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Vector valued spherical functions and
Macdonald—Koornwinder polynomials

Alexei A. Oblomkov and Jasper V. Stokman

ABSTRACT

We interpret the five-parameter family of Macdonald—-Koornwinder polynomials as vector
valued spherical functions on quantum Grassmannians.

Introduction

The representation theoretic construction of (quantum) conformal blocks in certain conformal
field theories is closely related to harmonic analysis on (quantum) symmetric spaces of group
type, see, e.g., [FR92, EV00]. A striking consequence is the interpretation of A-type Macdonald
polynomials as vector valued spherical functions for the quantum analogue of the symmetric pair
(U(n) x U(n),diag(U(n))) of group type on the one hand (see [EK94]), and as quantum conformal
blocks on the other hand (see [EV00]). With these interpretations many properties of A-type Mac-
donald polynomials, such as the Macdonald—Ruijsenaars difference equations, quantum Khnizhnik—
Zamolodchikov equations, dualities and orthogonality relations, obtain their natural representation
theoretic and conformal field theoretic interpretations. In this paper we consider the harmonic
analytic part of these constructions for the quantum analogues of the symmetric pair (U, K) =
(U(2n),U(n) x U(n)). This leads to the interpretation of the five-parameter family of Macdonald—
Koornwinder polynomials as vector valued spherical functions.

In [ODbl04] the classical analogue of our main result was established. It yields the interpretation
of BC-type Heckman—Opdam polynomials as the restriction to the maximal torus of regular vector
valued functions

f:U—Cdet ™™ @S"™(C")det™ ™", k1 €Z, k € Zxp

(with S™(C™) the homogeneous polynomials of degree nk) which transform under the left
(respectively right) regular K-action on U according to the natural K-action on the image space
(respectively the K-character det™"? @ det™? for some ko € 7).

In this paper we define a continuous one-parameter family of quantum analogues of the sym-
metric pair (U, K), following closely Letzter’s [Let97, Let99, Let00, Let02, Let03] approach of
constructing quantum symmetric pairs as coideal subalgebras. One may as well view this fam-
ily of quantum symmetric pairs as a continuous one-parameter family of quantum analogues of
the complex Grassmannian U/K. We proceed by defining the analogue of the K-representation
Cdet "™ @85™(C") det™ " for the associated coideal subalgebras. This allows us to define vector
valued spherical functions for the one-parameter family of quantum symmetric pairs in essentially
the same manner as in the classical case [Obl04], with the exception that we have now the additional
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SPHERICAL FUNCTIONS AND MACDONALD—KOORNWINDER POLYNOMIALS

freedom to choose different coideal subalgebras for the transformation behaviour under the left
and right regular action, respectively. We relate the resulting vector valued spherical functions,
which now depend on two continuous and three discrete parameters, to the five-parameter family
of Macdonald—Koornwinder polynomials. The Macdonald—Koornwinder polynomials are Koorn-
winder’s [Ko092| extension of the BC-type Macdonald polynomials that contain all Macdonald
polynomials of classical type as special cases.

The interpretation of the five-parameter family of Macdonald-Koornwinder polynomials as
vector valued spherical functions contains several known results as special cases. It entails the inter-
pretation of a two-parameter subfamily of Macdonald-Koornwinder polynomials as zonal spherical
functions on quantum Grassmannians, which was established by Noumi et al. [NDS97] (see also
[DS99]). In fact, this special case plays an essential role in establishing our general result. In rank
one we re-obtain the interpretation of the four-parameter family of Askey—Wilson polynomials as
matrix coefficients of quantum sl(2) representations, established before by Koornwinder [Ko0o093]
(zonal case), and by Noumi and Mimachi [NM90] and Koelink [Koe96] (general case).

The content of this paper is as follows. In § 1 we give the main definitions and formulate the
main result. In § 2 we define the notion of expectation value for the quantum symmetric pairs under
investigation and establish branching rules using deformation theory. In § 3 we prove the zonal
case by translating the main results of [NDS97] to our setup. In § 4 we generalize the Chevalley
restriction theorem to the setup of vector valued spherical functions. Its description involves the
vector valued spherical function of the smallest degree, which we call the ground state (in the zonal
case the ground state is the unit). The restriction of the ground state to the quantum torus is
computed explicitly in § 5. In § 6 we establish the quantum Schur orthogonality relations for the
vector valued spherical functions and, combined with the results of previous sections, we establish
the explicit interpretation of the Macdonald—Koornwinder polynomials as vector valued spherical
functions.

The construction of expectation values in § 2 and the dynamical quantum group interpretation
of the rank one results in [Sto03] hint at a natural interpretation of the Macdonald-Koornwinder
polynomials as quantum conformal blocks. A more detailed study in this direction is the subject of
future research.

1. Formulation of the main result

In this section we give definitions of the Macdonald—-Koornwinder polynomials, the quantum sym-
metric pairs and the associated class of vector valued spherical functions, and we formulate the
main result of the paper. We add insightful proofs of some of the intermediate results, but we post-
pone the more technical parts to later sections. We fix a positive integer n > 1 and a deformation
parameter 0 < g < 1 throughout the paper.

1.1 Macdonald—Koornwinder polynomials
Koornwinder [K0092] extended the definition of the Macdonald polynomials [Mac00] associated to
the non-reduced, irreducible root system BC,, to a family of orthogonal polynomials depending on,
besides the deformation parameter ¢, five additional coupling parameters. This family of polynomi-
als, known nowadays as Macdonald-Koornwinder polynomials, reduces for n = 1 to the celebrated
four-parameter family of Askey—Wilson polynomials. In this subsection we recall their definition.
Denote by A, the lattice Z" and let A;f C A, be the set of partitions of length < n. The
dominance partial order on A,, is defined by

J

ALy <= Z)\ Z“i’ j=1....n
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The Weyl group W = S, x {£1}" of BC,,, where S,, is the symmetric group in n letters, acts on
A,, by permutations and sign changes. Each W-orbit in A,, intersects A} exactly once.

Let Clu*'] = C[uf!, ..., u '] be the algebra of Laurent polynomials in n independent variables
ug (1 < k < n), or, equivalently, the algebra of regular functions on the complex n-torus T¢ = (C*)".
A basis of C[u®'] is given by the monomials u* = u} uy? - --ud (A = (A1, Ay, An) € Ay).
The Weyl group W acts on C[u®!] by permutations and inversions of the uy. Let Clu™]" c
C[u*!] be the subalgebra of W-invariant Laurent polynomials. The orbit sums my = 3 pewy u!

(A € A}) form a linear basis of Clu*!]".

The Macdonald-Koornwinder polynomials form an orthogonal basis of C[u™!]" with respect to

a particular scalar product on (C[uil]w. The scalar product, which we now define first, depends on
five additional coupling parameters a, b, ¢, d and t. It is defined in terms of an absolutely continuous
measure with respect to the normalized Haar measure on the natural compact real form 7' = T" of
TC = (C*)™, where T is the unit circle in the complex plane. The corresponding weight function A
is most conveniently expressed in terms of the g-shifted factorial,

k—1

(a;q)k = [J(1 —ag’), VkeZyu{oc}

i=0

by A(u) = AT (u)At (u™!) with At (u) = At (u;a,b,c,d;q,t) defined by
A+(u) _ ﬁ (u?§Q)oo (ui/ujauiuj§Q)oo '
(au;, bu;, cu;, dug; q) tu; fuj, tuit; @)oo

X 1<i<i<n (

=1

Here (ai,...,as;q)r = szl(aj;q)k is a short-hand notation for products of g-shifted factorials.
If a,b,c,d,t are real and

lal, o], |el, [d] <1, 0 <t <1, (L.1)

then A(u) is a positive continuous weight function on 7. Under these assumptions, we can define
the Macdonald—Koornwinder polynomials as follows, see [K0092].

THEOREM 1.1. There exist unique W -invariant Laurent polynomials
Py(u) = Py(u;a,b,¢,d; q,t) € C[u®']", Xe A}
satisfying the two conditions

Py(u) =my + Z cauMy, some ¢y, € C,
,LLEAi:,u<)\

| P@ETAWT 0. A%,

where

du  duy dus du,,

u N Uy U Unp,
is the Haar measure on T'. We call Py\(u) the monic Macdonald—Koornwinder polynomial of degree
A e AT

The theorem does not follow by a straightforward Gram—Schmidt type procedure since the
dominance ordering is not a total ordering. The key tool in proving the theorem is an explicit
self-adjoint difference operator which maps a symmetric monomial m) to a linear combination of
symmetric monomials m,, involving only degrees ;1 < A (see [K0o092]). In our setup, the self-adjoint
operator arises as the radial part of the quadratic Casimir element for the corresponding quantum
symmetric pair (see [NDS97, Theorem 3.3]).
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Remark 1.2. Theorem 1.1 is also valid for generic values of the parameters a, b, ¢ and d outside the
region (1.1) after deforming the compact torus 7" in the definition of the orthogonality relations in
a suitable way. In general, one loses positivity of the weight function, but for suitable values of the
parameters (still violating the condition that the modulus of all the four parameters a, b, c and d is
less than one), one can re-obtain a positive measure by shifting the deformed compact torus to 7'
while picking up residues, see [Sto00].

1.2 The quantized universal enveloping algebra

We introduce here the notation for the quantized universal enveloping algebra of gl(m). For further
details and standard facts, we refer to [NYM93] and [Nou96].

In the notation below we suppress the dependence on m € Z~g as much as possible. For most
of our applications, m will be either 2n (in which case we write g for the Lie algebra gl(2n)) or
m will be n (in which case we stick to the notation gl(n)). Let J; ; be the usual Kronecker delta
function (= 1 if i = j, and = 0 otherwise). The quantized universal enveloping algebra U, (gl(m))
is the unital algebra over C generated by Kl-il (i=1,...,m), zj,y; (j =1,...,m —1), subject to
the relations

KK, =K;K;, KK'=1=K"K,
KiK' = q‘si»j_‘si»j“xj, Ky K ' = q_5i’j+6i’j+1yja
KiKZ — K7 'K
q—q!
xir; = xjr;  and  yy; =Yy, when [i —j| > 2,

wiwj — (q+ ¢ rgwjwi +xjef =0, when [i—j| =1,

TiYj = Yjti = 0i g,

viys — (¢4 ¢ iy + yj7 =0, when |i —j| = 1.
The quantized universal enveloping algebra U, (gl(m)) is a Hopf *-algebra, with co-multiplication
Alzj) =230 1+ KK @@,
Aly)) =y © K, ' Kj + 1@y,
A = K @ K

co-unit
e(aj) =ely;) =0, e(K) =1,
antipode
S(zj) = K 'K; x5, Sy) = -y KK, SEK) =K (1.2)
Ly j i+1%5, Yj Y1 i i .

and *-structure

* —1 -1 * —1 +1\* +1
vy =q Y KK, yp = a7 K, (K)T = K7

This x-structure corresponds classically to choosing the skew-hermitean matrices u(m) as the (com-

pact) real form of gl(m). We use the (modified) Sweedler notation A(X) =" X1 ® Xy (X € Uy(g))
for the co-multiplication.

1.3 The quantum analogues of the symmetric pair (gl(2n), gl(n) X gl(n))

The realization of a two-parameter subfamily of the Macdonald-Koornwinder polynomials as zonal
spherical functions on quantizations of the complex Grassmannian by Noumi et al. [NDS97], see also
[DS99], plays a crucial role in the present paper. A one-parameter family of quantum Grassmannians
is defined in [NDS97] in terms of invariance properties with respect to a one-parameter family of
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two-sided coideals, which are analogues of the Lie subalgebra ¢ = gl(n) x gl(n) C g = gl(2n).
Although there is a natural way to define the analogue of the trivial representation of £ to the
coideal setup, this is no longer the case for other representations. To get a grip on the non-trivial
representations, we replace the two-sided coideals by coideal subalgebras of U,(g), an idea which
was suggested by Noumi [Nou96] and developed in full generality in a series of papers [Let97, Let99,
Let00, Let02, Let03, Let04] by Letzter. For the quantum symmetric pair (g,€) = (gl(2n),gl(n) x
gl(n)) the coideal algebras have a particularly nice presentation in terms of generators and relations,
closely resembling the relations of the Drinfeld—Jimbo quantized universal enveloping algebras (see
[Let99, Let03]).

One of the more technical parts of this paper is the translation of the results of Noumi et al.
[NDS97] into the language of right coideal algebras. Unfortunately, in doing so it turns out to be
more convenient to work with a slightly modified version of Letzter’s right coideal algebra. In this
subsection we define the modified right coideal algebra for the symmetric pair (g, £), and we present
some of its important properties.

Let {€;}2", be the standard orthonormal basis of the Euclidean space (R?",(,-)) and denote

Qj = €5 — €541, j:1,...,2n—1.
DEFINITION 1.3. Let A be the unital, associative algebra over C with generators 'yiil (i=1,...,2n)
and B; (j =1,...,2n — 1) satisfying the relations:
WY =V W =1=% % = e (1.3)
fori,j=1,...,2n;
Yl =g (et gy, (14)
fori=1,...,2nand j=1,...,2n —1;
—2 -2
BiB — Bifi = q | —5 | Gi2n—j (1.5)
q—4q
fori,j=1,...,2n—1 with |i — j| > 2;
¢ BBt — (a4 q " )BiBis1Bi + 4Bi18] = aBns17y *dim (1.6)
fori=1,...,2n — 2 and
4B Bi1 — (a+ ¢ )BiBiaBi + 4 Bica B = a1V “Gim (1.7)

fori=2,...,2n — 1.

Observe that A becomes a *-algebra with *-structure defined by

*_

i
fori=1,....2nand j=1,...,2n — 1.

Yis  B; = Bon—j

ProroSITION 1.4. Let 0 € R. The assignment
+1 +1 741
To(v ) = K Kopiq s

7'('0(5]') = yjK_l K_l .+ Kj_lxgn_jK_l

jrifton—j 2n—j> (1.8)
1 _ _ qg7—q° _
To(Bn) = ynKnilKn Ly K, 1ann 14 <F> K, ?

fori € {1,...,2n} and j € {1,...,2n — 1} \ {n} uniquely extends to an injective x-algebra homo-
morphism m, : A — Uy(g).
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Proof. This is essentially [Let03, Theorem 7.1 for the symmetric pair of type AIIl (Case 2), see
[Let03, § 7]. More specifically, following the proof of [Let97, Lemma 2.2] one shows that the assign-
ment (1.8) uniquely extends to a unital *-algebra homomorphism 7, : A — Uy(g) for o € R. The
injectivity of 7, follows by a straightforward modification of the proof of [Let97, Proposition 2.3]. [

DEFINITION 1.5. Let 0 € R. We call (Uy(g), A,) with A, = 7,(A) a quantum analogue of the
symmetric pair (g, ) = (gl(2n), gl(n) x gl(n)). We denote
Ci = 770(72')7 Bj = ﬂa(ﬁj)a BZ = ﬂa(ﬁn) (19)

(te{l,....,2n} and j € {1,...,2n — 1} \ {n}) for the image of the generators of A under the
embedding 7.

We fix 0 € R once and for all, unless specified differently.

The terminology in Definition 1.5 can formally be justified as follows, see e.g., [Let97, § 3.
Taking the classical limit ¢ — 1 of the (modified) generators of A, gives

C;—C;t
qZ—T_Zl — Eii + Eapy1-i2n+1—is

Bj — Eji1,j + Eon—jont1-j,
BZ - En—i—l,n + En,n-l—l —ol

(1.10)

fori e {1,...,n} and j € {1,...,2n — 1} \ {n}, where E;; € g C U(g) is the matrix unit with
a one in row ¢ and column j, and zeros elsewhere. The unital subalgebra Aof U (g) generated
by the classical limits (1.10) of the generators of A, is independent of o and isomorphic to the
subalgebra U(t) C U(g). The isomorphism is induced by the inner automorphism Ad(g) of g, with
g € GL(2n;C) given explicitly by

1 n
g= NG Z(Ezz + Eiont1—i + Eong1—ii — Eont1—i2nt1-i)- (1.11)
i=1

In fact, the associated inner automorphism of U(g) preserves all classical generators (1.10) of A
besides Ej11,n + Ep ny1 — ol, which is mapped to E,, ,, — Eyq1 041 — 0l
The classical isomorphism A ~ U(€) via the inner automorphism Ad(g) has the following weak
analogue on the quantum group level. Let U,(¢) be the Hopf x-subalgebra of U,(g) generated by
KX (i e{1,...,2n}) and z;,y; (j € {1,...,2n — 1} \ {n}). Denote
. —o‘K—Q . o‘K—Z
g =L Snin "8 B0 ), (1.12)
q—4q
which has E, , — Ej11,n+1 — 01 as classical limit.

PROPOSITION 1.6. Let I C Uy(€) be the two-sided *-ideal generated by xy,_1Yyn+1. The assignment

¢o(vi) = Ci+1, ¢o(B8;) =B;+1, ¢s(By) =B +1

fori e {1,...,n} and j € {1,...,2n — 1} \ {n} uniquely extends to a x-algebra homomorphism
g A— Uy(t)/1.

Proof. In view of Proposition 1.4, ¢, extends to an algebra homomorphism ¢, : A — U,(€)/1 if ¢,
respects the defining relations of A involving (,,. This is a straightforward, but tedious computation.
The *-ideal I only plays a role for the relations (1.6) for ¢ = n — 1 and relation (1.7) for i =n +1
(which in turn are each others *-images). In U, (t) we have the relation

q "By 1B —(q+q¢ "By BBy 1 +4qBiB; 1 =q " g — ) rnyn 1 KKK
1315
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which, modulo I, reduces to the ¢,-image of relation (1.6) for ¢ = n — 1. The case i = n + 1 is
checked similarly. It is clear that the algebra homomorphism ¢, respects the x-structure. U

Remark 1.7. Denote U,(gl(2))™ C U,(g) for the copy of the unital Hopf-+-algebra U,(gl(2)) in
Uq(g);generated by xn,yn,Kfl,Krﬂl. Note that both BZ € U,(gl(2))™ and B € U,(gl(2))™,
with By given by (1.12). By [Ros00], there exists an invertible element z,, in a suitable completion
of U,(gl(2))™ such that z,BJz,; " = BY. Explicitly, z, can be given as an formal infinite series by
. io: q—(l—l—m)a(_l)m ql2+2lm—l—m

7 (—a*273¢%)1 (% a*)i(a? ¢%)m

l,m=0
The element z, is essentially Babelon’s [Bab91] vertex-IRF transformation, which leads to an inter-
pretation of the parameter ¢ as a dynamical parameter in the sense of dynamical quantum groups
(see [Sto03] for a detailed discussion and further references). Note, furthermore, that conjugating
by x, fixes all other generators B; and C’Z-il of A, besides B, _1 and Bj,11.

(1= ¢l (yn K K )™ (1.13)

Let £ C A, C Uy(g) be the unital subalgebra generated by the o-independent generators Cl.il
(te{l,...,2n}) and B; (j € {1,...,2n — 1} \ {n}) of A,. We end this subsection by proving that
£ is essentially the subalgebra U,(gl(n)), diagonally embedded in U,(g).

Throughout this paper we identify

Uq(gl(n)) & Uy(gl(n)) ~ Uy(t) C Uy(g)
as x-Hopf algebras, by identifying z; ®1,y; ® 1 and K ®1 (respectively 1®z;,1®y; and 1 ®Kii1)

with z;,y; and Kl-il (respectively @y,4j,Ynt; and Kniz) forj=1,....n—1and i=1,...,n. Let
P Ug(gl(n)) — Uy(gl(n)) be the *-algebra isomorphism defined by
W) = yumgs V) =aag, VEF) = Kl (1.14)

forj=1,...,n—1andi=1,...,n. Let A°" be the opposite comultiplication of U,(gl(n)).
LEMMA 1.8, For j=1,...,n—1andi¢=1,...,n we have

(id @) AP (y; K Y)) = By,

(id @y)AP (2K ) = Bog—j,

(id @) AP (K1) = ¢,

Furthermore, (id ®)A°P defines a x-algebra isomorphism
(1 @Y)A% : U, (gl(n) > € € A, MU, () C Uy ().

Proof. The proof is straightforward. O

Other crucial properties of the quantum symmetric pairs (Uy(g), Ay ), such as the coideal property
of A, C Uy(g), are discussed in later sections.

1.4 Representations

We discuss those aspects of the representation theory associated to the quantum symmetric pairs
(Uq(g), As) which are relevant for the purposes of this paper. We start by recalling some standard
facts on the finite-dimensional representation theory of the quantized universal enveloping algebra
Uq(gl(m)). If no confusion can arise, we surpress in the following definitions the dependence on m

as much as possible.
Let P, = @, Ze; ~ Z*™ be the rational character lattice of GL(m;C) and

Pr={,...;Am) €Pn | A1 == At}
the associated cone of dominant weights.
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We only consider finite-dimensional left Uy (gl(m))-modules M with weights in P, , i.e. we assume
that M has weight decomposition

M= P My,
HE P,
Mp={ve M| Kv=q¢"v, i=1,...,m}.

Any such finite-dimensional U,(g)-module M is U,(g)-semisimple. The irreducible ones are the
irreducible finite-dimensional highest weight representations Ly of Uy(gl(m)) with highest weight
A€ P,

The irreducible module Ly (A € P;) has a one-dimensional weight space Ly[\]. A vector vy
spanning Ly[)\] is called a highest weight vector of Ly. A highest weight vector v) is a cyclic vector

of L satisfying xjvy =0 for j =1,...,m — 1. In particular,
Ly= @ L,
BE P : u=\

with < the A-type dominance order on P,,: A <X u for A\, u € P, if

.

Ai <
i

i (jE{l,...,m—].}), Z)\Z:Z/LZ
1 i=1 i=1

i=1

There exists a scalar product (-,-), on Ly, unique up to constant multiples, such that
(Xv,w)y = (v, X w)y, VYv,w e Ly, VX € Uy(gl(m)).
Consequently, any finite-dimensional U, (gl(m))-module M is *-unitarizable.

DEFINITION 1.9. We write M for a left U,(g)-module M, viewed as a As,-module by restriction of
the action to the subalgebra A, C U,(g).

Since A, C U,(g) is #-invariant, we have the following result, see e.g., [Let00, Theorem 3.3].

LeEMMA 1.10. If M is a finite-dimensional U,(g)-module, then M? is A,-semisimple.

An abstract representation theory for A, was developed by Letzter [Let00, §§ 5-7] in the general
context of quantum symmetric pairs. For our purposes it is more convenient to have concrete
realizations of certain special A,-representations. These special representations are constructed
using the following corollary of Proposition 1.6.

COROLLARY 1.11. Let V be a finite-dimensional Hilbert space and let p : Uy(t) — Endc(V)
be a x-representation such that I C Ker(p). Denote by 7 : Uy(¢)/I — Endc(V) the associated
«-representation of U,(€)/1. Then

Po =P O Py owgl : Ay — End(V;),
with V, = V as finite-dimensional Hilbert space, defines a *-representation of A, such that
Pole = ple-

Remark 1.12. With the conventions of Corollary 1.11 we can define a *-representation p,, =
po¢,om, !t of A, for arbitrary o,7 € R. The s-representation po,r thus satisfies

por(BS) = p(BY).

The special role of p, = ps, follows from the fact that B; and Eg are conjugate in U,(g)
(cf. Remark 1.7) and from the fact that the formal classical limit of p, = pso is equivalent to
the formal classical limit of p via the isomorphism A ~ U(¥) constructed in § 1.3.
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Let k1 € Z and k € Zx(. Denote by V(k, x1) the irreducible, finite-dimensional U,(€)-module

V(K k1) = L—xp)n © L4 (n—1)r,(r1—r)n—1)-
Here we have used the shorthand notation (k™) € Pt for the m-tuple with all entries equal to
. The representation map of V(k, k1) will be denoted by p(k,r1). Clearly there exists a scalar
product on V' (k, k1), unique up to constant multiples, such that p(k, k1) : Uy(¢) — Endc(V (K, k1))
is a x-representation. Since L(_, )» is one-dimensional, x,,—1 € Uy(gl(n)) acts as zero, and hence
I C Ker(p(k,K1)). Thus we obtain a x-representation

p(K,k1)s + As — Endc(V (K, k1))
by the previous corollary. To simplify the notation, we denote
(p(k1)o, V(K1)s) = (p(0,51)0, V (0, £1)o).-

The Uy(gl(n))-module L((,_1)x (—xy»-1) is the quantum analogue of the GL(n;C)-module
S™(C™) det™ "™, where S™(C"™) is the space of homogeneous polynomials on C" of degree m. This
is precisely the U,(gl(n))-module which plays the crucial role in Etingof’s and Kirillov’s [EK94]
theory on A-type Macdonald polynomials and generalized quantum group characters. The module
L((n—1)x,(—x)n-1) admits a concrete description (see, e.g., [EK94, § 5]) which can be directly lifted
to V(k, k1)e, leading to the following result.

LEMMA 1.13. Let J,, be the set of n-tuples m = (my,...,my,) € 2%, which sum up to nk. There
exists a o-independent basis {ry, | m € J.} of V(k, k1) such that

K

p(k; £1)o (Ci)rm = ™ rm,

Pk, K1)o(Bj)rm = q "0 " (q =
= q—q

m; __ q—m]-
1) Tm—ejtejtns

Cmin (G — g
,0(/% Kl)a(BQn—j)Tm =4q J 1 rm+5j—5j+17

qQ—q
q—a+2(r{—n1—mn) o q0+2r{1
P, )5 (B )y = pp— "in
fori=1,...,nand j=1,...,n —1, where we have used the convention that r,, =0 if m ¢ J.

Lemma 1.13 implies that the common eigenspace

V(k,k1)e = {v € V(K,k1)s | p(K,K1)o(Ci)v = v, Vi} (1.15)

is one-dimensional and spanned by 7(,n).

The following lemma follows directly from Lemma 1.13.

LEMMA 1.14. The A,-module V (k,k1)q, viewed as a Uy(gl(n))-module by restricting the module
structure to £ C A, and using the isomorphism £ ~ U,(gl(n)) of Lemma 1.8, is isomorphic to the
simple Uy(gl(n))-module L, 1), (—xyn-1)- In particular, V(k, k1), is a simple A,-module.

We end this subsection by formulating branching rules for the quantum symmetric pair
(Uq(g), As). For the formulation it is convenient to define an injective map 5. A, — P, by

:uu = (:ulnu%"'7/LTL7_:UH7"'7_M27_:U1)' (116)

Observe that ? restricts to a map ? : AP — PQJ;, and that ? respects the dominance order, so pf < v/*
for p,v € Ay, if p < v.
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PROPOSITION 1.15. Let kg € Z and k, k1 € Zxo with —k1 < K2 < K1, and set

§(k, k1) = (k1 + (n — D)k, k1 + (n— 2)k, ..., k1) € AT (1.17)
Let \ € P;;. The simple A,-modules V (k, k1), and V (k2), are both constituents of the A,-module
LS if and only if \ € (A} +0(k, k1))?. For such A, both V (k, k1), and V (k2), occur with multiplicity
one in LY.

For k = k1 = k2 = 0, Proposition 1.15 states which of the simple, finite-dimensional U,(g)-
modules Ly are spherical with respect to A,. This was proven for general quantum symmetric
pairs in [Let00, Theorem 4.3]. This special case can also be derived from the results in [NDS97],
see Lemma 3.5. The classical case (¢ = 1) of Proposition 1.15 was proven in [Obl04] using the
Littlewood—Richardson rule. Finally, for n = 1 (in which case the parameter  is redundant),

Proposition 1.15 is due to Koornwinder [K0093], who used g-special functions for the proof. The
general proof of Proposition 1.15 is discussed in § 2.

Remark 1.16. In the remainder of this paper we always assume the conditions k,k; € Z>o and
—k1 < Ko < K1 on the representation labels k, k1, ko € Z, and we use the shorthand notation £ =
(K1, k2, k). There are three other parameter domains for /£ for which similar results can be derived
with only minor alterations, namely k1, k2 € Z, kK € Zxq satisfying k1 € Zgo and k1 < Ko < —K1,
or kg € Z>o and —kg < K1 < K, Or K2 € Zgo and kg < k1 < —ka (cf. [Koe96] for the special case
n = 1 and [Obl04] for the classical case (¢ = 1)).

1.5 Vector valued spherical functions
We write G = GL(2n;C) for the general linear group. The quantized algebra of regular functions
Cy[G] € Uy(g)* is the span of the matrix coefficients of the irreducible Ug(g)-representations Ly
(A € Py). The quantized function algebra C,[G] inherits from U,(g) the structure of a Hopf
x-algebra. In particular, the #-structure on C,[G] is defined by
JrX) = f(S(X)%), VX € Uylg)
The left and right regular Ug(g)-action on C,[G] is defined by
Y- f-2)(X) =f(ZXY), X,Y,Z € Uyg).
The Peter—Weyl decomposition
el = @ W, (1.18)
PYSI A

with W (A) the span of the matrix coefficients of Ly, is the irreducible decomposition of C4[G] as
U,(g)-bimodule. For any vector space V, we may and will view elements f € C;[G] ® V as linear
maps [ : Ug(g) — V.

Recall the conventions and notations for the representation labels K from Remark 1.16. We

fix 0,7 € R once and for all, unless specified differently. In the following definition we identify
V(k2)s =~ C as vector spaces and view p(k2), as a character of A,.

DEFINITION 1.17. We call f € C,[G] ® V(k, k1) a vector valued spherical function if, for all
X € Uq(g)7

f(Xa) = p(’@2)0(a) f(X)’ Va € -Am
f(bX) :p(%7/{1)7'(b) f(X)) Vbe A,

We denote by Fg’T the space of vector valued spherical functions.

By standard arguments (see, e.g., [Obl04] for the classical setup, and Lemma 4.1), we obtain the
following corollary of Lemma 1.10 and Proposition 1.15.
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COROLLARY 1.18. The space of vector valued spherical functions Fg’T decomposes as
F7 = F(w
nEAT
with F2'"(u) the one-dimensional vector space
FZT(u) = FZT 0 (W ((p+ 6k, m1)))) @ V(k,m1)7), 1€ AT
W(i call a function 0 # f € F2"(u) an elementary vector valued spherical function of degree
e A

We consider now the restriction of vector valued spherical functions to the commutative sub-
algebra U® C U,(g) generated by the group-like elements K;El (j =1,...,2n). Denote

KY= KMEK)?2 - K2, A€ Py,
which form a linear basis of U, and define 6§ = 82, € P;. by
0=02n—-1,2n—2,...,1,0).
Let C[z™!] be the algebra of Laurent polynomials in 2n variables z1,. .., za,.

DEFINITION 1.19. Let V' be a complex vector space and f € C,4[G] ® V, viewed as the linear map
f:Uy(g) — V. We define a regular function f| : (C*)*® — V (or, equivalently, f|r € C[z*] ® V)
by the requirement that

(@) = F(EY), VA€ P,
where ¢ = (¢™,...,¢*"). The resulting linear map

7 :ClGl @V > ClzT 1RV, fr flr

is called the restriction map.

We define elements u; € C[z*!] by
u; = zizgnlﬂ_i, i=1,...,n, (1.19)

and we write Clu*!] C C[z*!] for the subalgebra generated by the ui"'. Recall the one-dimensional
subspace V (k, 51)r C V(k, k1), defined by (1.15).

LEMMA 1.20. If f € F2" C Cy[G] ® V(k, k1), then flp € Clu®']® V(k,k1)s. Identifying the
one-dimensional vector space V (k, k1), with C, the restriction map thus gives rise to a linear map
Ir: FO™ — Clu™!).

Proof. Fix f € F27. Fori=1,...,n and X € U° we compute
p(k, k1) (Ci) f(X) = f(CiX)
= f(XC)
= p(r2)o(Ci) f(X) = f(X),
and hence f(X) € V(k, k1), Identifying V (k, 51)r ~ C, we thus conclude that f|p € C[z*!]. The
formulas f(XC;) = f(X) for X € U and i = 1,...,n imply that f|r € C[u*!]. O

The following main result of this paper gives a representation theoretic interpretation of the full
five-parameter family of Macdonald-Koornwinder polynomials (with two parameters continuous,
and three parameters discrete).

1320

https://doi.org/10.1112/50010437X05001636 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001636

SPHERICAL FUNCTIONS AND MACDONALD—KOORNWINDER POLYNOMIALS

THEOREM 1.21. Fix parameters o,7 € R and i = (k1, ko, k) € Z*3 with k, k1 € Z>o and —k1 <
kg < k1. Let fo € F27(0) be an elementary vector valued spherical function of degree 0 € A;f.

(i) The restriction map |7 defines a linear bijection
7 Fg™ — folr Clu]".

(ii) We have

0(K,k1) 1— 0+7’ —1 2 14+o+7, ,—1. 2 2. —1 2 —1 -1, 2
f0|T CU( ! H 5 q )lil—ng(_q ui 54 )H1+I€2 H (q ui u]vq ui ’LL] ,q )I{
i=1 1<i<j<n
for some nonzero constant C'.

(iil) If f,, € F2" () is an elementary vector valued spherical function of degree ji € A}, then

?g:; —DP ( 0+7’+1+/€1+n2 _q—O'—T-‘r].’ qo'—T-i-l’q—O'-‘rT-‘rl-l-lil—liQ; q27q2r{+2)

for some nonzero constant D.

Remark 1.22. In the special case n = 1, Theorem 1.21 gives a representation theoretic interpretation
of the Askey—Wilson polynomials, which is in accordance with the results from [Ko0o093], [NM90]
and [Koe96]. The classical case (¢ = 1) of Theorem 1.21 was proven in [Obl04]. In § 3 we show that
Theorem 1.21 for k1 = k2 = k = 0 follows from the main results in [NDS97].

The proofs of Theorem 1.21(i), (ii) and (iii) are given in § 4, § 5 and § 6, respectively.

2. Branching rules

The main goal of this section is to establish the specific branching rules for the quantum symmetric
pairs (Uy(g), As) as formulated in Proposition 1.15. We start by defining and studying the notion
of the expectation value for the quantum symmetric pairs (U,(g), Ay ).

2.1 The expectation value

The expectation value for intertwiners plays a crucial role in the representation theoretic approach
to quantum field theory, see, e.g., [EV00]. The notion of expectation value is naturally associated
to symmetric pairs (H x H,diag(H)) with H a semisimple Lie group and diag(H) the diagonal
embedding of H in H x H, as well as to their quantum analogues (U,(h) ® Uy(h), A(Uy(h))) with
h a semisimple Lie algebra. In this subsection we define the expectation value for the quantum
symmetric pair (Uy(g), As). As we shall see, this directly leads to information on branching rules
for the quantum symmetric pairs (Uy(g), As).

For A\ € PQJ; we choose a highest weight vector 0 # vy € Ly[\] and a lowest weight vector
0 # vyor € La[woA], where wg € Sy, is the longest Weyl group element, wg(i) = 2n+ 1 — ¢ for all 7.
Both vy and vy, are unique up to a multiplicative constant.

DEFINITION 2.1. Let M be a left A,-module and denote Homg, (L, M) for the space of
Ag-intertwiners L — M. The maps kY, 3, : Homa, (LS, M) — M, defined by h},(¢) = ¢(v,) and
lﬁ(qb) = @(Vwa), are called the higher and lower expectation maps, respectively. The values h?M(qb)
and l@(qﬁ) are called the higher and lower expectation values of ¢, respectively.

Define a map b : Py, — A, by
N = (A1 + Aoms A2+ Aone 1, A + Ans1), A€ P
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Observe that the kernel of b equals A% and that (wo)? = N° for all A € Py,,. If M is a left A,-module
and p € A, then we define

M,={meM|Cm=q¢"m, Vi=1,...,n}. (2.1)

PROPOSITION 2.2. Let M be a left A,-module and let A € P;;L. The expectation maps hﬁ and lj/[
are injective, with image contained in M.

Proof. We prove the proposition for the expectation map h?},, the proof for lj/[ is analogous. For
i=1,...,n and ¢ € Hom4, (L, M) we have

Ciliyi(9) = Cig(va) = ¢(Civa) = ¢ 2114 hjy (9),
so h},(¢) € M,,. Thus the image of h); is contained in M,;.
Suppose ¢ € Hom(L§, M) is in the kernel of hy, s0 ¢(vy) = 0. We show that ¢(v) = 0 for
v € Ly[v] and v < X by induction on the height ht(A — v) € Z>(, where ht(A — v) = Zf:l_l m; if
m; are the unique positive integers such that A\ — v = . m;a;. So suppose that ¢(v) = 0 for all
vectors v € Ly[v] with v < X and ht(A —v) < N.
For arbitrary v € Py, we have Ly[v] = {0} unless v < X and
2n—1
LY =Y gilalv + ),
j=1

where y; = yjKj_Jrlle_nl_ ;- To prove the induction step, it thus suffices to show that ¢(y;v) = 0 for
all j when v € Ly[v], v < X and ht(\ — v) = N. If v is such a vector, then by the explicit form of

Bj and By, and by the induction hypothesis,

¢(yjv) = ¢(Bjv) = Bjg(v) =0,
¢(ynv) = ¢(Bjv) = Brd(v) =0
for j € {1,...,2n — 1} \ {n}, as desired. O

Since L is Ag-semisimple by Lemma 1.10, the previous proposition has the following immediate
consequence.

COROLLARY 2.3. If M is a simple A,-module and \ € P, then the number of summands isomor-

phic to M in the irreducible decomposition of LS is bounded by Dim (M), ).

Recall the conditions on the representation labels & = (k1, ko, k) from Remark 1.16.

LEMMA 2.4. Let A\ € P3 . If both V(k, k1), and V(k2), occur as constituents in the irreducible
decomposition of the A,-semisimple module L, then A\ € (A;f + 6(k, k1))?. For such X, the modules
V(k,k1)s and V(kg)s occur at most with multiplicity one in LS.

Proof. The weight spaces M, (see (2.1)) for the simple A,-modules M = V' (k, k1), and M = V(k2)s
are at most one-dimensional by Lemma 1.13. Thus, for any A € PQJ,CL, the number of summands
isomorphic to V(k,k1)s or to V(k2)s in the irreducible decomposition of L§ is at most one by
Corollary 2.3.

If v € V(ka)s then Cjv = v for all i; hence, V(k2), can only occur as a constituent in the
irreducible decomposition of L§ when A € Pyl N Ker(b) = (A;))".

Fix u € A} such that V(k, k1), occurs as a constituent of the irreducible decomposition
of LZu' It remains to show that this assumption imposes the additional restrictions u, > ki

and p1; — pjp1 = £ (j = 1,...,n — 1) on p. Throughout the proof, we fix a nonzero intertwiner
¢ € Hom 4, (LZna V(ﬁ, 51)0)’
1322

https://doi.org/10.1112/50010437X05001636 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001636

SPHERICAL FUNCTIONS AND MACDONALD—KOORNWINDER POLYNOMIALS

We start with proving p, > k1. We use the notation of Remark 1.7. Standard U,(gl(2))-
representation theory implies that V' = Uq(g[(Z))(")vMu C L, is the (2un + 1)-dimensional irre-
ducible representation of U, (gl(2))™ ~ U,(gl(2)) with highest weight (ji,, —1,) and highest weight

vector vz, and that §g|v € End¢(V) is semisimple with simple spectrum
q—a+2l _ qa—2l
S|l=—————5 1= —pny- s fin — 1, i
q—q

Observe, furthermore, that V is z,-stable. Since z,Bx, ' = E,‘{ , it follows that Bg|y € Endc(V)
is semisimple with simple spectrum {s; | | = —pp,..., pn — 1, ptn }. Proposition 2.2 and the fact
that C; centralizes U,(gl(2))™ for i = 1,...,n imply that ¢(V) = V(k, K1)y with V(k, k1), the
one-dimensional space defined by (1.15). On the other hand, Lemma 1.13 shows that V (, k1), is
the eigenspace of p(k, k1), (Bg) with eigenvalue s_j,; hence s_,, must be in the spectrum of BZ|y .
Consequently, p, > k1.

Next we show that p; — pjp1 > w for j = 1,...,n — 1. Fix j € {1,...,n — 1}. Since 0 #
P(v,) € YN/(/@, k1)s by Proposition 2.2, we conclude from the explicit description of V(k, k1), (see
Lemma 1.13) that

¢(Bjv,e) = p(k, 1) (BT )p(v,:) # 0.
This implies that Bfv,; #0in L,;. We write B; = Yj + Top—; with

~ _ . g1 —1 ~ R —1 r—1
Ui = Uil Ko gy Ton—g = K wan i Ky, 5.

Since v,z € L, is a highest weight vector, the commutation relation Za,—;y; = q*YjTan—j in Uy(g)
implies

Yive = Biv,: #0,
and consequently yFv,: # 0. Standard arguments from U,(gl(2)) ~ C(z;,y;, Kfl,Kfjﬁ represen-
tation theory imply that p; — ;11 is the largest positive integer m for which (RN #0in L. We
conclude that p; — pji1 > K, as desired. O

In, for example, [Nou96] and [NDS97], highest weight considerations are used to determine
branching rules for quantum symmetric pairs. These highest weight arguments can be formalized
and generalized in the present setting as follows.

LEMMA 2.5. Let \ € P;;L and let {0} # M C L§ be an A,-submodule. Then
MZEPLv, Mg P L.
U<\ v=woA
In other words, there exists a vector my € M (respectively m_ € M) whose decomposition in

UY-weights has a nonzero highest (respectively lowest) weight contribution.

Proof. Suppose M C L is an As-submodule and
M C P L) (2.2)
<A

Let M+ be the orthocomplement of M in Ly with respect to the s-unitary scalar product (CSY
on Ly. Then M~ is an A,-module complement of M in L§. Let m# € Hompu, (LS, M) be the
projection onto M along M*. By the #-self-adjointness of the K;, we have Ly[v] L Ly[/] for
v # V. Condition (2.2) thus implies L)[\] € M~. Hence the higher expectation value h}, () is zero.
Proposition 2.2 then implies 7 = 0, hence M = {0}. The second statement is proved similarly. [
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Remark 2.6. For an arbitrary quantum symmetric pair (U, By) in the sense of Letzter (see [Let03,
§ 7] for a complete list), one can make a similar definition of higher and lower expectation maps
and of expectation values. Following the reasoning of this section, one can establish the analogues
of Proposition 2.2, Corollary 2.3 and Lemma 2.5 in this general setup (cf. the proof of [Let04,
Lemma 5.6]).

2.2 Deformation arguments

In this subsection we complete the proof of Proposition 1.15 by using deformation arguments.
Without loss of generality we may take ¢ = e” to be a formal deformation parameter. We use part
four of Kassel’s book [Kas95] as main reference for facts and the notation related to topological
C[[h]]-modules and topological C|[h]]-algebras.

Let Un(g) be the topological version of the quantized universal enveloping algebra U,(g), with
topological generators E;;, x; and y; (i € {1,...,2n}, j € {1,...,2n — 1}), where K; = e"Fii. Let
Un(sl(2n)) be the subalgebra of Uy (gl(2n)) topologically generated by the elements F; j — Fjq1 11,
xzjand y; (7 € {1,...,2n—1}). Note that Up(g) is the central extension of Uy (sl(2n)) by the central
element K11+ Eoo + -+ + Eay 9n.

The topological version of A, is the subalgebra of Up(g) topologically generated by Bj, By,
and E;; + Eopt1-iont1— for j € {1,...,2n — 1} \ {n} and i € {1,...,n}. We denote by A, the
subalgebra of Uy, (sl(2n)) topologically generated by B;Cjt1, B Cy and E; ; — Eijt1 41— Eopn—ion—i+
Eopti—iont1—i for j € {1,....2n — 1} \ {n} and i € {1,...,n — 1}. Note that A, is the central
extension of A, by the central element Ei1+ Eso+ -+ Eopon € Un(g).

We fix A = (u + 6(k, /1)) with € A}, To complete the proof of Proposition 1.15, it suffices
to show that the irreducible A,-module V(k, k1), occurs as a constituent of L§. Since the central
element Fj 1 + - -+ + Eay 2, acts as zero on the topological versions of V' (k, k1), and Ly, it suffices
to show that V(k, k1), is a constituent of L when viewed as A,-modules.

The formal computations after Definition 1.5 and [Let02, Theorem 7.5] imply that the algebra

A, is a deformation of the universal enveloping algebra U (¢) with
€= Ad(g)(8) Nsl(2n) = &, © CZ,
where g is given by (1.11), €5, = Ad(g)(sl(n) @ sl(n)), and Z € £ is the central element

2n
1
Z =Ad(9)(Z') = o0 E Ejont1-j,
j=1

where
AES —%(Em +Eso+ -+ Enn— Enyiny1 — Engonge — - — Eanon).
Since € is reductive with one-dimensional centre, we have H2(€,U(€)) = {0}. By [Kas95, Theorem
XVIIIL.2.2] there exists a topological algebra isomorphism
o+ Ag — U(¥)[[1]
which is the identity modulo h. We define
Ay =B (URDID),  Zo = B;1(2),

so then ﬂzs is a deformation of U (%), Z, is central in A, and A, is topologically generated by ./_428
and Z,. We denote by (3, 1)*(V (k, k1)o) the module V (k, x1), viewed as a module over U (€)[[h]] via

the isomorphism [, : A, — U(®)[[h]] (we will use a similar notation to indicate the pull back of an
action by some algebra morphism). The way we constructed the module V' (k, x1), in § 1 immediately
implies that, modulo h, we re-obtain the irreducible, finite-dimensional (gl(n) x gl(n)) Nsl(2n) ~ ¢
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module V% (k, k1) of highest weight
(k)" (k1 + (n = Dk, (k1 — k)" 1)) € PT x P, (2.3)

Observe that the central element Z acts as multiplication by &1 on V9(k, k1), while VI (5, 11 )
is independent of k1 when viewed as module over £,,. Since £ is semisimple, we conclude that
(B H)*(V (K, k1)), viewed as the U (Ess)[[h]]-module, is isomorphic to the C[[h]]-linear extension of

o

the £s,-module V% (k, k).

LEMMA 2.7. There exists a A,-submodule V (k, k1), C L such that:

(i) V(k,k1)o ~ V(k, k1) as A, -modules;

(ii) the central element Z, acts as multiplication by a scalar £, € C[[h]] on V(k, k1)s;
(iii) modulo h, V(k, k1), is the E-module V% (k, k).

Proof. Since Up(sl(2n)) is a deformation of the universal enveloping algebra of the simple Lie algebra
s[(2n), there exists by [Kas95, Theorem XVIII.2.2] a topological algebra isomorphism

a: Un(sl(2n)) — U(sl(2n))[[A]

which is the identity modulo h. The natural embedding ¢, : A, — Up,(s[(2n)) of topological algebras
can thus be pulled back to obtain an embedding

Yo = oty 0B U®[R] — Usl(2n))[[A]

of topological algebras, which is the identity modulo h. Since £y, is semisimple, we have H1!(E,
U(sl(2n))) = {0}, and hence there exists an invertible element F, € U(s[(2n))[[h]] which is 1
modulo h such that

10(X) = FoXF ', VX € U(Es)([R)] € U®[[R] € U(sl(2n)[[h] (2.4)

by [Kas95, Theorem XVIII.2.1].

Let LS be the irreducible U(s(2n))-module corresponding to the highest weight A\. We denote
V C L§ for its VI8 (k, k1 )-isotypical component viewed as a U(Ess)-module. The central element
Z € £ acts semisimply on V and the corresponding Z-eigenspaces V, of V' (with r the Z-eigenvalue)
yield the V% (k, 1) -isotypical components of Lg\las viewed now as a £-module. By the classical
branching rules [Obl04, Lemma 3] for the symmetric pair (g, gl(n)x gl(n)) we have Vi, ~ VI3 (k, k7).

Let L§#[[h]] be the U(sl(2n))[[h]]-module obtained by C[[h]]-linear extension of the U(sl(2n))-
module structure on L§%. Then L is isomorphic to (« o t,)*(L§2[[h]]) as topological A,-module.

Now consider the U (¢)[[h]]-module

(B (LK) = 75 (LK™ [[R]).

By (2.4), F,V([[R]] is the V1% (k, 51 )[[h]]-isotypical component of the U (€s,)[[h]]-module vz (LS2[[]]).
The proof is now completed by observing that F,V[[h]] contains a nonzero Z-eigenspace V (k, k1)o
for some eigenvalue &, € C[[h]] satisfying £, = x; modulo h. O

The central element Z, € A, acts by a scalar & € C[[h]] on V(k,k1)s. To complete the
arguments it thus remains to prove the following lemma.

LEMMA 2.8. & =&, in C[[h]].

Proof. We use the fact that BJC,, € A, is conjugate to the Cartan type element

go _ KK — @K K
q—q!
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in Uy (sl(2n)), see [Ros00] and Remark 1.7. We first show that BSC,, acts semisimply on V (k, K1)y,

with spectrum contained in
—o+l _ o—1
{tl =1 —9 e Z}.

—1
Indeed, By C,, acts semisimply on Lg, with spectrum contained in {#;};cz. Hence any vectors v €
V(k,k1)s can be written as v = >, v, with v; € Ker(BJC,, — t;) C L§. Since BC,, preserves
V (K, k1)o, we have (BZC,,)*(v) = Y, tFv, € V(k, k1), for all k € Z>q. Simple calculations involving
the Vandermonde determinant show that there exist ¢} € C[[h]] such that v; = >, ¢k (BJC,,)*v for
all [, and hence v; € V (k, k1), for all I. By Lemma 1.13, the same statement about the spectrum is

valid for the action of BJC,, on V (k, k1),

Lemma 2.7 and the fact that the eigenvalues t;|,—o = o0 — [ (I € Z) remain separated mod-
ulo h imply that the dimensions over C[[h]] of the BJC),-eigenspaces of V(k, k1), and V (K, K1)
corresponding to a given eigenvalue t; are the same. In particular, we have

Try (e ) (BICn) = Trps(p ey, (BICh). (2.5)

Next we expand BJ (), in its semisimple and central parts
o0

BiCn =Y a;Z}
j=0

in A,, with a; € A°. Then (2.5) leads to the equality

o ) o .
> bl =D b8 (2.6)
j=0 j=0

as a formal power series in h, with

bj = Trv (), (a5) € C[[R]].
Now the computations after Definition 1.5 show that

Ad(9)(BCplh=0) = Enn — Ent1nt1 — 01 = aolp=o + a1|p=02’

with
aglh=o = _%El,l - = % n—lm—1+ i 1En,n
L= nEn+1,n+1 + %En+2,n+2 +oe %EQn,Qn —ol
and a1|p=0 = —2. Thus b|p=0 # 0 and b;|,—¢ = 0 for j > 2. Now we can expand (2.6) in powers of

h, and compare coefficients of h¥ on each side. An easy induction argument using b;|,—o # 0 and
bjlh=0 = 0 for j > 2 then leads to &, = &, (this may be viewed as a formal version of the inverse
function theorem). O

3. Zonal spherical functions

The purpose of this section is to establish Theorem 1.21 for ¥ = 0 = (0,0,0). This is done by
translating the results for zonal spherical functions on quantum Grassmannians proved in [NDS97]
and [DS99] to the present setting. In [NDS97] and [DS99], extensive use is made of the L-operators
of U,(g). Roughly speaking, the L-operators LT for U,(g) are the 2n x 2n matrices with entries
in U,(g) obtained from the universal R-matrix of U,(g) by applying the vector representation of
U,(g) to one of its components. We refer to Letzter [Let99, § 6] and Noumi [Nou96] for precise
definitions; here we only recall those properties of the L-operators which are used in this paper.
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The matrix L™ (respectively L) is upper (respectively lower) triangular. If l;']:- € Uy(g) is the (7, 7)th
matrix coefficient of L*, then
l;’; = K’i? l; = Ki_17
I, = HK I7, = (gt K1 (8:1)
G+l = (¢ —q ) K;y;, G415 = (a7 — )z, j

fore=1,...,2nand j = 1,...,2n — 1. More generally, l:; (respectively lZ;) is an analogue of the
root vector of g corresponding to the root €; — €; (respectively €; — ¢;). Furthermore,

Zl Lo €)= 015, (15" =S0F)

and S(L*) = (L*)™!, where the antipode is applied componentwise.

Define a scalar Valued 2n x 2n matrix J7, depending on an auxiliary parameter o € R, by

= (1-¢* ZEkk_q ZEk2n+l -

The matrix J7 is a solution of a reflection equation, see [NDS97, Proposition 2.2] or [DS99, § 6] for
details. Observe, furthermore, that J? is invertible, with inverse

n 2n
) =0=q)) Bongi-kant1-k— a0 7Y Eronsik-
k=1 k=1
DEFINITION 3.1 [NDS97, DS99]. Let £, C U,(g) be the linear subspace spanned by the 4n? matrix
coefficients of L*.J7 — J7L™.

Observe that €, C U,(g) is a two-sided coideal, i.e. A(t;) C €, @U,(g)+Uq(g) @€, and €(t,) = 0.
Note, furthermore, that €. = S(¢,) since J? is symmetric, so €, is not x-stable but &, is w-stable,
where w : Ug(g) — Uq(g) is the involutive, anti-linear algebra isomorphism w = * o0 S. Note that the
involution w is related to the *-structure on C4[G] by

[T (X)) = fw(X)), [feClG], X € Uyg). (3.2)

It is convenient to write
ws(X) = K (X)K°, X € U,(g). (3.3)
Note that ws is an anti-linear algebra involution of U,(g), which acts on the algebraic generators of

Uq(g) by
ws(K;Y) = K7, ws(ag) = —yy, wslys) = —2;
fori=1,....2nand j=1,...,2n — 1.
For a subspace U C Uy(g), let I(U) € U,(g) be the left ideal of Uy(g) generated by U and let
A(U) C U,(g) be the unital subalgebra generated by I(U). Applied to €, and €, we thus obtain

two unital subalgebras A(€,) and A(€}) of U,(g). In the following lemma we link the algebras A()
and A(E) to A,.

LEMMA 3.2.

(i) As Uw(Ay) C A(t,).
(i) ws(As) C A(E}).

Proof. (i) Note that A(t,) is w-stable, because ¢, is w-stable. It thus suffices to prove that A, C
A(t,).
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The left ideal I(€,) contains the matrix coefficients of the U,(g)-valued matrix
(tij)ij =SWLHYLTJ7 —J°L™)=J7 —S(LT)JL".
By direct computations, one can verify that
tioni1-i = —q" +¢°C; tionj=¢"(¢ " —q)B;,
thn=a"(a"" —q)By +1—¢*

for i € {1,...,n} and j € {1,...,2n — 1} \ {n}. The left ideal I(¥,) also contains the matrix
coefficients of

S(L™)(JO) N LT —J° L) (J0) = 8S(L)(Jo) Lt — (o)7L

Computing the coefficients of the antidiagonal shows that ¢=7 — ¢~ 7C; € I(t,) for i € {1,...,n}.
Consequently, all algebraic generators of A, are contained in A(,), and hence A, C A(%,).

(ii) Observe that
wy(CE) = CF,
ws(Bj) = —q(Kon—jyon—i Kj + Koy Kj1125),
oy _ " =47\ g2
ws(By) = — | KnynKp + Kp K12, + FErES K )
forie{l,...,n} and j € {1,...,2n — 1} \ {n}, are algebraic generators of ws(A,). Using similar

arguments as in the proof of (i), it can be shown that all these generators are contained in A(£) =

A(S(¢,)). O

For a left U,(g)-module M and a unital subalgebra A C U,(g) we define the subspace of
A-invariant vectors in M by

M2 ={m e M |am = e(a)m, Ya € A}.
LEMMA 3.3. For the U,(g)-subalgebras A = A,, A = w(A,) and A = ws(A,), we have
(i) Dim(L{) =0if X € Py \ (A})%;
(i) Dim(Lg) < 1if X € (Af)".
Proof. The statement for A = A, follows from the results in § 2.

For w(A,) and ws(Ay), we first remark that any simple, finite-dimensional U,(g)-module Ly
(A € P;) is semisimple as module over the subalgebras w(A,) and ws(A,). Clearly it suffices to
prove this for ws(Ay). In this case we first note that

ws(X™) = (ws(X))*, X € Uy(g), (3.5)
which follows easily from the fact that
S*(X) =K 2®XK®, X eUy(g). (3.6)

We conclude that ws(A,) is a *-subalgebra of Uj(g), and hence Ly is ws(Ay)-semisimple.

Straightforward adjustments of the arguments in § 2 now lead to the construction of expectation
values and to the analogue of Proposition 2.2 for the algebras w(.A,) and ws(Ay). Since the elements
C; (i1=1,...,n) are in w(A,) and ws(A,), the lemma now follows for these two subalgebras in the
same way as for A,. O

If the algebra A C U,(g) is of the form A = A(U) for some vector space U C U,(g) and €|y = 0,
then MAWU) consists of the vectors m € M which are annihilated by u € U. In this situation, M4(V)
is called the subspace of U-fixed vectors, cf. [NDS97, DS99]. In particular, this applies to U = £, and
U = €. We now recall the following result (see [NDS97, Theorem 2.6] and [DS99, Theorem 6.6]).

1328

https://doi.org/10.1112/50010437X05001636 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001636

SPHERICAL FUNCTIONS AND MACDONALD—KOORNWINDER POLYNOMIALS

PROPOSITION 3.4. For U = &, and U = ¢ we have

AW 0 ifxe Py \ (A,
Dim (L)) = _ n
1 ifxe (A

Combined with Lemma 3.2 and Lemma 3.3, we obtain the following.
LEMMA 3.5. For A € P;; we have:
(1) L;\‘la — L‘;\’(Afr) — Lf(?c);
(i) LyWA) = L0,
Proof. By Lemma 3.3 and Proposition 3.4, all spaces in (i) and (ii) are {0} when \ € Py \ (A;)E.

Let A € (A})%. Lemma 3.2 implies Lf" 2 Lf(E"), L‘;(A") 2 Lf(e") and L;\J‘S(A") 2 Lf(E;). Since

Dim(L{) = 1 for A = A(t,) and A = A(E}) by Proposition 3.4, we conclude from Lemma 3.3 that
L = 1) ) = p0) ang g — ), 0

The following result is a direct consequence of the definition of ws and of Lemma 3.5.
CoroLLARY 3.6. L") = K=" for all A € Py

The main object of study in [NDS97] and [DS99] is the space of (£, ¢;)-fixed regular functions
on Uy(g), which is defined as follows.

DEFINITION 3.7. The space of (€4, £,)-fixed functions on U,(g) is defined by
HOT ={feC,G]|Y -f=f-Z=0,VY et,, VZ et}
PROPOSITION 3.8. The subspaces H”" and F'" of Cy[G] are related by
HOT = FET K.
Proof. Any f € H?" can be written as a linear combination of functions
Uy(g) 2 X — (Xv5,07)
Alts) ~ A(E7)

with v, € L\, v € Ly and A € (A;)% On the other hand, any g € Fg’T can be written as a
linear combination of functions

Uq(g) > X — <X,UO'76T>)\
with v, € Lj\“", Uy € Lff and \ € (A;)f since p(0,0), = p(0)y = €|4,. The proposition now follows

from the fact that Lf(?”) = Lf", L’;(E:) =K _5Lf(?7) =K _5L;\4* and from the fact that K¢ is
x-self-adjoint. O
Remark 3.9.

(i) The fact that €, and €, are w-stable two-sided coideals implies that H?7 C C4[G] is a unital
x-subalgebra, cf. [NDS97, DS99]. Furthermore, K - e U,(g) is a group-like element, so the
previous proposition shows that Fg T C C4[G] is a unital subalgebra (but it is not x-stable!).

(ii) Observe that e(ws(X)) = €(X) for X € U,(g). Combined with Lemma 3.5, the proof of Propo-
sition 3.8 and (3.5), this leads to the alternative description

HO™ = {f € ClG] | f(ws(b)Xa) = e(a)e(®) f(X), VX € Uy(g), Ya € Ay, Vb€ A}

for the space of (&, €,)-fixed regular functions on U,(g).

1329

https://doi.org/10.1112/50010437X05001636 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001636

A. A. OBLOMKOV AND J. V. STOKMAN

Recall that the restriction map |7 : Fg’T — C[u*'] involved a é-shift: f|7(¢*) = f(K*79) for
all A € Py,. When dealing with the x-subalgebra H?7, it is convenient to use the restriction map
without J-shift,

Resy : HO™ — Clu™!], Resp(f)(¢}) = f(KY), VA€ Py,
since then we have
Resr(f - K~°) = flr, VfeF]T;

cf. Proposition 3.8. Note that Resy is a x-algebra homomorphism, with the x-structure on (C[uil]
defined by

pF = Z cut ifp= Z cut € Clu™). (3.7)
HEA, uEA,
We are now in a position to translate the main result from [NDS97] to our present setup.

PROPOSITION 3.10. Theorem 1.21 is valid for & = 0.

Proof. Observe that §(0,0) = 0; hence we can take the unit 1 € C,[G] as nonzero element in Fg 7(0).
Clearly 1|7 is the unit of C[u*']. This gives Theorem 1.21(ii) for & = 0.

The generalized Chevalley restriction theorem (Theorem 1.21(i)) for & = 0 reduces to the
statement that |p : Fg’T — Clu™]" is a linear isomorphism. In view of Proposition 3.8 and
the 6-shift in the definition of the restriction map |7, this is equivalent to the statement that
Resy : HO™ — C[u*!]" is a linear isomorphism, which follows from [NDS97, Theorem 3.2], see also
[DS99, Theorem 7.5]. For a direct proof of this result for an arbitrary quantum symmetric pair, see
[Let03].

Let 0 # f, € Fg’T(u) be an elementary spherical function of degree u € A}, then f, - K0 €

H™ N W (uf). Consequently, [NDS97, Theorem 3.4] shows that the restriction fulr = Resr(f, -
K=9) € Clu™" is a nonzero scalar multiple of the Macdonald-Koornwinder polynomial

PE’T(’LL) — PH(U; _qO'—‘rT—‘rl’ _q—O'—T—‘rl’ qO'—T—‘rl’q—O'—‘rT—‘rl; q2’q2)7 (38)

(see also [DS99, Theorem 7.5]). This proves Theorem 1.21(iii) for & = 0. O

4. The generalized Chevalley theorem

In this section we prove the generalized Chevalley restriction theorem (see Theorem 1.21(i)).

To simplify the notation, we write [-,-], for the scalar product <'7'>(u+5(nm))“ on the Uy(g)-
module L, 5.,y (1 € AT

LEMMA 4.1. Let p € A} and identify V (k, k1), with its unique copy in the semisimple A,-module

L&M(Hm))h and V (k2), with its unique copy in the semisimple A,-module L((ju+5(n,m))ﬂ' Let f,, €

F27 () be an elementary vector valued spherical function of degree . Then
fM‘T(q)\) = [K)\_(Sv?w];u Ve P2n
for suitably normalized vectors 0 # v € V(k3)s and 0 # w € V (i, k1),. Furthermore,

fulr = Z cu’ € (C[uil]

_“_6(R7ﬁl)gy<“+6(n7ﬁl)
for certain constants ¢, € C (v € Ay,), and ¢4 4.5(x,01) 7 0-

Proof. Choose an orthonormal basis {by,...,bn,} of V(x,k1); with respect to the restriction of
[,]p to V(k, k1), such that by € V(k,k1),. In particular, b is a nonzero constant multiple of w.
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Then f, € FZ7 (1) can be realized as

m

Fu(X) = [Xv,bilubi, X € Uylg)
i=1
for some 0 # v € V(k2),. We have f,(X) € V(k, k1), for X € U°, see (the proof of) Lemma 1.20.

Using the identification V' (k, k1), =~ C of vector spaces given by the assignment b; — 1, we obtain
Fulr (@) = fu(BEX0) = [K* %0, bi],, VA€ Pog

Now both vectors v and b; satisfy Cijv = v and C;by = by for i = 1,...,n, hence v[A\] = 0 and
b1[\] = 0 for A € Py, unless A € (An)h. Since §: A,, — (An)h C Py, is a bijection of partially ordered
sets and (—v)? = wo(11) for v € A,,, we conclude that the weight decompositions of v and b; are of

the form
v = Z o[tf], b= Z by [,

—H—é("fﬁl)g’/gﬂ‘f‘é(“ﬁl) _“_6(R7ﬁl)gy<“+6(n7ﬁl)
with v[vf] and b; [9] the components of the vectors v and by in the weight space of the U, (g)-module
L(ﬂ+6(/‘€,/’\31))h of Welght I/h.

A simple application of Lemma 2.5 shows that v[(£u + §(k, #1))?] # 0. Denote by L(Tp+5(n 1)
the vectors v € L(Tu+6(n,m))“ satisfying Cjv = v for ¢ = 1,... ,71. This subspatia contains the one-
dimensional weight spaces L, (. .,))[(F1 £ 6(k, #1))f] and L7(-u+5(n,/i1))“ NV(k,k1)r = C{b}.
Lemma 2.5 implies by [(£u & 6(k, 51))%] # 0. Hence

fulr = > [0l b)) 0

=B (rir) <o B(ror )
= E cu”
—H—(S(vafl)glfgﬂ‘f‘é(“ﬁl)

with ¢, € C satisfying the conditions as stated in the lemma. O

A more detailed analysis of the elementary vector valued spherical functions requires the right
coideal algebra structure of A,. Recall that a right U,(g)-comodule (M,dys) is a vector space M
together with a linear map 6y : M — M ® Ugy(g) satisfying

((5M®Iqu(g))O(5M:(IdM@A)O(SM, (IdM@E)O(sM:IdM

If M is a unital algebra and dp; is a (unit preserving) algebra homomorphism, then (M, dys) is
called a right U,(g)-comodule algebra. In particular, a unital subalgebra A C U,(g) satisfying
A(A) C A U,(g) gives rise to the right comodule algebra (A, Al4). In this case, A is called a right
coideal subalgebra of U,(g).

By computing the action of the comultiplication A on the algebraic generators of A, one verifies
that A, C Ugy(g) is a right U,(g)-coideal algebra. Using the isomorphism 7, : A — A, of algebras,
see Proposition 1.4, A inherits a unique right U,(g)-comodule structure such that 7, : A — A, is
an isomorphism of right U,(g)-comodule algebras. The right comodule map for A turns out to be
independent of o, and is given as follows (cf., e.g., [Let02]).

PROPOSITION 4.2. The algebra A has the structure of a right U,(g)-comodule algebra, with comod-
ule map 0 4 given explicitly by
5A(’Y¢i1) = ’Yz'il ® KiilKga:ml+l—i7
5a(B)) =B @ K 'Kyl o+ @y K LKy 497 © K g, KL
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fori =1,....2n and j = 1,...,2n — 1. The map ©, : A — A, is an isomorphism of right
U,(g)-comodule algebras.

Finite-dimensional A,-modules do not form a tensor category, since A, C Ugy(g) is not a coal-
gebra. However, the right coideal algebra structure of A, implies that the tensor product M @ N
of an A,-module M and a U,(g)-module N is an As-module by the usual formula

a-(m®n):Za1'm®a2'n, me M, neN,

where (recall) A(a) = > a1 ® ay for a € A, with the a; from A,. In the special case that M is the
one-dimensional A,-module V(k), (k € Z), we can naturally relate the A,-module V(k), ® N to
the A, orp-module N o+2k in the following manner.

Let x7 : A, — C be the character of V(k),. The A,-action on V(k), ® N can then be rewritten
as

a-(men)=m®cl(a) n, a€A,, meV(k)y, n€N,
with (7 : Ax — Uy(g) the unital algebra homomorphism

(F(a) =Y x7(a)az, a€ A, (4.1)

LEMMA 4.3. The map (] defines an algebra isomorphism ¢ : A, — Agyor, with inverse Cﬁ;% :

Ao ior — Ao Furthermore, (f = m,49r07m, | 4, (see Proposition 1.4 for the definition of m, ), which
means that

(R(Ci)=Ci, GL(Bj)=Bj, ¢(B])=B"" (4.2)
forie{l,...,2n} and j € {1,...,2n — 1} \ {n}.
Proof. By Lemma 1.13 the values of x7 on the algebraic generators of A, are given by

XE(Ci) =1, x{(B;) =0, xZ(By)=vo(¢""™") (4.3)
forie{l,...,2n} and j € {1,...,2n — 1} \ {n}, with 9;(s) (I € Z) defined by

-1 —21
s —sq
ﬁKS)ZZ—————jT—.
q9—q
Combined with Proposition 4.2 one can now easily derive (4.2). The remaining statements follow
immediately. O

COROLLARY 4.4. Let N be a finite-dimensional U,(g)-module and suppose that N’ C N°2k js an
A, 1 ok-submodule.

(i) V(k)e @ N' is an A,-submodule of V(k), ® N.

(ii) If N' ~ V (K, K1)os2k, then V(k)y @ N' >~V (k, k1 + k), as Ay-modules.

Proof. (i) follows from Lemma 4.3, and (ii) follows from Lemma 4.3 and Lemma 1.13. O

As a first application of these tensor product constructions we derive (a refinement of) the
generalized Chevalley restriction theorem (see Theorem 1.21(i)). Before stating the result, we first
recall some basic facts on tensor products of finite-dimensional U,(g)-modules which we need in
the proof. For any A\, u € P;;L, the irreducible decomposition of the finite-dimensional U,(g)-module
Ly ® L, is of the form

A,
La®Ly=Ly,® P Ly*" (4.4)

VERL
v=<Ap
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for certain multiplicities d,),"“ € Zxo. The copy Lx;, has vy ® v, as highest weight vector. We
write pry , : Ly ® L, — Ly, for the projection along the direct sum decomposition (4.4), and
DIy = DUy s(xp)e TOT 11 € A

PROPOSITION 4.5. Let y € A} and choose elementary vector valued spherical functions f,, € F2' ()
and fo € FZ7(0). Then f,|r is divisible by fo|r in C[u*!], and

% = Z cymy, € Clu®! W (4.5)
oiT veAS
v

for some constants ¢, € C with ¢, # 0.

Proof. The proof is by induction on p € A}l along the dominance order <. For = 0 the proposition

lea

is trivial. We identify V' (0), with its unique copy in LZu and V' (k2), with its unique copy in L S ()
and we choose nonzero vectors

we € V(0)e C LTy, g € V(K2)o C LY -

We, furthermore, fix nonzero intertwiners
¢p € Homy, (L7, V(0)7), o € Homy, (Lg(nm)n,V(/i, K1)7)
and we identify V' (0); ~ C as vector spaces. Then

g,u(X) = qb,u(XwU)’ fO(X) = qu(XuU)
for X € Uy(g) define elementary vector valued spherical functions g, € Fg"" (1) and fo € FZ7(0).
Furthermore, g,|7 is of the form

gu|T = Z d,my, (4.6)

veA
VS

for some constants d, € C with d, # 0 in view of Proposition 3.10 (in fact, g,|r is a nonzero
constant multiple of a Macdonald-Koornwinder polynomial of degree ).

We now consider the linear map f : Uy(g) — V(k, k1), defined by
F(X) = o(X(ws ®ug)), X € Uy(g),
) — V(k, k1)r the linear map defined by
P(u®v) = du(u)po(v), w€ Ly, vE Lype )

Observe that C{w, ® u,} is an As-submodule of (L5 ® L ,,):)° which is isomorphic to V(k2)s
by Corollary 4.4. Furthermore,

¢ € Hom 4, ((Luh ® Lé(n,m)h)q—’ V(k, k1)7),

with ¢ : L5 ® Lg

KyK1

Pla(v@w)) = Z bu(arv)do(azw)
= ¢u(v)do () (a)w)
= p(k, k1)r(a)p(v @ w)

forae A, v e L, and w € L(s(mﬂ)m where, besides the intertwining properties of ¢, and ¢g, we
have used the fact that (j = Id4,. Hence we conclude that f € F2".

By (4.4) and Corollary 1.18 we have an expansion

f=> fu (4.7)

VeAS
V'<p
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with f,, € F27 (V') and f,.(-) = ¢(- pry(ws ® u,)). Lemma 2.5 implies that pr,(w, ® u,) spans the

unique copy of V' (k2)s in L?ﬂ%(nm))“' Furthermore, ¢ o pr, = 0 since

(Vs @ Vs i1 )n) = Pu(Va) B0 (Vs e1)2) # 0 (4.8)
by Proposition 2.2. Consequently, f, is nonzero.
Up to a nonzero multiplicative constant, f, is the unique elementary vector valued spherical
function of degree p. It thus suffices to prove the induction step for f,. By the construction of the
vector valued spherical function f, we have

flr = (gulr)(folr) (4.9)
in Clu*!]. Substituting the expansions (4.6) and (4.7) of g,|r and f, respectively, in (4.9), gives

S dyfolrmy = flr = fulr + Y folr.

veAt veAy

v<p V<
By the induction hypothesis applied to the f,/|7 (' < p), we conclude that (4.5) is valid for some
¢, € C and that ¢, = d,, # 0. This completes the proof of the induction step. O

As an immediate corollary of Proposition 4.5, we obtain the generalized Chevalley restriction
theorem (see Theorem 1.21(i)).

COROLLARY 4.6. Let fy € Fg’T (0) be an elementary vector valued spherical function of degree zero.
The restriction map |r induces a linear bijection |1 : ' — folpClu™".

5. The ground state

We define a ground state fp (with respect to (%, 0, 7)) to be an elementary vector valued spherical
function fy € Fg’T(O) of degree zero. Note that a ground state fy is unique up to nonzero scalar
multiples. In this section we compute the radial part fo|r of a ground state fy explicitly. In the first
subsection we show that it suffices to compute the ground state for £ = (0,0, k) and & = (k1, k2,0)
separately. The second and third subsections are devoted to the explicit computation of the ground
state for these two special cases.

5.1 Splitting of the ground state

For the computation of the radial part of the ground state it is sufficient to compute the radial part
for the special cases k1 = ko = 0 and k = 0 in view of the following lemma.

LEMMA 5.1. Let f € F((Z:,@,o) (0) and f" € Fg;g?:f””'“(O) be ground states with respect to
(K1, k9,0,0,7) and (0,0,k,0 + 2ka, T + 2k1), respectively. Then flrf'|r = folr in Clu™'] with
fo € FZ7(0) a ground state with respect to (R, o, ).

Proof. We proceed as in the first part of the proof of Proposition 4.5. We identify V' (k2), with its
unique copy in Lg(o,m)h and V(0)y424, with its unique copy in LZ(J; ?5)2, and we fix nonzero vectors
u € V(k2)s and v € V(0)s425,. We, furthermore, fix nonzero intertwiners

¢ € Hom, (Lg(om)u, V(”l)ﬂ')y NS HOH1A7+2N1 (Lg(—tfg)lu) (’{7 0)7’-}-2/-@1 ))

then the formulas

F(X) = o(Xu),  f(X)=¢(Xv)
for X € U,(g) define ground states f € F>"  (0) and f" € FOH2r2TH261((0)  We now consider the

(k1,k2,0) (0,0,x)
function fo(X) = (X (u®v)) for X € Uy(g), with
1/} : Lé(O,nl)h & L(;(H’O)n - V(/il)f & V(R,O)T+2,{l ~ V(/i, 51)7’ (51)
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defined by ¢ (w ® w') = p(w) ® ¢p(w') for w € L ;)2 and w’ € Ly, gy2 (see Corollary 4.4 for the
isomorphism V' (k1) ® V(k,0)r424, =~ V (K, k1) of Ar-modules in (5.1)). Similarly as in the proof
of Proposition 4.5 we have

folr = (fIr)(f'I)

in Clu*™']and 0 # fo € F g 7. In the expansion of fy in elementary vector valued spherical functions,
there is only a contribution of degree zero in view of (4.4) and Corollary 1.18; hence, we conclude
that fo € F°7 1 (0) is the ground state with respect to (%, o, 7). O

(k1,k2,K)

5.2 The ground state for kK1 = k2 =0

We compute the radial part fo|7 € Clu™!] of the ground state fy € F(‘B’g ) (0) by relating fo|r to

the ground state for vector valued U,(gl(n))-characters, which in turn was computed explicitly by
Etingof and Kirillov [EK94].

We use the notation of § 1. Denote (px, V) for the finite-dimensional, irreducible U,(gl(n))-
representation L, 1), (_gn—1. We view an element f € Cy[GL(n;C)|*? @ V as a linear map f :
Uy(gl(n))®* — V.

DEFINITION 5.2. Let F, be the space of functions f € C4[GL(n; C)]|®? ® V,; satisfying
f(XA%(a)) = e(a) f(X),  Va € Uy(gl(n)),
FA%P()X) = pe(b)f(X), Vbe Uy(gl(n))

for all X € U,(gl(n))®2.

Recall from Lemma 1.14 that the isomorphism U,(gl(n)) ~ £ of Lemma 1.8 implies that the
restriction of V(k, k1) to € is isomorphic to V,; as Uy(gl(n))-modules. In the following lemma we,
furthermore, use the natural identification U, (gl(n))®? ~ U,(8) C U,(g), cf. § 1.3.

LEMMA 5.3. The assignment

[ fo(ld®y),
with © defined by (1.14), defines a linear map F2'" — E,.

Proof. With the identifications discussed above, the lemma follows immediately from the explicit
form of the isomorphism U,(gl(n)) ~ £, see Lemma 1.8. O

For a left U,(gl(n))-module V', we consider its linear dual V* as a U,(gl(n))-module by
(X@)(v) = ¢(S™ (X)), X € Uy(gl(n)), ¢ €V, veEV.
Let (V ® V*)°P be the Uy(gl(n))-module with representation space V @ V* and U, (gl(n))-action
X(voe)=Y X X19, X cUylgl(n), veV, V"

LEMMA 5.4. Let V' be a finite-dimensional U, (gl(n))-module. The Uy(gl(n))-intertwiners & : (V &
V*)°P — V,, are in bijective correspondence with U,(gl(n))-intertwiners £* : V. — V ® V.., where
V ® V,, is now considered as a Uy(gl(n))-module by

Xwow)=> Xwe Xw, X eUlgn), veV, we V.
The bijective correspondence is explicitly given by the formula
(p@Id)E*(v) = E(v@ KPng), peV*, veV
where (recall) K2°n = Klz(n_l)Kg("_m K2 e Uy(gl(n)).
Proof. The standard proof is left to the reader. O
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Let V be a finite-dimensional Ug,(gl(n))-module with basis {v;} and corresponding dual
basis {v]}. Let £ : (V ® V*)P — V.. be an U,(gl(n))-intertwiner. Then

gve(- ZE (vi @ v;)

defines an element in ﬁ,{. Any element in F,{ is of this form for some V" and ¢&.

LEMMA 5.5. The radial part f|r € Clu*!] of a vector valued spherical function f € Fg'" is divisible
by
1= T @ g
1<i<j<n
in C[u*!]. Moreover, the quotient f|r/I € Clu*!] is S,-invariant.
Proof. Let f € Fg’T be a vector valued spherical function and set g = fo(Id® ) € f,i. Then g = gy

for some finite-dimensional U, (gl(n))-module V" and some Uy, (gl(n))-intertwiner £ : (V@V*)P — V.
Let A € Py, then

flr(@) = FIKA0) = g(KN 0" @ K 2n)

with
M=\ = A A2 = Aan1y- -, A — Aug1) € P (5.2)
By the previous lemma we thus obtain
Flr(g* Zf (KN =0, @ K2no))

—Zv ® Id)¢ K>‘i ("))

= Trly (&(EN ().
The results of Etingof and Kirillov [EK94] imply
Tr|y (€°(K*(-)) = 1(¢")p(¢"), Vpe Py
with ¢# = (¢"1,¢"2,...,¢") and p € C[u™']°». Since I € C[u™!] is a homogeneous Laurent polyno-

mial, we arrive at the desired result. U

We continue our analysis of the ground state for k1 = ko = 0 following the method of Kirillov
[Kir95]. We express the elements B; (j # n) and B of A, by

Bj = gj + 5271—]'7 Bg =Un +Tp + 190(‘]0)}(;2

with
%]' = K2n ]‘T]K ! g] - yJK]+1K2_n —j°
and with 1J; given by
s~ gq~2
(s) = ————, le€Z; 5.3
(s) p— (5.3)

cf. Lemma 4.3. We define elements E,,_1, E,, Fj,_1, F,, € Uy(g) by
En 1= En-|—17 E, = 5n%n-l—l - %n-i-l%na
F,1= ﬂn—ly F, = gngn—l - q_237n—1§n-
Direct computations lead to the following lemma.
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LEMMA 5.6.
(i) For any o,
E,=B E, —E, 1B/,
F,=B%F,_| —q *F,_B.
(ii) The following commutation relations hold in U,(g),
EnFoot = *Fo1 Bnoy, Enoi By = ¢°F By,
EnFy_1=F, 1E,, E.F,=¢F,E,+ (¢ %—-1)F,_1E,_1C,>.

For an ordered r-tuple J = (j1, jo,...,Jr) with js € {n — 1,n} and r < k we write
Fy="FjFj,---Fj,, Ej=FEj - EjE;
and
Tin-1=#{s|js=n—1}, ry,=r—rj,_1.
We, furthermore, define the Laurent polynomial Ay € Clu*!] C C[z*!] by
Ay = H(l - q252+2st+2t2 (u;ilun)s(u;ilugl)t),
s,t

where the product is taken over (s,t) € Z;g with 0 < s +¢ < rand ¢t < rj,. For J = (), we write
Fy = Ey =1, 19,1 =19, = 0 and Ay = 1. Using the notation of Lemma 1.13, we can now
formulate the following result.

LEMMA 5.7. Let f € F(‘B’g x) be a vector valued spherical function. Let r € Zxo with r < Kk and

fix an ordered r-tuple J with coefficients from {n — 1,n}. Then there exists a Laurent polynomial
Py € C[z*!] such that
AJ(qA)f(FJK)\_(S) = PJ(qA)f|T(q)\)r(n"—2,r{—r,ri+r)

for all A € Ps,.

Proof. First note that the four elements Y = F,,_1, E,,, F},_1, F,, all have the same restricted weight,
C}Y = din=0in1y Q. Vi=1,...,n.
In particular, we conclude that

f(FJK)\_é) € Span{r(ﬁ"*2,n—r,n+r)}7

cf. Lemma 1.13, hence

f(FJK)\_(S) = fJ(qA)r(n"*2,/i—r,/i+r)a VA€ Py,

for a unique Laurent polynomial f; € C[z*!]. Furthermore, we may and will view all formulas below
as identities in C[z*!] by identifying Cren—2 o pir) = C.

We thus need to prove the existence of a Laurent polynomial P; € (C[zil] such that Ajf; =
Pjf|p. To avoid unnecessary technicalities we avoid the use of the underlying root data as much
as possible. Let F,. be the finite set of r-tuples J = (j1, jo, ..., Jjr) with js € {n — 1,n}, and write
Fr* = Upcren Fre For I,J € F5 we write I < J if 41 < #J and 71, < 7y, or if #1 = #J
and r7, < 75,. We prove the lemma by induction to J € F* along <. For the smallest element
J =0 € Fy, we have Ay = 1, fp = f|r, hence we can take Py = 1. Suppose there exists a
Laurent polynomial Pj such that A;f; = P;f|r for all J € F* with J < I = (i1,1i2,...,1i,) € F;.
For simplicity, we write r1 = 77,1 and o = r7 .
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We write g = ¢’ for g,g’ € C[z*!] if g — ¢’ lies in the ideal of C[z*!] generated by the f; for
J € F* with J < I. Sometimes it is convenient to write g(¢*) = ¢'(¢"), where we have formally
evaluated the equivalence g = ¢’ of the Laurent polynomials g and ¢’ in z = ¢* for arbitrary A € Pa,,.

To prove the existence of the Laurent polynomial Pr satisfying Ay fr = Prf|r, it suffices to show
that

(1 — @2rit2rr2 42 (=1 g Vi (- )2) f = 0 (5.4)

due to the induction hypothesis and the fact that A divides A; in Clu*!] C C[z*!] when J < I.
We start by noting that

f(Fn—IX) = _f(En—IX) + p(%v O)T(Bn—l)(f(X))y

FFX) = =q 2 f(EnX) + (1 = ¢7)p(r,0)7(By) (f (Fn-1X)) + plr, 0)- ([By,, Bn—l])(f(X)() |
5.5

and

f(XEn—l) _f(XFn—l)a
F(XEp) = = f(XFp) + (1 — ¢ *)90(¢7) f (X F1)
for any X € U,(g), which follows easily from Lemma 5.6(i) and the fact that f is a vector valued
spherical function. Denote I’ = (ig, 3, ...,i,), which is < I. Then it follows from (5.5) that

f1(q®) = —q 2 f (B, Fp K*70).

(5.6)

By Lemma 5.6(ii) we now conclude that
() = —q*V f(Fp By KX°), ifiy=n—1,
= 22D f(Fp B KA, i iy = n.
Continuing inductively while taking (5.6) into account, we obtain

Fr@Y) = (—1)q 2D a9 (g KA)

= (_1)rqr1+r2(r2—1)+2 Zs:iszn_1(T_S)q_r2>‘n_rl)‘n+l+r)‘n+2 f(K)‘_éE[). (57)
We follow a similar procedure to return from f(K*°E) to f;(¢"). The starting point is
FUEAEr) = —f(KM°Ep Fy),
which follows from (5.6). Moving Fj, to the left using Lemma 5.6(ii) gives
FKM B = —¢?" D (KA OF Bp), ifi=n -1,
| =PV F(RANOF, Ep), i i = .
Repeating this procedure inductively gives
JEA By = (1) gD i 09 (A (5.5
= (_1)rqr%+2r2+2 Zsjiszn(r—s)q—rkn,1+r1)\n+r2)\n+1 f[(q)\). .
Combining (5.7) and (5.8) yields the induction step (5.4). O

LEMMA 5.8. The radial part f|p € Clu™!] of a vector valued spherical function f € F(‘B’TO ) is

divisible by (1 — ¢*"u,tjuyt) forr =1,... k.

Proof. 1t is easy to check that A,y is divisible by 1 —q2’"ugi1u;1 in C[u*!] for r = 1,..., k. By the
previous lemma it thus suffices to show that F,~) is nonzero and relative prime to 1 — qz’“ugilu; 1
for r = 1,...,k. Clearly it is enough to prove this in the classical limit ¢ = 1. We thus consider
g = e" as a formal parameter and we repeat part of the computations of the proof of Lemma 5.7

for J = (n"), now modding out to hC[[h]][z*!].
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We simplify the notation by writing
FIEZET) = Ful @) (an2 e syts)
FOEFT EAT) = g5(0)r(en2 s i)
for all A € Py, and s € {1,..., s}, with f;, gs € C[[h]][2™!]. Lemma 1.13 gives
P, 0) ([BY, BaoaD)f (B KA 0) = 77 ¥ = 1= wlgfrea (4 (on2 )

with

¢ —q°

q—q*

the (symmetric) g-number. Identifying Cr(,n-—2 ;. o4y = C as in the proof of Lemma 5.7, we obtain
from the second formula of (5.5),

fr= _q_zgr—l + qz_T_gT["f’ -1- H]qfr_l mod h.

[a]q =

By Lemma 5.6(ii), we can move E,, to the other side in the expression
gr-1(q") = F(B.Fy T A0,
after which we can use the second formula in (5.6) to replace E, by —F, modulo h. This yields
Gr—1 = 2(T+1) nllu lf,« mod h.
Consequently,
(1-— q° un Uy )fT =¢>7 3T[ —1—klqfr—1 mod h,

or, more precisely,

(1 —u,yu, ) fr = (r—1—K)fry modh
for r =1,..., k. Thus P~y is nonzero, and

Piry = C(1 - ugilugl)_“A(nm) mod h, (5.9)

for some nonzero constant C' € C. Using the explicit expression of A,x), it is easy to check that
the right-hand side of (5.9) (mod h) is relative prime to 1 — u, ' u; " in C[z*!], which completes
the proof of the lemma. O

We are now in a position to determine the explicit form of the radial part of the ground state
when k1 = ko = 0.

COROLLARY 5.9. Let f € F(%’B H)(O) be a ground state. With a suitable normalization of f, we have

flo =0 T (Pu; g, Py uy 5 6% (5.10)
1<i<j<n

in C[u™1].
Proof. We write T € C[u™!] for the right-hand side of (5.10). Lemma 5.5 and Lemma 5.8 show that
flr is divisible by Z in C[u*!], so f|r = Zp for some Laurent polynomial p € C[u*!]. It remains

to show that p is a nonzero constant. For this we expand both sides of the equality f|r = Zp in
monomials u” (€ Ay,).

We write
p=) eutt,
14
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and we denote vy € A, (respectively v_ € A,,) for a maximal (respectively minimal) element with
respect to the dominance order < such that e,, # 0 # e,_. Observe that

7= Z c,u”
—6(k,0)<r<d(K,0)

with ¢, € C and c_g(,0) # 0 # ¢5(x,0)- Consequently, in the expansion of Zp in monomials u/
(1 € A,,), the coefficients of u**0+¥+ and 4~~~ are nonzero.
On the other hand, Lemma 4.1 implies that

flr = Z dyu”
—6(k,0)<r<d(K,0)

with d, € C and d_s.,0)y # 0 # ds(.,0)- Hence the equality f|7 = Zp forces v, < 0 and v_ > 0. This
in turn implies vy = v_ = 0, and hence p is a nonzero constant. U

5.3 The ground state for Kk =0

We start with the following preliminary lemma, which will be convenient for several computations
in this subsection. Recall the definition of ¥x(s), see (5.3).

LEMMA 5.10. Let Wy and Wy be left U,(g)-modules and let k € Z.
(i) If wg € Wy is a vector satisfying BSwg = 9o(q° TF)wo and Crwg = wy, then
BS(wo @ w') = wo ® B!, Yuw' € Wo
in the Uy(g)-module W1 @ Ws.
(ii) If we € Wy is a vector satisfying BSwi = U(+¢*?)ws and Cows = ¢*w., then
Bl (wy @w') = we @ ¢ "BITRW, Vu' € Wy
in the U,(g)-module Wi @ Wh.

Proof. Recall that the generator BY € A, is explicitly given by
BY =y K, L K+ K e, K+ 90(07) K2

The proof of (i) now follows immediately from the explicit formula for A(B?) (see Proposition 4.2)
and from the fact that C,, = C},41. For the proof of (ii), let wy € W7 be as indicated in the lemma,
and let w’ € Wy. Then Proposition 4.2 implies

Bo(wy @ w') = wy @ ¢ F(yo K L Kyt + Ky ten K+ @70 (265 K 2w

n

= wy ® ¢ F BTk
since ¢F0y(£q™7) = 9o (q°TF). O

In this subsection the realization of the fundamental, simple U, (g)-modules within the g-exterior
algebra of the vector representation of U,(g) is used to explicitly construct the one-dimensional
As-modules V(k1), and V(k2), within simple U,(g)-modules. As a consequence, we obtain an
explicit expression for the radial part of the ground state for x = 0.

The vector representation of U,(g) is the 2n-dimensional vector space V' with linear basis v;

(t=1,...,2n) and with U,(g)-action defined by
Koy = 590, avj = 041,01, Yivj = 0 Vi1 (5.11)

forr,j =1,...,2n and ¢ = 1,...,2n — 1, with the convention that vy = vo,41 = 0. This is a
realization of the finite-dimensional irreducible highest weight module L., of U,(g), with highest
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weight vector vy. Similarly, the dual vector representation is the 2n-dimensional vector space V*
with basis v} (i =1,...,2n) and with U,(g)-action given explicitly by

+1, %« __ [ * —1 * * *
K5k = q™orav},  aw) = —q i vl Yiv] = —qdiv1, 05y
for r,j =1,...,2n and i = 1,...,2n — 1, with the convention that vj = v3,,; = 0 (it corresponds

to the linear dual V* of V' viewed as U,(g)-module by (X¢)(v) = ¢(S(X)v) for ¢ € V*, v e V
and X € U,(g)). This is a realization of the finite-dimensional irreducible highest weight module
L_.,, of Uy(g), with highest weight vector v3,. For s € R\ {0} we define n-dimensional subspaces
W (s) = span{w;(s)}; €V and W*(s) = span{w](s)}; C V* by
wi(s) = v; + s vanpoi, w(s) =0 s T T g
fori=1,...,n.
PROPOSITION 5.11. The vector spaces W (£q*7) (respectively W*(£q*7)) are inequivalent simple
A,-submodules of V7 (respectively V*?). The irreducible decompositions of the semisimple Ag-
modules V7 and V*? are
Ve=W()®eW(—q %), V9 =W"()dW"(—¢ 7).

Proof. The action of the algebraic generators of £ C A, (see Lemma 1.8) on w;(s) and w}(s) is
given by the formulas

iji(s) = qai’jwi(8)7 C]w;,k(s) = q_ai’jw?(s)’ ,j=1,...,n,

Biwi(s) = wiy1(s), Bjwiii(s) = —q°wi(s), i=1,...,n—1, (5.12)

Bont1-iwi(s) = wi—1(s), Bopy1-iwj 1(s) = —w;(s), i=2,...,n,
Bjwi(s) =0, Bjw;(s) =0, otherwise.

Hence W (s) (respectively W*(s)) is a £-submodule of V' (respectively V*) which is isomorphic to
the vector representation (respectively dual vector representation) of U, (gl(n)) ~ &, cf. Lemma 1.8.
In particular, W (s) and W*(s) are simple £-modules.

Recall the notation (5.3). By a direct computation one can verify that

Bgwi(s) = o(a”) wils),  BIwi(s) = do(a”)ui(s) (5.13)
foralli=1,...,n—1, and
ngn(:lzqi") = ﬁl(iqia)wn(:l:qi"), ng;(:l:qia) = ﬁ_l(iqia)w,’;(:l:qi"). (5.14)

It is now clear that W (4¢*°) C V7 are simple A,-submodules, and that V7 = W (q%) @ W (—¢ )
(and similarly for V*7). To prove that W (q?) %2 W(—q~7) (respectively W*(q?) £ W*(—q~7)) as
As-modules, it suffices to observe that the spectrum of By is different. This follows from the fact
that 9;(¢7) = 9x(—q ) for o € R implies k = 0. O

We now consider the g-exterior algebras of V' and V*, cf. [NYM93]. Let T'(V') and T'(V*) be the
tensor algebras of V' and V*, respectively. Let J C T'(V') be the graded, two-sided ideal generated by
the tensors v; @ v; and v, @ vs + ¢ vy @ v, for i =1,...,2n and 1 < r < s < 2n. Similarly, we write
J. C T(V*) for the graded, two-sided ideal generated by the tensors v} ® v} and v @ v} +q¢ v} @ v}
fori=1,...,2n and 1 < r < s < 2n. The exterior algebras A(V') and A(V*) are defined to be the
graded algebras T'(V')/J and T'(V*)/J,, respectively. The action of Uy(g) on V' and V* naturally
extends to a grading-preserving, left U,(g)-module algebra structure on the exterior algebras A(V)
and A(V*). We denote by A the products in A(V) and A(V*). Let A™(V) and A™(V*) be the mth
graded pieces of A(V)) and A(V™*) respectively, then

2n 2n
AV)=EPA™MV), AV =P A"V
m=0 m=0
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and
Am(V) ~ L(1m702n—m), Am(v*) ~ L(OQn—m7_lm)
as Uy(g)-modules. For I = {i1,... iy} C {1,...,2n} with 4y < iy < --- < iy, we define
vr =0 AVig Ao A, v =i AU, AN Ay
Then {v; | #I = m} and {v] | #I = m} are linear bases of A™ (V) and A™(V*), respectively. The
action of U,(g) on these basis elements is explicitly given by
Kiilvl = qié(i’l)vl, LV = U(N\{i+1})Uu{i}s  YiVI = V(\{i})u{i+1}s
+1_ * 6(¢,1), % * —1 * * *
K oj = 000}, ziv) = =7 Wingpogay %0 = —9{n o0
where §(i,I) = 1 if i € I and §(3,1) = 0 otherwise, and where v(p\ {r})ugy = 0 and v;]\{k})u{l} =0
it k ¢ I orifl € I. Note, in particular, that vy ., € A™(V) and v?%_mﬂ oy € A™(V*) are
highest weight vectors. The formulas
(vr,00) = 01,0, (V},v5)e = ¢*2ic1 51
define x-unitary scalar products on A(V') and A(V*), respectively.

Using the notation (2.1), we observe that any one-dimensional A,-module in A™(V)? (respec-
tively A™(V*)7) necessarily lies in the subspace A™(V')(1n) (respectively A™(V*)_yny). This follows
easily using Lemma 1.8, since a one-dimensional Uy (gl(n))-module is of highest weight (m™) € P
for some integer m. For s = (s1,...,s,) an n-tuple of nonzero reals, we define {(s) € A"(V)(ny and
§*(s) € A"(V*)(—1m) by

§(s) = wi(s1) Awa(s2) A+ Awn(sn),
§(s) = wils1) Awy(s2) A+ Awy(sn).
It is also convenient to use the opposite elements §op(s) € A™(V)(ny and &5,(s) € A™(V™)(_1n),
defined by
n(Sn) A - Awa(sa) Awy(sy),
op(8) = wp(sn) A+ Aws(s2) A wi(sy).
For 1 <i < j <n we have

wisi) Awj(s;) = —¢ w;(s;) Awilgsi),

w; (1) Awj(s5) = —quj(s;) Aw] (@°sq)
in A(V) (respectively A(V*)); hence, § and &, (respectively £* and &) are related by the formulas

f(qz(n_l)sh .. 7q28n—17 Sn) = (_Q)n(l_n)/zgt)p(ﬁ)’

6* (q—2(n—1)81’ cee >q_25n—1, Sn) = (_q)n(n—l)/QS;p(§)
The norms of such vectors can be evaluated explicitly by an easy induction argument. The result is

(5.15)

n

(€(s), &) = H(l + s, ),
=t (5.16)

<§*(§)’£*( _qn(n—H H 1—|—8 1t 1 2(2 n))

=1
We use the abbreviation £(t) = £((¢")) for t € R\{O}, where (¢") is the n-tuple with ¢ in each entry.
Similarly we write §op(2), £°(¢) and &3, (2).
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LEMMA 5.12.
(i) Let s € (R\ {0})". Then spanc{{ep(s)} C A™(V) and spanc{;,(s)} < A"(V*) are
one-dimensional £-submodules if and only if s = (t") for some t € R\ {0}.

(ii) The two subspaces span{&y,(£q=7)} C A™(V)? are one-dimensional A,-submodules of A™(V)?.
The generator BY € A, acts by

By op(£q™7) = 91 (4™ )op(£4™7).

(ili) The two subspaces span{&},(£¢=7)} C A™(V*)? are one-dimensional A,-submodules of
A™(V*)?. The generator B € A, acts by

B &, (£q57) = 9_1(£¢™7)€5, (£47).

Proof. (i) Fixi e {1,...,n—1}. By (5.11) we have

Ton—; wj(s) = yiwi(s) =0, Vje{l,...,n}\ {i}.
Combined with (5.12) and Proposition 4.2 we obtain
Bi€(s) = wi(s1) A+ Awim1(si—1) A Biwi(si) A K KS D (wie1 (sig1) A+ Awy(sn))
= 'LUl(Sl) JANRERIVAY wi_l(si_l) A wi+1(si) A 'LUH_l(qu_l) A 'LUH_Q(SH_Q) VANRIERIVAN wn(sn)

Since

2 -1
Si41)V2n—i N Viy1

wis1 (si) Awis1(gsivn) = (s — ¢~
in A(V), we see that B;{(s) =0 foralli=1,...,n —1if and only if s = (tqz(”_l), .., tg%t) for
some ¢t € R\ {0}. Furthermore, C;{(s) = ¢&(s) for j = 1,...,n by (5.12). Then Lemma 1.8 and
(5.15) imply that & (s) is a lowest € ~ U, (gl(n))-weight vector of weight (1™) in A™(V) if and only
if s = (¢") for some t € R\ {0}, which implies (i) for &,,. The proof for &}, is similar.

For the proof of (ii) and (iii), we note that Lemma 5.10(ii), (5.12) and (5.13) imply

Br&(s) = wi(s1) Awa(s2) A+ Awp—1(8n—1) A Bywn(sn),
Br&(s) = wi(s1) ANwy(s2) A Awy_y(Sn—1) A Bywy,(sn).

Formula (5.14) now completes the proof. O

In the following proposition we consider the U,(g)-module A™ (V)@ A™(V*). By the Pieri formula
(cf. [DS99]) its decomposition in irreducibles is given by

AP(V) @ AP(V*) = é L. (5.17)
m=0

where w,, = (1"™,0"™) € A,}. We denote by m, : A"(V) @ A"(V*) — L the projection onto L
along the decomposition (5.17).

Since (0, k1) = Kiwp, (5.17) and our earlier analysis of branching rules easily imply that the
V(+£1),-isotypical component of (A"(V) ® A™(V*))? is one-dimensional (and necessarily lies in the
component L _; ), while the V'(0),-isotypical component of (A" (V)®@A™(V*))7 is (n+1)-dimensional.
In [DS99], the V(0),-isotypical component was constructed using the explicit solution J7 of the
reflection equation. In the following proposition we give an explicit construction of one particular

vector in the V(0),-isotypical component and we explicitly construct the V(£1),-isotypical com-
ponents of (A"(V) @ A™(V*))7.
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PROPOSITION 5.13. Define ni(s) € A"(V) @ A™(V*) (s e R\ {0}, k € {—1,0,1}) by the formulas

1-1(s) = €op(s) @ €55 (—as™ ),
mo(s) = Eop(s) ® E5,(a7 "),
(5) = gop( 1) ® Szp(qs)-

Then C{n(q?)} € (A™(V)
Furthermore, C{ny(q¢°)} (
As-modules V(k), (k =

® A™(V*))? is a one-dimensional A,-submodule, isomorphic to V (k),-.
= =+1) and 7,(C{no(q?)}) are realizations of the one-dimensional
+1) and V(0), in L7, , respectively.

Proof. By Proposition 4.2 and the previous lemma, C{&o,(s) ® &5, (t)} C A™(V) @ A™(V*) is a copy
of the trivial £ ~ U,(gl(n)) module for all s,t € R\ {0}. Furthermore, by Lemma 5.10 and the
previous lemma,

By (€op(£0™7) @ €5,(1)) = op(£4™7) @ ¢ BITH(EL (1))
in A"(V) @ A™(V*) for all t € R\ {0}. The first statement now follows from Lemma 5.12 and the
equalities

g _1(—q 7)) =90(¢7 %), ¢ M-1(q”h) =Vo(q”), g I_1(¢7T) = o(¢7 ),

which are the scalars by which BY acts on V(—1),, V(0), and V(1),, respectively.
We have already observed that C{nyi(¢?)} automatically lies in the component L"b of the
decomposition (5.17). In the decomposition of 7y(¢”) as the sum of basis elements vy ® v’ (F#I =

#J = n), the coefficient of vy 3 ® vi{kn+1,...,2n} is nonvanishing, hence m,(n0(¢?)) # 0. This
completes the proof of the second statement of the proposition. O
We define a *-unitary scalar product on A"(V) @ A"(V*) by
(VR VW w) = (v,w) (V"W).
The previous proposition implies that

FTC) = (@) m(a)h = Caw(a),m(a))1 € FTh0)(0)

for k = —1,0,1, are ground states. Their radial parts f;"" |7 € Clu*!] can now be explicitly evaluated
as follows.

LEMMA 5.14. After suitable normalization, we have

n

ol =] =" =7 T (1 = ¢ Twy),

1=1
n

T | (O AT (R T
1=1
n

ff7T|T _ H(l + q1+U+TUi—1)(1 + q_?’_U_Tui)
1=1

in Clu™!].

Proof. For X\ € Py, we write [A|l, = A1 + A2+ -+ + Ay. By (5.15) we have

_ _ —n2 _ _ _ _ _ _
KA ggp(s) = (=1 D/2gRAInmme(ggh1=don =l gghe=doni =l | gAnmAnan )
K)\_6 g;kp(s) — (_1)n(n—1)/2q—‘)\|n+n2é~*(Sql—)\l-i-)\zn’ Sql_)\2+)\2n_l, o ,Sql_)\n+)\n+1)
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for all A € P,,. By (5.15) and (5.16), we conclude that

n

(E*60p(5), €op (1)) = g M DR T (14 571t et

i=1
n
<K)\_6£§p(8),£;p(t)>* _ q—|>\\n+3n(n+1)/2 H(l + S—lt—lq—1+>\ —A2n41— )
i=1
for all A € Ps,. The lemma now follows easily from the definition of the . O

LEMMA 5.15. Let f € F(‘;T o 0)( ) be a ground state. After a suitable renormalization of f, we have

n

6(0,k 1+0+7’ —1 2 l—o+7, —1. 2
! H 5 q )Hl—i-ng(q ui 3 q )I’il—lig
=1

in Clu™!].

Proof. We consider the Uy (g)-module W = (A"(V) ® A™(V*))®*1, with #-unitary inner product
K1

(7)1 Q.- ®'U,{1,w]_ Q- ®wli1>li1 - H<vi7w’i>1
=1

for all v;, w; € A"(V) @ A"(V*). Lemma 5.10 implies that the nonzero vector
Xr=m(@)@m@ )@ an@ ) ew
spans a copy of the one-dimensional A.-module V(k1), within W7. By (5.17) we have
d
W ~ L )5 © P L% (5.18)
AP :A<3(0,k1)t

as Uy(g)-modules for certain multiplicities dy € Z>o. By Proposition 1.15, C{x,} lies in the com-
ponent L . y: of the decomposition (5.18).

For the realization of V(k2), in W7, we need to consider the cases 0 < kg < k1 and —k1 < Ky <0
separately. For 0 < ko < k1, Lemma 5.10 implies that the nonzero vector

X: = no(q0)®(m—/i2) ®@n(¢°) ® 771(qa+2) ® - @m (qo+2(n2—1)) cw

spans a copy of the one-dimensional A,-module V' (kg), in W7 . If p: W — Ls(g,1, s denotes the pro-
jection on  Lgg,,): along the decomposition (5.18), then p(C{xf}) is a copy of the
one-dimensional A, -module V(k2), in Lg(o e by highest weight considerations, cf. Lemma 2.5.
Thus

FO) = {p(X3) Xr ) = (XG5 Xr )
defines a ground state f € F (102 0)( ). Since

KR1—R2

f|T— H ch+2 (i—1 chr+2(] 1),74+2(k1—Kk2+j— 1)|T,

7j=1
the result now follows from the previous lemma by a straightforward manipulation of g-shifted
factorials. For —k1 < kg < 0 the vector x should be replaced by

Xo = m(@)* 1 @n 1 (¢) @ni(@® ) @@l M) e W
We leave the remaining straightforward computations to the reader. O
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Theorem 1.21(ii) now follows immediately by combining Lemma 5.1, Corollary 5.9 and
Lemma 5.15.

6. Generalized quantum Schur orthogonality relations

We freely use the notation of the previous sections. The normalized Haar functional h : C4[G] — C
is the unique linear map which intertwines the (left) regular U,(g)-action on C4[G] with the trivial
U,(g)-action on C and which maps 1 € C4[G] to 1 € C. In particular, h is identically zero on the
summands W () (A € P; \ {0}) in the Peter—-Weyl decomposition (1.18).

The Haar functional h defines a pre-Hilbert space structure on C,[G] by
(a,b)p, = h(b*a), Va,be C4G].

The quantum Schur orthogonality relations imply that the Peter—Weyl decomposition (1.18) is an
orthogonal decomposition with respect to (-, ).

We fix a scalar product (-, -)z on the simple U, (€)-module V' (x, k1) such that the representation
map p(k, k1) is *-unitary (of course, (-, -)z only depends on the parameters k, k1 of &, and is unique up
to scalar multiples). From Corollary 1.11 it follows that the simple A;-module (p(x, K1)+, V (K, k1)7)
is s-unitary with respect to (-, -)z.

DEFINITION 6.1. Let 7 =727 : F27 x F2'" — Hom(Uy(g), C) be the sesquilinear form
T(f,9)(X) =Y (FIKX1),g(K"w(X2)))r,  fog € FET, X € Uyla).

Let f,g € FZ". We write f - K0 for the right regular action of K% € Uy(g) on the first tensor
component of f € C,[G] ® V(k, k1), and similarly for g - K9, If

fFPEP=Y fiwu, g-K=> g ouw,
with f;, g; € C4|G] and v;,w; € V(k, k1)r, then the definition of the pairing 7 and (3.2) imply that
T(f,9)(X) =D filX1)g; (Xa) (i, wi)z = D (figh)(X) (vi,wj)x (6.1)

for all X € Uy(g). In particular, the image of 7 is contained in C4[G]. This observation can be
strengthened as follows.

PROPOSITION 6.2. The image of the pairing 77" is contained in H%".

Proof. We use the characterization of the space H?" as given in Remark 3.9(ii).

Fix f,g € F27. Let a € A, and write A(a) = Y a; ® ay with the a; from A, (which can be
done in view of Proposition 4.2). Using the fact that the character x(k2)y, : Ae — C of V(k2), is
s-unitary, x(k2)s(a*) = x(k2)s(a) for a € A,, we obtain for X € U,(g),

=D x(r2)o(ar) (f (K0 X1), (K~ "w(X2)w(az)))x
=Y ([(K°X1), g(Kw(Xa)w(az)a)))x
e(a)m(f, 9)(X)

since

" w(as)af = (Za15a2> — a1

by the antipode axiom for the Hopf algebra U,(g). For the left invariance with respect to A;, let
b e A;, and again write A(b) = > by ® by with all by from A;. Now A is a #-algebra homomorphism
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and S is an anti-coalgebra homomorphism, so

A(ws(b) = > ws(ba) @ ws(br).

Furthermore, note that (w o ws)(X) = K°XK~° for X € U,(g). Combined with (3.6), we thus
obtain for X € Uy(g),

7(f, 9)(ws(b)X)

(f(Ews(ba) X1), (b1 K °w(X2)))&

(F(E 2 w(be) K°X1), p(k, 1) (b1)g (K ~°w(X2)))z
(f(075%(w(b2)) K~ X1), (K ~w(X2)))i

m(f, 9)(X),

MFnﬂM

I
o)

(b

S 0752 (w(be)) = S BES(5) = e(b)1 = (L. O

Choose a vector v € V(k, k1), such that (v,v)z = 1. Without loss of generality we may and will
assume that the implicit identification V' (k, k1), ~ C in the definition of the restriction map |7 is
realized by the explicit map zv — z (z € C).

COROLLARY 6.3. If f,g € F2'", then f|r(g|r)* € Clu®!]V

\_/

since

Proof. Let f,g € Fg’T. Since the Cartan elements K* (A € P,,) are group-like and -self-adjoint
elements in Ugy(g), it follows from Lemma 1.20 and from the definition of 7 that

Rest((f,9)(¢") = =(f,9)(K)
= (F(E*),g(K7))z
= flr(a")(glr)*(¢")
for A € Py,, and hence
Resp(m(f,9)) = flr(glr)”

in C[u*!]. On the other hand, Resp(7(f,g)) € Clu™" by the previous proposition and by Propo-
sition 3.10. O

We define a linear functional h%7 : Clu*!] — C by integrating against the orthogonality measure
of the Macdonald-Koornwinder polynomials P;" (1 € A)}), see (3.8). We renormalize h%7 so that
h7(1) = 1. In particular, for real parameters o, 7 satisfying

T < g7, Ve e {1}, (6.2)
the functional h%" is given by
hO’T N / U7 pe C[Uil],
with A, - (u) = A(u;—q7 T —q7o7 7+ o=+ g=o+7+1: 42 ¢2) the Macdonald-Koornwinder

weight function and with positive normalization constant N = [ A, -(u) du. Then h%7 gives rise
to a pre-Hilbert structure on C[u*!],

(0,7 or = hOT(r*p), p,r € Clu™]

with s#-structure on C[u™'] defined by (3.7). Theorem 1.21 for & = 0 and the orthogonality
relations for the Macdonald-Koornwinder polynomials P’ imply h(f) = h%7(f|r) for f € Fi7 T
By Proposition 3.8 this implies

h(f) = hoT(Resr(f)), VfeHT. (6.3)
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Since Resy : HO™ — C[u*!]" is a x-algebra isomorphism, we conclude from (6.3) that
Rest : (H™7, (-, -)n) = (Clw™']Y, ()0
is an isomorphism of pre-Hilbert spaces.

PROPOSITION 6.4 (Generalized quantum Schur orthogonality relations). Let u,v € A} and
choose elementary vector valued spherical functions f € F2'"(p) and g € F2"(v). If p # v, then

<f|Tvg|T>0',T = 0.
Proof. Let f,g € Fg’T. By the proof of Corollary 6.3, by Proposition 6.2 and by (6.3) we have
h(m(f,9)) = {fl1, 9|T)0,r- (6.4)
Let f e F2"(u) and g € F27 (v) with p,v € A} and p # v. We can show that the left-hand side of
(6.4) vanishes. Since f- K0 € W(u?) @ V(k,k1)r and g- K9 € W) @ V(k, K1)r, we may write
fPEP=) fion, g K=Y gouw,

with f; € W(u?), gj € W (%) and vj,wj € V(k,k1)r. By (6.1) and by the quantum Schur orthogo-

nality relations, we conclude that

as desired. O
The main application of the generalized quantum Schur orthogonality relations is the identifica-

tion of the vector valued spherical functions with Macdonald—Koornwinder polynomials, as stated
in Theorem 1.21(iii).

COROLLARY 6.5. Let p € A} and choose elementary vector valued spherical functions f,, € F2' ()
and fo € F27(0). Then

fH|T _ . o+T7+1+K1+kK —o—7+1 o—7+1 _—o+7+1+Kk1—Ko. 2 2k+2
——DPH(U,—(] ! 27_q »q »q ! 27(]7(] )
folr

for some nonzero constant D.

Proof. Tt suffices to prove the corollary for real parameters o, 7 satisfying (6.2). By Proposition 4.5
we can normalize the elementary vector valued spherical functions f, € F2" (1) (1 € A}}) such that

Sulr
= T w :
E f’;‘T my, + cpmy € CluW (6.5)
wEAY
W<p

for some constants c¢,, € C. We now prove that p, is the monic Macdonald-Koornwinder polyno-
mial of degree p with suitable specialization of the parameters. By the generalized quantum Schur
orthogonality relations we have

| e @w@ T =0 weniv sy (6.6)

with weight function W(u) = fo|lr(w)(folr)*(v)As - (uw). By Theorem 1.21(ii), the weight func-
tion W(u) (u € T) can be expressed in terms of the Macdonald-Koornwinder weight function
A(u;a,b,c,d;q,t) as

_ . o+7+14+K1+kK —o—714+1 o—74+1 —o+7+1+K1—K2. 2  2Kk+2
W(’LL)—CA(U,—(] ! 27_(] »q »q ! zaq >, q )

for some nonzero constant C. Properties (6.5) and (6.6) thus imply
du

/Tpu(u)m,,(u)W(u) = 0, YWweAl:v<pu. (6.7)
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The proof now follows from the fact that the Macdonald—Koornwinder polynomial

PH(U; _q0+7+1+n1+n27 _q—O'—T-‘rl’ qO'—T-‘rl’ q—a+7+1+r{1—n2; q2’ q2n+2) c C[u:l:l]W
has been defined as the unique W-invariant Laurent polynomial satisfying the properties (6.5)
and (6.7). O
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