K. J. CrRaiG and D. BROUWER.
The mean distance to the Moon as determined by radar, presented at this Symposium,
See p. 31.
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unit in the plane of the Moon’s orbit, caused by the motion of the Earth’s
center about the center of mass of the Earth-Moon system, the distance
between the centers of Earth and Moon having its mean value a;.

The distance of the center of the Earth from the barycenter is I}ft-
Hence l
—_ " “ _a_E .
L = 206264".81 Py i A

The usual form is
s

L= & o,
1+ u sinzg

which is equivalent, since

P/ . b
o= 206264".81 1 sin "g = ‘—l;‘
Observational determinations are

Morgan and Scott............ 61.'450 (Sun)
Delano...................... 6.4429
Jones-Jeffreys................ 6.4378 (Eros, 1930-1931)
Rabe........................ 6.4356
Hinks...................... 6.4305 (Eros, 1900-1901)

The determinations by Delano and by Jones-Jeffreys are probably
the most reliable. '
With a; = 3.844002 X 10%, values of L for adopted values of u!

are
uh
e N ™. | e
A 81.20. 81.25. $1.30. 81.35. 81.40.

14930 > 100 oot 6. 4520  6.4481  ©.444> 64403  6.4364
1.4952 Lo......... 6.4511  6.447>  6.4433  6.4394  6.4355
14950 e 6.4503  6.4464 6.4425 6.4385  6.4346
1.4956 ..., 6.4491 6.4435 6.4416 6.4377 6.4338
1.4958 .......... 6.4486  6.4447 6.4407 6.4368 6.4329
1.4960 ... 6.4477 6.4438 6.4399 6.4360 6.4221

Formulas (1) and (2) give the relation
b» o N —_ F1 2 4% 7 14
2eo(1+u) = F, n¢ai=4.0276643 > 1ot*.

* Thus, if b and g, are obtained from geodetic determinations, a value of
the ratio p. = % is obtained from the mean distance between the centers
of the Earth and Moon.
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With
b= 6.378166 x< 10°,
&= 9.78030,
1+ u = I1.01230050,

u—l= 81.2975.

A. L.
1.4950 <10 o i 6,.14444
1.4952 i 6.4435
1.4954 e 6.4427
1.4956 ..ol 6.4418
1.4958 il 6.4409
1.4960 L 6. 4401

The agreement between these computed values of L and the most
reliable observed values is quite satisfactory. With percentage mean
errors exhibited below,

ae = 3.844002 < 10% (1= 0.30 X 107%),
b=6.378166 < 10° (14 0.30 X< 107%),
&o=19.78030 (1= 0.30 > 107%)

it follows that

I+ &= 1.01230050 (1= 1.08 X< 1073),
w = 0.01230050 (14 0.89 X< 107%),
u~! = 81.2975 &= 0.072
and, with
A =1.49% x 101,

L = 6.4401 4= 0 0057 (m.e.).

The mean error is large compared with the mean error of direct determi-
nations,

L= 6,.14378 + 0.0018 (Jeffreys, 1942) [7],
L = 6.4429 + 0.0021 (Delano, 1950) [8],

Thus the fact that the computed value of L. based on the adopted
values of ag, b, g, agrees so perfectly with the mean of the determi-
nations by Jeffreys and by Delano is largely fortuitous; nevertheless
the consistency of the data is pleasing.
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