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Abstract

We investigate parabolic Higgs bundles and I'-Higgs bundles on a smooth complex projective variety.
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1. Introduction

Let X be a compact connected Riemann surface and E a holomorphic vector bundle
on X. The infinitesimal deformations of E are parametrized by H'(X, End E), where
End E=EQ®E* is the sheaf of endomorphisms of the vector bundle E. By Serre
duality, we have H'(X, End E)* = H(X, (End E) ® Q},), where Q}, is the holomorphic
cotangent bundle of X. A Higgs field on E is defined to be a holomorphic section of
(End E) ® Q; they were introduced by Hitchin [Hi87a, Hi87b]. A Higgs bundle is
a holomorphic vector bundle equipped with a Higgs field. Hitchin proved that stable
Higgs bundles of rank r and degree zero on X are in bijective correspondence with the
irreducible flat connections on X of rank r [Hi87a]. He also proved that the moduli
space of Higgs bundles on X of rank r is a holomorphic symplectic manifold, and the
space of holomorphic functions on this holomorphic symplectic manifold gives it the
structure of an algebraically completely integrable system [Hi87b]. Simpson arrived
at Higgs bundles via his investigations of variations of Hodge structures [Si88]. He
extended the results of Hitchin to Higgs bundles over higher dimensional complex
projective manifolds.

A parabolic structure on a holomorphic vector bundle E on X is roughly a system
of weighted filtrations of the fibers of E over some finitely many given points. A
parabolic vector bundle is a holomorphic vector bundle equipped with a parabolic
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structure; parabolic vector bundles were introduced by Mehta and Seshadri [MS80].
Parabolic vector bundles with Higgs structure were introduced by Yokogawa [ Y095].

Our aim here is to investigate the parabolic vector bundles equipped with a Higgs
structure. More precisely, we study the relationship between the parabolic Higgs
bundles and the Higgs vector bundles on a root stack.

Root stacks are important examples of smooth Deligne-Mumford stacks;
see [Cad07, Bo07] for root stacks.

Let Y be a smooth complex projective variety on which a finite group I acts as a
group of automorphisms satisfying the condition that the quotient X =T"\ Y is also
a smooth variety. There is a bijective correspondence between the parabolic Higgs
bundles on X and the I'-Higgs bundles on Y. We prove that the parabolic Higgs bundles
on X are identified with the Higgs bundles on the associated root stack.

The organization of the paper is as follows. In Section 3 we review the notions
of parabolic bundle and I'-vector bundle and define the parabolic Higgs bundle and
I'-Higgs bundles. As was done for parabolic vector bundles in [Bi97] we describe an
equivalence between the category of I'-Higgs bundles on Y and parabolic Higgs bundle
on X.

Section 4.1 describes the construction of a root stack as done in [Cad07]. In
Section 4.2, we investigate vector bundles on root stacks. Section 4.3 generalizes
Theorem 3.5 to the case of the root stack over the base space.

2. Preliminaries

Let Y be a smooth complex projective variety of dimension m endowed with the
action A: ' X Y — Y of a finite group I such that:

(1) X:=T\7Y is also a smooth variety; and
(2) the projection map 7 : ¥ — X is a Galois covering with Galois group I'.

The closed subset of Y consisting of points with nontrivial isotropy subgroups for the
action of I' is a divisor D C Y [Bi97, Lemma 2.8]. Let D C X be its (reduced) image
under 7 and D = D + - - - + Dy, its decomposition into irreducible components. We
will always be working with the assumption that the D,, 1 < u < h, are smooth, and
D is a normal crossing divisor; this means that all the intersections of the irreducible
components of D are transversal. For an effective divisor D" on Y, by D, , we will
denote the corresponding reduced divisor. So D/, is obtained from D’ by setting all
the multiplicities to be one. We set

h
Dy:=(r'Dwss 1<p<h, D:=) D,
u=1
There exist k,, r € N for 1 <u < h such that 7*D,, = kﬂrﬁﬂ; with this,

h
7 D=r Z kﬂﬁﬂ.
pu=1
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It should be clarified that there are many choices of k, and r. We will write D:=
Zzzl k,D,, so that 7*D = rD.

Lemma 2.1. With the assumption that D is a normal crossing divisor with smooth
components, given a point y €Y with n(y) € ﬂll D,, one can choose coordinates
Wi, ..., Wy in an analytic neighborhood of y and zi,...,zyn in an analytic
neighborhood of n(y) such that Dy, is defined by z,, for 1 <u <1, D, is defined by
wy for 1 £u <land ris given in the local coordinates by

_ ki _ ki _ _
ZI_W] ’-"3Zl_wl ) Zl+1—W[+1,-.-,Zm—Wm-
Proor. This is proved in [Na, page 11, Theorem 1.1.14]. O

Recall [Del70, Section II1.3] that the sheaf Q;((log D) of logarithmic differentials
with poles at D is the locally free sheaf on X, a basis for which in the neighborhood of
a point in ﬂll D,, with coordinates chosen as in the lemma is given by

dz,
—,1<u<l, dz,l+1<u<m.
Zu

Therefore, the dual Q)lf(log D)* is the subsheaf of the holomorphic tangent bundle 7X
given by the sheaf of vector fields that preserve Ox(—D) € Ox.
We have the following analogue of Hurwitz’s theorem.

Lemma 2.2. Withr: Y — X as above, one has
Ql(log D) = n*Q} (log D).
Proor. This follows immediately from [EV92, page 33, Lemma 3.21]. O
Observe that we have inclusions of sheaves
Qy, € Q5 (log D) € Qy(D) := Q) ® Ox(D),
Q) c Ql(log D) € QL(D) := Q) ® Oy(D).
Fixing an irreducible component D, of D, there is a residue map (see

[Del70, Section 11.3.7])
Resp, : Q) (log D,) — Op,.

In local coordinates zi, . . ., z, on X where D,, is defined by z, = 0, if w is a section of
Q}((log D,,) with local expression

dz,
wzfldzl+"'+ﬁ1Z_+"‘+fdem’
m

where the f;, 1 <i<m, are holomorphic functions, then the residue has the local
expression

Resp,w = fulz,=0-
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3. Parabolic Higgs bundles and I'-Higgs bundles

3.1. Parabolic Higgs bundles. Let E be a torsion-free coherent sheaf on X. We
recall that a parabolic structure on E with respect to the divisor D is the data of a
filtration

E=FE, DE, D---DEy DE,,, =E(-D),

where 0 < @) <---<a; <1 are real numbers called weights (see [MY92, Definition
1.2]). The «; will be chosen without redundancy in the sense that if € >0, then
Eq +e # Eq;. We will often shorten E,; to E;. The sheaf E together with a parabolic
structure is called a parabolic sheaf and is often denoted by E,.. If E is a locally
free sheaf, then we will call E. a parabolic vector bundle. See [MY92] for more on
parabolic sheaves.

We will always assume that the parabolic weights are rational numbers whose
denominators all divide r €N, that is, a;€(1/r)Z, for 1 <j<I[; this way, we
may write a; =m;/r for some integers 0 <m; <r—1. It should be clarified that
there are many choices for r. Further, we will make the same assumptions as in
[Bi97, Assumptions 3.2].

A parabolic Higgs field, respectively strongly parabolic Higgs field, will be defined
as a section ¢ € H(X, (End E) ® Q)l((log D)) satisfying

dpAPp=0

[e2231

and

(Resp,#)(E|lp,) € Ejlp,, respectively (Resp,#)(E|lp,) € Ejilp,, (3.1
for 1 <j<[,1<u<h. By a parabolic Higgs bundle we will mean a pair (E., ¢)
consisting of a parabolic vector bundle E. and a strongly parabolic Higgs field ¢.

REmARK 3.1. Observe that this definition of a parabolic Higgs field differs from that
given in [Y095, Definition 2.2], where one takes ¢ € H(X, (End E) ® Q}((D)).

3.2. T'-Higgs bundles. Let W be a vector bundle on Y admitting an action A :
I'x W — W compatible with the action 4 on Y. If we think of W as a space with
projection  : W — Y, then this means that

IxW-—2sw

FXYT>Y

commutes. Alternatively, if we think of W as a locally free sheaf then this means that
there is an isomorphism

L: AW — pyW
of sheaves on I' X Y satisfying a suitable cocycle condition. When such an action
exists, we will call W a I'-vector bundle. In this realization, if W’ is another I'-vector
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bundle with L' : *W" — p; W’ giving the action on W’, then compatible actions
on W@ W and W® W’ are readily defined since direct sums and tensor products
commute with pullbacks.

For each y €T, the restrictions Lyyxy : W — W yield isomorphisms L, : W —
4, W (by adjunction) satisfying

Le =1y and /17*145 ] Ly = Liys

for all y,6 €I'. In our case, since I is discrete, knowledge of the L, is enough to
reconstruct L.

ExampLE 3.2. There are three examples of I'-bundles that will be of particular interest
to us.

(a) The action A on Y induces a natural action on the sheaf of differentials Q; which
will be compatible with A.

(b) Since X=T\Y,wehave rod=mo pyasmaps XY — X. Thus, if E is any
vector bundle on X, there is a canonical isomorphism A*7*E —s pyn"E. Hence
the pullback 7*E carries a I'-action for which the action on the fibers is induced
by the action on Y.

(¢c) By the previous example, Oy(n*D) = n*Ox(D) carries a compatible I'-action.
Since D C 7*D is a [-invariant subset we have an induced action on the line
bundle ﬁy(ﬁ) making it into a I'-line bundle.

Let W, W’ be as above. A homomorphism @ : W — W’ is said to commute with
the T-actions or is a I'-homomorphism if the diagram

W2 W

Li iy

ST

commutes.

If @ € H(Y, (End W) ® Q)) is a Higgs field on W, that is, ® A @ = 0, then we will
callital-Higgs fieldifasamap W — W Q® Qly it commutes with the I'-actions, where
We Q; has the tensor product action. Thus, for every y € I', there is a commutative

diagram.
w—2>WweQ)
L’l lzy (3.2)

If @ is a I'-Higgs field, the pair (W, @) will be referred to as a I'-Higgs bundle.
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3.3. From I'-Higgs bundles to parabolic Higgs bundles. We now begin with a
I'-Higgs bundle (W, ®) and from it construct a parabolic Higgs bundle (E., ¢). The
underlying vector bundle E is defined as E := n,W', the sheaf of I'-invariant sections
of . W, and as in [Bi97, Section 2c], the parabolic structure on E is defined by

h

AT
E;:= n*W( ZI_—kﬂra'jJD#) .
u=1

Suppose @ € H(Y, (End W) ® Q) is a I-Higgs field on W. We will think of @ as a
homomorphism @ : W — W ® Q. Since Q) ¢ Ql(log D),
(W ® Q) C 1. (W e Ql(log D)) = 7. (W ® n°Qk(log D)) = 7, W ® Qk(log D),

where the first equality is due to Lemma 2.2 and the last step by the projection formula.
Therefore, ¢ := 7, ® may be considered as a map 7.W — 7, W ® Q}(log D), and we
have a candidate for a parabolic Higgs field.

Let U € X be open and let s be an invariant section of 7. W over U, so that we may
think of s as a section s°of W over 7~!(U) with L, 5= s for all y € I". Then by definition
¢s := @5, and for y €T, using (3.2),

L,(¢5) = L(DF) = D(L,5) = D5 = ¢s,
so ¢s is a '-invariant section, and hence ¢ : £ — E ® Q)l((log D).

Prorosition 3.3. To a I'-Higgs bundle (W, ®) there is a naturally associated parabolic
Higgs bundle (E., ¢).

Proor. We have constructed (E., ¢). We must prove that ¢ is strongly parabolic. This
is a condition on the residues of ¢ along the components of the divisor D, so we may
concentrate on those points of D, that do not belong to any other component of D.

Therefore, we may assume that we are in the neighborhood of a point y of D that lies
on no other D,,. In this neighborhood, for 1 < j </,

Ej = H*W(—mjklﬁl)r.

We now choose coordinates on Y and X as in Lemma 2.1, so that the divisor 51 is
defined by w; and the divisor D; is defined by z;; we will write p := k;r so that 7 is
given in these coordinates by

_ P _ _
ZI_W]$ ZZ_W2$-'-7Zm_Wm'
In these coordinates, near y, we may write

] =A1dW] + - +Amdwm
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for some holomorphic sections A; of End W. We may then consider Ajdw; =
(1/p)Aywidz1/z1 as a locally defined map W — W ® Oy(-Dy) ®7r*£2)'((log Dy), or
more generally, as a map

W(=m kD) — W(=(mjk; + 1)D;) ® n*QL(log D))

for 1 < j<|I. Itis easily verified that W(—(m k; + 1)51) C W(-rki(a; + 5)51), where
0<e<1/rk;. So taking invariants we see that m.A;dw; = (1/p)Aw1dz;/z1 gives a
locally defined map

Ej — Eaj+(l/rk1) ® Q;((log D))= Ej+1 ® Q;(]Og D).

Since, by definition,
ReSD1¢ = %WlAllzlzo,
and noting that (Resp,¢)(Ejlp,) € Ejs1lp,, it follows that the strong parabolicity

condition (3.1) is satisfied.
That ¢ A ¢ =0 is easily seen, since if s is any section of E, then

(@APs=(DAD)s=0
since ® A © =0. O

3.4. From parabolic Higgs bundles to I'-Higgs bundles. Recall that we are
working under assumptions as in [Bi97, Assumptions 3.2], hence we can use the
construction from [Bi97, Section 3b] in the following proposition.

ProposiTioN 3.4. Given a parabolic Higgs bundle (E., $) on X, we can associate a
I'-Higgs bundle (W, ®) on Y.

Proor. We will begin by constructing a parabolic vector bundle on X of rank m. The
holomorphic vector bundle underlying the parabolic vector bundle is Q}l(. To define
the parabolic structure, take any irreducible component D; of D. Let¢: D; < X be the
inclusion map. We have a short exact sequence of vector bundles on D;

* =1 1
— — — —
0— Np, — 'Qk — Qf — 0,

where Np, is the normal bundle of D;. Note that the Poincaré adjunction formula says
that Np, = :*Ox(D;). The quasiparabolic filtration over D; is the above filtration

o * 1
Np, Ct Qy.

The parabolic weights are 0 and (rk; — 1)/rk;. More precisely, N}_‘)i has parabolic weight
(rk; — 1)/rk; and the parabolic weight of the quotient Q})i is zero. Note that the nonzero
parabolic weight (rk; — 1)/rk; has multiplicity one. This parabolic vector bundle will
be denoted by Q.

The action of I' on Y induces an action of I" on the vector bundle Q; making it a

I'-bundle. From the construction of §~2)1( it can be deduced that the parabolic vector
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bundle corresponding to the I'-bundle Qly is 5}( To prove this, first note that if Uy C X
is a Zariski open subset such that the complement U is of codimension at least two,
and V, W are two algebraic vector bundles on X that are isomorphic over Uy, then V and
W are isomorphic over X; using Hartog’s theorem, any isomorphism V|y, — W|y,
extends to a homomorphism V — W, and similarly, we have a homomorphism
W — V, and these two homomorphisms are inverses of each other because they are
so over Ujy. Next note that
(. Q)" = Qy

because (7.Q])" = Q) over the complement of the singular locus of D. Therefore, Q,
is the vector bundle underlying the parabolic bundle corresponding to the I'-bundle
Q;. It is now straightforward to check that the parabolic weights are of the above type.
Let W be the I'-bundle on Y corresponding to the parabolic vector bundle E. on
X (using [Bi97, Section 3b]). Let ¢ be a strongly parabolic Higgs field on E.. It is
straightforward to check that ¢ defines a homomorphism of parabolic vector bundles

¢ E.—E.®QL,

where E. ® Q) is the parabolic tensor product of E, and Q.

Since the correspondence between parabolic bundles and I'-vector bundles is
compatible with the operation of tensor product, we conclude that the parabolic
tensor product E, ® Q}, corresponds to the I-bundle W ® Q. Therefore, the above
homomorphism ¢" pulls back to a I'-equivariant homomorphism ® from W to W ®
Q. O

THeoREM 3.5. We have an equivalence of categories between T'-Higgs bundles
on Y and parabolic Higgs bundles on X which satisfy the assumptions as in
[Bi97, Assumptions 3.2].

Proor. Proof is clear from Propositions 3.3 and 3.4 and [Bi97, Sections 2c, 3b]. O

REmARrK 3.6. In Borne’s formalism, the parabolic bundle E. may be considered as a
functor ((1/r)Z)°°P — Yect(X), with

L EyD),
,

and composing with 7% : Yect(X) — YVect(Y), we get a functor ((1/r)Z2)° —
Uect(Y). We also have a covariant functor (1/r)Z — Uect(Y) given by

% —> ﬁy(mj_lﬁ).
Therefore, we obtain a functor ((1/r)Z)°° x %Z — Yect(Y)

% [ — ﬂ*E](D) ® ﬁy(mj'_lﬁ).
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An end for this functor [Ma98, Section IX.5] consists of a vector bundle V e
ObYect(Y) and diagrams for i < j

n*E{(D) ® Oy(m;_ D)

1% < 7" E{(D) ® Oy(mj_,D)

/

H*Ej(D) ® ﬁy(mj_lﬁ)

such that the diagram is terminal among all such diagrams. It is not difficult to check
that W is a universal end for the functor defined above, that is, it is an end, and given
an end V as in the diagram, there is a unique morphism V — W which yields the
appropriate commuting diagrams.

4. Root stacks

The notion of a root stack is something of a generalization of the notion of an
orbifold with cyclic isotropy groups over a divisor. Of course, our main interest in this
construction is in the case when X is a smooth complex projective variety, but giving
the definition for an arbitrary C-scheme imposes no further conceptual or technical
difficulties, so we will give the definition and describe some of the basic properties
in this generality. We largely follow the presentations of [BoO7] and [CadO7] here
(as well as [The], [Vis08] for generalities), so we direct the reader requiring further
illumination on issues raised below to these references.

4.1. Definition and construction. We fix a C-scheme X, an invertible sheaf L on X
and s € H°(X, L), so that if s is nonzero, it defines an effective divisor D on X. We will
also fix r e N. Let X = X, ;) denote the category whose objects are quadruples

(f:U—X,N,¢,0), 4.1)

where U is a C-scheme, f is a morphism of C-schemes, N is an invertible sheaf
onU,te HO(U, N) and ¢ : N¥" — f*L is an isomorphism of invertible sheaves with
¢(t®") = f*s. A morphism

(f:U—>X,N,¢p,t) = (g:V—X, M, ¥, u)
consists of a pair (k, o), where k : U — V is a C-morphism making

U——-——>vy

N

X
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commute and o : N — k*M is an isomorphism such that o7(¢) = k*(u). Moreover, the
following diagram must commute:

N®r ¢ >f*L

It
1,
(:V — X, M, 0, 1) ~2 (h: W — X, J, p, v)

is another morphism, then the composition is defined as
Lok,o):=(ok, k'to0), 4.2)

using the canonical isomorphism (/ o k)*J = k*[*J.

We will often use the symbols f, g to denote objects of X. If it is understood that
f € Xy, then by | we will denote the quadruple f = (f : U — X, Ny, ¢s, ;).

The category X comes with a functor X — Sc¢l)/C which simply takes f to U and
(k, o) to h.

Prorosition 4.1 [Cad07, Theorem 2.3.3]. The morphism of categories X — Scl)/C
makes X a Deligne—Mumford stack.

RemaARrk 4.2. The previous statement implies that X — Sch/C is a category fibered
in groupoids. Let f € ObXy be an object of X lying over U as given in (4.1) and let
g:V — U be a morphism of schemes. A choice of pullback g*f € ObXy can easily
be described by the tuple

(gof:V—X g'N;, 8¢5, 8"11)
and the Cartesian arrow g*f — f is given by (g, Lg-n;).

ExampLE 4.3 [Cad07, Example 2.4.1]. Suppose X = Spec A is an affine scheme, L =
Oy is the trivial bundle and s € H°(X, Ox) = A is a function. Consider U = Spec B,
where B = A[t]/(t" — s). Then U admits an action of the group of rth roots of unity
(more precisely, of the group scheme of the rth roots of unity) u, of order r, where the
induced action of { € y,, a generator, is given by

(-a=a,a€A, Cot=0""t

In this case, the root stack X(s, s coincides with the quotient stack [U/u,]. Thus, as
a quotient by a finite group (scheme), the map U — X is an étale cover.
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Remark 4.4. If X is any C-scheme, and L, s are as before, we may take an open affine
cover {X; = Spec A;} such that L|x. = Oy, and sy, corresponds to s; € A;. Then by the

example above,
[Jui—x

is an étale cover, where U; = SpecA[1]/(Z] - s;).

There is also a functor 7 : X — Gch/X, whose action on objects and morphisms is
given by
fr—f:U—X, (kor—k

this yields a 1-morphism over Scb/C, which we will often simply write as 7 : ¥ — X.

4.2. Vector bundles and differentials on a root stack. Recall (for example [GO1,
Definition 2.50], [LMO00O, Lemme 12.2.1], [Vis89, Definition 7.18]) that a quasi-
coherent sheaf .# on X consists of the data of a quasi-coherent sheaf .%; for each
étale morphism f: U — X along with isomorphisms a; = a,‘:} » Fi — k" F, for any

commutative diagram
U—*% vy
\ / 4.3)
f 8
X

k h
such that for a composition U — V — W — X one has
Aok = k*ah O . (44)

A (global) section s€ H(X,.%#) of .% over X is the data of a global section
57 € HO(U, F;) for each étale morphism f: U — X such that for a diagram (4.3) as
above, one has
a/k(sf) = k*Sg.
A quasi-coherent sheaf .% on X is a subsheaf of a quasi-coherent sheaf ¢ if .%; C %
for all étale f: U — X.

Lemma 4.5. In the situation of Example 4.3, where X = SpecA is affine, U :=
SpecAlt]/(t" — s) and X = [U/u], then for a quasi-coherent sheaf % on X, ¥y admits
a p,-action compatible with that on U.

Proor. We have U Xy U = U X pu and under this isomorphism, the two projection maps
from U Xy U correspond to the maps py, A: U X g — U, where py is the projection
onto U and A is the action on U. Then the required action is defined by the composition

-1
a
x g PU o @ * g
PyFuv—— Fuxu —> A Fy.

This concludes the proof. O
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4.2.1. The sheaf of differentials on X. The sheaf of differentials Q} = Q} . can be
defined as follows. If f : U — X is an étale map, then we simply set

1 ._ol
Qy;:=Qpc

k
If we are given a diagram (4.3), then from the composition U — V — SpecC, one
obtains a sequence

0 — k"Qyjc — Quic — Quv — 0,

which is left exact [The, More on Morphisms, Ch. 33, Lemma 9.9] and whose
last term is zero since k is necessarily étale. This defines isomorphisms ;. The
requirement (4.4) will be met because of the universal properties these morphisms
possess.

4.2.2. The tautological invertible sheaf on X. The root stack X possesses a
tautological invertible sheaf .#". For an étale morphism {: U — X, we simply take

J% = Nf.
Given a diagram (4.3), one has an isomorphism (1y, o) : f — k*g and one may take
a =0 :N; — k'N,.

The expression in the second component of (4.2) implies that (4.4) is satisfied. This
defines the invertible sheaf .4 on X. Furthermore, by definition, we also get a
tautological section t of .4 over X by simply taking

tf =1

4.3. Higgs fields on root stacks. Let X be as in Section 2, so that it is a
smooth complex projective variety; D will be a normal crossing divisor with smooth
components. Let s € H(X, Ox(D)) be a section with (s)=D. We also fix r e N.
In all that follows X = X(s,(p).-s) Will be the associated root stack as constructed in
Section 4.1.

RemArk 4.6. Consider the fuller situation of Section 2, where 7 : Y — X be a Galois
cover of smooth complex projective varieties and there is a divisor D on Y such
that 7*D =rD. Then there is an isomorphism ¢ : Oy(D)®* — n*Ox(D) and a
section t € H(Y, Oy(D)) such that ¢(r®") = n*s. Therefore, the quadruple (7:Y —>
X, Oy(D), ¢, t) defines a morphism

T:Y—X.

4.3.1. Higgs fields. Let V be a vector bundle on X. A Higgs field ® on V is a
homomorphism® : V — V® Q;E. This means that for each étale morphism f: U —
X we have a homomorphism @; : V; — V; ® Q;, such that given a diagram (4.3), we
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obtain a commutative square.

D;

V; V: ®Q;]

% * *)l
KV, o KV o Q)

THeorem 4.7. There is an equivalence of categories of Higgs bundles on X and
parabolic Higgs bundles on X.

Proor. We remark that a parabolic structure is given locally, so we may assume that
X = SpecA is affine and that the parabolic divisor D is defined by s € A. Then as in
Example 4.3, we may take U = SpecB where B = A[t]/(t" — s), so that X = [U/u]. In
this case, the map f: U — X is étale; we will write f: U — X for the underlying
map induced from A — B. Given a vector bundle V, by Lemma 4.5, the bundle
Vi on U carries a compatible g-action. The fact that ®; commutes with this action
comes from the existence of the diagram (4.5) for the two projection morphisms
U xx U — U. Thus, we are reduced to the case of I'-bundles when I' = u, which
comes from Propositions 3.3 and 3.4. O
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