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Abstract

We apply the Moser iteration method to obtain a pointwise bound on the norm of the second fundamental
form from a bound on its L” norm for a complete minimal submanifold in a sphere. As an application
we show that a complete minimal submanifold in a sphere with finite total curvature and Ricci curvature
bounded away from —oo0 must be compact. This complements similar results of Osserman and Oliveira
in the case the ambient space is the Euclidean and the hyperbolic space respectively.
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1. Introduction

In the theory of minimal surfaces in R?, an important role is played by the class of min-
imal surfaces with finite total Gaussian curvature. One celebrated result concerning
such surfaces is

THEOREM (Osserman). Let M? be a minimal surface in R® with finite total Gaussian
curvature. Then M? is conformally equivalent to a compact Riemann surface minus
a finite number of points.

This result has a generalization to the case when the ambient space is the standard
hyperbolic space. In this setting, Oliveira proved

THEOREM ([8]). Let M? be a minimal surface in the standard hyperbolic space
with L? second fundamental form. Then M? is diffeomorphic to a compact Riemann
surface minus a finite number of discs.
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In this note, we look at a generalization of Osserman’s theorem in the case when
the ambient space is positively curved. Specifically, we consider the situation where
M?" is a minimal submanifold sitting in the standard (n + k)-dimensional sphere with
analogous curvature assumptions imposed on M". We are interested in understanding
what topological effect such curvature assumptions will have on M". To be more
precise, we will prove

THEOREM 1. If M" is a complete minimal submanifold of the sphere S"** with
[y |AI*""2dM < oo, then M™ is compact.

REMARK 1. In the case when n = 2, this condition seems optimal, since the
condition becomes f,, |A|*dM < oo.

THEOREM 2. If M" is a complete minimal submanifold of the sphere S"*? with
[, |1AI"dM < 00 and infy Ric(M) > —o0, then M" is compact.

This result together with the results of Osserman and Oliveira forms a rather
complete description of the topology of a minimal surface in a space form with L?
second fundamental form (that is, [A| € L2(M?)).

Ambient Space Result

hyperbolic space | M?is conformally equivalent to acompact Riemann
surface minus finitely many discs

Euclidean space | M?*is conformally equivalent to acompact Riemann
surface minus finitely many points

sphere M? is compact

Related to Theorem 2 is the following theorem of Shen and Wang ([11, 12]):

THEOREM. Let M" be a compact minimal submanifold of the unit sphere S"*7.
Suppose Ric(X, X) = O (where X is any unit tangent vector). Then there exists
a constant C(n) depending only on n such that iffM [A"dM < C(n) then |A| is
identically equal to zero and M" is totally geodesic.

We remark that Theorem 2 can be used to weaken the compactness assumption in
the theorem of Shen and Wang to that of completeness.

2. Preliminaries

In this section, all the tools needed in the subsequent proofs will be collected.
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2.1. Simons’ inequality. Consider a minimal submanifold M" immersed in $"*?
and denote by h‘,;. (1 <i,j <n,1<a < p)its second fundamental form. Then the
following Simons’ inequality holds:

AlA| > n|A| — (2 —1/p)|A] in distributional sense,

where |A| is the length of the second fundamental form of M” (see Chern [3, page 41],
Berard [1, page 49]).

This can be seen by using the computations of Chern on an estimate of ) h§ Ak,
followed by Kato’s inequality (see [2] and also Berard [1]) for the second fundamental
form hj;. It follows that

AlA|+ C(p)IAP = 0.

2.2. Isoperimetric-type inequality. Another important ingredient of our proof is
the following isoperimetric inequality of Li and Yau [7]:

LEMMA 1 (Li and Yau [7]). Let M be a complete noncompact Riemannian mani-
fold without boundary of dimension n. Let R(x) denote the pointwise lower bound of
the Ricci curvature, that is, Ric(x) > R(x)gy; and let R_(x) = max{0, —R(x)} be the
negative part of R(x). If the geodesic ball of radius r centered at y € M is denoted
by B,.(y), its volume is denoted by V,(r), and the area of its boundary is denoted by
A, (r), then for any p > n — 1 there exist constants Cy, C, > 0 depending only on n
such that for any r > 0,

Ay(r) < Cirit 4 Crt ‘/,,(p~"+1)/p(")/ (f
0 B/(r)

2.3. Ricci lower bound estimate for minimal submanifolds. The last result we
will need is the following estimate of Leung [6]:

(n=-1)/p
RP dM) dr.

LEMMA 2 (Leung [6]). Let M" be a minimal submanifold in S"*? with constant
sectional curvature K. Then the following inequality holds

—1
L (nk — AP,
n

Ric(X, X) >
where X is any unit tangent vector.

In the next section, we will prove the main result, that is, Theorem 3. This is done
by using a technical lemma on the decay of |A|(p) (to be proved in the Appendix
using Moser’s iteration technique on Simons’ inequality while keeping control on the
support of test functions) as p escapes compact sets on M. Having done this, the
Ricci lower bound estimate shows then that the Ricci curvature of M is positively
pinched outside some compact set of M. A modification of Myer’s theorem yields
subsequently the compactness.
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3. Proof of main theorem

We shall prove in this and the next section the following two theorems which
complement a result of Oliveira [8].

THEOREM 3. Let M" be a complete noncompact minimal submanifold in S"*? with
fM |A|"dM < oo and let Ric(X, X) > (n — 1)k (where X is any unit tangent vector
and k a constant). Then for any point q € M,

sup |[A| >0 as R— oo,
M\Bgr(q)

where Bgr(q) is a geodesic ball of radius R centered at q € M.

THEOREM 4. Let M" be a complete noncompact minimal submanifold in S**? and
suppose that [, |A|*"*dM < oo. Then for any point q € M,

sup |[A| >0 as R — oo,
M\Bgr(q)

where Br(q) is a geodesic ball of radius R centered at q € M.

PROOF OF THEOREM 3 (the case n > 3). Our key analytical tool is the following
lemma, which will be proved in Appendix via Moser iteration:

LEMMA 3. Let M" be a minimal submanifold such that smooth functions supported
in geodesic balls of radius r < r (F is independent of the center y) satisfy the
generalized Sobolev inequality of Hoffman and Spruck [5). Then there exist € > 0,
¢ >0, t >0, where t < F, such that for each geodesic ball B,(p) CC M, the
Jollowing holds:

1/n 1/n
if {/ |Al"} <e€, then |A|(p) =< C{f |A|"} .
B,(p) B,(p)

To prove Theorem 3, note that since the Ricci curvatures of M" are greater than or
equal to (n — I)x, by Bishop’s theorem, for all r > 0, x € M,

(1) Vi(r) < Vi(r),

where V,(r) is the volume of a ball with radius r in the space form with constant
sectional curvatures equal to k.

Now, a theorem of Hoffman and Spruck [5] asserts the existence of a number 8 > 0
depending only on the injectivity radius and the sectional curvature of the ambient
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space (and hence only on K) such that for any x and r > O satisfying V,(r) < 6, a
generalized Sobolev inequality holds for Cg° functions compactly supported in B, (x).
Choosing V, (7) < 0 implies then the existence of the radius 7 with properties required
by Lemma 3.

Choosing geodesic balls of M" with radii r < r, we can apply Lemma 3. Fix
q € M, since fM |A|"dM < oo, there exists R > O such that R > R implies

f A" dM < e,
M\Br(q)

where € is the constant in Lemma 3. Take any B,(p) CC M\ Bz(q) with ¢t < F; then
Lemma 3 implies |A|(p) < ce. Letting € go to zero completes the proof. O

PROOF OF THEOREM 4 (the case n > 3). Applying Lemma 2 to a complete minimal
submanifold M" in $"*? we have Ric(X, X) > —((n — 1)/n)K|A|* (where X is a unit
tangent vector of M) and hence we conclude that the integral f 8,0 |A|* dM satisfies

/ |A|* dM > constant x/ RP dM.
B,() B,(r)

Next choosing p = n — 1 in Lemma 1, we have

A (ry< Cir + C2r2"_4/ (/ R™! dM) dt
0 B,(r)

<Gl Gt / ( / |A|2"—2dM) dt,
0 M

where C), C, denotes constants independent of the choice of the center y as in
Lemma 1. From this and the hypothesis that |A| is in L?*~2 (M), it follows that

) Ay (r) < O+ Gr i,

Recall that for almost all » > 0,

dV,(r)
dr

3) =A,(r);

hence integrating the above inequality (2) gives the estimate

C
3 yn-2
2n—-2

4 Vs S
n

which implies V(r) < Cr" for r < 1, where C := C|/n 4+ CG3/(2n — 2). We have
omitted the subscript y since the estimate is independent of the choice of the center y.
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The last inequality and the monotonicity of the volume of geodesic balls together
imply that smooth functions supported in subsets of geodesic balls B,(y) satisfy the
hypothesis for the Sobolev inequality, provided r < r, for some ry > 0. Having
established this fact, the rest of the proof is completely analogous to that of Theorem 3
except that for the initial step of Moser iteration one starts with the assumption (see
for example (17) in Appendix) f,, [A[**"*dM < oo instead of [, |A|"dM < oo.
However, from the fact that f, |A|**"2dM < oo and V(r) < Cr", one can conclude

(5) / |A"dM —- 0 as R — oo
M\Bg(q)

(where g is an arbitrary but fixed point in M), which is all that is needed to move
terms involving higher L? norms in inequality (17) of Appendix and other related
inequalities to the relevant side in the Moser iteration. The fact (5) follows from our
assumption because for r < 1, we have V(r) < Cr" < C, hence

n/(2n-2)
/ IAIn aM < (f ’A|2n—2dM) V(r)l—(n/(Zn—Z)) < Cr{l—(n/(Zn—Zl))}n < 00.
B, B,
As a conclusion, for B, sitting outside large compact set Bg{(g), one has
/ |A*"*dM — 0,
B,

which implies |, s, 1Al"dM — 0. Having established this, the rest follows the proof
of Theorem 3. O

4. The casen =2

Decay estimate under || A||; bound. In the case when the dimension of the minimal
submanifold is two, Theorem 3 covers Theorem 4. It therefore suffices to prove
Theorem 4. To this end, we need the following stability result for minimal surfaces

PROPOSITION 1. If M? — S**? is a minimal surface satisfying the condition
[y, |AI?dM < oo, then it is stable over small balls sitting outside some large com-
pact set Br(po) (po is some arbitrary but fixed point on the surface) for which
/, M\Br(py) 1A 12dM is sufficiently small. (More precisely, there exist T, 7 > 0 depend-
ing only on [, |A|> dM and M but not on the choice of the center of the geodesic balls
B,(p) such that for all r, if0 < r < ¥ and B,(p) CC M\Br(py), then B,,(p) isa
stable minimal surface.)
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PROOF. Without loss of generality we assume that the sectional curvatures K of
S$™tP satisfy K = 1. By the isoperimetric inequality of Li and Yau (see inequality
(4) in Section 3), we have quadratic growth for geodesic balls, that is, V,(r) < Cr?
(where C depends on |, s |A1*dM and is independent of the choice of the point p.)

We follow Oliveira [8] (the first inequality on page 14 of his paper) and apply the
L' Sobolev inequality (that is, (3.3) of Oliveira [8]) to certain class of test functions &
(to be specified later) satisfying the condition supp& CC B,(p), where r < 7 with 7
defined as in the proof of Theorem 4 to get

IEIAP 2 < 2C (IEIAIVIALL + IAPVEN),  VE € GP(B.(p)).

Combining with the Cauchy-Schwarz inequality on the right-hand-side, this be-
comes

1E1APll2.5.6) < 2CillxX1Al2.8,0) (16 VIA2,5,6) + 11AIVEN2.5,6))s
where y = characteristic function of supp §.

On the other hand, Simons’ inequality multiplied by £2|A|? (where ¢ = 1) and
integrated, yields (see [8, (3.14)]),

(6) IEVIAN8.6) < Co (IEIAPI2.58,0) + IAIVEl25,0)) -
Combining the above inequalities, we have

1EVIAY 2 8,y < 25261 Hx 1Al 2.8, (1EVIAN28,6) + 11ATVEN28,¢))
+ GlIAIVE L 5,¢)-

By taking B,(p) C M\Br(p,) for some large number T, we obtain || x|Alll2.5,p) <
1/(4C, ;) which implies

(M 1EVIA28,0) < CIIANVE] 28,09

(see [8, (3.18)]).
To prove stability, choose a non-negative function & such that

1 x € By u(p);

S9=10 x e MB.p)

with |[V&| < 8/r and consider arbitrary ¢ € C§°(B.2(p)). By the L' Sobolev
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inequality,

NAIGE 25,0 < CIVUAIRIE) 15,  (Where G, is the Sobolev constant)
sc:(f |¢||V<|A|s)'|+f EIAIIVo))
B,(p) B.(p)

< G I¢IEIVIAII+/ I¢IIAIIVEI+f 1A1§IVe])

B.(p) B.(p) B,(p)
< G{IEIVIAIll2,8,) l@ll2 8,0y + l@l2.8,0) 11AIVE(2 5,4
+ A& 28,0 IV@ll2,8,0))-

Using the fact that § = 1 on B, .4(p),
B  MAlell2z,,.0) < 1A (2,854

< GHIEIVIAIN 2.8 lel28,) + 192,80 |1AIVE 28,0
+ l|AI 2.8, Vell2.8,0)}-

Now we study the terms on the right-hand side of this inequality. First we observe
that

L AIEN286 V0286 < (1/GC)IV@l5,p). if we choose
1Al2.5,0) < 1/(6C,).
2. From (7), §VIAllll28,¢) < CslllA[VEll25,4) < 1/(6C,) by choosing
IAll2.5,) < r/(48C,C).
3. [IJAIVEl: < Alls.5,¢8/r < 1/(6C,) by choosing [|Allzs,) < r/(48C.).

Putting all these inequalities back into (8), we have
€)] NAl@ll25,.0) < {2ll9ll2.8,0) + IV@ll28,4)} /6
= {2llell2.8..0 + 1V@ll28,20}/6-

Next, apply the isoperimetric inequality of Li and Yau to functions
¢ € C(B,a(p)) (with r <)
together with the Sobolev inequality of Hoffman and Spruck and get the following

estimate on ||@[i2,,,¢)

(10 lel2s,.00 < GIVEN1LE,.0) < G IVoldM
Br2(p)

< ClIVPl2.8,:0) Yo (r/D'
< GAlIV@I2 5.0, C2r/2 = CsrlIV0ll2.8,:0)-
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This estimate, when applied to (9), yields

lAl@l25,.0) < (1/6){2CerIVOll2 5,6y + IV@l28,20)}-

Finally, choosing r < 1/(4C), we obtain

(11) HAl@l2,8,.60 < (1/O){(/2)IVPl2.8,.) + IVOl28,,0)}
= (1/D{IIV@ll2.5,.0) = A/3V@l28,.0)

which implies
1
12) [ argtam <[ wepam
B.®) 9 Jb,0)
this completes one half of the stability inequality. The other half follows by applying
(10) again to ¢:

el < GFliVella < IVell2/2;

this upon squaring gives

1
(13) f 2% < f L ver.
M M 2

Adding (12) to (13) gives the stability inequality in the ball B,,.

Having obtained the stability of the surface restricted to balls of radius r/2 sitting
inside M\ Br(pg), we can follow Oliveira [8] to use Schoen’s result [10, Theorem 3]
and obtain the existence of constants C; and p not depending on p with the following

property:

(14) O0<u<1/2 and suplA| <.
B,,

Furthermore, the Li-Yau isoperimetric inequality provides a bound on the volume of
balls B,,,(p), that is,

(15) Vo(ur) < Culr* < G
because pr < 1 by definition.
Inequalities (14) and (15) enable us to follow Oliveira (see also Appendix) to

obtain the decay in the dimension 2 case. This finishes the proof of Theorem 4 in the
dimension 2 case (see Oliveira {8, pages 15-16]). O
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5. Proof of the two main theorems

Theorem 3 and Theorem 4 when combined with the following lemma will give our
main result.

LEMMA 4. If M" is a complete Riemannian manifold with
Ric(X, X) = (n — )k > O (where X is any unit tangent vector)
outside some compact subset G of M", then M" is compact.

PROOF. Let Br(p) be a geodesic ball with radius T centered at a point p in the
interior of G and containing G. By definition, the boundary of this ball is a connected
set. Take p € the closure of Br(p), then we have d(p,p) < T. If p € M\Br(p),
then the completeness of M guarantees the existence of an arc-length parametrized
geodesic y joining p to g € 0Br(p) realizing the distance d(p, dBr(p)). This
geodesic lies outside Br(p) from the definition of Br(p). But the proof of Myer’s
Theorem implies L(y) < n//k + T, since Ric(y’, y') > (n — 1)x outside G. Hence
by the triangle inequality, we have d(p, p) < d(p, q) + d(q, p) < 7/+/k. It follows
that diam(M) < 2r/./x + 2T. O

Now the two main theorems (Theorems 1 and 2) can be proved by contradiction.
Suppose M is non-compact, fix a point po € M" and denote the geodesic distance
from this point by R. By Theorems 3 and 4, |A| — 0 as R — 00, which implies that
outside a big compact subset G of M”, |A|*> < nK /2. Hence by Lemma 2 the Ricci
curvatures of M" is bounded away from zero outside a big compact subset of M". A
contradiction by Lemma 4.

6. Appendix (proof of Lemma 3)

The proof of Lemma 3 follows the standard Moser iteration procedure. However,
care has to be taken to guarantee that the volumes of the geodesic balls can be bounded
uniformly from above by Cr”.

PROOF (n > 3). In the sequel, we shall occasionally denote |A| by u.

Choose a geodesic ball with radius r and centered at p, by the hypothesis of
Lemma 3 all functions on M" supported in B,(p) with r < r (p is arbitrary here!)
satisfy the generalized Sobolev inequality of Hoffman and Spruck.

Restricting to functions in Cg°(B,(p)), we can apply the standard Moser iteration
argument to the Simons’ inequality to obtain a decay estimate of, |A|(p) (see for
example [8]). We shall now give the details.
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Lets > 2and§ € C°(B,(p)). x denote the characteristic function of supp &£. Using
the Holder inequality, we can estimate [,, £2|A |*«* d M and obtain (for simplicity d M
will be omitted in the sequel)

2/s (s-2)/2
f E|AlPuM < {f (x|A|2)‘/2} {/ (§2u2q)s/(s—2)}
M M M

2 2
= [|x|Al "s/ZHSuq ”23/(5_2)-

On the other hand, Simons’ inequality yields the following inequality after multipli-
cation through by ©*-1£2 and estimating in a standard way (see [8]):

IVEuD2 < G/q {Ilu?1VE 2 + ™62} -
Applying the Sobolev inequality of Hoffman and Spruck [5], that is,

L Namjnmy < Com—— (n IIVf ln, Yf € CF(B(p)), Vm <n,

with m = 2 and §u? replacing f gives

2(n—-1)
(16) & u? ”2n/n—2 < GHVEU) |2 where C; = C -FZ—
< GG/ {11Vl + & 2
< €y (1t 1VE 1l + X IA 11§ oo

with C = C,C; which depends on n.
Now take s = n and g = n/2. Then the above inequality reads

AN 18 o < G/ {10 21VE 2 + IXIAPE N0 o |

where a = 6/ V2.
Next, we try to absorb the last term of this expression to the other side of the
inequality by requiring (this choice determines the € to be fixed later)

1
(A"MY)" < —=<—.
/B@) 2C1\/n

Hence we obtain

1/2
NEw"|20/n-2 < Cllu™?|VE|ll2 < C, sup |VE] {/ IAI"} ;
B.(p) 5

. (p)
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where C, = Za J/n. Choose & such that £ = 1 on Bs,4(p) and § = 0 outside B, (p),
|VE&| < 8/r. Then we have

8C, 1/2 12
18) A lansosy sy < { f (AI"} 58c*{ f IAI"} ,
r B.(p) B,(p)

where ¢, = C,/r = (2Ci/r)4/n. Choose € > 0 such that ¢ < (1/8¢,)¥" and
€ < 1/(2C;/n), hence if f B, |A|" < €", then the following inequalities hold:

172 . 1/n 1
sc*{f |A|"} <1 and c,ﬁ{/ |A|"} < =.
B.(p) B,(p) 2

With this choice of €, inequality (18) gives for all § € C°(Bs,/4(p)), x := suppé,

(n=2)/2n
{f |A|"2/"“2’} <L
By, 14(p)

Because of this inequality and since for s = n*/n — 2,

2,12
fla”l

_ 2(2/n
5/2,B3a(p) — “u"/ Il

2n/(n—2),B3,14(p)’
inequality (16) and s = n%/(n — 2) gives
(19) & u? l|2n/(n~2) =< 5ﬁ{llu“|V5lllz + “EuqHZ.\‘/(.\'—Z)}y V€ € C§°(Bar/4(p)).

The next step is an interpolation argument. Recall the interpolation inequality for
L? -spaces:

(20 NEullags—2 < 815U lanjn-2 + 877 N1Eu]l2, V8 >0 and s > n.

Puts = n?/n — 2,0 = n/n — 2 in (20) and choose § such that 68ﬁ = 1/4, where
C is the constant in (19). Then

§=4CJ/q™", 6 =@CJ9"°.

From (19) and (20), we have for every £ € C3°(Bs,,4(p))

~ 1 ~
9 ,,,,_Q_EC u'|\v + —— u? n/n— + 4C 7 u?
1§17 |20 VRS E 4C\/E“E l20/n-2 + 4C/@) 1§ Il

< &g {1u1VEll: + ¢°1Eutllz)

where ¢ := (40)'*" /3.
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To proceed further, let & € C§°(B;), where B; := Bsy10+),(p), & = 1 on
By, & = 0 on M\ B,;, x; := characteristic function of supp &; and such that |V§;| <
2.2"2/r, then the previous inequality gives

- (2., i
(2D §iu 2 < C«/E{;2'+zllx.-u"llz +4q /2“Xiuq“2}
~ 2i+2 ,
< 20«/3{7 Ixiull2 + g "XiuqHZ]

. 2i+2 5
= 2¢/ql xiu’ll2 (—r— +q” )
2¢ )
= T\/a”Xiuq“z(T+2 +rq”?)

2(: q i a
< —7£\|Xiuqllz(2 2+ g7

as we can assume without loss of generality that r < 1. Since supp&; C {x e M :
&i_1(x) = 1}, (21) implies

/20 ~ 12
{/ uz""} < 2¢,/q {/ qu} {2i+2+qa/2};
By r B;

squaring this implies

T I e R )
=ca(f ) @y

where ¢ = (2¢/r)? and ¢ depends only on r and n.
Next, let 2g = no*. Then

cno’
2

_ CJ;U {2i+2+(n/2)a/20,i0/2}2 < Ci

c'q (2i+2 + qa/2)2 _ {2i+2 + (no,i/2)a/2}2

*?

where ¢! depends only on n and .
To conclude our iteration process, we have

1/o
i+l ; i
{[ |A™ ] <c, | A",
Bis B;
l/d“’l 1/6'
i+1 i i
Bi+l B;
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Denoting the left-hand side of the last inequality by I;,; and the right-hand side by I;,
we get

ot : i i1 ot (e -ty
Ii+l < Ci/a Ii < C:/u-i—(l 1)/o Ii—l < ci/a +(i-1) /o + +l/a+010

which when passing to the limit, yields I, < c,. [y, concluding the proof of Lemma 3.
O

We conclude by a remark for the iteration when n = 2.

REMARK 2 (the case n = 2). Inthis case, one performs precisely the same iteration,
but using the L'-Sobolev inequality, that is, ||f ll»/x-1y < Gs{Vf |1 instead of the L2-
Sobolev inequality, that is, || f [|2n/m-2 < Gl VS ||l with some simple modifications.
This leads to iteration inequality of the form

2 24 1/2
162 la-y < const./q {147 1VE ]z + 1w 1 A1ER a2}

with s > 2. This last condition on s requires for the initial step a higher norm bound
on |A| over small balls than the L? norm, which is provided by the stability result of
Schoen [10].
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