SOLUTION OF AN INTEGRAL EQUATION
by J. S. LOWNDES

(Received 4 August, 1976)

1. The integral equation. In this paper we obtain the general solution of the
equation

J fok(x y) dr=g(y)  (0<y<a), (1)
0 X

whose kernel is

o 8x0'n—1 ySu o to(u—n)+5(8—u)—1
k.(x, y)=
z

TA-al(-P)). -y @—yy 20 @

where 0<e, B<1, pu, n, >0, §>0, are real parameters, z=max(x, y), ¢(t) and g(y)
are prescribed functions and f(x) is to be determined.

Using simple generalisations of the Erdélyi-Kober operators of fractional integration
it is shown, in a purely formal manner, that the solution of the equation can be found in
terms of the solution of a Fredholm integral equation of the second kind. In particular,
when the upper limit a is taken to be infinity, an exact solution of the equation is found
which is in agreement with that obtained by Sneddon [5, p. 49] when 0 =6=2.

As an example of the method a generalisation of an integral equation, which occurs
in the solution of mixed boundary value problems involving the wave equation, is solved.

2. The integral operators. We shall use the slightly extended forms of the Erdélyi-
Kober operators defined in [1] by

—a(a+n) fx
Lo(a,x:@)f( =25 o et ) dr (@>0) 3)
xl—o(a+n+!) d x
= Tata) :1;,[ xT— o)y dt (—1<a<0), (@)
K, o(x b:o)f(x)= % I (7 =x7p e of( dt - (a>0), 5
xa(n—1)+l b
= Tira EI (T —x7) et dt (-1<a<0), (6)

where a<x<b and o>0.
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The inverse operators are

I (a, x:0)f(X) =1, 4q0-q (@ x:0)f(x), (7)
K u(x, b:0)f(x) =K, 1a-a(x, b:o)f(x). (8)
Use will also be made of the operators L, , (0, x:0) and M, ,, (x, b: o) which when |a|<1
are defined in [1] to be
L, o0, x:0)f(x)=~1,.0-.(0,a:0)],.0,x:0)f(x) (0<a<x),
. —on a o(q+l)-1¢ o _ o\«
=(rsm(a7r) ax _ J’ u (a®—u°) f(u) du, ©)
T (x7=a%)* J
M, . (x, b:0)f(x)=K, (x,a:0)K, (a, b:0)f(x) (x<a<b),
_osin(am) x7©*™ J”’ uO-e-m-l(yo _ go)=

m  (a"—x°) - f(u)du.  (10)

-Xx
3. Solution of the integral equation. Substituting for the kernel from equation (2)
into equation (1) we find that the integral equation becomes

x%—u®

a

o u

Iy flx)k,(x, y) dx+ Jaf(x)kx(x, y)dx=g(y) (0<y<a). (11)

Interchanging the order of the integrations and using the definitions (3) and (5) the
above equation can be written in the operational form

K. 1-s(y, a :8)F(y)+ K, 1 g(a,©0:8)F\(y)=g(y) (0<y<a), (12)
where
F(x)=¢(x)L,-1,1-.(0, x: 0)f(x), (13)
Fi(x)= ¢(x)],-1.1-4(0, a: o)f(x). (14)
On using the inversion formula (8) we find that equation (12) becomes
F(x)+ M, ;_g(x,0:8)Fi(x)= K _g(x,a:8)g(x) (0<x<a), (15)

where the operator M, ,_g(x, ©:8) is defined by equation (10).
Applying the inversion formula (7) to equation (13) we get

_ : F_(x_)]
)= ymaars 0,530 | 55 | 16)
which together with equation (14) shows that the function F,(x) is given in terms of F(x)
by
__ . M]
F8) = = 0Ly aani0,5:0) [ 2|, )

where L, _, ,-1(0, x:0) is defined by equation (9).
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Eliminating F,(x) between equations (15) and (17) we find that F(x) satisfies the
Fredholm integral equation of the second kind

F(x)

¢ (x )] } =K. 1% a:8)g(x),  (18)

F(x)_Mu,l—ﬁ(x’m:a){¢(x)L —a,a— 1(0 X U)I:
where 0<x<a.
When F(x) has been determined from this equation the solution function f(x) of the
integral equation (1) can be found from equation (16).
Letting a tend to infinity and using the result Lim M, _, (x,~:8)G(x)=0, we find

q—»o

from equations (16) and (18) that the solution of the equation
[Tk ey as=gn)  O<y<w, 19)
0

is

fx)=1 n—a,a— -1(0, x: 0)[ K,_ p+1,5—1(x7°°58)g(x):|- (20)

¢(x)
If 0<a, B<1, this solution, when written out in detail, can easily be shown to be

g(y) dy, (21)

fx)y=-

xl-trn d(* ta(n—a+1)+8(u—ﬂ) dl= y8(1 w)=1
4 i J T
F(@)(B) dxJy ¢()(x7—17)'™® (y°—2°)'=¢

which is equivalent to the solution obtained by Sneddon [S] when o =8=2.

4. An example. Consider the Wiener—-Hopf type of integral equation

jKA(plx D G l)Adx=v(y) (0<y<a), 22)

where Re(p)>0, [A|<3, v(y) is a known function and u(x) is to be found. K, (w) is the
modified Bessel function of the second kind [2, p. 85]

A -]
e+ 0K = r2(5) e im0 a (23)
0

where Re(w)>0 and 2A> —1.
When A =0 the integral equation reduces to the well known equation

o[ Hale-yhu ax= o) ami@)>0,0<y<a) 9

where H{"(w) is the Bessel function of the third kind of order zero, which occurs in the
solution of mixed boundary value problems involving the wave equation [3].
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We shall make use of the following representation of the modified Bessel function

2p)*TG- MK, (plx—y)) = m*(|x - y|)*e?**VL(x, y), (25)

where
I r e 26
()= | [—na-ypr 2 (26)

Re(p)>0, 2A <1 and z =max(x, y).

The above expression is a generalisation of a result given by Noble [3, p. 230] and is
easily verified by considering the integral (26) when x>y and y>x separately and
showing that in each case equation (25) reduces to equation (23).

Making the substitutions

u(x) = e "f(x), v(y) = e”g(y), (27)
we find that equation (22) takes on the same form as equation (1) with the kernel

k.(x,y)= l_,,ml; K (plx~y))
o 2a~-1
“TEF |, G 28
where z =max(x, y) and we have written
d()=mTEGE-N)(2p) ' 2e 2, (29)
This kernel is identical with that given by equation (2) when o =8=7n=1, p=0 and

a=B=Ar+1
Hence from the general results (16) and (18) and the definitions (27) and (29) we find
that the solution of equation (22) is

7 PTG - Nu(x)=2p)e ™1 ppr-1(0, x: D[x*e?*U(x)] (0<x<a), (30)
where U(x) is the solution of the Fredholm integral equation
U(x) =My 10— (x, 0: D{x' 222" L, 15, x_1,2(0, x : D[x** e U(x)]}
= K5 na(x a:Dle™v(x)].  (31)

When [A| <% it can easily be shown that the solution can be written in the form

cos (Aw) d L U*(®)
T (x

— t)l/z A\

eu(x)=
where U*(¢) satisfies the integral equation

(2p)re* ij“ e Pu(y)
LG Ay dt ), (y-

(32)

U*(t)+#LaU*(s)T(s, ) ds= — dy (0<t<a) (33)
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and T(s, t) is the kernel

T(s, t)=

cos?(Am) j"" (é—a)i"2Re 20 dé. (34)

[(a=s)}a—n]"™ (§=s)é—1)

Finally, letting a tend to infinity, we see that the solution of the integral equation

X | u(x)
0

de:v(w (Al<i, 0<y<w), (35)

is given by

720+ A)ePu(x) = — (2p)* cos ()m) d r e?oly)

| G 09

which when A =0 agrees with the solution obtained by Noble and Peters [4] using a
different method.
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