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Abstract. The weighted energy theory for Navier-Stokes equations in 2D strips is
developed. Based on this theory, the existence of a solution in the uniformly local phase
space (without any spatial decaying assumptions), its uniqueness and the existence of
a global attractor are verified. In particular, this phase space contains the 2D Poiseuille
flows.
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1. Introduction. It is well known that the Navier-Stokes system{
∂tu + (u,∇x)u = ν�xu − ∇xp + g,

div u = 0, u|∂� = 0, u|t=0 = u0

(1.1)

in a bounded 2D domain � ⊂⊂ �2 is well-posed and generates a dissipative semigroup
S(t) in the appropriate phase space (of square integrable divergent-free vector fields);
see [6], [23], [24] and references therein. We also recall that these results are strongly
based on the so-called energy estimate. In order to obtain this energy estimate one
multiplies equation (1.1) by u, integrate over � and uses the fact that the nonlinear
term disappears:

((u,∇x), u) :=
∫

x∈�

(u(x),∇x)u(x).u(x) dx ≡ 0, (1.2)

for every divergent-free vector field with Dirichlet boundary conditions.
In contrast to that, the situation is essentially less understood when the domain �

is unbounded. Moreover, although there exists a highly developed theory of dissipative
PDEs in unbounded domains (mainly based on the so-called weighted energy estimates,
see [7–10, 18–19, 27–30] and references therein), up to the moment, it was very difficult
to extend it to the concrete Navier-Stokes problem in unbounded domains, due to
several principal obstacles.

Indeed, in contrast to bounded domains, in the unbounded ones the space
of square integrable (divergent-free) vector fields is not a convenient phase space,
since the assumption u ∈ L2(�) imposes too restrictive decay conditions on u(x) as
x → ∞. So, under this choice of the phase space, many classical hydrodynamical
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objects, like Poiseuille flows, Couette-Taylor flows, Kolmogorov flows etc. are
automatically out of consideration. Thus, following the general theory mentioned
above, it is reasonable to replace the assumption u ∈ L2(�) by more relevant one:
u ∈ L2

b(�) where the uniformly local Sobolev spaces W l,p
b (�) are defined via the

following standard expression:

W l,p
b (�) :=

{
u ∈ D′(�), ‖u‖W l,p

b (�) := sup
x0∈�

‖u‖W l,p(�∩B1
x0

) < ∞
}

.

Here B1
x0

denotes the ball of radius one of �2 centred at x0 ∈ �2 and W l,p means the
classical Sobolev space (see Section 1 for details). But here arises the main difficulty:
how to obtain a priori estimates for the solution u(t) in the uniformly local spaces?

Indeed, since u(t) is not square integrable any more, we cannot multiply (1.1) simply
by u and use identity (1.2) (the integrals do not have sense). So, following the general
strategy, we need to multiply it by φu where φ = φ(x) is an appropriate weight function.
But in that case the nonlinear term does not vanish and produces the additional cubic
term like φ′u3. We note that this cubic term is not sign-defined and the remaining terms
in the energy equality are at most quadratic with respect to u, so it was not clear how
to control this cubic term in order to produce reasonable a priori estimates.

Another obstacle is related with the fact that φu is not divergent free, so the
pressure p does not disappear in the weighted energy equality and one should be also
able to control the term (φ′p, u). Of course, this problem is closely related to finding
the reasonable extension of the Helmholtz projector (to divergent free vector fields) to
uniformly local spaces.

The above mentioned difficulties stimulated the developing of the alternative
methods to handle the Navier-Stokes equations in unbounded domains. In particular,
rather helpful is the so-called vorticity equation

∂tω − �xω + (u,∇x)ω = ∂x2 g1 − ∂x1 g2 (1.3)

where ω := ∂x2 u1 − ∂x1 u2. Indeed, if � does not contain boundary, e.g. � = �2 or
� = �1 × � where �1 is a circle (like in the Kolmogorov problem), the maximum
principle applied to (1.3) allows us to obtain global a priori estimates for the vorticity
ω which, together with the accurate analysis of the explicit formulae for the Helmholtz
projectors, allow us to obtain the global in time a priori estimates for the solution
u(t) and, thus, to prove the global solvability of the Navier-Stokes equation in the
uniformly local phase spaces (see [2] and [12]). Unfortunately, the a priori estimate for
vorticity obtained from the maximum principle grows linearly in time, so all of the
further estimates will also grow in time (to the best of our knowledge, for the case
� = �2, it gives double exponential (∼eCeCt

) growth rate and polynomial (∼t3) growth
rate for � = �1 × �). The other essential drawback is that this method seems to be
non-applicable to the problems with boundary, e.g. in the case where � is a cylindrical
domain.

Another attractive possibility to avoid direct weighted energy estimates is to use the
bifurcation analysis. Indeed, in the situation where the basic steady state of the Navier-
Stokes problem is slightly above the instability threshold, the solutions remaining close
to that steady state can be described in terms of the so-called modulation equations
which are essentially simpler than the initial Navier-Stokes problem (usually it is
Ginzburg-Landau or Swift-Hohenberg equations); see [1, 13–15, 17] and references
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therein. Since the well-posedness and dissipativity of these modulation equations is
well-understood, the standard perturbation methods sometimes allows us to obtain
global in time estimates for solutions of the initial Navier-Stokes problem starting from
the small neighborhood of the basic steady state. In particular, the global existence
and dissipativity of such solutions for the 3D Couette-Taylor flow is obtained in [21]
and “almost global solvability” (on the exponentially long with respect to perturbation
parameter time interval) for the case of Poiseuille flow can be found in [22].

It is worth emphasizing that, in the case where the domain � ⊂ �2 possesses the
Friedrich’s inequality

‖u‖2
L2(�) ≤ λ1‖∇xu‖2

L2(�), u ∈ W 1,2
0 (�) (1.4)

with positive λ1 and under the restrictive assumption that u is square integrable, all of
the above mentioned obstacles disappear and Navier-Stokes problem (1.1) possesses a
standard (unweighted) energy theory similar to the case of bounded domains, see [5],
[24]. We also mention the survey paper [3] on existence of spatially decaying solutions
of the Navier-Stokes problem in various domains (not necessarily satisfying (0.4)); see
also [11] and [26].

The main aim of the present paper is to develop weighted energy theory for the
2D Navier-Stokes problems in a strip � := � × (−1, 1), (x1, x2) ∈ � overcoming the
obstacles mentioned above. For simplicity, we will mainly consider the model Navier-
Stokes problem {

∂tu + (u,∇x)u = �xu − ∇xp + g,

div u = 0, u|∂� = 0, u|t=0 = u0

(1.5)

with ν = 1 (the case of arbitrary ν can be reduced to ν = 1 by the appropriate scaling,
see the end of Section 8). Moreover, in order to make problem (1.5) well posed, we
need to add the average flux condition:

(�u1)(t, x1) := 1/2
∫ 1

−1
u1(t, x1, x2) dx2 ≡ c, (1.6)

where c ∈ � is a given constant (assumption (1.3) can be considered as a kind of
“boundary conditions” at x1 = ±∞).

The main result of the paper is a comprehensive study of the Navier-Stokes
problem (1.5), (1.6) in the uniformly local spaces (i.e. requiring the solution u(t) be only
bounded as x1 → ±∞, no decaying conditions are imposed). In particular, we prove
the existence of a solution, its uniqueness and regularity, dissipativity and existence
of a locally compact global attractors for the Navier-Stokes problem (1.5), (1.6).
We emphasize that, in contrast to the previous results on this topic, our phase space
contains all of the Poiseuille flows and all known structures bifurcating from them.
Moreover, our result allows us to embed the 2D Navier-Stokes problem in a strip into
a general scheme of investigating dissipative PDEs in unbounded domains mentioned
above, including the study of the dimension and Kolmogorov’s entropy of attractors,
topological entropies, spatial and temporal chaos, etc. We return to these questions in
the forthcoming paper [31].

The paper is organized as follows. We recall in Sections 2 and 3 some basic facts on
the theory of weighted spaces and the regularity of elliptic boundary value problems
in these spaces which will be systematically used throughout the paper.
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Section 4 is devoted to study the Helmholtz projector � and the Stokes operator
A := ��x in weighted and uniformly local Sobolev spaces. The results of this section
are similar to [4] and [5] (and are, actually, inspired by these papers).

In Section 5, we study the auxiliary linear non-divergent free problem

−∂tv = �xv + ∇xq, �v
∣∣
t=T = 0, div u = φ′u, v

∣∣
∂�

= 0 (1.7)

where φ(x) is the appropriate weight function and u(t) is a solution of the Navier-Stokes
problem. This auxiliary problem is necessary in order to overcome the obstacle related
with the appearance of the term containing pressure in the weighted energy equality.
Roughly speaking, we will multiply equation (1.5) by the function φu(t) − v(t) where
v solves (1.7). Then, since div u(φu − v) = 0 the pressure term disappears (and the
derivative of our weights will be small, so the corrector v will be also small and will not
produce any essential difficulties in its estimating, see Sections 5 and 6 for the details).

We note that it is not clear how to overcome this obstacle in more simple way.
Indeed, the “most natural” multiplication by �(φu) does not work since �(φu) has
nonzero trace at the boundary which leads to additional uncontrollable boundary
terms under the integration by parts in (�xu,�(φu)). Another possibility is to construct
a new “projector” Q to divergent free vector fields which preserves the boundary
conditions, and multiply the equation by Q(φu). This, however, leads to essential
difficulties with the term (∂tu, Q(φu)) which should be a complete time derivative from
something. We also note that the multiplication of the equation by the combination of
φ∂tu and φ��xu (as in [4] and [5]) is useless for us, since it works only if the unweighted
L2-norm of �xu is a priori known.

In Section 6 we overcome the main obstacle to the weighted energy theory for
Navier-Stokes equations – the cubic term φ′u3 mentioned above. In order to do so, we
use the special weights

θε,x0 (x) := (1 + ε2|x − x0|2)1/2 (1.8)

with very small ε which actually depends on the solution u considered. Then, the careful
analysis of the obtained weighted energy inequality allows us to obtain the globally in
time bounded a priori estimate of the L2

b-norm of u(t). Based on this a priori estimate,
we then establish the existence of such solution. In fact, we first consider the case of zero
flux c = 0 (see Theorem 6.5) and, after that, reduce the general case to that particular
one using the trick with the auxiliary “energy stable” equilibrium (see Theorem 6.6).

The uniqueness of such a solution is verified in Section 7 (see Theorem 7.1).
Moreover, we also verify here the L2

b-W 1,2
b smoothing property for that solution which

is necessary for global attractors (see Theorem 7.4).
Finally, in Section 8, we prove the dissipative estimate (=existence of an absorbing

ball) for solutions of Navier-Stokes problem in the uniformly local phase space
(Theorem 8.1) and establish the existence of a global attractor A. Moreover, using
the scaling arguments, we obtain the following estimate for the size of attractor in
L2

b-norm in terms of the kinematic viscosity ν:

‖A‖L2
b(�) ≤ Cν−3

(
c3ν + ‖g‖2

L2
b(�) + ν4

)
(1.9)

where the constant C is independent of ν, c and g. We recall that in bounded domains
(in square integrable case), the best known estimate is the following one:

‖A‖L2(�) ≤ Cν−1‖g‖L2(�). (1.10)
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We see that, although estimate (1.9) is “worse” than (1.10), it remains polynomial as
ν → 0 (with a reasonable degree 3). Thus, our method is not “extremely rough” and
can be used in order to obtain reasonable quantitative bounds for the solutions.

To conclude, we mention that our method seems to be applicable to more general
2D domains satisfying (1.4) and even to 3D cylindrical domains (of course, up to the
uniqueness problem). We return to these topics somewhere else.

2. Functional spaces. In this section, we briefly recall the definitions and
basic properties of weight functions and weighted functional spaces which will be
systematically used throughout the paper (see also [9], [28] for more details). We start
with the class of admissible weight functions.

DEFINITION 2.1. A function φ ∈ Cloc(�n) is a weight function of exponential growth
rate µ> 0 if the following inequalities hold:

φ(x + y) ≤ Cφφ(x)eµ|y|, φ(x) > 0, (2.1)

for all x, y ∈ �n.

The following proposition collects the evident properties of these weights.

PROPOSITION 2.2. (1). Let φ be a weight function with exponential growth rate µ.
Then, for every ε > µ, φ is a weight function of exponential growth rate ε (with the same
constant Cφ).

(2). Let φ and ψ be weight functions of exponential growth rate µ. Then the functions
�1 = φ(x)ψ(x) and �2 = φ(x)/ψ(x) are weight functions of exponential growth rate 2µ

with the constant C�i ≤ CφCψ .
(3). Let φ be a weight function of exponential growth rate µ and let ψ ∈ Cloc(�n)

satisfy

C1φ(x) ≤ ψ(x) ≤ C2φ(x), x ∈ �n. (2.2)

Then ψ is also a weight function of exponential growth rate µ and Cψ ≤ C−1
1 C2Cφ .

(4). Let ε > 0 and φ(x) be a weight function of exponential growth rate µ. Then the
function φε(x) := φ(εx) is of exponential growth rate εµ and with Cφε

= Cφ .

All of the assertions of the proposition are simple corollaries of estimate (2.1).
The natural example of such weights is the following one:

φµ,x0 (x) := e−µ|x−x0|, x0 ∈ �n, µ ∈ �. (2.3)

Obviously, they are of exponential growth rate |µ| and the constant Cφµ,x0
= 1

(independent of x0 ∈ �n). However, these weights are nonsmooth at x = x0. In order
to overcome this drawback, it is natural to use the following equivalent weights:

ϕµ,x0 (x) := e−µ
√

1+|x−x0|2 , x0 ∈ �n. (2.4)

Indeed, since |x| ≤ √
x2 + 1 ≤ |x| + 1, then these weights satisfy

e−|µ|φµ,x0 (x) ≤ ϕµ,x0 (x) ≤ e|µ|φµ,x0 (x), x ∈ �n (2.5)
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and, consequently, ϕµ,x0 are also weight functions of exponential growth rate µ (with
Cϕµ,x0

= e2|µ|). Moreover, in contrast to (2.3) these weights are smooth and satisfy, for
µ≤ 1, the additional obvious inequality∣∣Dk

xϕµ,x0 (x)
∣∣ ≤ Ck|µ|ϕµ,x0 (x), x ∈ �n (2.6)

where k ∈ �, Dk
x denotes a collection of all x-derivatives of order k and the constant

Ck is independent of x and µ. This inequality is crucial for obtaining the regularity
estimates in weighted spaces (see [9–10, 27–30] and Section 3 below).

Another important class of weight functions is the so-called polynomial class:

θm
x0

(x) := (1 + |x − x0|2)−m/2, m ∈ �. (2.7)

It is not difficult to verify that these weights are of exponential growth rate µ for every
µ > 0 with the constant Cθm,x0

depending on µ and m, but independent of x0 ∈ �.
We now introduce a class of weighted Sobolev spaces in a regular unbounded

domain � associated with weights introduced above. Since we actually need below
only the case where � := � × (−1, 1) is a strip which obviously has regular boundary,
in order to avoid the technicalities we do not formulate precise assumptions on the
boundary ∂� (which can be found e.g. in [9] or [10]).

DEFINITION 2.3. Let � be a regular domain and let φ be a weight function of
exponential growth rate. Then, for every 1 ≤ p ≤ ∞, we set

Lp
φ(�) :=

{
u ∈ Lp

loc(�), ‖u‖p
Lp

φ

:=
∫

�

φ(x)p|u(x)|p dx < ∞
}

(2.8)

and

Lp
b,φ

(�) :=
{

u ∈ Lp
loc(�), ‖u‖Lp

b,φ
:= sup

x0∈�

(
φ(x0)‖u‖Lp(�∩B1

x0
)

)
< ∞

}
. (2.9)

Here and below Br
x0

denotes an r-ball of �n centred at x0 and we write Lp
b instead of

Lp
b,1.

Moreover, for every l ∈ �, we define the weighted Sobolev spaces W l,p
φ (�) and

W l,p
b,φ

(�) as spaces of distributions whose derivatives up to order l belong to Lp
φ(�) and

Lp
b,φ

(�) respectively.

Furthermore, the weighted Sobolev spaces W l,p
φ (∂�) and W l,p

b,φ
(∂�) on the boun-

dary ∂� can be defined analogously, only the integral over � (resp. supremum in
(2.9)) in (2.8) should be naturally replaced by the integral (resp. supremum) over the
boundary ∂�, see [9], [10].

REMARK 2.4. In the sequel, we will also use the functions u(t) with values in the
weighted Sobolev spaces defined above. In slight abuse of the notation, we denote by
Lp

b(�, W l,p
b ) the space generated by the following norm:

‖u‖Lp
b(�,W l,p

b ) := sup
x0∈�

sup
T∈�

‖u‖Lp([T,T+1],W l,p(�∩B1
x0

)). (2.10)

The following proposition collects some useful facts on the spaces introduced
above.
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PROPOSITION 2.5. Let � be a regular domain and φ be a weight of exponential growth
rate µ.

(1) For every r > 0 and every u ∈ Lp
φ(�), 1 ≤ p < ∞,

C−1
r ‖u‖Lp

φ (�) ≤
(∫

x0∈�

φp(x0)‖u‖p
Lp(�∩Br

x0
) dx0

)1/p

≤ Cr‖u‖Lp
φ (�) (2.11)

where the constant Cr depends on r, µ and on the constant Cφ from eq (2.1), but is
independent of u and of the concrete choice of the weight φ.

(2) For every α > µ, every q ∈ [1,∞] and every u ∈ L1
φ(�), we have

(∫
x0∈�

φ(x0)q
(∫

x∈�

e−α|x−x0||u(x)| dx
)q

dx0

)1/q

≤ Cα‖u‖L1
φ (�) (2.12)

where the constant Cα depends on α, µ and on the constant Cφ , but is independent of u
and of the concrete choice of φ and q.

(3) For every α > µ and every u ∈ Lp
b,φ

(�), we have

C−1
α ‖u‖p

Lp
b,φ

(�)
≤ sup

x0∈�

{φ(x0)p
∫

x∈�

e−αp|x−x0||u(x)|p dx} ≤ Cα‖u‖p
Lp

b,φ
(�)

(2.13)

where the constant Cα depends on α, µ and on the constant Cφ , but is independent of u
and of the concrete choice of φ.

The proof of these estimates is given in [9] (see also [10], [26]).

REMARK 2.6. As we will see below, estimate (2.11) allows us to reduce the proofs
of embedding and interpolation theorems for weighted Sobolev spaces to the classical
unweighted case in a bounded domain. Estimates (2.12) and (2.13) allow, in turn, to
obtain the elliptic regularity in weighted spaces with arbitrary weights of exponential
growth rate if the analogous result for the special weights e−α|x−x0| (or which is the
same, for the equivalent smooth weights (2.4)) is known; see Section 3. Moreover,
these estimates allow us to control the dependence of the constants in embedding,
interpolation and regularity theorems on the concrete choice of the weights which is
crucial for our study of the nondecaying solutions of NS equations.

We need now to introduce also the weighted Sobolev spaces with fractional
derivatives. To this end, we first recall that in the unweighted case the space W l+s,p(�)
for s ∈ (0, 1) and l ∈ �+ is usually defined via

‖u‖p
W l+s,p(�) := ‖u‖p

W l,p(�) +
∫

x∈�

∫
y∈�

∣∣Dl
xu(x) − Dl

xu(y)
∣∣p

|x − y|n+sp
dx dy (2.14)

and, for negative l, the space W l,p(�) is defined as a conjugate space to W−l,q
0 (�) where

1/p + 1/q = 1, see [16], [25]. Then, estimate (2.11) justifies the following definition.

DEFINITION 2.7. Let � be a regular domain and φ be a weight function of
exponential growth rate. For every 1 < p ≤ ∞ and every l ∈ �, we define the space
W l,p

φ (�) as a subspace of distributions for which the following norm is finite:

‖u‖p
W l,p

φ (�)
:=

∫
x0∈�

φ(x0)p‖u‖p
W l,p(�∩Br

x0
) dx0 (2.15)
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where r is some positive number (it is not difficult to verify that this space is independent
of r). Analogously the norm in W l,p

b,φ
is defined via

‖u‖p
W l,p

b,φ
(�)

:= sup
x0∈�

{
φ(x0)p‖u‖p

W l,p(�∩Br
x0

)

}
. (2.16)

For simplicity, we fix r = 1 in definitions (2.15) and (2.16) of the weighted norms.

Indeed, according to (2.11), we see that, for l ∈ �+ the spaces thus defined coincide
with the spaces from Definition 2.1. Moreover, it is not difficult to verify, using the
explicit formula (2.14), that in the unweighted case φ = 1, the norm (2.15) is equivalent
to (2.14).

The following proposition describes the weighted negative Sobolev spaces in terms
of conjugate spaces.

PROPOSITION 2.8. Let � be a regular domain and let φ be a weight function of
exponential growth rate µ. Then, for every l > 0, and every 1 < p, q < ∞ with 1/p +
1/q = 1,

W−l,p
φ (�) = [

W l,q
0,φ−1 (�)

]∗
(2.17)

where W l,q
0,φ(�) denotes the closure of C∞

0 (�) in the W l,q
φ -norm and ∗ means the conjugate

space (with respect to the standard inner product in L2(�)). Moreover,

C1‖u‖W−l,p
φ (�) ≤ ‖u‖[W l,q

0,φ−1 (�)]∗ ≤ C2‖u‖W−l,p
φ (�) (2.18)

where the constants C1 and C2 depend on µ, l, p and Cφ , but are independent of the
concrete choice of u and φ.

Proof. In order to avoid the technicalities, we give below the proof of (2.18) only
for the case of a cylindrical domain � := � × ω where ω is a smooth bounded domain
of �n−1 (only that case will be used in the sequel) although the slightly modified proof
works for a general regular domain. In that particular case, we can restrict ourselves to
consider only one dimensional weights φ ∈ Cloc(�). Indeed, since ω is bounded, (2.1)
implies that

C1φ(s, ξ0) ≤ φ(s, ξ ) ≤ C2φ(s, ξ0), s ∈ �, ξ ∈ ω (2.19)

where ξ0 ∈ ω is some fixed point and, consequently, the weight φ(s, ξ ) is equivalent to
φξ0 (s) := φ(s, ξ0). Moreover, it is more convenient to use, instead of balls Br

x0
, the finite

cylinders �s := (s, s + 1) × ω, i.e. to define the norm in W l,p
φ (�) via

‖u‖p
W l,p

φ (�)
=

∫
s∈�

φ(s)p‖u‖p
W l,p(�s)

ds (2.20)

(since the norms (2.15) are equivalent for different r and ω is bounded then (2.15) and
(2.20) are also equivalent).
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We first verify the right inequality of (2.18). To this end, we introduce a partition
of unity {ψy}y∈� ∈ C∞

0 (�) such that

suppψy ⊂ (y, y + 1),∫
y∈�

ψy(s) dy ≡ 1, (2.21)

∣∣Dk
s ψy(s)

∣∣ ≤ Ck,

where the constant Ck is independent of s ∈ � (obviously such a partition of unity
exists and can be chosen in a smooth way with respect to y ∈ �).

Now let u ∈ [W l,q
0,φ−1 (�)]∗ be a functional over W l,q

0,φ−1 (�) and let v be an arbitrary
test function from that space. Then, using (2.21) and Hölder inequality, we have

|〈u, v〉| ≤
∫

y∈�

|〈u, ψyv〉| dy ≤
∫

y∈�

‖u‖W−l,p(�y)‖ψyv‖W l,q(�y) dy

≤ C
∫

y∈�

φ(y)‖u‖W−l,p(�y) · φ(y)−1‖v‖W l,q(�y) dy ≤ C‖u‖W−l,p
φ (�)‖v‖W l,q

φ−1 (�)

(2.22)

which, together with the definition of the norm in a conjugate space gives the right-hand
side of inequality (2.18).

Let us now verify the left-hand side of that inequality. Indeed, let u ∈ W−l,p
φ (�).

We fix a family of functions vy ∈ W l,q
0 (�y), such that

〈u, vy〉 = ‖u‖W−l,p(�y)‖vy‖W l,q(�y) (2.23)

and normalize these functions as follows:

‖vy‖W l,q(�y) = φ(y)p‖u‖p−1
W−l,p(�y). (2.24)

Since the spaces W l,q(�y) are uniformly convex, these family are uniquely defined and,
moreover, continuous with respect to y ∈ �.

Let us also define the function v(x) as follows

v(x) :=
∫

y∈�

vy(x) dy. (2.25)

We claim that v ∈ W l,q
0,φ−1 (�). Indeed, since vy ∈ W l,q

0 (�y), it can be naturally continued
by zero to the function vy ∈ W l,q

0 (�) with suppvy ⊂ �y. Thus, the integral (2.25) is well
posed and defines a function v ∈ W l,q

loc(�) vanishing at the boundary ∂�. So, we only
need to estimate the W l,q

φ−1 (�)-norm of it.
Using now the fact that ‖vy‖W l,q(�s) = 0 if |s − y| ≥ 1, we have

‖v‖W l,q(�s) ≤
∫

|s−y|≤1
‖vy‖W l,q(�y) dy =

∫
|s−y|≤1

φ(y)p‖u‖p−1
W−l,p(�y) dy

≤ Cφ(s)p
∫

|s−y|≤1
‖u‖p−1

W−l,p(�y) dy ≤ C1φ(s)p
∫

y∈�

e−α|s−y|‖u‖p−1
W−l,p(�y) dy

(2.26)
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where the constant α > 2pµ/q can be arbitrary (here we have implicitly used (2.1) in
order to estimate φ(y) via φ(s)). Taking the q-th power of both sides of that relation,
applying the Hölder inequality and using that q(p − 1) = p, we arrive at

φ(s)−q‖v‖q
W l,q(�s)

≤ Cφ(s)p
∫

y∈�

eαq|s−y|/2‖u‖p
W−l,p(�y) dy.

Integrating this relation over s ∈ � and using (2.12), we finally obtain

‖v‖q
W l,q

φ−1 (�)
≤ C2‖u‖p

W−l,p
φ (�)

. (2.27)

We are now ready to finish the proof of the proposition. Indeed, due to (2.23)–(2.25),
we have

〈u, v〉 =
∫

y∈�

‖u‖W−l,p(�y)‖vy‖W l,q(�y) dy = ‖u‖p
W−l,p

φ (�)

and, consequently, due to (2.27),

‖u‖[W l,q
0,φ−1 (�)]∗ ≥ 〈u, v〉

‖v‖W l,q
φ−1 (�)

≥ C‖u‖p(1−1/q)

W−l,p
φ (�)

. (2.28)

Since p(1 − 1/q) = 1, (2.28) implies the left-hand side of inequality (2.18). Proposition
2.8 is proved. �

REMARK 2.9. Proposition 2.8 shows, in particular, that in the case φ = 1, the
spaces W l,p(�) introduced in Definition 2.7 coincide with the standard Sobolev spaces
for any l ∈ �. Moreover, arguing analogously to the proof of Proposition 2.8, one can
verify the interpolation representation of the weighted spaces W l+α,p

φ (�) with fractional
derivatives (l ∈ �, α ∈ (0, 1))

W l+α,p
φ (�) = (

W l,p
φ (�), W l+1,p

φ (�)
)
α,p (2.29)

in a complete analogy with the unweighted case, see e.g. [25].

We now recall also the embedding and trace theorems for the weighted functional
spaces.

PROPOSITION 2.10. Let � be a regular domain and φ be a weight function of
exponential growth rate µ. Then

(1) For every 1 < p1 ≤ p2 < ∞ and every 0 ≤ l2 ≤ l1 satisfying

1
p2

− l2
n

≥ 1
p1

− l1
n

, (2.30)

there is a continuous embedding W l1,p1
φ (�) ⊂ W l2,p2 (�) and the norm of the embedding

operator depends on li, pi, µ and Cφ , but is independent of the concrete form of the weight
function φ. If the inequality (2.30) is strict, then we can take also p2 = ∞.

(2) For every m ∈ �+, 1 < p < ∞ and l > m + 1/p the trace operator �m
∂�

�m
�u := (

u
∣∣
∂�

, ∂nu
∣∣
∂�

, · · · , ∂m
n u

∣∣
∂�

)
(2.31)

(where ∂nu denotes the normal derivative of the function u at the boundary ∂�) maps
W l,p

φ (�) to ⊗m
k=0W l−k−1/p,p

φ (∂�) and there exists the associated extension operator
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[�m
∂�]−1 (right inverse to �m

∂�) and the norms of that operators depend on l, m, p, µ

and Cφ , but are independent of the concrete choice of the weight φ.
Furthermore, the above results hold also for the family of spaces W l,p

b,φ
(�).

Proof. As in the proof of Proposition 2.8, we restrict ourselves to consider only the
case of a cylindrical domain � := � × ω, one dimensional weights and the equivalent
norms (2.20). Moreover, we will consider below only the case of spaces W l,p

φ (the spaces
W l,p

b,φ
can be considered analogously).

Indeed, let u ∈ W l1,p1
φ (�). Then, according to the classical Sobolev embedding

theorem (see [25]), we have

‖u‖W l2 ,p2 (�s) ≤ C‖u‖W l1 ,p1 (�s) (2.32)

where the constant C is independent of s. Taking the power p2 of both sides of that
inequality, we transform it to the following form (for simplicity, we consider only the
case p2 < ∞)

‖u‖p2

W l2 ,p2 (�s)
≤ Cp2‖u‖p2

W l1 ,p1 (�s)
≤ C1

(∫
s∈�

e−αp1|s−y|‖u‖p1

W l1 ,p1 (�y)
dy

)p2/p1

where α > µ is arbitrary and the constant C1 is independent of u. Multiplying this
relation by φ(s)p2 integrating by s ∈ � and using inequality (2.12), we obtain

‖u‖p2

W
l2 ,p2
φ (�)

≤ C2‖u‖p2

W
l1 ,p1
φ (�)

which proves the first part of the proposition.
Let us verify the second assertion of the proposition. Indeed, the existence and

boundedness of the trace operator �m
∂� can be verified based on the analogous

property for domains �s exactly as before (so we leave it to the reader). Thus, we
only need to construct the extension operator [�m

∂�]−1. Indeed, let U := {uk}m
k=0 ∈

⊗m
k=0W l−k−1/p,p

φ (∂�) be arbitrary. Using now the partition of unity (2.21), we construct
the family Us := ψsU = {ψsuk}m

k=0. Then, since all of these functions vanish at the
origins of the cylinder �s, there exists an extension operator [�m

∂�s
]−1 for bounded

domain �s which maps Us to W l,p(�s) and its norm is independent of U and s, see
[25]. The required extension operator [�m

∂�]−1 can be now constructed as follows:

[
�m

∂�

]−1U :=
∫

s∈�

[
�m

∂�s

]−1Us ds. (2.33)

Indeed, the fact that this operator is well defined, and the required uniform (with
respect to φ) estimate for its norm as the map from ⊗m

k=0W l−k−1/p,p
φ (∂�) to W l,p

φ (�),
can be verified exactly as estimate (2.27) for the function (2.25) from the proof of
Proposition 2.8., Proposition 2.10 is proved. �

Our next task is to formulate some trace theorems for classes of less smooth
functions which are closely related to the theory of NS equations. To this end, we need
the following definition.

DEFINITION 2.11. Let � be a regular domain of �n, φ be a weight function
of exponential growth rate µ and 1 < p < ∞. Let us define the space Ep

φ(�) of
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vector-valued functions u := (u1, · · · , un) ∈ [D′(�)]n by the following norm:

‖u‖p
Ep

φ (�)
:= ‖u‖p

[Lp
φ (�)]n

+ ‖div u‖p
Lp

φ (�)
. (2.34)

The spaces Ep
b,φ

(�) are defined analogously. Moreover, for every sufficiently smooth
vector-valued function u := (u1, · · · , un), we denote by lnu := (�u, �n)

∣∣
∂�

the normal
component of that function at the boundary.

PROPOSITION 2.12. Let � be a regular domain and φ be a weight function of
exponential growth rate µ. Then the operator ln : Ep

φ(�) → W−1/p,p
φ (∂�) is well-defined

and

‖lnu‖W−1/p,p
φ (∂�) ≤ C‖u‖Ep

φ (�) (2.35)

where the constant C depends on µ and Cφ , but is independent of the concrete choice of
the weight function φ. Moreover, the analogous result holds also for the spaces Ep

b,φ
(�).

Proof. As before, we verify estimate (2.35) only for the cylindrical domains. Indeed,
let u and vs be smooth functions in �s. Then, due to Green’s formula,

(lnu, v)∂�s := (div u, v)�s + (u,∇xv)�s . (2.36)

As usual, we see that the right-hand side of (2.36) is well-defined for all u ∈ Ep(�s)
and v ∈ W 1,q(�s) where 1/p + 1/q = 1. Moreover, due to the classical trace theorems,
there exists an extension operator [�s]−1 : W 1−1/q,q(∂�s) → W 1,q(�s) whose norm is
obviously independent of s. Thus, (2.36) shows that the functional lnu is well-defined
and satisfies

‖lnu‖W−1/p,p(∂�s) = ‖lnu‖[W 1−1/q,q(∂�s)]∗ ≤ C‖u‖Ep(�s). (2.37)

Multiplying this relation by φ(s)p and integrating over s ∈ �, we deduce (2.35) and
finish the proof of the proposition. Here we have implicitly used that

‖lnu‖W−1/p,p((s,s+1)×∂ω) ≤ ‖lnu‖W−1/p,p(∂�s).

The estimate for Ep
b,φ

(�) can be obtained analogously using the supremum instead of
integral over s ∈ �. �

As we have already mentioned, estimates of Proposition 2.5 allow us to reduce the
proofs of elliptic regularity in arbitrary weighted spaces to the particular case of special
weights (2.4). The following evident proposition will be useful in order to reduce the
case of these special weights to the classical unweighted case φ = 1.

PROPOSITION 2.13. Let � be a regular domain and let �µ,x0 be a multiplication
operator by the weight ϕµ,x0 (x) (i.e. (�µ,x0 u)(x) := ϕµ,x0 (x)u(x)). Then, for every l ∈ �

and 1 ≤ p ≤ ∞, this operator realizes an isomorphism between the spaces W l,p
ϕµ,x0

(�) and
W l,p(�). Moreover,

C−1‖u‖W l,p
ϕµ,x0

(�) ≤ ‖�µ,x0 u‖W l,p(�) ≤ C‖u‖W l,p
ϕµ,x0

(�) (2.38)

where the constant C depends on l, p and µ, but is independent of u and x0 ∈ �n.
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Indeed, this estimate is an immediate corollary of inequalities (2.6) and Defini-
tion 2.7 of the corresponding weighted spaces.

We now formulate the weighted analogue of one standard interpolation inequality
which is crucial for the theory of 2D Navier-Stokes equation.

PROPOSITION 2.14. Let � := � × (0, 1) be a strip ((x1, x2) ∈ �) and let φi, i = 1, 2
be weight functions of the exponential growth rate µ. Then the following interpolation
inequality holds:

‖u‖L4
(φ1φ2)1/2 (�) ≤ C‖u‖1/2

L2
φ1

(�)
‖u‖1/2

W 1,2
φ2

(�)
(2.39)

where the constant C depends on Cφi and µ, but is independent of the concrete choice of
weights φi. Moreover, the analogous estimate holds for the spaces W l,2

b,φ
(�) as well.

Proof. Indeed, due to the interpolation inequality, we have

‖u‖4
L4(�s)

≤ ‖u‖2
L2(�s)

‖u‖2
W 1,2(�s)

(2.40)

where the constant C is independent of s, see e.g. [16]. We transform this inequality as
follows:

‖u‖4
L4(�s)

≤ C
(‖u‖L2(�s)‖u‖W 1,2(�s)

)2

≤ C1

(∫
s∈�

e−α|s−y|‖u‖L2(�y∪�y+1)‖u‖W 1,2(�y∪�y+1) dy
)2

. (2.41)

Multiplying this relation by φ1(s)2φ2(s)2 and using estimate (2.12) and the Hölder
inequality, we obtain

‖u‖4
L4

(φ1φ2)1/2 (�) ≤ C2

(∫
s∈�

φ1(s)φ2(s)‖u‖L2(�s∪�s+1)‖u‖W 1,2(�s∪�s+1) ds
)2

≤ C2

∫
s∈�

φ1(s)2‖u‖2
L2(�s∪�s+1) ds ·

∫
s∈�

φ2(s)2‖u‖2
W 1,2(�s∪�s+1) ds

≤ C3

∫
s∈�

φ1(s)2‖u‖2
L2(�s)

ds ·
∫

s∈�

φ2(s)2‖u‖2
W 1,2(�s)

ds (2.42)

which implies (2.40). The case of spaces W l,2
b,φ

can be considered analogously.
Proposition 2.14 is proven. �

REMARK 2.15. The proof of Proposition 2.14 shows a general way of proving
the weighted analogue of various interpolation inequalities. The most important for
us here is the fact that the constants in these inequalities will depend only on the
exponential growth rate µ and on the constants Cφ and will be independent of the
concrete choice of the weights.

We conclude by formulating some useful results on the weighted and local
topologies on bounded sets of W l,p

b (�).

PROPOSITION 2.16. Let � be a bounded domain l ∈ � and p ∈ [1,∞] and let � be a
bounded subset of W l,p

b (�). Then, for every weight function φ of exponential growth rate
µ satisfying

‖φ‖Lp(�n) < ∞, (2.43)
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the set � belongs to W l,p
φ (�) and the topology generated on � by this embedding is

independent of the weight φ and coincides with the local topology on � generated by
embedding to W l,p

loc(�).

Proof. Indeed, due to (2.43), we have

‖u‖p
W l,p

φ (�)
=

∫
x0∈�

φp(x0)‖u‖p
W l,p(�∩B1

x0
) dx0 ≤ ‖φ‖p

Lp(�n)‖u‖p
W l,p

b (�)

which shows that W l,p
b (�) ⊂ W l,p

φ (�). Suppose now the sequence un → u in W l,p
loc(�).

This means that, for every x0 ∈ � and every R ∈ �+,

lim
n→∞ ‖un − u‖W l,p(�∩BR

x0
) = 0. (2.44)

Let also un, u ∈ � and φ be an integrable (in the sense of (2.43)) weight. Then, since
the set � is assumed to be bounded in W l,p

b (�),

lim
R→∞

‖un‖W l,p
φ (�\BR

0 ) = 0 (2.45)

uniformly with respect to n ∈ �. Assertions (2.44) and (2.45) imply in a standard
way that un → u in W l,p

φ (�). Since the embedding W l,p
φ (�) ⊂ W l,p

loc(�) is obvious, then
Proposition 2.16 is proven. �

3. Elliptic regularity in weighted spaces. In this section, we recall some standard
elliptic regularity results in weighted Sobolev spaces which are necessary to deal
with the Navier-Stokes equations in unbounded domains. For simplicity, we restrict
ourselves to consider only the case of a strip � := � × (−1, 1) (x := (x1, x2) ∈ �)
although some of the results of this section remain true for general regular domains;
see [9–10, 27–30] for details. We start with the weighted regularity estimate for the
Laplacian with Dirichlet boundary conditions.

PROPOSITION 3.1. Let us consider the following Dirichlet problem in a strip �:

�xu = h, u
∣∣
∂�

= 0. (3.1)

Then, for every 1 < p < ∞ and l = −1, 0, 1, there exists positive µ0 = µ0(p) such that,
for every weight function φ with sufficiently small exponential growth rate µ (µ ≤ µ0)
and every h ∈ W l,p

φ (�), equation (2.1) possesses a unique solution u ∈ W l+2,p
φ (�) and the

following estimate holds:

‖u‖W l+2,p
φ (�) ≤ C‖h‖W l,p

φ (�) (3.2)

where the constant C depends on Cφ , but is independent of the concrete choice of the
weight φ. Moreover, the analogous estimate holds also for the spaces W l,p

b,φ
(�).

Proof. We restrict ourselves to verify a priori estimate (3.2) only (the existence and
uniqueness of a solution can be then verified in a standard way, see e.g. [9], [10]).

As we have already mentioned, due to estimates (2.12) and (2.13), it is sufficient to
verify estimate (3.2) only for the special class of weights ϕµ0,x0 (x) introduced in (2.4).
Indeed, if we have estimate (3.2) for such weights with the constant C independent of
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x0, then we obviously have the following estimate:

‖u‖p
W l+2,p(�s)

≤ Cµ0‖u‖p
W l+2,p

ϕµ0 ,s (�)
≤ C1‖h‖p

W l,p
ϕµ0 ,s (�)

≤ C2

∫
y∈�

e−pµ0|s−y|‖h‖p
W l,p(�y) dy (3.3)

where the constant C2 is also independent of s ∈ �. Multiplying now estimate (3.3) by
φ(s)p (where φ is a weight function with exponential growth rate µ < µ0), integrating
over s ∈ � and using estimate (2.12), we infer the required estimate (2.2). Analogously,
estimate (3.2) for the spaces W l,p

b,φ
can be obtained by multiplication (3.3) by φ(s)p,

taking the supremum over s ∈ � and using estimate (2.13).
Thus, it only remains to verify (3.2) for the special weights ϕµ0,s with a sufficiently

small positive µ0 and every s ∈ �. In turns, due to Proposition 2.13 and estimates
(2.6), the case of special weights ϕµ0,s can be easily reduced to the unweighted case
φ ≡ 1. Indeed, the function u ∈ W l+2,p

ϕµ0
(�) solves (3.3) if and only if the function

v := ϕµ0,su ∈ W l+2,p(�) solves the following perturbed version of problem (3.2):

�xv = ϕµ0,sh − ϕµ0,sϕ
′′
−µ0,sv − 2φ′

−µ0,sφµ0,s∂x1v := �µ0,sh + hµ0 (v), v
∣∣
∂�

= 0. (3.4)

We recall that, due to (2.6),

‖hµ0 (v)‖W l,p(�) ≤ Cµ0‖v‖W l+2,p(�) (3.5)

where the constant C is independent of s and µ0. Thus, if estimate (3.2) for φ ≡ 1 is
known, then applying it to equation (3.4) and using (3.5), we infer

‖�µ0,su‖W l+2,p(�) ≤ C
(‖�µ0,sh‖W l,p(�) + µ0‖v‖W l+2,p(�)

)
with the constant C independent of µ0 and s. Fixing µ0 now to be small enough that
Cµ0 < 1/2, we deduce from the last estimate that

‖v‖W l+2,p(�) ≤ 2C‖�µ0,sh‖W l,p(�) (3.6)

which together with Proposition 2.13 implies estimate (3.2) for special weights ϕµ0,s.
Thus, we have reduced the verifying of the regularity estimate (3.2) in weighted

spaces to the unweighted case φ ≡ 1. It only remains to note that (3.2) with φ ≡ 1 is a
classical Lp-regularity estimate for the solutions of the Laplace operator, see e.g. [16],
[25]. Proposition 3.1 is proved. �

REMARK 3.2. Surely, regularity estimate (3.2) holds not only for l = −1, 0, 1, but
we will need it in the sequel only for these values of l. We also note that estimate (3.2)
holds for the unweighted space since the spectrum of the Laplacian in a strip with
Dirichlet boundary conditions is strictly negative.

The next proposition gives the elliptic regularity for the biLaplace operator in a
strip �.

PROPOSITION 3.3. Let � be a strip and let us consider the following boundary value
problem in �:

�2
xu = h,

u|∂� = h0, ∂nu|∂� = h1.
(3.7)
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Then, for every 1 < p < ∞ and l = 0, 1, 2, there exists µ0 = µ0(p) such that, for every
weight function of a sufficiently small exponential growth rate µ (µ ≤ µ0) and every

(h, h0, h1) ∈ W l−2,p
φ (�) × W l+2−1/p,p

φ (∂�) × W l+1−1/p,p
φ (∂�)

problem (3.7) has a unique solution u ∈ W l+2,p
φ (�) and the following estimate holds:

‖u‖W l+2,p
φ (�) ≤ C

(
‖h‖W l−2,p

φ (�) + ‖h0‖W l+2−1/p,p
φ (∂�) + ‖h1‖W l+1−1/p,p

φ (∂�)

)
(3.8)

where the constant C depends on Cφ , but is independent of the concrete choice of weight
function φ. Moreover, the analogous result holds for the spaces W l,p

b,φ
as well.

Proof. We first note that, due to the embedding (trace) theorem for weighted
spaces formulated in Proposition 2.10, we can assume without loss of generality that
h0 = h1 = 0. Moreover, arguing as in the proof of Proposition 3.1, we can reduce the
derivation of estimate (3.8) to the unweighted case φ ≡ 1. After that it only remains to
note that the spectrum of the biLaplacian −�2 in a strip � with homogeneous Dirichlet
boundary conditions u

∣∣
∂�

= ∂nu
∣∣
∂�

= 0 is strictly negative. Thus, for the unweighted
case (3.8) is just a classical Lp-regularity result for the 4th order elliptic operator −�2

x,
see [25]. Proposition 3.3 is proved. �

We are now going to consider the Newmann-type boundary value problems for
the Laplacian in a strip �. The main difficulty here is the fact that, in contrast to
the Dirichlet problems considered above, the Newmann problem for the Laplacian
has an essential spectrum at λ = 0, which makes the situation much more delicate.
We however start with the regularized Newmann-type problem where the spectrum
remains strictly negative.

PROPOSITION 3.4. Let � be a strip and let us consider the following boundary value
problem in �:

�xu − u = 0, ∂nu
∣∣
∂�

= h0. (3.9)

Then, for every 1 < p < ∞ and l = 0, 1, 2, there exists µ0 = µ0(p) such that, for every
weight function of sufficiently small exponential growth rate µ (µ ≤ µ0) and every
h0 ∈ W l−1/p,p

φ (∂�), problem (3.9) has a unique solution u ∈ W l+1,p
φ (�) and the following

estimate holds:

‖u‖W l+1,p
φ (�) ≤ C‖h0‖W l−1/p,p

φ (∂�) (3.10)

where the constant C depends on Cφ , but is independent of the concrete choice of weight
function φ. Moreover, the analogous result holds for the spaces W l,p

b,φ
as well.

Proof. Indeed, in the case l = 1, 2 estimate (3.10) can be verified exactly as in
Propositions 3.1 and 3.3 (by reducing to the homogeneous and unweighted case), so
we leave it to the reader. In the case l = 0 the situation is slightly more delicate since
we do not formulate the extension theorem for the space W−1/p,p

φ (�) in Proposition
2.10 and, consequently, we need to work with the nonhomogeneous boundary value
problem. Nevertheless, the reduction to the unweighted case based on introducing the
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function v := ϕµ0,su works in this case as well. Indeed, this function obviously satisfies

�xv − v = hµ0 (v), ∂nv
∣∣
∂�

:= �µ0,sh0 (3.11)

and

‖hµ0 (v)‖Lp(�) ≤ Cµ0‖v‖W 1,p(�). (3.12)

Thus, we can split the solution v of (3.11) as follows: v = v1 + v2 where v1 solves the
homogeneous problem

�xv1 − v1 = hµ0 (v), ∂nv1
∣∣
∂�

= 0 (3.13)

and the remainder v2 solves the analogue of (3.9) with h0 replaced by �µ0,sh0. We see
also that the right-hand side of (3.11) belongs to Lp(�) and, consequently, due to the
classical Lp-regularity, we have

‖v1‖W 2,p(�) ≤ C‖hµ0 (v)‖Lp(�) ≤ C1µ0‖v‖W 1,p(�). (3.14)

If we assume now that estimate (3.10) for the unweighted case φ = 1 and l = 0 is
known, then, due to (3.14), we obtain

‖v‖W 1,p(�) ≤ ‖v1‖W 1,p(�) + ‖v2‖W 1,p(�) ≤ C‖�µ0,sh0‖W−1/p.p(∂�) + Cµ0‖v‖W 1,p(�)

which implies the estimate

‖v‖W 1,p(�) ≤ 2C‖�µ0,sh0‖W−1/p,p(∂�) (3.15)

if µ0 is small. Thus, the case of general weight naturally reduces to the case of φ ≡ 1
for l = 0 as well. It remains to recall that, for φ ≡ 1, estimate (3.10) is a classical
Lp-regularity result for the Laplacian, see [25]. Proposition 3.4 is proved. �

In order to treat the case of the Newmann problem without the regularizing term
−u, we need to introduce the following averaging operator with respect to the variable
x2 ((x1, x2) ∈ � × (−1, 1) := �):

(�u)(x1) := 1
2

∫ 1

−1
u(x1, s) ds. (3.16)

The next proposition gives the solvability of the Newmann problem for some natural
closed subspace of the the space of external forces h.

PROPOSITION 3.5. Let � be a strip and let us consider the following boundary value
problem in �:

�xu = h, ∂nu
∣∣
∂�

= 0. (3.17)

Then, for every 1 < p < ∞ and l = 0, 1, 2, there exists µ0 = µ0(p) such that, for every
weight function of a sufficiently small exponential growth rate µ (µ ≤ µ0) and every
h ∈ W l,p

φ (�) satisfying

�h ≡ 0,
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problem (3.17) has a unique solution u ∈ W l+2,p
φ (�), �u ≡ 0 and the following estimate

holds:

‖u‖W l+2,p
φ (�) ≤ C‖h‖W l,p

φ (�) (3.18)

where the constant C depends on Cφ , but is independent of the concrete choice of weight
function φ. Moreover, the analogous result holds for the spaces W l,p

b,φ
as well.

Proof. We first note that the operator � commutes with the multiplication operator
�µ0 and with the x1-derivatives ∂x1 . Thus, arguing exactly as before, we can reduce the
proof of (3.18) to the unweighted case φ ≡ 1. So, we will prove below (3.18) for the
case φ ≡ 1 only.

To this end, we first consider the case p = 2. In that case we can multiply equation
(3.17) by u and obtain, after integration by parts,

‖∇xu‖2
L2(�) ≤ ‖h‖L2(�)‖u‖L2(�). (3.19)

Since we have assumed additionally that �u ≡ 0, we have the Friedrich’s inequality

‖u‖W 1,2(�) ≤ C‖∇xu‖L2(�) (3.20)

which together with (3.19) implies that

‖u‖W 1,2(�) ≤ C‖h‖L2(�). (3.21)

In order to prove estimate (3.18) for p = 2 and φ ≡ 1, we now use the following standard
interior regularity estimate:

‖u‖2
W l+2,2(�s)

≤ C
(
‖u‖2

W 1,2(�s−1∪�s∪�s+1) + ‖h‖2
W l,2(�s)

)
≤ C1

∫
y∈�

e−α|s−y|
(
‖u‖2

W 1,2(�y) + ‖h‖2
W l,2(�y)

)
dy. (3.22)

Integrating this estimate over s ∈ � and using (2.12) and (3.21), we deduce the
unweighted estimate (3.18) for p = 2. Thus, due to the trick with the multiplication
operator �µ0,s, estimate (3.18) is verified for p = 2 and all weights with sufficiently
small exponential growth rate. Moreover, we have also the analogue of estimate (3.18)
with p = 2 for the spaces W l,p

b,φ
(�).

Let us now consider the case p �= 2. We first consider the case p > 2 and will
prove estimate (3.18) for the spaces W l,p

b (�). Indeed, since W l,p
b (�) ⊂ W l,2

b (�), then
we already have the estimate

‖u‖W 1,2
b (�) ≤ C‖h‖L2

b(�) ≤ C1‖h‖Lp
b(�). (3.23)

Using now the interior regularity estimate

‖u‖W l+2,p(�s) ≤ C
(‖u‖W 1,2(�s−1∪�s∪�s+1) + ‖h‖W l,p(�s)

)
≤ C1 sup

y∈�

{
e−α|s−y|(‖u‖W 1,2(�y) + ‖h‖W l,p(�y)

)}
,
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taking a supremum over s ∈ � from the both parts of that inequality and using (2.3)
and (3.23), we finally obtain

‖u‖W l+2,p
b (�) ≤ C‖h‖W l,p

b (�). (3.24)

Now let 1 < p < 2. Then we split the solution u of (3.17) as follows: u = u1 + u2 where
u1 solves problem

�xu1 − u1 = h, ∂nu1
∣∣
∂�

= 0 (3.25)

and the remainder u2 solves

�xu2 = −u1, ∂nu2
∣∣
∂�

= 0. (3.26)

We first note that, due to the Lp-regularity (see Proposition 3.4), for equation (3.25),
we have

‖u1‖W l+2,p
b (�) ≤ C‖h‖W l,p

b (�). (3.27)

Moreover, applying the operator � to both sides of equation (3.25) and using that
�h ≡ 0, we have

(�u1)′′ − �u1 ≡ 0 and, consequently, �u1 ≡ 0. (3.28)

Furthermore, due to the embedding theorem (see Proposition 2.10), we have

‖u1‖W l,2(�) ≤ C‖u1‖W l+2,p
b (�), (3.29)

for every 1 < p < 2. Thus, we can apply estimate (3.23) for equation (3.26) which
together with (3.27) gives estimate (3.24) for 1 < p < 2 as well.

Thus, estimate (3.24) is verified for all 1 < p < ∞. Then, due to the above described
trick with the multiplication operator �µ0,s, we deduce estimate (3.18) for the spaces
W l+2,p

b,φ
(�) for all weight functions of sufficiently small exponential growth rate.

So, it only remains to obtain it for the spaces W l,p
φ (�). To this end, we note that

(3.18) for the spaces W l,p
b,ϕµ0 ,s

(�) implies, in particular, that

‖u‖p
W l+2,p(�s)

≤ C sup
y∈�

{
e−µ0p|s−y|‖h‖p

W l,p(�y)

} ≤ C1

∫
y∈�

e−µ0p|s−y|‖h‖p
W l,p(�) dy. (3.30)

Multiplying (3.30) by φ(s)p, integrating over s ∈ � and using (3.12), we deduce finally
estimate (3.18) and finish the proof of Proposition 3.5. �

REMARK 3.6. As we see from the proof of Proposition 3.5, the weighted regularity
estimates can be deduced not only from the unweighted estimates in W l,p(�), but
also from its analogies in the spaces W l,p

b (�). The last scale of spaces is sometimes
(e.g., in the proof of Proposition 3.5) more convenient, since, in contrast to spaces
Lp(�), the spaces Lp

b(�) have usual (for bounded domains) embedding properties
(Lp1

b (�) ⊂ Lp2

b (�), for p1 ≥ p2).

We now note that assumption �h ≡ 0 in Proposition 3.5 is essential for
the weighted estimate (3.18). Indeed, in general case �h �= 0, for the quantity
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�u = (�u)(x1) we have the following equation:

(�u)(x1)′′ = (�h)(x1), x1 ∈ � (3.31)

whose solution �u, obviously, does not possess any weighted regularity estimates for
general h. Fortunately, for problems arising in the weighted regularity theory for the
Helmholtz operator, the function �h has a special structure which allows us to take one
primitive of it remaining in weighted Sobolev classes. To be more precise, the following
proposition holds.

PROPOSITION 3.7. Let � be a strip and let us consider the following Newmann
boundary value problem in �:

�xu = 0, ∂nu|∂� = lng (3.32)

where g ∈ [Lp(�)]2 is a divergent free vector field

div g ≡ 0. (3.33)

Then, for every 1 < p < ∞ and l = 0, 1, 2, there exists µ0 = µ0(p) such that, for every
weight function of a sufficiently small exponential growth rate µ (µ ≤ µ0) and every
g ∈ W l,p

φ (�) satisfying (3.33), problem (3.32) has a unique solution (up to adding a

constant) satisfying ∇xu ∈ W l,p
φ (�), and

(�u)(x1)′ = (�g1)(x1), x1 ∈ � (3.34)

and the following estimate holds:

‖∇xu‖W l,p
φ (�) ≤ C‖g‖W l,p

φ (�) (3.35)

where the constant C depends on Cφ , but is independent of the concrete choice of weight
function φ. Moreover, the analogous result holds for the spaces W l,p

b,φ
as well.

Proof. For simplicity, we deduce below only a priori estimate (3.35). The existence
and uniqueness of a solution can be verified in a standard way (see also [4].

We first define an auxiliary function v as a solution of the following problem:

�xv − v = 0, ∂nv
∣∣
∂�

= lng. (3.36)

Then, due to Propositions 3.4 and 2.12, we have

‖v‖W l+1,p
φ (�) ≤ C‖lng‖W l−1/p,p

φ (∂�) ≤ C2‖g‖W l,p
φ (�). (3.37)

Moreover, applying the x2-averaging operator � to equation (3.36), we have

(�v)(x1)′′ − (�v)(x1) = −1/2(g2(x1, 1) − g2(x1,−1)), x1 ∈ �. (3.38)

Furthermore, since the vector field g is divergence free, we have

1/2(g2(x1, 1) − g2(x1,−1)) = (
�

[
∂x2 g2

])
(x1) = −(�g1)(x1)′

and, consequently,

(�v)(x1)′′ − (�v)(x1) = (�g1)(x1)′. (3.39)
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Let us consider now the remainder w := u − v which obviously satisfies the following
equation:

�xw = −v, ∂nw
∣∣
∂�

= 0. (3.40)

Then, according to Proposition 3.5, the function w̄ := w − �w satisfies the following
estimate:

‖w̄‖W l+1,p
φ (�) ≤ C‖v̄‖W l,p

φ (�) ≤ C1‖g‖W l,p
φ (�). (3.41)

So, it only remains to consider the equation for �w, i.e.

(�w)(x1)′′ = −(�v)(x1)

which together with (3.39) gives

(�u)(x1)′′ = (�g)(x1)′. (3.42)

This relation shows that we can indeed take one primitive and satisfy condition (3.34). It
only remains to note that the function (�u)(x1) is independent of x2 and, consequently,

∇xu = ∇xū + ((�u)′, 0). (3.43)

Thus, estimates (3.37), (3.41) together with the obvious fact that

‖�g‖W l,p
φ (�) ≤ C‖g‖W l,p

φ (�) (3.44)

yield (3.35) and finish the proof of Proposition 3.7. �

4. Weighted spaces and the Helmholtz projector. In this Section, we discuss the
weighted analogue of the classical Helmholtz decomposition of the space [L2(�)]2 to
divergent free and gradient vector fields, which is necessary for excluding the pressure
from Navier-Stokes equations. To this end, we first need to define the corresponding
spaces of divergent free vector fields.

DEFINITION 4.1. Let � be a strip. Then, for every l ≥ 0, 1 < p < ∞ and every weight
function φ of exponential growth rate, we define the following space of divergent free
vector fields:

Hl,p
φ (�) := {

v ∈ [
W l,p

φ (�)
]2

, div uv ≡ 0, lnv
∣∣
∂�

= 0, �v1 ≡ 0
}

(4.1)

which is considered as a closed subspace of W l,p
φ (�) and endowed by the norm induced

by this embedding. Here the normal component lnv of the trace on the boundary is
well-defined due to Proposition 2.12 and the x2-averaging operator � is defined by
(3.16). The spaces Hl,p

b,φ
(�) can be defined analogously. Moreover, for simplicity, we

will henceforth write Hp
φ(�) and Hp

b,φ
(�) instead of H0,p

φ (�) and H0,p
b,φ

(�) respectively.
We also define the space Vp

φ(�) as follows:

Vp
φ(�) := {

v ∈ H1,p
φ (�), v

∣∣
∂�

= 0
}

and the analogous space Vp
b,φ

(�).
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The following natural proposition clarifies the additional conditions lnv
∣∣
∂�

= 0
and �v1 ≡ 0 in formula (4.1).

PROPOSITION 4.1. Let � be a strip and φ be a weight function of exponential growth
rate µ and 1 < p < ∞. Then the space Hp(�) coincides with the closure of all divergent
free vector fields v ∈ [D(�)]2 in the topology of [Lp

φ(�)]2:

Hp
φ(�) = [v ∈ [D(�)]2, div v = 0][Lp

φ (�)]2 (4.2)

where [·]V denotes the closure in the topology of the space V.

Proof. Indeed, let v be a divergent free vector field from [D(�)]2. Then, obviously,
lnv

∣∣
∂�

= 0. Moreover, integrating the relation ∂x1v1 = −∂x2v2, we infer that �v1 ≡
constant = 0 (since v1 has a finite support). Since all these properties preserve under
the closure (see Proposition 2.12), then the right-hand side of (4.2) is a subset of the
left one.

Thus, it only remains to approximate every function from u ∈ Hp
φ(�) by divergent

free vector fields belonging to [D(�)]2. In order to do so, it is natural to use the stream
function � of a divergent free vector field u:

u1 = ∂x2�, u2 = −∂x1� (4.3)

which can be defined by the following natural formula:

�(x1, x2) :=
∫ x2

−1
u1(x1, θ ) dθ. (4.4)

Indeed, obviously, � ∈ Lp
φ(�) and

‖�‖Lp
φ (�) ≤ C‖u1‖Lp

φ (�). (4.5)

Moreover, ∂x2� = u1 and

∂x1�(x1, x2) =
∫ x2

−1
∂x1 u1(x1, s) ds = −

∫ x2

−1
∂x2 u2(x1, s) ds = −u2(x1, x2)

(here we have implicitly used that div u ≡ 0 and u2(x1,−1) ≡ u2(x1, 1) = 0). Thus, the
function � indeed satisfies relations (4.3) and, consequently, � ∈ W 1,p

φ (�) and

‖�‖W l,p
φ (�) ≤ C‖u‖Lp

φ (�). (4.6)

Finally, since �u1 ≡ 0, then �(x1,−1) = �(x1, 1) ≡ 0 and, consequently, � ∈ W 1,p
0,φ .

It only remains to note that every function � from W 1,p
0,φ (�) can be approximated by

the smooth functions with compact supports. Then, formula (4.3) gives the required
approximation of the vector field u. Proposition (4.2) is proved. �

REMARK 4.3. In Proposition 4.2, we have actually proved that formulae (4.3) and
(4.4) realize the isomorphism between spaces W 1,p

0,φ (�) and Hp
φ(�) (and also between

the spaces W 1,p
0,b,φ

(�) and Hp
b,φ

(�)). Moreover, it is not difficult to see that this map
also realizes an isomorphism between Vp

φ(�) and W 2,p
0,φ (�) (and between Vp

b,φ
(�) and

W 2,p
0,b,φ

(�) as well).
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As usual, we define the operator � : [L2(�)]2 → H2(�) as an orthoprojector to
the divergent free vector fields. Then, as known (see e.g. [23] or [24]), every vector
field u ∈ [L2(�)]2 can be split in a unique way as a sum of a divergent free vector field
v ∈ H2(�) and a potential one ∇xp ∈ [L2(�)]2 for the appropriate p ∈ H1

loc(�):

u = v + ∇xp, div v = 0, v := �u. (4.7)

The next theorem shows that the analogous splitting holds in weighted spaces as well.

THEOREM 4.4. Let � be a strip and let � be the orthoprojector defined above. Then,
for every 1 < p < ∞ and l = 0, 1, 2, there exists a sufficiently small positive µ0 such
that, for every weight function with exponential growth rate µ ≤ µ0, this projector can
be uniquely extended by continuity to a bounded operator from [W l,p

φ (�)]2 to Hl,p
φ (�) and

the following estimate holds:

‖�u‖Hl,p
φ (�) ≤ C‖u‖[W l,p

φ (�)]2 (4.8)

where the constant C depends only on p, l and Cφ , but is independent of the concrete choice
of the weight φ. Thus, for every u ∈ [W l,p

φ (�)]2 there exists a unique decomposition in the

form of (4.7) with v ∈ Hl,p
φ (�) and p ∈ W l+1,p

loc (�). In this formula v = �u. Moreover,

the analogous result holds also for the spaces W l,p
b,φ

.

Proof. Indeed, assume that (4.7) is satisfied for some functions u, v and p. Let
us also introduce the stream function � ∈ W 1,p

0,φ (�) associated with the divergent free
vector field v via (4.4). Then,

�x� = ∂x2v1 − ∂x1v2 = ∂x2 u1 − ∂x1 u2, �|∂� = 0. (4.9)

Thus, due to Proposition 3.1, there exists a unique � ∈ W l+1,p
0,φ (�) which satisfies (4.9).

Moreover, the following estimate holds:

‖�‖W l+1,p
φ (�) ≤ C‖∂x2 u1 − ∂x1 u2‖W l−1,p

φ (�) ≤ C1‖u‖W l,p
φ (�) (4.10)

for every weight function of a sufficiently small exponential growth rate. Since the
vector field v can be found via � by (4.3), then (4.10) shows that the projector � is
really well defined for every u ∈ [W l,p

φ (�)]2 and satisfies estimate (4.8). So, we only need
to verify decomposition (4.7).

Indeed, let u ∈ [W l,p
φ (�)]2 be arbitrary and let v := �u and w := u − v. Then,

obviously, w ∈ [W l,p
loc(�)]2 and satisfies (in the sense of distributions) the following

relation:

∂x2w1 = ∂x1w2. (4.11)

Consequently, since � is simply connected, there exists a potential p ∈ W l+1,p
loc (�) such

that w = ∇xp (this potential is obviously defined up to a constant, see [23]). Thus
splitting (4.7) is also verified and Theorem 4.4 is proved. �

REMARK 4.5. There exists a more general (and a slightly more complicated) way
to find the potential p from relation (4.7). Indeed, taking a divergence from the both
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parts of (4.7), we get

�xp = div u (4.12)

and using the fact that lnv
∣∣
∂�

= 0, we infer the boundary condition for p:

∂np
∣∣
∂�

= lnu
∣∣
∂�

. (4.13)

We note however that the right-hand side of (4.13) is ill-posed for general u ∈ [Lp(�)]2.
In order to overcome this difficulty, we introduce an auxiliary function p1 which solves

�xp1 = div u, p1
∣∣
∂�

= 0 (4.14)

and then the remainder p̄ := p − p1 solves

�xp̄ = 0, ∂np̄|∂� = ln(h − ∇xp)|∂�. (4.15)

We now note that div (h − ∇xp1) = 0 and, consequently, due to Proposition 2.12, the
trace ln(h − ∇xp1) on the boundary is well-defined and we can apply Proposition 3.7
which gives a unique solvability (up to a constant) of (4.15) and estimate (3.35) for the
gradient of p̄. It remains to note that condition (3.34) now reads

∂x1 �p̄ = �u1 − ∂x1 �p1 and, thus �∂x1 p = �u1

which shows that p is indeed correctly defined (�v1 = �u1 − �∂x1 p = 0, div v = 0 and
lnv = 0).

The advantage of this method is that, in contrast to the scheme used in the proof
of Theorem 4.4, it works not only for 2D strips, but also for 3D cylindrical domains,
see [4] and [32] for the details.

COROLLARY 4.6. Let the assumptions of Theorem 4.4 hold and let v ∈ Hp
φ(�). Then,

for every potential vector field w = ∇xp such that w ∈ [Lq
φ−1 (�)]2, we have

(v,w)[L2(�)]2 = 0. (4.16)

Indeed, according to Proposition 4.2, the function v can be approximated (in the
metric of Lp

φ(�)) by a sequence of smooth divergent free vector fields with a compact
support. Since for such vector fields (4.16) is obvious, then passing to the limit, we
obtain (4.16) for all v ∈ Hp

φ(�).
The next proposition gives the estimate for the weighted norms of the commutator

of � and the multiplication operator �µ,x0 introduced in Proposition 2.13.

PROPOSITION 4.7. Let � be a strip, 1 < p < ∞, l = 0, 1, 2 and �µ,x0 a multiplication
by the special weight ϕµ,x0 (x1). Then there exists µ0 = µ0(p) > 0 such that, for every
weight function of exponential growth rate ε ≤ µ0, every µ ≤ µ0 and every x0 ∈ �, we
have ∥∥(

�µ,x0 ◦ � − � ◦ �µ,x0

)
u
∥∥

W l+1,p
φ(ϕµ,x0 )−1 (�) ≤ Cµ‖u‖W l,p

φ (�) (4.17)

where the constant C depends on Cφ , but is independent of µ, u, x0 and on the concrete
choice of the weight φ. Moreover, the analogous result holds for the spaces W l,p

b,φ
(�) as

well.
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Proof. Indeed, let � and �ϕ be the stream functions associated with divergent free
vector fields v := �u and vϕ := �(ϕµ,x0 u) respectively. Then, according to equation
(4.9), the function W := ϕµ,x0� − �ϕ solves

�xW = h := 2ϕ′
µ,x0

∂x1� + ϕ′′
µ,x0

� + ϕ′
µ,x0

u2,
(4.18)

W
∣∣
∂�

= 0.

Now using estimates (2.6) for the derivatives of ϕµ,x0 and estimate (4.10) for �, we
obtain

‖h‖W l,p
φ(ϕµ,x0 )−1 (�) ≤ Cµ‖u‖W l,p

φ (�) (4.19)

where the constant C is independent of µ, x0 and on the concrete choice of the weight
φ. Applying now Proposition 3.1 to equation (4.18), we arrive at

‖W‖W l+2,p
φ(ϕµ,x0 )−1 (�) ≤ C1µ‖u‖W l,p

φ (�). (4.20)

In order to verify estimate (4.17) it is now sufficient to recall that

ϕµ,x0v1 − vϕ,1 = ∂x2 W, ϕµ,x0v2 − vϕ,2 = −∂x1 W + ϕ′
µ,x0

�.

Thus, (4.17) is proved. For the case of the spaces W l,p
b,φ

(�), the proof of (4.17) is
completely analogous. Proposition 4.7 is proved. �

We now consider the elliptic operator A := ��x defined on the space of divergent
free vector fields and formulate the natural regularity result for this operator.

PROPOSITION 4.8. Let � be a strip and let A := ��x. Then, for every 1 < p < ∞
and l = 0, 1 there exists positive µ0 = µ0(p) such that, for every weight function of a
sufficiently small exponential growth rate (µ ≤ µ0), operator A realizes an isomorphism
between spaces Vp

φ(�) ∩ Hl+2,p
φ (�) and Hl,p

φ (�) and the following estimate holds:

C−1‖u‖Hl+2,p
φ (�) ≤ ‖��xu‖Hl,p

φ (�) ≤ C‖u‖Hl+2,p
φ (�) (4.21)

where the constant C depends on Cφ , but is independent of the concrete choice of the
weight function φ. Moreover, the analogous result holds for the spaces Hl,p

b,φ
(�) as well.

Proof. We first note that the right-hand side of (4.21) is an immediate corollary of
Theorem 4.4, so, we only need to verify the left one.

Indeed, let g = ��xu, u ∈ Hl+2,p
φ (�). Due to the decomposition (4.7) and

Theorem 4.4, that is equivalent to the following stationary Stokes equation in �:

�xu + ∇xp = g,
(4.22)

u|∂� = 0, div u = 0.

In order to solve (4.22), we use again the stream function � for the divergent free vector
field u. Then, the function � should satisfy the following biLaplace equation in �:

�2
x� = ∂x2 g1 − ∂x1 g2, �

∣∣
∂�

= ∂n�
∣∣
∂�

= 0. (4.23)
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Vice versa, let � solve (4.23) and let u = (∂x2�,−∂x1�). Then, the vector field w :=
�xu − g satisfies (4.11) and, consequently, it is potential and u solves (4.22). Thus,
problems (4.22) and (4.23) are equivalent.

It only remains to note that, due to Proposition 4.7, problem (4.23) is uniquely
solvable and

‖�‖W l+3,p
φ (�) ≤ C‖∂x2 g1 − ∂x1 g2‖W l−1,p

φ (�) ≤ C1‖g‖Hl,p
φ (�) (4.24)

which, together with (4.3) and the fact that g = ��xu gives the left-hand side of (4.21)
and finishes the proof of Proposition 4.8. �

COROLLARY 4.9. Let the assumptions of Proposition 4.8 hold and let p = 2. Then,
for every weight function with a sufficiently small growth rate µ, we have

C−1(φ�xu, φ�xu) ≤ (φ��xu, φ��xu) ≤ C(φ�xu, φ�xu) (4.25)

where (·, ·) denotes the standard inner product in [L2(�)]2 and the constant C is
independent of the concrete choice of the weight φ and u ∈ V2

φ(�) ∩ H2,2
φ (�).

Indeed, estimate (4.25) is an immediate corollary of (4.21) with p = 2 and the
following elliptic regularity estimate for the Laplacian in � with Dirichlet boundary
conditions:

C−1‖u‖W 2,2
φ (�) ≤ ‖�xu‖L2

φ (�) ≤ C‖u‖W 2,2
φ (�), (4.26)

see Proposition 3.1.
We conclude this section by considering the action of operator A := ��x in weaker

spaces Vp
φ which will be used in the sequel in order to define weak weighted energy

solutions of the Navier-Stokes equations and derive the appropriate energy estimates.
To this end, we need to define the corresponding functional spaces.

DEFINITION 4.10. Let � be a strip and let Ddiv(�) be the space of all smooth
divergent free vector fields in � with compact support. As usual, we denote by
D′

div(�) the space of all linear continuous functionals on Ddiv(�). We denote also
by H−1,p(�s) ⊂ D′

div(�s) the conjugate space to Vq(�s) with the standard norm.
Finally, for every weight function φ of exponential growth rate µ, we define the

spaces H−1
φ (�) and H−1

b,φ
(�) as subspaces of D′

div(�) with the following finite norms:

‖u‖p
H−1,p

φ (�)
:=

∫
s∈�

φ(s)p‖u‖p
H−1,p(�s)

ds < ∞,

‖u‖H−1,p
b,φ

(�) := sup
s∈�

{
φ(s)‖u‖H−1,p(�s)

}
< ∞.

Arguing exactly as in Proposition 2.8, one can show that

H−1,p
φ (�) = [

Vq
φ−1 (�)

]∗
. (4.27)

We note however that the spaces H−1,p
φ (�) are not the subspaces of distributions and,

in fact larger than the corresponding spaces [W−1,p
φ (�)]2 of distributions. Nevertheless,

there is a natural map of [W−1,p
φ (�)]2 to H−1,p

φ (�) (which is usually considered as an
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extension of the projector � to the negative Sobolev spaces and is also denoted by �)

〈�u, v〉div := 〈u, v〉 , div v = 0 (4.28)

where in the left-hand side we have the pairing in D′
div(�) × Ddiv(�) and in the right-

hand side the standard pairing in distributional sense is written.
Thus, the Stokes operator A = ��x can be naturally extended to the operator

from Vp
φ(�) to H−1,p

φ (�) (and, analogously, in the spaces Vp
b,φ

(�)). The last result of
that section shows that this operator is an isomorphism, i.e., Proposition 4.8 holds for
l = −1 as well.

PROPOSITION 4.11. Let � be a strip and let A = ��x be as above. Then, for every
1 < p < ∞, there exists positive µ0 = µ0(p) such that, for every weight function φ with
a sufficiently small exponential growth rate µ (µ ≤ µ0), the operator A realizes an
isomorphism between spaces Vp

φ(�) and H−1,p
φ (�) and the following estimate holds:

C−1‖u‖Vp
φ (�) ≤ ‖��xu‖H−1,p

φ (�) ≤ C‖u‖Vp
φ (�) (4.29)

where the constant C depends on Cφ , but is independent of u and of the concrete choice
of the weight φ. Moreover, the analogous result holds for the spaces Vp

b,φ
(�) as well.

Proof. As it was established in Proposition 4.2, maps (4.3) and (4.4) give an
isomorphism between spaces Vq

φ−1 (�) and W 2,q
0,φ−1 (�). This isomorphism naturally

generates an isomorphism of the conjugated spaces, namely, between W−2,p
φ (�) and

H−1,p
φ (�). Indeed, let g ∈ H−1,p

φ (�). Then, the associated functional ḡ ∈ W−2,p
φ (�) is

defined via

〈ḡ,�〉 := 〈
g, (∂x2�,−∂x1�)

〉
div = − 〈

∂x2 g1 − ∂x1 g2,�
〉
. (4.30)

Vice versa, for every ḡ ∈ W−2,p
φ (�), one defines the associated functional g ∈ H−1,p

φ (�)
by

〈g, v〉div := 〈ḡ,�v〉,

where �v is a stream function associated with v. Moreover, the operator A = ��x is
conjugated to the biLaplacian under that isomorphism. Indeed, we have

〈�xu, v〉div = − 〈
�2

x�u,�v

〉
(4.31)

and, consequently, equality ��xu = g reads

�2
x�u = −ḡ = ∂x2 g1 − ∂x1 g2, �

∣∣
∂�

= ∂n�
∣∣
∂�

= 0. (4.32)

Thus, due to Proposition 3.3, we have

‖�u‖W 2,p
φ (�) ≤ C‖ḡ‖W−2,p

φ (�) ≤ C1‖g‖H−1,p
φ (�) (4.33)

and the analogous estimate for the spaces W 2,p
b,φ

(�). This estimate finishes the proof of
the left-hand side of (4.29). Since the right-hand side of it is obvious, Proposition 4.11
is proved. �
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5. An auxiliary linear Stokes problem. In this section, we study the following
nonstationary linear Stokes problem in a strip �:

∂tw = �xw − ∇xq,

div w = h(t), �w1 ≡ 0 (5.1)

w
∣∣
∂�

= 0, �w
∣∣
t=0 = 0

where h(t) = h(t, x) is a given function satisfying

�h(t)(x1) ≡ 0, t ∈ [0, T ], x1 ∈ �. (5.2)

This auxiliary problem will be essentially used in the next section in order to obtain the
weighted energy estimates for weak solutions of the nonlinear Navier-Stokes system.

The following theorem gives a priori estimates and the solvability result for problem
(5.1).

THEOREM 5.1. There exists a positive µ0 such that, for every weight function φ of
sufficiently small exponential growth rate µ (µ ≤ µ0) and every

h ∈ L2([0, T ], W 1,2
φ (�)

) ∩ C
(
[0, T ], L2

φ(�)
)

(5.3)

for which (5.2) is satisfied, problem (5.1) possesses a unique solution w from the class

w ∈ L2([0, T ], W 2,2
φ (�)

) ∩ C
(
[0, T ], W 1,2

φ (�)
)
,

∂t�w ∈ L2([0, T ], L2
φ(�)

)
, q ∈ D′([0, T ] × �) (5.4)

and satisfying the following estimates:∫ T

0
e−α|t−s|

(
‖∂t�w(s)‖2

L2
φ (�) + ‖w(s)‖2

W 2,2
φ (�)

)
ds ≤ C

∫ T

0
e−α|t−s|‖h(s)‖2

W 1,2
φ (�)

ds,

‖w(t)‖2
W 1,2

φ (�)
≤ C

(
‖h(t)‖2

L2
φ (�) +

∫ T

0
e−α|t−s|‖h(s)‖2

W 1,2
φ (�)

ds
)

(5.5)

where α is a sufficiently small positive constant depending only on µ0 and the constant C
depends on Cφ , but is independent of the concrete choice of the weight φ.

Proof. In order to solve (5.1), we are going to reduce it to the divergent free case.
To this end, we need the following lemma.

LEMMA 5.2. Let the above assumptions hold and let us consider the following
stationary Stokes problem:

�xv − ∇xr = 0, divv = h, v
∣∣
∂�

= 0. (5.6)

Then there exists positive µ0 such that, for every weight function of sufficiently small
exponential growth rate µ (µ ≤ µ0) and every h ∈ W l,2

φ (�), l = 0, 1 satisfying (5.2),
equation (5.6) possesses a unique solution v ∈ W l+1,2

φ (�), �v1 ≡ 0, satisfying (5.6) in the
sense of distributions and the following estimate holds:

‖v‖W l+1,2
φ (�) ≤ C‖h‖W l,2

φ (�) (5.7)

where the constant C depends on Cφ , but is independent of the concrete choice of the
weight φ.
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Proof. Let us define the function K as a unique solution of the following problem:

�xK = h, ∂nK
∣∣
∂�

= 0, �K ≡ 0 (5.8)

(which exists due to condition (5.2) and Proposition (3.5) and let θ := ∇xK . Then,
obviously,

divθ = h, lnθ = θ2
∣∣
∂�

= 0 (5.9)

and, due to Propositions 2.13 and 3.5, we have

‖θ‖W l+1,2
φ (�) + ‖θ ∣∣

∂�
‖W l+1/2,2

φ (∂�) ≤ C‖h‖W l,2
φ (�). (5.10)

Let us now put v̄ := v − θ . Then, this function should satisfy

�xv̄ − ∇xr̄ = 0, divv̄ = 0, lnv̄
∣∣
∂�

= 0, v̄1
∣∣
∂�

= −θ1
∣∣
∂�

, �v1 ≡ 0. (5.11)

In particular, we see that v̄ ∈ Hl,2
φ (�) and, consequently, we can use transformation

(4.3) and (4.4) to the associated stream function � which should satisfy the following
equation:

�2
x� = 0, �|∂� = 0, ∂n�|∂� = −θ1

∣∣
∂�

. (5.12)

The assertion of the lemma is now an immediate corollary of estimate (5.10) and
Proposition 3.3. �

We are now ready to finish the proof of the theorem. To this end, we introduce
a new dependent variable w̄(t) := w(t) − v(t) where, for every t ∈ [0, T ] function v(t)
solves the stationary problem (5.6) with h replaced by h(t). This function obviously
satisfies the following equation:

∂t(w̄ + v) = �xw̄ − ∇xq̄, divw̄ = 0, w̄
∣∣
∂�

= 0, w̄
∣∣
t=0 = −�v

∣∣
t=0. (5.13)

Applying the projector � to both parts of (5.13), we obtain

∂t(w̄ + �v) = ��xw̄, divw̄ = 0, w̄
∣∣
∂�

= 0, w̄
∣∣
t=0 = −�v

∣∣
t=0. (5.14)

In order to obtain an a priori estimate for solutions of (5.14), we multiply it
by the expression ϕ2µ,x0 (x1)∂2

x2
(w̄ + �v) + ∂x1 [ϕ2µ,x0 (x1)∂x1 (w̄ + �v)] where x0 ∈ � is

arbitrary, µ > 0 is small enough and the weight ϕ is defined by (2.4). Then, we get

1/2∂t(ϕ2µ,x0 , |∇x(w̄ + �v)|2) + (ϕ2µ,x0��xw̄,�xw̄)

= −(ϕ′
2µ,x0

��xw̄, ∂x1w̄) − (ϕ2µ,x0��xw̄,�x�v) − (ϕ′
2µ,x0

��xw̄, ∂x1�v).

(5.15)

We estimate the second term in the left-hand side of (5.15) using estimates (4.17), (4.8)
and (4.25) in the following way:

(ϕ2µ,x0��xw̄,�xw̄) = (
ϕ2µ,x0 , |��xw̄|2) − (

��xw̄,
(
ϕ2µ,x0 ◦ � − � ◦ ϕ2µ,x0

)
�xw̄

)
≥ C

(
ϕ2µ,x0 , |�xw̄|2)−C1

(
ϕ−2µ,x0 , |

(
ϕ2µ,x0 ◦ �−� ◦ ϕ2µ,x0

)
�xw̄|2)

≥ (C2 − C3µ)‖�xw̄‖2
L2

ϕµ,x0
(�) (5.16)

https://doi.org/10.1017/S0017089507003849 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089507003849


554 SERGEY ZELIK

where the constants Ci are independent of µ and x0. Fixing µ now to be small enough,
estimating the right-hand side of (5.15) by Hölder inequality and using (4.8) and (4.21),
we have

∂t
(‖∇x(w̄ + �v)‖2

L2
ϕµ,x0

(�)

) + α
(‖�xw̄‖2

L2
ϕµ,x0

(�)

+ ‖∇x(w̄ + �v)‖2
L2

ϕµ,x0
(�)

) ≤ C‖v‖2
W 2,2

ϕµ.x0
(�)

, (5.17)

where the positive constants α and C are independent of x0 ∈ � (here we have also
implicitly used ‖∇x(w̄ + �v)‖L2

ϕµ,x0
(�) ≤ C(‖∇xw̄‖L2

ϕµ,x0
(�) + ‖v‖W 2,2

ϕµ,x0
(�))).

Applying the Gronwall inequality to (5.17) and using estimate (5.7) with l = 1 (for
every fixed t), we arrive at

‖∇x(w̄(t) + �v(t))‖2
L2

ϕµ,x0
(�) +

∫ t

0
e−α(t−s)‖w̄(s)‖2

W 2,2
ϕµ,x0

(�)
ds

≤ C
∫ t

0
e−α(t−s)‖h(s)‖2

W 1,2
ϕµ,x0

(�)
ds (5.18)

(here we have also used w̄(0) + �v(0) = �u(0) = 0). Moreover, since the constant
C in (5.18) is independent of x0 ∈ �, then, multiplying (5.18) by φ2(x0), integrating
over x0 ∈ � and using (2.12), we obtain (exactly as in Section 3) the analogue of
estimate (5.18) not only for the special weights ϕµ,x0 , but also for arbitrary weight φ of
exponential growth rate ε < µ.

In order to deduce a priori estimate (5.5) from (5.18), it only remains to recall that
w = w̄ + v and (due to (5.7) with l = 0)

‖w(t)‖W 1,2
φ (�) ≤ C

(‖∇x(w̄(t) + �v(t))‖L2
φ (�) + ‖h(t)‖L2

φ (�)

)
.

Indeed, this estimate together with (5.18) gives the required estimate for the W 1,2
φ -norm

of w(t); the estimate for the W 2,2
φ -norm of w is also an immediate corollary of (5.18)

and (5.7) with l = 1. Finally, the required estimate for ∂t�w = ∂t(w̄ + �v) can be now
obtained from equation (5.14). Thus, a priori estimate (5.5) is proved.

We also note that, due to our construction, we have

v(t) = �v(t) + ∇xK(t) (5.19)

where K(t, x) = Kh(t)(x) solves problem (5.8) for every fixed t. Thus,

(Id − �)∂tw(t) = ∂t∇xKh(t) = ∇xK∂th(t), (5.20)

and we see that, in contrast to the divergence free component of ∂tu its potential
component does not belong to L2

φ(�) for general external forces h, but if, in addition,
we have ∂th ∈ L2

φ(�), then (5.20) and Lemma 5.2 show that ∂tu will be also in L2
φ(�)

and equation (5.1) can be naturally understood as an equality in L2([0, T ], L2
φ(�)).

The above observation gives a natural way to construct the required solution w(t)
of (5.1) based on the obtained a priori estimate. Indeed, let us approximate the external
force h ∈ C([0, T ], L2

φ(�)) ∩ L2([0, T ], W 1,2
φ (�)) by a sequence of smooth (with respect

to t and x) functions hn having the compact support in x1 and satisfying (5.2). Having
such hn, we construct the associated functions vn ∈ C1([0, T ], W 2,2(�)) by Lemma 5.2.
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Then, the associated equation (5.13) for w̄n will be the standard nonstationary
Stokes equation with the external forces ∂tv(t) belonging to the unweighted space
C([0, T ], W 2,2(�)).

It is well-known that, for such external forces the nonstationary Stokes equation
possesses a unique solution w̄n ∈ W 1,2([0, T ], L2(�)) ∩ L2([0, T ], W 2,2(�)), see e.g. [4]
or [5]. Thus, the approximating sequence of solutions wn is constructed. We also note
that, since wn(t) belongs to L2(�) and is divergent free, one has

�w̄n
1 ≡ 0 and, consequently �wn

1 ≡ 0. (5.21)

Moreover, since the hn have compact support in x1, then a priori estimate (5.5) holds
for wn uniformly with respect to n → ∞. Passing now to the limit n → ∞ and using
(5.21) we construct the required solution w(t). Theorem 5.1 is proved. �

REMARK 5.3. Condition �w1 ≡ 0 is essential for the uniqueness part of Theo-
rem 5.1. As we will see below, for every function c(t) ∈ Cb(R), equation (5.1) possesses
a solution w satisfying �w1(t) ≡ c(t).

The next corollary gives one more estimate for the solutions of problem (5.1) which
will be used in Section 7 in order to verify the uniqueness theorem for the nonlinear
Navier-Stokes problem.

COROLLARY 5.4. Let the assumptions of Theorem 5.1 hold. Then, the solution w(t)
of problem (5.1) satisfies the following estimate:∫ t

0
‖w(τ )‖2

L2
φ (�) dτ ≤ C

∫ t

0
‖h(τ )‖2

L2
φ (�) dτ (5.22)

where φ is a weight function of sufficiently small exponential growth rate and the constant
C depends on Cφ , but is independent of the concrete choice of h and φ.

Proof. Indeed, due to Lemma 5.2, it is sufficient to verify estimate (5.22) only
for the solution w̄(t) of equation (5.14). In order to do so, we multiply this equation
by e−(s−t), integrate over t ∈ [0, s] and introduce a new dependent variable Z(s) :=∫ s

0 e−(s−t)w̄(t) dt. Then, this function satisfies the following equation:

∂sZ(s) − ��xZ(s) = H(s), div Z(s) = 0, Z(0) = 0 (5.23)

where H(s) := ∫ s
0 e−(s−t)�v(t) dt − �v(s).

Arguing now as in the end of the proof of Theorem 5.1 (see (5.15)–(5.18)), we
deduce that the solution Z(s) of equation (5.23) satisfies∫ s

0
‖∂sZ(τ )‖2

L2
φ (�) + ‖Z(τ )‖2

W 2,2
φ (�)

dτ ≤ C
∫ s

0
‖H(τ )‖2

L2
φ (�) dτ. (5.24)

Moreover, due to Lemma 5.2, we have also the estimate∫ s

0
‖H(τ )‖2

L2
φ (�) dτ ≤ C

∫ s

0
‖�v(τ )‖2

L2
φ (�) dτ ≤ C1

∫ s

0
‖h(τ )‖2

L2
φ (�) dτ. (5.25)

Combining estimates (5.24) and (5.25) and taking into account the evident relation
w̄(s) = ∂sZ(s) + Z(s), we derive estimate (5.22) for the function w̄(t). Corollary 5.4 is
proved. �
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We conclude this section by preparing some technical tools for obtaining the
energy estimates for the nonlinear Navier-Stokes equation in a strip. To this end, we
need to introduce some more functional spaces.

DEFINITION 5.5. Let � be a strip and let �b([0, T ] × �) consists of vector fields
u ∈ L2

b([0, T ],V2
b (�)) ∩ L4

b([0, T ],H4
b(�)) (see Remark 2.4) such that the t-derivative

∂tu belongs to D′
div(�) a.e. and satisfies

∂tu ∈ L2
b

([
0, T ],H−1,2

b (�)) + L4/3
b

(
[0, T ],H4/3

b (�)
)
. (5.26)

We recall that, as usual, the space U + V is defined as the space of functions
(functionals) φ which can be presented in the form φ = u + v where u ∈ U , v ∈ V
with the norm

‖φ‖U+V := inf{‖u‖U + ‖v‖V ; u ∈ U, v ∈ V, u + v = φ}. (5.27)

Let us consider also an arbitrary weight function θ of a sufficiently small
exponential growth rate µ and a smooth nonnegative function φ satisfying the following
assumptions:

|φ′(s)| + φ(s) ≤ Cθ (s), s ∈ �,

∫
s∈�

θ2(s) ds < ∞. (5.28)

In order to obtain the weighted energy estimates for the solution u ∈ �b([0, T ] × �)
of the Navier-Stokes equation in L2

φ(�) (which contains L2
b(�) due to the integrability

assumption on φ), it would be natural to multiply it by the function φ2u and integrate
over �, but, unfortunately, this function is no more divergent free and, consequently,
this way does not allow to exclude the pressure. Instead of that, we will multiply it by
the function φ2u − v where v(t) := (�φu)(t) is the appropriate corrector which makes
this multiplier divergent free. To this end, the function v(t) should satisfy

div v(t) ≡ hu(t) := 2φφ′u1(t) (5.29)

(here we have used that divu = 0). Due to the integrability assumption on φ, the
function h ∈ L2([0, T ], W 1,2

θ−1 (�)) and, moreover, since �u1 ≡ 0, we have �h ≡ 0 and
(5.2) is satisfied.

Furthermore, it is convenient for us to fix the corrector v(t) := (�φu)(t) as a
solution of the following auxiliary nonstationary Stokes problem in �:

−∂tv = �xv − ∇xq, div v(t) = hu(t), v
∣∣
∂�

= 0, �v
∣∣
t=T = 0. (5.30)

This equation, obviously, can be reduced to (5.1) by the time change t → T − t. Thus,
Theorem 5.1 and estimate (5.5) hold for this equation as well. The following theorem
justifies our choice of the corrector �φ and gives the main technical tool for the weighted
energy estimates of the Navier-Stokes equations.

THEOREM 5.6. Let � be a strip and let φ be a smooth nonnegative function, satisfying
(5.28) for some square integrable weight θ of sufficiently small exponential growth rate
µ. Then

�b([0, T ] × �) ⊂ C([0, T ], L2
θ (�)). (5.31)
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Let �φ be defined as the solving operator for problem (5.30). Then the following equality
holds:

d
dt

[
1/2(φ2u(t), u(t)) − (u(t), (�φu)(t))

] + (∇xu(t),∇x(φ2u(t)))

= (∂tu(t) − ��xu(t), φ2u − (�φu)(t)), (5.32)

which means that the function 1/2(φ2u, u) − (u, �φu) is absolutely continuous as a scalar
function on [0, T ] and (5.32) holds almost everywhere.

Proof. Let u ∈ �b([0, T ] × �) be arbitrary and first let φ = ϕµ,x0 . Let us
approximate u by a uniformly bounded sequence un ∈ �b([0, T ] × �) of smooth with
respect to t functions such that

un → u in L2([0, T ],V2
φ(�)) ∩ L4

φ([0, T ] × �) and
(5.33)

∂tun → ∂tu in L2([0, T ],H−1,2
φ (�)) + L4/3

φ ([0, T ] × �).

We recall that the initial function u belongs to the spaces involved in (5.33) since
φ = ϕµ,x0 is exponentially decaying and, consequently, arguing in a standard way,
it is not difficult to show that such approximation exists. Indeed, in order to do
so, it is sufficient to extend the initial function u ∈ �b([0, T ] × �) till the function
ũ ∈ �b(� × �) (using e.g., the even extension through t = 0 and t = T). The
required approximating sequence un can be constructed after that using the standard
convolution operator with respect to t:

un(t) := ε−1
n

∫
τ∈�

�(τε−1
n )ũ(t − τ ) dτ

where εn → 0 as n → ∞,
∫
τ∈�

�(τ ) dτ = 1 and supp � ⊂ [−1, 1].
For smooth with respect to t functions un we can freely integrate by parts with

respect to t and verify (5.33). Indeed, since ∂t�vn + ��xvn ≡ 0 and divun = div(φ2un −
vn) = 0, we have

(∂tun − ��xun, φ
2un − vn) = (∂tun − �xun, φ

2un − vn)

= ∂t[1/2(φ2un, un) − (un, vn)] + (∇xun,∇x(φ2un)) + (un, ∂tvn + �xvn)

= ∂t[1/2(φ2un, un) − (un, vn)] + (∇xun,∇x(φ2un)). (5.34)

Let us now prove embedding (5.31). Indeed, equality (5.34) has the form of d
dt Rn(t) =

Qn(t). Consequently, using the standard estimate

|Rn(t)| ≤ C
∫ T

0
(|Qn(s)| + |Rn(s)|) ds, T ≥ 1

for that equation, we deduce

|Rn(t)| ≤ C
∫ T

0
[(∇x(φ2un(s)),∇xun(s)

+‖vn‖2
L2

φ−1 (�) + |(∂tun(s) − �xun(s), φ2un(s) − vn(s))|] ds (5.35)
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where Rn(s) := 1/2(φ2un(s), un(s)) − (un(s), vn(s)). We now recall that, due to Theo-
rem 5.1 and (2.6), we have the following estimate:

‖vn(t)‖2
W 1,2

φ−1 (�)
+

∫ T

0
e−α|t−s|‖vn(s)‖2

W 2,2
φ−1 (�)

ds

≤ Cµ

(
‖un(t)‖2

L2
φ (�) +

∫ T

0
e−α|t−s|‖un(s)‖2

W 1,2
φ (�)

ds
)

. (5.36)

This estimate shows that

Rn(s) ≥ 1/4‖un(s)‖2
L2

φ (�) − ‖vn(s)‖2
L2

φ−1 (�)

≥ (1/4 − Cµ)‖un(s)‖2
L2

φ (�) − Cµ

∫ T

0
‖un(s)‖2

W 1,2
φ (�)

ds. (5.37)

Fixing the constant µ to be small enough, inserting (5.37) into (5.35) and using (5.36)
again, we get

‖un(t)‖2
L2

φ (�) ≤ C1

∫ T

0
‖un(s)‖2

W 1,2
φ (�)

ds +
∫ T

0
|(∂tun(s), φ2un(s) − vn(s))| ds. (5.38)

Using now the fact that

[
L2([0, T ],V2

φ−1 (�)
) ∩ L4([0, T ],H4

φ−1 (�)
)]∗

= L2([0, T ],H−1,2
φ (�)

) + L4/3([0, T ],H4/3
φ (�)

)
(due to (2.17), (4.27), and the general topological fact that [U ∩ V ]∗ = U∗ + V∗, see
[20]), we can estimate the last term in the right-hand side of (5.38) as follows:

∫ T

0
|(∂tun(s), φ2un(s) − vn(s))| ds ≤ C‖∂tun‖L2([0,T ],H−1,2

φ (�))+L4/3([0,T ],H4/3(�))

×‖φ2un − vn‖L2([0,T ],V2
φ−1 (�))∩L4

φ−1 ([0,T ]×�) ≤ C‖un‖�φ ([0,T ]×�)

× (‖un‖�φ ([0,T ]×�) + ‖vn‖L2([0,T ],W 1,2
φ−1 (�)) + ‖vn‖L4

φ−1 ([0,T ]×�)

)
. (5.39)

The W 1,2
φ−1 -norm of vn can be easily estimated by (5.36), so we only need to estimate

its L4
φ−1 -norm. To this end, we will use the interpolation inequality (2.39) and again

estimate (5.36). Then, we get

‖vn‖4
L4

φ−1 ([0,T ]×�) ≤ C‖vn‖2
L∞([0,T ],L2

φ−1 (�))‖vn‖2
L2([0,T ],W 1,2

φ−1 (�))

≤ C1µ
(
‖un‖4

L∞([0,T ],L2
φ (�)) + ‖un‖4

L2([0,T ],W 1,2
φ (�))

)
. (5.40)

Inserting estimates (5.39) and (5.40) into the right-hand side of (5.38), we arrive at

‖un‖2
L∞([0,T ],L2

φ (�)) ≤ C‖un‖�φ ([0,T ]×�)
(‖un‖�φ ([0,T ]×�) + ‖un‖L∞([0,T ],L2

φ (�))

)
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and, consequently,

‖un‖C([0,T ],L2
φ (�)) ≤ C‖un‖�φ ([0,T ]×�). (5.41)

Applying now the same scheme for the function un − um instead of un, we will have

‖un − um‖C([0,T ],L2
φ (�)) ≤ C‖un − um‖�φ ([0,T ]×�). (5.42)

Since un → u in �φ([0, T ] × �) then the right-hand side of inequality (5.42) tends
to zero as m, n → ∞ and, consequently, un is a Cauchy sequence in C([0, T ], L2

φ(�)).
Thus, we have proved that the limit function

u ∈ C
(
[0, T ], L2

ϕµ,x0
(�)

)
(5.43)

and

‖u‖L∞([0,T ],L2
ϕµ,x0

(�)) ≤ C‖u‖�ϕµ,x0
([0,T ]×�) (5.44)

(we recall that we have first considered the case of special weights ϕµ,x0 defined by (2.4))
where µ is small enough, x0 ∈ � and the constant C is independent of x0.

Taking now the supremum over x0 ∈ � from the both parts of (5.44) and using
(2.13), we get

‖u‖L∞([0,T ],L2
b(�)) ≤ C‖u‖�b([0,T ]×�) (5.45)

and, consequently, �b([0, T ] × �) ⊂ L∞([0, T ], L2
b(�)).

We now consider the case of general weights satisfying (5.28). We first note that
the continuity (5.43) for the special weights together with estimate (5.45) and the fact
that

∫
s θ2(s) ds < ∞ imply in a standard way the continuity of u(t) in the space L2

θ (�):
see [10] and Proposition 2.16. Thus, (5.31) is verified for general weights as well.

Let us now verify equality (5.32). To this end, it is sufficient to pass to the limit
n → ∞ in the integrated version of (5.34)

Rn(t) − Rn(0) =
∫ t

0
(∂tun(s) − ��xun(s), φ2un(s) − vn(s))

− (∇xun(s),∇x(φ2un(s))) ds. (5.46)

Indeed, we have proved before that un → u in C([0, T ], L2
ϕµ.x0

(�)). Since un are uniformly
bounded with respect to n in the space L∞([0, T ], L2

b(�)) and ‖θ‖L2(�1) < ∞, then, due
to Proposition 2.16, we establish that un → u in C([0, T ], L2

θ (�)) and, analogously,
un → u in L2([0, T ],V2

θ (�)). Then, estimate (5.36) and Theorem 5.1 gives that

vn → v in C
(
[0, T ], L2

θ−1 (�)
) ∩ L2([0, T ], W 1,2

θ−1 (�)
)
. (5.47)

Thus, Rn(t) → R∞(t) := 1/2(φ2u(t), u(t)) − (u(t), v(t)) and we can pass to the limit in
the left-hand side of (5.46). So, we only need to pass to the limit in the right-hand side
of (5.46). The only nontrivial term there is the following one:∫ t

0
|(∂tun(s), φ2un(s) − vn(s)) − (∂tu(s), φ2u(s) − v(s))| ds → 0 as n → ∞. (5.48)
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The passing to the limit in the other terms is straightforward due to the above
established convergences. In order to prove (5.48), we first note that un are uniformly
bounded in �b([0, T ] × �) and un → u in �ϕµ,x0

([0, T ] × �). Thus, analogously to
Proposition 2.16,

∂tun → ∂tu, in L2([0, T ],H−1,2
θ (�)

) + L4/3([0, T ],H4/3
θ3/2 (�)

)
(5.49)

(here we have used that ‖θ3/2‖L4/3(�) ≤ C‖θ‖3/2
L2(�) < ∞). Thus, in order to verify the

convergence (5.48), it is sufficient to check that

φ2un − vn → φ2u − v in L2([0, T ],V2
θ−1 (�)

) ∩ L4([0, T ],H4
θ−3/2 (�)

)
. (5.50)

In order to verify (5.50), we recall that, due to Proposition 2.14 (analogously to (5.40)),
the sequence un is uniformly bounded in L4

b([0, T ] × �) and, consequently, un → u in
L4

θ1/2 ([0, T ] × �) (since ‖θ1/2‖L4(�) < ∞). Thus, φ2un → φ2u in L4
θ−3/2 ([0, T ] × �) and,

consequently,

φ2un → φ2u in L2([0, T ], W 1,2
θ−1 (�)

) ∩ L4([0, T ], L4
θ−3/2 (�)

)
(5.51)

(we cannot write V2
θ−1 here since div(φ2un) �= 0, but the vector field φ2u − v is divergent

free, so we will automatically obtain (5.50) if we verify separately the convergence of
φ2un → φ2u and vn → v in the space (5.51)).

So, we now need to establish this convergence for vn. We also recall that the
convergence in L2([0, T ], W 1,2

θ−1 (�)) is already obtained in (5.47) and we only need to
verify the convergence

vn → v in L4
θ−3/2 ([0, T ] × �). (5.52)

To this end, we note that the function hn = 2φφ′un in (5.30) is uniformly bounded
in the space L2([0, T ], W 1,2

b,θ−2 (�)) ∪ L∞([0, T ], L2
b,θ−2 (�)) and, consequently, due to

Theorem 5.1, the sequence vn is uniformly bounded in

L∞(
[0, T ], L2

b,θ−2 (�)
) ∩ L2([0, T ], W 1,2

b,θ−2 (�)
)

and, due to Proposition 2.14, we also have that vn is uniformly bounded in the
space L4

b,θ−2 ([0, T ] × �). Moreover, due to (5.47) and Proposition 2.14, we have also
the convergence vn → v in L4

θ−1 ([0, T ] × �). Therefore, since θ−2 · θ1/2 = θ−3/2 and
‖θ1/2‖L4(�) < ∞, this, together with Proposition 2.16, give the convergence vn → v

in L4
θ−3/2 ([0, T ] × �). Thus, convergence (5.52) is verified and, consequently, the

convergences (5.50) and (5.48) are also verified. Passing now to the limit n → ∞
in (5.46), we finally verify that

1/2(φ2u(t), u(t)) − (u(t), v(t)) − 1/2(φ2u(0), u(0)) + (u(0), v(0))

=
∫ t

0
(∂tun(s) − ��xun(s), φ2un(s) − vn(s)) − (∇xun(s),∇x(φ2un(s))) ds (5.53)

which is an integral equivalent of (5.32). Theorem 5.6 is proved. �
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6. Nonlinear NS equations: a priori estimate. The aim of this section is to obtain
a weighted energy estimate for the solutions of the Navier-Stokes equation

∂t u + (u,∇x)u = �xu − ∇xp + g,

u
∣∣
∂�

= 0, div u = 0, (6.1)

u
∣∣
t=0 = u0

in a strip �. Moreover, this problem is endowed by the natural additional flux
assumption

�u1(t) ≡ c (6.2)

where c is a given constant which plays the role of a “boundary” condition at x1 = ±∞.
For simplicity we start our consideration with the case of zero flux

�u1(t) ≡ 0 (6.3)

and the case of general flux c will be considered at the end of this section. We assume
also that

g ∈ L2
b

(
�+, L2

b(�)
)
, u0 ∈ H2

b(�) (6.4)

and the solution u satisfies

u ∈ �b([0, T ] × �) (6.5)

(see Definition 5.5), and satisfies equation (6.1) in the sense of distributions D′
div(�)

over the divergent free vector fields.

REMARK 6.1. Due to Theorem 5.6, u ∈ L∞([0, T ],H2
b(�)) ∩ C([0, T ],H2

φ(�))
for every square integrable weight function of exponential growth rate, so the
initial condition u

∣∣
t=0 = u0 is well-defined. Moreover, since u ∈ L∞([0, T ], L2

b(�)) ∩
L2

b([0, T ],V2
b (�)) then, due to the interpolation inequality of Proposition 2.14

(analogously to (5.40)), we have

u ∈ L4
b

(
[0, T ],H4

b(�)
)
. (6.6)

Then, due to the Hölder inequality, the inertial term (u,∇xu) satisfies

‖(u,∇x)u‖L4/3
b ([0,T ]×�) ≤ ‖|u| · |∇xu|‖L4/3

b ([0,T ]×�)

≤ C‖u‖L4
b([0,T ]×�)‖∇xu‖L2

b([0,T ]×�) (6.7)

and, consequently, (u,∇xu) ∈ L4/3
b ([0, T ] × �). Theorem 4.4 now implies that

�[(u,∇x)u] ∈ L4/3
b

(
[0, T ],H4/3

b (�)
)

(6.8)

(where � is the projector on the divergent free vector fields introduced in Section 4).
Thus, applying this projector to equation (6.1), we obtain

∂tu = ��xu − �[(u,∇x)u] + �g (6.9)
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which shows that, indeed, the derivative ∂tu should belong to the space:

∂tu ∈ L2
b

(
[0, T ],H−1,2

b (�)
) + L4/3

b

(
[0, T ],H4/3

b (�)
)

(6.10)

(see Proposition 4.11 for the term ��xu). This shows that the definition of a solution
u in the form (6.5) is not contradictive and equation (6.1) can be understood as
equality (6.9) in the space (6.10). We also note that zero flux assumption (6.3) is now
incorporated into the definition of the space �b([0, T ] × �).

We now introduce a special family of polynomial weight functions θε(s) = θε,x0 (s)
by the following expression:

θε,x0 (s) := (1 + ε2|s − x0|2)−1/2, ε > 0, s, x0 ∈ �. (6.11)

Obviously these functions are weight functions of exponential growth rate µ, for every
µ > 0 with the constant Cθε

depending on µ, but independent of x0 ∈ � and ε ∈ [0, 1].
This means that all of the weighted estimates formulated in previous sections will hold
for weights (6.11) with the constants independent of ε → 0 which is crucial for our
method. Moreover, these weights also satisfy the following improved version of (5.28):

|φ′
ε,x0

(s)| ≤ ε[φε,x0 (s)]2, ‖φε‖L2(�n) < ∞. (6.12)

Thus, Theorem 5.6 holds for these weights as well. The next proposition gives basic a
priori estimate for the solutions of (6.1).

PROPOSITION 6.2. Let the above assumptions hold and let u ∈ �b([0, T ] × �) be a
solution of the Navier-Stokes problem (6.1). Then, the following estimate holds:

sup
s∈[0,T ]

{
e−α|t−s|‖u(s)‖2

L2
θε

(�)

}
+

(
C1 − C2ε‖u‖L∞([0,T ],L2

θε
(�))

)
×

∫ T

0
e−α|t−s|‖u(s)‖2

W 1,2
θε

(�)
ds

≤ C3e−αt‖u(0)‖2
L2

θε
(�) + C3

∫ T

0
e−α|t−s|‖g(s)‖2

L2
θε

(�) ds (6.13)

where the positive constants α and Ci, i = 1, 2, 3 are independent of u, u0, g, ε → 0, T
and x0 (we recall that we write for brevity θε instead of θε,x0 ).

Proof. Indeed, let u be a solution of (6.9) belonging to the above class. Then, due
to Theorem 5.6, we have the following identity:

d
dt

[1/2
(
θ2
ε u(t), u(t)

) − (u(t), v(t))] + (∇xu(t),∇x(θ2
ε u(t))

)
= −(

θ2
ε u(t) − v(t), (u(t),∇x)u(t) − g(t)

)
(6.14)

where v := �θε
u solves the auxiliary problem (5.30). Using (6.12) and the inequality

‖u‖L2
θε

(�) ≤ ‖∇xu‖L2
θε

(�), we transform (6.14) as follows:

d
dt

Ru(t) + αRu(t) + 1/2‖u(t)‖2
W 1,2

θε
(�)

≤ ∣∣(θ2
ε u(t), (u(t),∇xu(t))

∣∣
+ |(v(t), (u(t),∇x)u(t))| + C‖g(t)‖2

L2
θε

(�) + C‖v‖2
L2

[θε ]−1 (�) := Hu(t) (6.15)
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where Ru(t) := 1/2‖u(t)‖2
L2

θε
(�)

− (u(t), v(t)). Applying now the Gronwall inequality to

(6.15), we infer

Ru(t) +
∫ t

0
e−α(t−s)‖u(s)‖2

W 1,2
θε

(�)
ds ≤ Ce−αtRu(0) + C

∫ t

0
e−α(t−s)Hu(s) ds. (6.16)

We now need to estimate the auxiliary function v(t). To this end, we note that, due to
(6.11), the function hu(t) := 2θεθ

′
εu(t) satisfies

‖hu(t)‖W l,2
[θε ]−2 (�) ≤ Cε‖u(t)‖W l,2

θε
(�) (6.17)

where the constant C is independent of ε → 0. Applying now Theorem 5.1 to the
auxiliary equation (5.30), we deduce the following estimates:

‖v(t)‖2
W 1,2

[θε ]−2 (�)
≤ Cε2‖u(t)‖2

L2
θε

(�) + Cε2
∫ T

0
e−α|t−s|‖u(s)‖2

W 1,2
θε

(�)
ds,

(6.18)∫ T

0
e−α|t−s|‖v(s)‖2

W 2,2
[θε ]−2 (�)

ds ≤ Cε2
∫ T

0
e−α|t−s|‖u(s)‖2

W 1,2
θε

(�)
ds

where α > 0 is small enough and the constants C and α are independent of ε → 0.
Inserting these estimates into (6.16) and arguing analogously to (5.38), we get

‖u(t)‖2
L2

θε
(�) +

∫ t

0
e−α(t−s)‖u(s)‖2

W 1,2
θε

(�)
ds ≤ Ce−αt‖u0‖2

L2
θε

(�)

+ Cε2
∫ T

0
e−α|t−s|‖u(s)‖2

W 1,2
θε

(�)
ds +

∫ T

0
e−α|t−s|Hu(s) ds. (6.19)

This estimate, in turn, implies in a standard way that, for sufficiently small ε > 0,

sup
s∈[0,T ]

{
e−α|t−s|‖u(t)‖2

L2
θε

(�)

}
+ C′

∫ T

0
e−α|t−s|‖u(s)‖2

W 1,2
θε

(�)
ds

≤ Ce−αt‖u0‖2
L2

θε
(�) + C

∫ T

0
e−α|t−s|‖g(s)‖2

L2
θε

(�) ds

+ C
∫ T

0
e−α|t−s|∣∣(θ2

ε u(s), (u(s),∇x)u(s))
∣∣ ds

+ C
∫ T

0
e−α|t−s||(v(s), (u(s),∇x)u(s))| ds := Iu0 + Ig + I1 + I2. (6.20)

Indeed, in order to obtain the estimate for the first term in the left-hand side of (6.20),
it is sufficient to multiply (6.19) by e−β|t1−t|, where β < α, take the supremum over
t ∈ [0, T ] and use Proposition 2.5. Analogously, in order to obtain the estimate for the
second term, we only need to integrate over t ∈ [0, T ] instead of taking the supremum
(rigorously speaking, we obtain (6.20) for some new exponent β which is less than α

(say, β = α/2), but, in order to simplify the notations, we denote this new exponent by
α as well.

Thus, in order to finish the proof of Proposition 6.2, we only need to estimate the
integrals I1 and I2 in the right-hand side of (6.20). To this end, we note that, integrating
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by parts in the term (θ2
ε u, (u,∇x)u) and using div u = 0 and inequality (6.12), we have∣∣(θ2

ε u, (u,∇x)u
)∣∣ = |(2θεθ

′
εu, |u|2)| ≤ Cε([θε]3|u|, |u|2)

≤ C1ε‖u‖L2
θε

(�)‖u‖2
L4

θε
(�) ≤ C2ε‖u‖L2

θε
(�)‖u‖2

W 1,2
θε

(�)
(6.21)

where the constant C2 is independent of ε (here we have implicitly used also the
embedding W 1,2

θε
(�) ⊂ L4

θε
(�) where the embedding constant is independent of ε; see

Proposition 2.10).
Inserting this estimate into the expression for I1, we arrive at

I1 ≤ C3ε‖u‖L∞([0,T ],L2
θε

(�))

∫ T

0
e−α|t−s|‖u(s)‖2

W 1,2
θε

(�)
ds. (6.22)

Let us now estimate the integral I2. To this end we will use the following embedding
estimate of Proposition 2.10:

‖v‖L∞
[θε ]−2 (�) ≤ C‖v‖W 2,2

[θε ]−2 (�)

where again the constant C is independent of ε. Thus, we can estimate the term I2 as
follows:

I2 ≤ C
∫ T

0
e−α|t−s|‖u(s)‖L2

θε
(�)‖∇xu(s)‖L2

θε
(�)‖v(s)‖W 2,2

[θε ]−2 (�) ds

≤ C‖u(s)‖L∞([0,T ],L2
θε

(�))

∫ T

0
e−α|t−s|

(
ε‖u(t)‖2

W 1,2
θε

(�)
+ ε−1‖v(s)‖2

W 2,2
[θε ]−2 (�)

)
ds.

(6.23)

Using now (6.18), we finally arrive at

I2 ≤ C3ε‖u‖L∞([0,T ],L2
θε

(�))

∫ T

0
e−α|t−s|‖u(s)‖2

W 1,2
θε

(�)
ds. (6.24)

Inserting estimates (6.22) and (6.24) into the right-hand side of (6.20), we obtain (6.13)
and finish the proof of Proposition 6.2. �

In order to deduce the existence of a solution u ∈ �b([0, T ] × �) of problem (6.1)
from a priori estimate (6.13), we need the following simple proposition.

PROPOSITION 6.3. Let w ∈ L2
b(�) and let the weight θε = θε,x0 be the weight function

defined by (6.11). Then, the following estimate holds:

‖w‖L2
θε

(�) ≤ Cε−1/2‖w‖L2
b(�) (6.25)

where the constant C is independent of ε → 0 and x0 ∈ �.

Proof. Indeed, according to (2.11), we have

‖w‖2
L2

θε
(�) ≤ C

∫
s∈�

θε(s)2‖w‖2
L2(�s)

ds ≤ C‖w‖2
L2

b(�)

∫
s∈�

(1 + ε2|s − x0|2)−1 ds

= C‖w‖2
L2

b(�)ε
−1

∫
s∈�

(1 + |s|2)−1 ds = C1ε
−1‖w‖2

L2
b(�)

and Proposition 6.3 is proved. �
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Proposition 6.3 allows us to simplify basic a priori estimate (6.13) as follows.

COROLLARY 6.4. Let the assumptions of Proposition 6.2 hold and let u ∈ �b([0, T ] ×
�) be a solution of (6.1). Then, the following estimate holds:

‖u‖2
L∞([0,T ],L2

θε
(�)) +

(
C1 − C2ε‖u‖L∞([0,T ],L2

θε
(�))

)
‖u‖2

L2
b([0,T ],W 1,2

θε
(�))

≤ C3ε
−1

(
‖u(0)‖2

L2
b(�) + ‖g‖2

L2
b([0,T ],L2

b(�))

)
(6.26)

where the positive constants α and Ci, i = 1, 2, 3 are independent of u, u0, g, ε → 0, T
and x0 (we recall that we write for brevity θε instead of θε,x0 ).

Indeed, in order to deduce (6.26) from (6.13), it is sufficient to use (6.25), take the
supremum over t ∈ [0, T ] and use (2.13).

We are now ready to prove the existence of a bounded solution of the Navier-Stokes
problem (6.1).

THEOREM 6.5. Let the above assumptions hold. Then problem (6.1) possesses at least
one solution u ∈ �b([0, T ] × �) which satisfies the following estimate:

‖u‖L∞([0,T ],L2
b(�))∩L2

b([0,T ],W 1,2
b (�)) ≤ C

(
1 + ‖u0‖2

L2
b(�) + ‖g‖2

L2
b([0,T ]×�)

)
(6.27)

where the constant C is independent of T, g and u0.

Proof. The idea of the proof is based on the following observation: let

Ku0,g :=
(

1 + ‖u0‖2
L2

b(�) + ‖g‖2
L2

b([0,T ]×�)

)1/2
. (6.28)

Then, a priori estimate (6.26) gives the following conditional result: let the solution u
a priori satisfy

‖u‖L∞([0,T ],L2
θε

(�)) ≤ C1

2C2ε
. (6.29)

Then, we necessarily have

‖u‖L∞([0,T ],L2
θε

(�)) + C1/2‖u‖L2
b([0,T ],W 1,2

θε
(�)) ≤ C1/2

3 ε−1/2Ku0,g. (6.30)

Let us now fix ε � 1 in such way that

C1/2
3 ε−1/2Kg,u0 <

C1

2C2ε
(6.31)

or, which is the same,

ε ∼ [Ku0,g]−2. (6.32)

In this case estimates (6.29) and (6.30) allow us to deduce estimate of the form (6.27)
using the standard continuation by parameter arguments. Indeed, let us, s ∈ [0, 1] be a
continuous curve of solutions of (6.1) such that

Kus
0,g

s ≤ Ku1
0,g

1 (6.33)
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and estimate (6.30) is satisfied for s = 0. Then it is satisfied for s = 1 as well, since, due
to (6.31), we cannot achieve the bound (6.29) before crossing the bound (6.30) and,
consequently, the continuity arguments show that (6.30) holds for every s ∈ [0, 1].

Let us now proceed in more rigorous way. To this end, we first prove estimate
(6.27) for the square integrable case:

u0 ∈ H2(�), g ∈ L2([0, T ], L2(�)). (6.34)

It is well-known that, in this case, the Navier-Stokes problem has a unique square
integrable solution u:

u ∈ C([0, T ], L2(�)) ∩ L2([0, T ], W 1,2(�)). (6.35)

Moreover, this solution depends continuously (in the metric of (6.35)) on the initial
data u0 and external forces g; see e.g. [4], [5], [24].

Thus, the solutions us, s ∈ [0, 1], associated with the initial data us
0 := su0, gs := sg,

generate a continuous curve in the space (6.35) and, evidently, (6.30) is satisfied for
u0 ≡ 0. Therefore, due to the above continuity arguments, we have estimate (6.30) for
s = 1 as well. Taking into account (6.32), we can rewrite it in the following way:

‖u‖L∞([0,T ],L2
θε,x0

(�))∩L2
b([0,T ],W 1,2

θε,x0
(�)) ≤ C[Ku0,g]2 (6.36)

where the constant C is independent of x0 ∈ �. Using now the obvious estimate

‖v‖W l,2
b (�) ≤ C sup

x0∈�

‖v‖W l,2
θε,x0

(�), l = 0, 1

where C is independent of ε � 1, we deduce the required estimate (6.27).
Thus, the assertion of the theorem is verified in the square integrable case (6.34).

Let us now consider the general case of u0 and g satisfying only assumption (6.4). To
this end, we approximate the data u0 and g by a sequence of square integrable ones un

0
and gn satisfying (6.34). Moreover, we assume that

‖un
0‖H2

b(�) + ‖gn‖L2
b([0,T ]×�) ≤ C (6.37)

where C is independent of n and that

un
0 → u0 in L2

loc(�), gn → g in L2
loc([0, T ] × �). (6.38)

Then, due to already proven part of estimate (6.27), the associated solution un of the
Navier-Stokes equation (belonging to the class (6.35)) satisfies

‖un‖L∞([0,T ],L2
b(�)) + ‖un‖L2

b([0,T ],W 1,2
b (�)) + ‖un‖L4

b([0,T ]×�) ≤ C1 (6.39)

where C1 is also independent of n. Moreover, from equation (6.9), we infer also that

‖∂tun‖L2
b([0,T ],H−1,2

b (�))+L4/3
b ([0,T ],H4/3

b (�)) ≤ C. (6.40)

Thus, passing to the subsequence if necessary, we can assume without loss of generality
that the sequence un converges weakly to some u ∈ �b([0, T ] × �) in the local topology,
i.e., for every square integrable weight φ satisfying (5.28), we have

un → u weakly in �φ([0, T ] × �). (6.41)
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Moreover, due to the embedding �φ([0, T ] × �) ⊂ C([0, T ], L2
φ(�)) (which is actually

proved in Theorem 5.6), the limit function u satisfies the initial condition u(0) = u0.
Thus, we only need to verify that the constructed function u satisfies equation (6.1)

(or which is the same, equation (6.9)) in the sense of distributions, i.e., we need to verify
that, for every w ∈ C∞

0 ((0, T) × �) with divw = 0, we have

−〈u, ∂tw〉 = 〈u,�xw〉 − 〈(u,∇x)u, w〉 + 〈g, w〉. (6.42)

Indeed, since un solves the Navier-Stokes equations, we have

−〈un, ∂tw〉 = 〈un,�xw〉 − 〈(un,∇x)un, w〉 + 〈gn, w〉. (6.43)

Moreover, passing to the limit n → ∞ in all linear terms of (6.43) is evident and we
only need to pass to the limit in the inertial term (un,∇x)un. To this end, it is sufficient
to verify that

un → u strongly in the space L2
loc([0, T ] × �). (6.44)

Indeed, since ∇xun → ∇xu weakly in L2
loc([0, T ] × �), then (6.44) implies the weak

convergence (un,∇x)un → (u,∇x)u in L1
loc([0, T ] × �).

In order to prove (6.44), we note that H4/3
b (�) ⊂ H−1,2

b (�) and, consequently, for
every square integrable weight function φ, we have

∂tun → ∂tu weakly in L4/3([0, T ],H−1,2
φ2 (�)

)
. (6.45)

Furthermore, due to (6.41), we have also

un → u weakly in L2([0, T ],V2
φ(�)). (6.46)

Since we have the standard embeddings

V2
φ(�) ⊂⊂ H2

φ2 (�) ⊂ H−1,2
φ2 (�)

and the first embedding is compact, then, due to the compactness theorem (see e.g. [23]),
we have the strong convergence un → u in L2([0, T ],H2

φ2 (�)). Thus, the convergence
(6.44) is proved and Theorem 6.5 is also proved. �

We now return to the general case of nonzero flux c �= 0 in (6.2). Then the Navier-
Stokes equation (6.1) with g = 0 possesses the classical Poiseuille solution

vc(x) :=
(

3
2

c
(
1 − x2

2

)
, 0

)
. (6.47)

Obviously, if (6.2) is satisfied, then the difference u − vc has zero flux and, consequently,
it is natural to define a weak solution of (6.1) as a function u ∈ vc + �b([0, T ] × �)
which satisfies (6.1) in the sense of distributions over the divergent free vector fields.
Moreover, the assumption on u0 should be also naturally replaced by

u0 ∈ vc + H2
b(�).

The next theorem is an analogue of Theorem 6.5 for the case of nonzero flux.
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THEOREM 6.6. Let the above assumptions hold. Then, for every c ∈ �, u0 ∈ vc +
H2

b(�) and g ∈ L2
b([0, T ] × �), the Navier-Stokes problem (6.1), (6.2) possesses at least

one weak solution u ∈ vc + �b([0, T ] × �) which satisfies the following estimate:

‖u‖L∞([0,T ],L2
b(�))∩L2

b([0,T ],W 1,2
b (�)) ≤ C

(
1 + c3 + ‖u0‖2

L2
b(�) + ‖g‖2

L2
b([0,T ]×�)

)
(6.48)

where the constant C is independent of T, u0, g and c.

Proof. We want to reduce the general case to the particular case of zero flux
considered above. The most natural way to do so is to make the variable change
ū := u − vc where the vc is the Poiseuille flow, but this scheme does not work, since the
Poiseuille flow can be unstable. Instead of this, we construct below some special solution
of the stationary Navier-Stokes problem (6.1), (6.2) of the form Vc(x) := (Vc(x2), 0),
Vc(±1) = 0 (with the appropriate nonzero external force gc) and introduce a new
unknown ū := u − Vc. Then, this function belongs to �b([0, T ] × �) and solves

∂tū + (ū,∇x)ū = �xū + LVc ū − ∇xp + g − gc,

div ū = 0, ū
∣∣
∂�

= 0, �ū1 ≡ 0, (6.49)

ū
∣∣
t=0 = ū0 := u0 − Vc.

which differs from (6.1) by the presence of the additional linear operator LVc

LVcw := (Vc,∇x)w + (w,∇x)Vc. (6.50)

The next Lemma specifies the choice of the special function Vc.

LEMMA 6.7. Let c ∈ � be arbitrary. Then there exist a vector field Vc(x) =
(Vc(x2), 0), Vc(±1) = 0 such that

(LVcw,w) ≤ 1/2‖w‖2
W 1,2(�), ∀w ∈ W 1,2

0 (�) (6.51)

and

‖Vc‖C([−1,1]) ≤ κ|c|, ‖V ′
c‖L2([−1,1]) ≤ κ

(|c|3/2 + |c|), (6.52)

where the constant κ is independent of c and gc = −V ′′
c .

Proof. We seek the required function Vc(x2) in the following form:

Vc(z) =
⎧⎨
⎩

λ, z ∈ [−1 + δ, 1 − δ],
λδ−1(1 − z), z ∈ [1 − δ, 1],
λδ−1(1 + z), z ∈ [−1,−1 + δ]

(6.53)

where δ � 1 is small positive constant and λ is close to c. Obviously, in order to satisfy
the flux condition, we need

2c =
∫ 1

−1
Vc(z) dz = λ(2 − 2δ) + λδ = 2λ − λδ. (6.54)

So, we now need to fix δ in such a way that (6.51) will be satisfied. Indeed, let w ∈
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[W 1,2
0 (�)]2. Then, direct calculation gives

(LVcw,w) = (w2∂x2 Vc, w1) = (V ′
c, w2w1)

≤ λδ−1
∫

x1∈�

(∫ −1+δ

−1
|w(x1, x2)|2 dx2 +

∫ 1

1−δ

|w(x1, x2)|2 dx2

)
dx1. (6.55)

We now recall that w(x1,±1) = 0 and, consequently,∫ −1+δ

−1
|w(x1, x2)|2 dx2 ≤ δ2

∫ 1

−1
|∂x2w(x1, x2)|2 dx2

and the analogous estimate holds near x2 = 1. Thus,

(LVcw,w) ≤ 2λδ‖w‖2
W 1,2

0 (�)
(6.56)

and we only need to satisfy the following conditions:

2c = 2λ − λδ, 0 < δ ≤ 1, 2λδ ≤ 1/2. (6.57)

These inequalities will be satisfied if we take, e.g., δ := min{1, 1/(4|λ|)} (and λ is
uniquely defined by c from the first equation of (6.57). It is also not difficult to
verify that the function Vc thus defined also satisfies inequalities (6.52). Lemma 6.7
is proved. �

We are now ready to finish the proof of Theorem 6.6. This proof repeats, with
minor changes, the proof of Theorem 6.5 for the case of zero flux. The only difference
is that we now have the additional linear term LVc ū in equation (6.49) which is not
essential due to estimate (6.51).

Indeed, proving the analogue of basic a priori estimate (6.13), we will only have
the additional terms

(LVc ū, θ2
ε ū) − (LVc ū, v) − (

V ′
c, ∂x2

(
θ2
ε ū − v

))
(6.58)

in the right-hand side of (6.15). The first term of (6.58) can be estimated using
Lemma 6.7 as follows:(

LVc ū, θ2
ε ū

) = (LVc (θεū), θεū) − (Vc, θ
′
εθε|ū|2)

≤ 1/2‖∇x(θεū)‖2
L2(�) − κcε‖u‖2

L2
θε

(�), (6.59)

where the constant κ is independent of ū, c and ε.
In order to estimate the second additional term of (6.58) we split it into a sum of

two terms ((Vc,∇x)ū, v) and ((ū,∇x)Vc, v). The first of them can be easily estimated by
(6.52) and Hölder inequality as

|((Vc,∇x)ū, v)| ≤ κ ′c‖ū‖W 1,2
θε

(�)‖v‖L2
[θε ]−1 (�)

and the second one can be estimated exactly as in (6.55), as follows:

|((ū,∇x)Vc, v)| ≤ κ‖ū‖W 1,2
θε

(�)‖v‖W 1,2
[θε ]−1 (�).

Thus, the second additional term is estimated as follows:

|(LVc ū, v)| ≤ κ(c + 1)‖ū‖W 1,2
θε

(�)‖v‖W 1,2
[θε ]−1 (�), (6.60)

where the constant κ is independent of ε, c, u and v.
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Finally, the third additional term of (6.58) can be estimates using (6.52) and Hölder
inequality:

∣∣(V ′
c, ∂x2

(
θ2
ε ū − v

))∣∣ ≤ Cδ‖V ′
c‖2

L2
θε

(�) + δ

(
‖ū‖2

W 1,2
θε

(�)
+ ‖v‖2

W 1,2
[θε ]−1 (�)

)

≤ κδ(c3 + 1)ε−1 + δ

(
‖ū‖2

W 1,2
θε

(�)
+ ‖v‖2

W 1,2
[θε ]−1 (�)

)
(6.61)

where δ > 0 is arbitrary and the constant κδ depends on δ, but is independent of c, ε,
u and v.

Estimates (6.59)–(6.61) show that, under the additional assumption

cε ≤ κ (6.62)

where κ > 0 is a sufficiently small number independent of c and ε (we recall that, due
to (6.18), v ∼ εū), we can repeat word by word the proof of (6.13) and obtain the
following analogue of (6.26):

‖ū‖2
L∞([0,T ],L2

θε
(�)) +

(
C1 − C2ε‖ū‖L∞([0,T ],L2

θε
(�))

)
‖ū‖2

L2
b([0,T ],W 1,2

θε
(�))

≤ C3ε
−1

(
1 + c3 + ‖ū(0)‖2

L2
b(�) + ‖g‖2

L2
b([0,T ],L2

b(�))

)
(6.63)

where the positive constants α and Ci, i = 1, 2, 3 are independent of u, u0, g, ε → 0,
T , c and x0.

Furthermore, arguing exactly as in the proof of estimate (6.27), we deduce a priori
estimate (6.48) (see (6.28)–(6.32)). The existence of a solution can then be verified
exactly as in the case of zero flux c. Theorem 6.6 is proved. �

REMARK 6.8. Arguing analogously, it is not difficult to verify the existence of a
solution of more general Navier-Stokes problem with the nonautonomous flux

�u1(t) ≡ c(t) (6.64)

where c ∈ C1([0, T ]) is an arbitrary given function. Moreover, the assumption on the
external force g can be relaxed to

g ∈ L2
b

(
[0, T ],H−1,2

b (�)
)
. (6.65)

Furthermore, the weighted theory developed in this section allows to consider not only
bounded with respect to x1 → ∞ solutions, but also slowly growing solutions of the
NS equation (growing not faster than |x1|1/2−δ, δ > 0 is arbitrary). We however will
not use these facts in the sequel and, for this reason, do not give their rigorous proofs
here.

7. Nonlinear NS equations: uniqueness and regularity. In this section, we verify
that the solution of the Navier-Stokes equations constructed in the previous section
is unique and prove some smoothness of these solutions. We start with the following
theorem which gives the Lipschitz continuity of weak energy solution of the N-S
equations with respect to the initial data.
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THEOREM 7.1. Let the assumptions of Theorem 6.6 hold. Then there exists positive µ

such that, for every two solutions u1, u2 ∈ vc + �b([0, T ] × �) and every weight function
φ of sufficiently small exponential growth rate ε (ε ≤ µ), the following estimate holds:

‖u1(t) − u2(t)‖L2
φ (�) ≤ CeKt‖u1(0) − u2(0)‖L2

φ (�), (7.1)

where the constants K and C depend on the L2
b-norms of u1(0) and u2(0), g and constant

Cφ , but are independent of the concrete choice of u1, u2 and φ.
In particular, the weak energy solution of the Navier-Stokes is unique. Moreover, the

analogous estimate holds for the spaces L2
b,φ

as well.

Proof. We first note that it is sufficient to verify (7.1) for t ≤ 1 (for other t it can
then be obtained by iteration) and the weights ϕµ,y(s) only.

We introduce also a family of cut-off functions ψy(s) ∈ [0, 1], s ∈ � such that

ψy(s) ≡ 1, s ∈ [y, y + 1],

suppψy ∈ (y − 1, y + 2), (7.2)

|Dk
s ψy(s)| ≤ Ck.

Let now u1, u2 ∈ vc + �b([0, T ] × �) be two solutions of the Navier-Stokes problem
(6.1) and let v := u2 − u1 ∈ �b([0, T ] × �). Then, this function satisfies

∂tv + �[(v,∇x)v] + �[(u1,∇x)v] + �[(v,∇x)u1] = ��xv, divv = 0, v
∣∣
∂�

= 0. (7.3)

Let us now fix an arbitrary t ∈ (0, T ], y ∈ � and construct the corrector function
vψ (τ ) = vt

ψy
(τ ) as the solution of the following analogue of (5.30):

−∂τ vψ = �xvψ − ∇xq, divvψ (τ ) = 2ψyψ
′
yv(τ ),

(7.4)
�vψ

∣∣
τ=t = 0, vψ

∣∣
∂�

= 0.

Then, applying Theorem 5.6 and (5.32) to equation (7.3), we have

1/2
(
ψ2

y v(t), v(t)
) +

∫ t

0

(∇xv(τ ),∇x
(
ψ2

y v(τ )
))

dτ

= 1/2
(
ψ2

y v(0), v(0)
) − (v(0), vψ (0)) −

∫ t

0
((u1(τ ),∇x)v(τ ) + (v(τ ),∇x)v(τ )

+ (v(τ ),∇x)u1(τ ), ψ2
y v(τ ) − vψ (τ )) dτ (7.5)

(here we have implicitly used that �vψ (t) = 0). We now recall that the function
hv,ψ (τ ) := 2ψyψ

′
yv(τ ) has the finite support with respect to x1 (belonging to (y − 1,

y + 2)). Consequently,

‖hv,ψ (τ )‖W l,2

ϕ
−1
ε,y

(�) ≤ C‖v(τ )‖W l,2
ϕε,y (�), l = 0, 1 (7.6)

where the constant C is independent of 0 < ε ≤ 1 and y ∈ �. Moreover, since v ∈
�b([0, T ] × �) the function hv,ψ also satisfies assumption (5.2). Thus, due to Theo-
rem 5.1, we have the following estimates:∫ t

0
‖vψ (τ )‖2

W 2,2

ϕ
−1
ε,y

(�)
dτ ≤ C

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ (7.7)
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and

‖vψ (0)‖2
W 1,2

ϕ
−1
ε,y

(�)
≤ C‖v(0)‖2

L2
ϕε,y (�) + C

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ (7.8)

(where ε ≤ µ > 0 is small enough and the constant C is independent of y ∈ �).
Furthermore, due to Corollary 5.4, we also have∫ t

0
‖vψ (τ )‖2

L2
ϕ
−1
ε,y

(�) dτ ≤ C
∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ. (7.9)

Combining now estimates (7.9) and (7.7) and using the proper interpolation inequality,
we deduce ∫ t

0
‖vψ (τ )‖2

W 1,2

ϕ
−1
ε,y

(�)
+ ‖vψ (τ )‖2

L∞
ϕ
−1
ε,y

(�) dτ

≤ Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ + δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ (7.10)

where the constant δ > 0 is arbitrary and the constant Cδ is independent of y ∈ �.
We are now ready to estimate the integral in the right-hand side of (7.5). We start

with the terms containing the function vψ (τ ). Indeed, since u ∈ �b([0, T ] × �) then,
due to Theorem 5.6 and estimate (5.45), ‖u1(t)‖L2

b(�) ≤ C and, consequently,

|((u1,∇x)v, vψ )| ≤ C‖u1‖L2
b(�)‖∇xv‖L2

ϕε,y (�)‖vψ‖L∞
ϕ
−1
ε,y

(�) ≤ δ‖v‖2
W 1,2

ϕε,y (�)
+ Cδ‖vψ‖2

L∞
ϕ
−1
ε,y

(�)

(7.11)

which together with (7.10) gives∫ t

0
|((u1(τ ),∇x)v(τ ), vψ (τ ))| dτ ≤ Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ + δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ

(7.12)

where δ > 0 is arbitrary. Recalling now that v = u2 − u1 and arguing analogously, we
obtain also that∫ t

0
|((v(τ ),∇x)v(τ ), vψ (τ ))| dτ ≤ Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ + δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ.

(7.13)

Moreover, integrating by parts, we have

|((v,∇x)u1, vψ )| ≤ (|u1|, |∇xv| · |vψ |) + (|u1|, |v| · |∇xvψ |).
The first term in the right-hand side of this inequality can be estimated exactly as
(7.11)–(7.12), so we only need to estimate the second one. Indeed, due to Proposi-
tion 2.14 and Hölder inequality,

(|u1|, |v| · |∇xvψ |) ≤ C‖u1‖L2
b(�)‖v‖L4

ϕε,y (�)‖∇xvψ‖L4
ϕ
−1
ε,y

(�)

≤ C1

(
‖v‖L2

ϕε,y (�)‖v‖W 1,2
ϕε,y (�)‖vψ‖W 1,2

ϕ
−1
ε,y

(�)‖vψ‖W 2,2

ϕ
−1
ε,y

(�)

)1/2

≤ Cδ‖v‖2
L2

ϕε,y (�) + δ

(
‖v‖2

W 1,2
ϕε,y (�)

+ ‖vψ‖2
W 1,2

ϕ
−1
ε,y

(�)
+ ‖vψ‖2

W 2,2

ϕ
−1
ε,y

(�)

)
.
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Using now estimate (7.7), we infer

∫ t

0
|((v(τ ),∇x)u(τ ), vψ (τ ))| dτ ≤ Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ + δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ

(7.14)

where the constant δ > 0 can be arbitrary. Thus, the terms under the integral in
the right-hand side of (7.5) which contain the function vψ are estimated. Let us
now estimate the terms containing ψ2

y v. Indeed, using the interpolation inequality
of Proposition 2.14 and the fact that ψy has a finite support, we get∣∣((v,∇x)u1, ψ

2
y v

)∣∣ ≤ C‖∇xu1‖L2
ϕε,y (�)‖ψyv‖2

L4(�)

≤ β‖ψyv‖2
W 1,2(�) + Cβ‖u1‖2

W 1,2
ϕε,y (�)

‖ψyv‖2
L2(�) (7.15)

where the positive constant β can be arbitrarily small and the constant Cβ is
independent of y ∈ �.

Moreover, integrating by parts and again using Proposition 2.14, we also deduce∣∣((u1,∇x)v,ψ2
y v

)∣∣ ≤ 2|(|u1| · |v|2, |ψψ ′|) ≤ C‖u1‖L2
b(�)‖v‖2

L4
ϕε,y (�)

≤ δ‖v‖2
W 1,2

ϕε,y (�)
+ Cδ‖v‖2

L2
ϕε,y (�)

which gives

∫ t

0

∣∣((u1(τ ),∇x)v(τ ), ψ2
y v(τ )

)∣∣ dτ ≤ δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ + Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ,

(7.16)

where δ > 0 can be arbitrarily small. Recalling now that v = u2 − u1 and arguing
analogously, we prove that

∫ t

0

∣∣((v(τ ),∇x)v(τ ), ψ2
y v(τ )

)∣∣ dτ ≤ δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ + Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ.

(7.17)

Thus, all of the integral terms in equality (7.5) are estimated. So, we only need to
estimate two remaining terms. Indeed, due to estimate (7.8) and Hölder inequality, we
have

|(v(0), vψ (0))| ≤ Cδ‖v(0)‖2
L2

ϕε,y (�) + δ‖vψ (0)‖2
L2

ϕ
−1
ε,y

(�)

≤ Cδ‖v(0)‖2
L2

ϕε,y (�) + δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ (7.18)

where δ > 0 is again arbitrary.
Finally, it is not difficult to prove, integrating by parts, that

(∇xv,∇x
(
ψ2

y v
)) ≥ 1/2

(
‖ψy∇xv‖2

L2(�) + ‖∇x(ψyv)‖2
L2(�)

)
− C‖v‖2

L2
ϕε,y (�). (7.19)
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Inserting estimates (6.10) and (7.12)–(7.19) to equality (7.5) and fixing the arbitrary
positive constant β (involved in (7.15)) to be small enough, we deduce that

‖ψyv(t)‖2
L2(�) +

∫ t

0
‖ψy∇xv(τ )‖2

L2(�) dτ ≤ C
∫ t

0
‖∇xu1(τ )‖2

L2
ϕε,y (�)‖ψyv(τ )‖2

L2(�) dτ

+ δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ + Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ + Cδ‖v(0)‖2

L2
ϕε,y (�)

(7.20)

where the positive constant δ can be arbitrarily small and the constants C and Cδ are
independent of y ∈ � (it is very important that the constant C in (7.20) is independent
also of δ). In order to transform (7.20), we need the following standard version of the
Gronwall inequality.

LEMMA 7.2. Let the function Z ∈ C([0, 1]) satisfy the following integral inequality:

Z(t) ≤
∫ t

0
H(τ )Z(τ ) + P(τ ) dt + K, t ∈ [0, 1] (7.21)

for some integrable functions H, P ∈ L1([0, 1]) such that H(t) ≥ 0 and some constant K.
Then, the following estimate holds:

Z(t) ≤ C|K| + C
∫ t

0
|P(t)| dt, t ∈ [0, 1] (7.22)

where the constant C depends only on ‖H‖L1([0,1]).

Proof. Indeed, let W (t) := ∫ t
0 (H(τ )Z(τ ) + P(τ )) dτ . Then, due to (7.21), this

function satisfies the following differential inequality:

W ′(t) ≤ H(t)W (t) + KH(t) + P(t), t ∈ [0, 1].

Integrating this inequality and using W (0) = 0, we get

W (t) ≤
∫ t

0
e
∫ t

s H(τ ) dτ (P(s) + KH(s)) ds

≤ e‖H‖L1([0,1])

(∫ t

0
|P(τ )| dτ + |K| · ‖H‖L1([0,1])

)
.

Inserting this estimate in the right-hand side of (7.21), we deduce (7.22) and finish the
proof of the lemma. �

We are now able to finish the proof of the theorem. To this end, we apply Lemma 7.2
to inequality (7.20) with Z(t) := ‖ψyv(t)‖2

L2(�). Then, using the fact that the integrals∫ 1
0 ‖u1(τ )‖2

W 1,2
ϕε,y (�)

dτ are uniformly (with respect to y ∈ �) bounded (since u1 ∈ vc +
�b([0, T ] × �)), we have

‖ψyv(t)‖2
L2(�) +

∫ t

0
‖ψy∇xv(τ )‖2

L2(�) dτ ≤ Cδ‖v(0)‖2
L2

ϕε,y (�)

+ δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ + Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ, t ∈ [0, 1], (7.23)
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where the constant δ > 0 can be arbitrarily small and Cδ is independent of y ∈ �.
Recalling now that ψy ≥ 0 and equals 1 identically if s ∈ [y, y + 1], we transform (7.23)
as follows:

‖v(t)‖2
L2(�y) +

∫ t

0
‖∇xv(τ )‖2

L2(�y) dτ ≤ Cδ‖v(0)‖2
L2

ϕε,y (�)

+ δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕε,y (�)

dτ + Cδ

∫ t

0
‖v(τ )‖2

L2
ϕε,y (�) dτ, t ∈ [0, 1]. (7.24)

Multiplying this inequality by ϕγ,z(y) with γ < ε, integrating over y ∈ � and using
(2.12) with q = 1, we deduce that

‖v(t)‖2
L2

ϕγ,z (�) +
∫ t

0
‖v(τ )‖2

W 1,2
ϕγ,z (�)

dτ ≤ Cδ‖v(0)‖2
L2

ϕγ,z (�)

+ δ

∫ t

0
‖v(τ )‖2

W 1,2
ϕγ,z (�)

dτ + Cδ

∫ t

0
‖v(τ )‖2

L2
ϕγ,z (�) dτ, t ∈ [0, 1],

where δ > 0 is still arbitrary and Cδ is independent of z ∈ �. Fixing δ to be small
enough (say, δ = 1/2), we finally arrive at

‖v(t)‖2
L2

ϕγ,z (�) +
∫ t

0
‖v(τ )‖2

W 1,2
ϕγ,z (�)

dτ

≤ C‖v(0)‖2
L2

ϕγ,z (�) + C
∫ t

0
‖v(τ )‖2

L2
ϕγ,z (�) dτ, t ∈ [0, 1].

Applying now the Gronwall’s inequality to this relation, we obtain

‖v(t)‖2
L2

ϕγ,z (�) +
∫ t

0
‖v(τ )‖2

W 1,2
ϕγ,z (�)

dτ ≤ C‖v(0)‖2
L2

ϕγ,z (�), t ∈ [0, 1]. (7.25)

Estimate (7.1) is an immediate corollary of (7.25) and (2.12). Theorem 7.1
is proved. �

REMARK 7.3. In the proof of Theorem 7.1, it seemed natural to multiply equation
(7.3) by ϕ2

ε,yv(t) − vϕε,y (t) where ϕε,y is defined by (2.4) (instead of using the cut-off
functions ψy). However, this scheme works only if the estimate∫ t

0
‖∇xu1(τ )‖2

L2
b(�) dτ =

∫ t

0
sup
y∈�

‖∇xu1(τ )‖2
L2(�y) dτ ≤ Ct (7.26)

is a priori known, but we have only that ∇xu1 ∈ L2
b([0, T ], L2

b(�)). This means

sup
y∈�

∫ t

0
‖∇xu1(τ )‖2

L2(�y) dτ ≤ Ct; (7.27)

see Remark 2.4. It is worth emphasizing that (7.27) is weaker than (7.26) and, in
fact, we do not know how to control the integral (7.26) of a weak solution u1(t). In
order to overcome this difficulty, we use (in the proof of Theorem 7.1) the localization
technique based on the cut-off functions ψy. This technique allows us to prove the
uniqueness using the weaker inequality (7.27) which follows from the assumption
u1 ∈ vc + �b([0, T ] × �).
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Our next task is to verify that the weak solution u(t) of the Navier-Stokes problem
(6.1) becomes more regular for t > 0. To be more precise, the following smoothing
property holds.

THEOREM 7.4. Let the assumptions of Theorem 6.6 be satisfied and let u ∈ vc +
�b([0, T ] × �) be a weak solution of (6.1) constructed in that theorem. Then,

t1/2u(t) ∈ L∞(
[0, T ], W 1,2

b (�)
) ∩ L2

b

(
[0, T ], W 2,2

b (�)
)

(7.28)

and the following estimate holds:

t‖v(t)‖2
W 1,2(�y) +

∫ t

0
τ‖u(τ )‖2

W 2,2(�y) dτ ≤ Q
(‖u0‖L2

b(�) + ‖g‖L2
b([0,T ]×�)

)
, t ∈ [0, 1]

(7.29)

where the monotonic function Q is independent of y ∈ �.

Proof. We give below only the formal derivation of estimate (7.29) which can
be easily justified using the approximations of a solution u by the square integrable
solutions as in the proof of Theorem 6.5 (we recall that the uniqueness theorem is
already proven and, consequently, every solution can be obtained by this procedure).
Moreover, for simplicity, we restrict ourselves to the case of zero flux �u1 ≡ 0 only.
The general case �u1 = c can be easily reduced to that one by introducing the new
dependent variable v(t) := u(t) − vc where vc = vc(x2) is a classical Poiseuille flow (see
(6.47) and the proof of Theorem 6.6).

Now let y ∈ � be arbitrary and the cut-off functions ψy satisfy (7.2). Let us multiply
equation (6.9) by

t
(
∂x1

(
ψ2

y ∂x1 u
) + ψ2

y ∂2
x2

u
) = tψ2

y �xu + 2tψyψ
′
y∂x1 u (7.30)

and integrate over [0, T ] × �. Then we have

T‖ψy∇xu(T)‖2
L2(�) + 2

∫ T

0
t
(
��xu(t), ψ2

y �xu(t)
)

dt

=
∫ T

0
‖ψy∇xu(t)‖2

L2(�) dt − 4
∫ T

0
t(��xu, ψyψ

′
y∂x1 u) dt

+ 2
∫ T

0
t(�[(u,∇x)u], ψ2

y �xu) dt + 4
∫ T

0
t(�[(u,∇x)u], ψyψ

′
y∂x1 u) dt

− 2
∫ T

0
t
(
�g, ψ2

y �xu + 2ψyψ
′
y∂x1 u

)
dt. (7.31)

In order to estimate different terms in equality (7.31), we need the following lemma
which gives the analogue of (4.17) and (4.25) for the cut-off functions ψy.

LEMMA 7.5. There exists a sufficiently small ε > 0 such that, for every u ∈ Vb(�) ∩
H2,2

b (�) and every y ∈ � the following estimate holds:

‖ψyu‖2
W 2,2(�) ≤ C‖ψy��xu‖2

L2(�) + δ‖u‖2
W 2,2

ϕε,y (�)
+ Cδ‖u‖2

L2
ϕε,y (�) (7.32)

where δ > 0 can be arbitrary, the constants C and Cδ are independent of y and u and, in
addition, the constant C is independent also of δ.
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Moreover, for every u ∈ [L2
b(�)]2, the following estimate holds:

‖(ψy ◦ � − � ◦ ψy)u‖W 1,2

ϕ
−1
ε,y

(�) ≤ C‖u‖L2
ϕε,y (�) (7.33)

where the constant C is also independent of y and u.

Proof. Indeed, let h := ��xu. Then, the function u solves the following Stokes
problem:

�xu + ∇xq = h, divu = 0, u
∣∣
∂�

= 0. (7.34)

Introducing the stream function � associated with the divergent free vector field u (see
(4.3) and (4.4)), we rewrite this equation as follows:

�2
x� = ∂x2 h1 − ∂x1 h2, �

∣∣
∂�

= ∇x�
∣∣
∂�

= 0 (7.35)

which, in turns, implies that

�2
x(ψy�) = ∂x2 (ψyh1) − ∂x1 (ψyh2) + ψ ′

yh2 + T(�,ψy) (7.36)

where the operator T contains the derivatives of � of order at most 3 and, consequently,
satisfies

‖T‖W−1,2(�) ≤ C‖�‖W 2,2
ϕε,y (�). (7.37)

Moreover, according to Propositions 3.3 and 4.11, we have

‖�‖W 2,2
ϕε,y (�) ≤ C‖��xu‖H−1,2

ϕε,y (�) ≤ C1‖u‖H1
ϕε,y (�). (7.38)

Using now Proposition 3.3 once more, we deduce from (7.36)–(7.38) that

‖ψy�‖W 3,2(�) ≤ C
(‖ψy��xu‖L2

ϕε,y (�) + ‖u‖Vϕε,y (�)
) + C‖ψ ′

yh2‖W−1,2(�). (7.39)

So, we need only estimate the W−1,2-norm of ψ ′
yh2 = ψ ′

y(��xu)2. Indeed, let φ ∈
W 1,2

0 (�) be arbitrary and let φ̃ ∈ H1,2(�) be computed via

φ̃ := �

(
0

ψ ′
yφ

)
.

Then, according to Theorem 4.4, we have

‖φ̃‖H1,2
ϕε,y (�) ≤ C‖φ‖W 1,2(�). (7.40)

On the other hand, integrating by parts, we arrive at

(ψ ′
y(��xu)2, φ) = (�xu, φ̃) = −(∇xu,∇xφ̃) + (∂nu, φ̃)∂�. (7.41)

Thus, due to the trace part of Proposition 2.10, we have

|(ψ ′
yh, φ)| ≤ ‖u‖W 1,2

ϕε,y (�)‖φ̃‖W 1,2

ϕ
−1
ε,y

(�)

+‖∂nu‖L2
ϕε,y (∂�)‖φ̃‖L2

ϕ
−1
ε,y

(∂�) ≤ C‖u‖W 7/4,2
ϕε,y (�)‖φ‖W 1,2(�). (7.42)
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Inserting estimate (7.42) into the right-hand side of (7.39) and using the standard
interpolation inequality

‖u‖W 7/4,2
ϕε,y (�) ≤ δ‖u‖W 2,2

ϕε,y (�) + Cδ‖u‖L2
ϕε,y (�) (7.43)

we obtain

‖ψy�‖W 3,2(�) ≤ C‖ψy�xu‖L2(�) + δ‖u‖W 2,2
ϕε,y (�) + Cδ‖u‖L2

ϕε,y (�). (7.44)

Since u1 = ∂x2� and u2 = −∂x1�, estimate (7.44) (together with (7.38)) implies
inequality (7.32). Thus, the first part of the lemma is proved.

Let us now prove the second part (inequality (7.33)). Indeed, let �u and �y,u be
the stream functions associated with the divergent free vector fields �u and �(ψyu)
respectively. Then, analogously to (4.18), the difference W := ψy�u − �y,u satisfies the
following equation:

�xW = H := 2ψ ′
y∂x1�u + ψ ′′

y �u + ψ ′
yu2, W

∣∣
∂�

= 0. (7.45)

Thus, due to Proposition 3.1, we have

‖W‖W 2,2

ϕ
−1
ε,y

(�) ≤ C‖H‖L2
ϕ
−1
ε,y

(�) ≤ C1‖�u‖W 1,2
ϕε,y (�) + C1‖u‖L2

ϕε,y (�) ≤ C2‖u‖L2
ϕε,y (�)

which implies estimate (7.33) (see the end of the proof of Proposition 4.7). Thus,
Lemma 7.5 is proved. �

We are now ready to estimate the integrals involved in identity (7.31). We start
with the integral in the left-hand side. Indeed, denoting Lu := (ψ2

y � − �ψ2
y )�xu and

integrating by parts, we get

(
��xu, ψ2

y �xu
) = ‖ψy��xu‖2

L2(�) − (�xu,�Lu)

= ‖ψy��xu‖2
L2(�) + (∇xu,∇x�Lu) − (∂nu,�Lu)∂�. (7.46)

Moreover, due to Lemma 7.5, estimate (7.33) and Theorem 4.4, we also obtain

‖�Lu‖W 1,2

ϕ
−1
ε,y

(�) + ‖Lu‖W 1,2

ϕ
−1
ε,y

(�) ≤ C‖�xu‖L2
ϕε,y (�). (7.47)

Now using (6.47) and arguing exactly as (7.41)–(7.43), we obtain

|(∇xu,∇x�Lu)| + |(∂nu,�Lu)∂�| ≤ δ‖u‖2
W 2,2

ϕε,y (�)
+ Cδ‖u‖2

L2
ϕε,y (�) (7.48)

where the constant Cδ is independent of y and u and the constant δ > 0 can be chosen
arbitrarily small. Inserting estimates (7.48) and (7.32) into the right-hand side of (7.46),
we arrive at

(
��xu, ψ2

y �xu
) ≥ α

(‖ψy��xu‖2
L2(�) + ‖ψyu‖2

W 2,2(�)

)
− δ‖u‖2

W 2,2
ϕε,y (�)

− Cδ‖u‖2
L2

ϕε,y (�) (7.49)

where α > 0 is some fixed constant which is independent of y, u and δ and δ > 0 can be
chosen arbitrarily. Recalling now that u(t) is a solution of the Navier-Stokes problem
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(6.1) which is bounded in �b([0, T ] × �), we finally deduce that

∫ T

0
t
(
��xu(t), ψ2

y �xu(t)
)

dt

≥ α

∫ T

0
t
(‖ψy��xu(t)‖2

L2(�) + ‖ψyu(t)‖2
W 2,2(�)

)
dt − δ

∫ T

0
t‖u(t)‖2

W 2,2
ϕε,y (�)

dt − Cδ

(7.50)

where T ∈ [0, 1], the constant Cδ depends on δ and on the �b-norm of the solution u,
and the constant α > 0 is independent of δ and u.

Let us now estimate the most complicated third integral in the right-hand side of
(7.31). To this end, we transform it as follows:

(�[(u,∇x)u], ψ2
y �xu

= ((u,∇x)(ψyu), ψy��xu) − ((u,∇x)u, Lu) − (u1ψ
′
yu, ψy��xu). (7.51)

where Lu is the same as in (7.46). Using estimate (7.47), embedding W 1,2 ⊂ L4 and the
interpolation inequality (2.39), we have

|((u,∇x)u, Lu)| ≤ C‖u‖L2
b(�)‖∇xu‖L4

ϕε,y (�)‖Lu‖L4
ϕ
−1
ε,y

(�)

≤ C1‖u‖L2
b(�)‖u‖1/2

W 1,2
ϕε,y (�)

‖u‖3/2
W 2,2

ϕε,y (�)

≤ Cδ‖u‖4
L2

b(�)‖u‖2
W 1,2

ϕε,y (�)
+ δ‖u‖2

W 2,2
ϕε,y (�)

Multiplying this inequality by t, integrating over [0, T ], T ∈ [0, 1], and using that the
solution u ∈ �b([0, T ] × �), we deduce that

∫ T

0
t|(u(t),∇x)u(t), Lu(t))| dt ≤ Cδ + δ

∫
0

t‖u(t)‖2
W 2,2

ϕε,y (�)
dt (7.52)

where δ > 0 is arbitrary and Cδ depends on the �b-norm of u. Moreover, arguing
analogously, we can estimate the integral from the third term in the right-hand side of
(7.51) as follows:

∫ T

0
|(u1ψ

′
yu, ψy��xu)| dt ≤ Cδ + δ

∫
0

t‖u(t)‖2
W 2,2

ϕε,y (�)
dt. (7.53)

We are now ready to estimate the first term in the right-hand side of (7.51). Indeed,
using again the interpolation inequality (2.39) and the fact that ψy has a finite support,
we deduce

|((u,∇x)(ψyu), ψy��xu)| ≤ C‖|u| · |∇x(ψyu)|‖2
L2(�) + α/4‖ψy��xu‖2

L2(�)

≤ C‖u‖2
L4

ϕε,y (�)‖∇x(ψyu)‖2
L4(�) + α/4‖ψy��xu‖2

L2(�)

≤ C1‖u‖L2
ϕε,y (�)‖u‖W 1,2

ϕε,y (�)‖∇x(ψyu)‖L2(�)‖ψyu‖W 2,2(�) + α/4‖ψy��xu‖2
L2(�)

≤ C2‖u‖2
L2

ϕε,y (�)‖u‖2
W 1,2

ϕε,y (�)
‖∇x(ψyu)‖2

L2(�) + α/4
(‖ψy��xu‖2

L2(�) + ‖ψyu‖2
W 2,2(�)

)
(7.54)
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where the constant α is the same as in (7.50). Estimates (7.51)–(7.54) together with the
fact that u belongs to �b([0, T ] × �) give the following estimate:

∫ T

0
t|(�[u(t),∇x)u(t)], ψ2

y �xu(t))| dt ≤ Cδ + C
∫ T

0
t‖u(t)‖2

W 1,2
ϕε,y (�)

‖∇x(ψyu)‖2
L2(�) dt

+α/4
∫ T

0
t
(‖ψy��xu‖2

L2(�) + ‖ψyu‖2
W 2,2(�)

)
dt + δ

∫ T

0
t‖u(t)‖2

W 2,2
ϕε,y (�)

dt. (7.55)

Thus, the most complicated third term in the right-hand side of (7.31) is estimated.
The remaining terms are much simpler. Indeed, arguing analogously to estimating the
second term in the right-hand side of (7.51), we have

∫ T

0
t|(�[(u(t),∇x)u(t)], ψyψ

′
y∂x1 u(t))| dt ≤ Cδ + δ

∫ T

0
t‖u(t)‖2

W 2,2
ϕε,y (�)

dt. (7.56)

The term containing �g can be easily estimated by Hölder inequality:

∫ T

0
t
∣∣(�g(t), ψ2

y �xu(t) + 2ψyψ
′
y∂x1 u(t)

)∣∣ dt ≤ C
∫ T

0
t‖g(t)‖L2

ϕε,y (�)‖u‖W 2,2
ϕε,y (�) dt

≤ Cδ‖g‖2
L2

b([0,T ]×�) + δ

∫ T

0
t‖u‖2

W 2,2
ϕε,y (�)

dt. (7.57)

Analogously,

∫ T

0
t|(��xu(t), ψyψ

′
y∂x1 u(t))| dt ≤ Cδ + δ

∫ T

0
t‖u(t)‖2

W 2,2
ϕε,y (�)

dt. (7.58)

And, finally, the first term in the right-hand side of (7.31) is obviously bounded since
u ∈ �b([0, T ] × �).

Inserting estimates (7.50), (7.55) and (7.56)–(7.58) into identity (7.31), we deduce
the following integral inequality

T‖∇x(ψyu(T))‖2
L2(�) + α

∫ T

0
t‖ψyu(t)‖2

W 2,2
ϕε,y (�)

dt

≤ C
∫ T

0
‖u(t)‖2

W 1,2
ϕε,y (�)

(
t‖∇x(ψyu(t))‖2

L2(�)

)
dt + Cδ + δ

∫ T

0
t‖u(t)‖2

W 2,2
ϕε,y (�)

dt (7.59)

where T ∈ [0, 1], the constants C and Cδ depend on ‖g‖L2
b

and ‖u‖�b , but are
independent of y, δ > 0 is arbitrary and, in addition, the constant C is independent
of δ.

We now recall that the integral
∫ 1

0 ‖u(t)‖2
W 1,2

ϕε,y (�)
dt ≤ C‖u‖�b([0,T ]×�) ≤ C1 uni-

formly with respect to y ∈ �. Consequently, applying the Gronwall inequality (see
Lemma 7.2 with Z(t) := t‖∇x(ψyu(t))‖2

L2(�)) to (7.59), we deduce that

T‖∇x(ψyu(T))‖2
L2(�) + α

∫ T

0
t‖ψyu(t)‖2

W 2,2(�) dt ≤ Cδ + δ

∫ T

0
t‖u(t)‖2

W 2,2
ϕε,y (�)

dt (7.60)

where T ∈ [0, 1], the constant δ > 0 is arbitrary, α > 0 and the constant Cδ depends
on ‖u‖�b and ‖g‖L2

b
, but is independent of y ∈ �.
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Since the cut-off functions ψy satisfy assumptions (7.2), then (7.60) implies the
following estimate:

T‖∇xu(T)‖2
L2(�y) + α

∫ T

0
t‖u(t)‖2

W 2,2(�y) dt ≤ C′
δ + δ

∫ T

0
t‖u(t)‖2

W 2,2
ϕε,y (�)

dt (7.61)

with some new constant C′
δ which is also independent of y ∈ �.

Multiplying inequality (7.61) by ϕγ,z(y) with γ < ε, integrating over y ∈ � and
using (2.12) with q = 1, we obtain

T‖∇xu(T)‖2
L2

ϕγ,z (�) + α

∫ T

0
t‖u(t)‖2

W 2,2
ϕγ,z (�)

dt ≤ C′′
δ + Cδ

∫ T

0
t‖u(t)‖2

W 2,2
ϕγ,z (�)

dt (7.62)

where all of the constants are independent of z ∈ �, δ > 0 is still arbitrary and α is
independent of δ. Fixing finally δ > 0 to be small enough, we arrive at

T‖∇xu(T)‖2
L2

ϕγ,z (�) + α

∫ T

0
t‖u(t)‖2

W 2,2
ϕγ,z (�)

dt ≤ C (7.63)

which implies (7.29) and Theorem 7.4 is proved. �

The next corollary gives the analogue of Theorem 7.4 for more smooth initial
data.

COROLLARY 7.6. Let the assumptions of Theorem 6.6 be satisfied and let u ∈ vc +
�b([0, T ] × �) be a weak solution of (6.1) constructed in that theorem. Assume also that
the initial data u(0) := u0 belongs to the space vc + V2

b (�). Then the solution u is, in fact,
more regular:

u ∈ L∞(
[0, T ], W 1,2

b (�)
) ∩ L2

b

(
[0, T ], W 2,2

b (�)
)

and the following estimate holds:

‖u(T)‖2
W 1,2(�y) +

∫ T+1

T
‖u(τ )‖2

W 2,2(�y) dt ≤ Q
(
‖u0‖W 1,2

b (�) + ‖g‖L2
b([0,T ]×�)

)
, (7.64)

where the monotonic function Q is independent of y ∈ � and T ∈ �+.

Indeed, for T ≥ 1 estimate (7.6) follows from Theorems 7.4 and 6.6 and for small
T it can be proved exactly as (7.29) (and even slightly simpler since we need not to use
the multiplier t in (7.30).

We conclude this section by establishing some useful regularity results for the
pressure.

COROLLARY 7.7. Under the assumptions of Corollary 7.6, the pressure p(t, x)
associated with the solution of the NS equations (6.1) is uniquely defined up to a constant
depending on t and satisfies:

∇xp ∈ L2
b([0, T ] × �), p − �p ∈ L2

b

(
[0, T ], W 1,2

b (�)
)
,

× (�p)(t, x1) − (�p)(t, 0) ∈ L2
b

(
[0, T ], W 1,2

b,(1+|x1|)−1 (�)
)
. (7.65)
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Moreover, the following estimate holds:

∫ t+1

t

(‖∇xp(τ )‖2
L2(�y) + ‖p(τ ) − �p(τ )‖2

W 1,2(�y)

)
dτ ≤ Q

(‖u0‖V2
b (�) + ‖g‖L2

b([0,T ]×�)

)
(7.66)

where the monotonic function Q is independent of y ∈ � and t ∈ [0, T − 1].

Proof. We first note that, without loss of generality, one can assume that the
external forces g(t) = �g(t) are divergent free. Indeed, otherwise, due to Theorem 4.4,
we can write

g(t) = �g(t) + ∇xq(t) (7.67)

where, due to Theorem 4.4 and Remark 4.5, the function q satisfies (7.65) and (7.66)
and, consequently, can be included in the pressure p. For simplicity, we also assume
that �u1 ≡ 0. The case of general nonzero flux can be considered analogously by the
transformation of the dependent variable v(t) = u(t) − vc.

Taking now the divergence from both sides of equation (6.1), we arrive at the
following elliptic problem for p:

�xp(t) = div[(u(t),∇x)u(t)] = (∂x1 u(t),∇x)u1(t) + (∂x2 u(t),∇x)u2(t)) := Hu(t) (7.68)

which should be endowed with the Newmann boundary condition:

∂np
∣∣
∂�

= −ln�xu. (7.69)

Moreover, averaging the first equation of (6.1) and taking into account that div u = 0
and �u1 = 0, we obtain the following version of the Bernoulli law:

∂x1 �p = −�[�xu1(t)] + ∂x1 �
[
u2

1(t)
]
. (7.70)

It is also not difficult to show that �[Hu(t)] = ∂2
x1

�[u2
1(t)].

Furthermore, due to estimate (6.64) and interpolation inequality (2.39), we have

∫ t+1

t
‖Hu(τ )‖2

L2
φε,y (�) dτ ≤ C

∫ t+1

t
‖∇xu(τ )‖4

L4
ϕε/2,y

(�) dτ

≤ C1‖∇xu‖2
L∞([t,t+1],L2

b(�))

∫ t+1

t
‖u(τ )‖2

W 2,2
ϕε/2,y (�)

dτ ≤ C2 (7.71)

where the constant C2 depends on u and ε > 0, but is independent of y ∈ � and t.
Let us now define a function p0(t, x) as a solution of the following auxiliary

problem:

�xp0 = 0, ∂np0
∣∣
∂�

= −ln�xu
∣∣
∂n�

, ∂x1 �p0 = −�[�xu]. (7.72)

Since div�xu = 0, the solution of that equation exists (due to Proposition 3.7), defined
up to a constant and satisfies

‖∇xp0(t)‖L2
ϕε,y (�) + ‖p0 − �p0‖W 1,2

ϕε,y (�) ≤ C‖�xu(t)‖L2
ϕε,y (�) (7.73)
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and its x2-average obviously satisfies

(�p0)(t, x1) − (�p0)(t, 0) = −
∫ x1

0
�[�xu1(t, s, ·)] ds (7.74)

where C(t) := (�p0)(t, 0) can be chosen arbitrarily. Formulae (7.73) and (7.74) together
with estimate (7.64) show that the function p0 satisfies (7.65) and (7.66).

So it only remains to consider the remainder p1 := p − p0 which should satisfy

�xp1(t) = Hu(t), ∂np1
∣∣
∂�

= 0, ∂x1 �p1 = ∂x1 �[u2
1(t)]. (7.75)

Due to Proposition 3.5, the function p1 − �p1 is uniquely defined from (7.75) and
satisfies

‖p1(t) − �p1(t)‖W 2,2
ϕε,y (�) ≤ C‖Hu(t)‖L2

ϕε,y (�) (7.76)

and the average �p1 is again defined up to the t-dependent constant C(t) and satisfies

(�p1)(t, x1) − (�p1)(t, 0) = �
[
u2

1(t, x1, ·)
]
. (7.77)

Thus, due to (7.71), the component p1 also satisfies (7.65) and (7.66) and Corollary 7.7
is proved. �

REMARK 7.8. Corollary 7.7 shows that, in the regular case u0 ∈ vc + V2
b (�), the

Navier-Stokes equation (6.1) can be understood as equality in the space L2
b([0, T ] × �).

Moreover, we see from the last inclusion of (7.65) that the pressure p(t, x) can grow at
most linearly with respect to x1 → ∞ in such a way that ∇xp remains bounded. It is
worth emphasizing that this result is sharp, since for the case of the classical Poiseuille
flow the pressure grows indeed linearly with respect to x1.

8. Dissipativity and attractors. In this concluding section, we verify that
the Navier-Stokes problem (6.1) generates a dissipative dynamical system in the
corresponding phase space and prove the existence of the associated global attractor.
For simplicity, we restrict ourselves to consider the autonomous case only:

g(t) ≡ g ∈ [
L2

b(�)
]2

. (8.1)

Then, due to Theorems 6.6 and 7.1, the Navier-Stokes problem (6.1) generates
semigroups S(t) = Sc(t) in the phase spaces

� := �c = vc + H2
b(�) (8.2)

via the standard expression

S(t)u0 := u(t), S(t1 + t2) = S(t1) ◦ S(t2), t1, t2 ≥ 0. (8.3)

The following theorem, which gives a dissipative estimate for the solutions of the
Navier-Stokes problem, can be considered as the main result of the section.

THEOREM 8.1. Let the assumptions of Theorem 6.6 holds and, in addition, (8.1) be
satisfied. Then, there exist positive constants α and K and a monotonic function Q such
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that, for every weak energy solution u(t) of the Navier-Stokes problem (6.1)–(6.2), the
following estimate holds:

‖u(t)‖L2
b(�) ≤ Q

(‖u(0)‖L2
b(�) + ‖g‖L2

b(�)

)
e−αt + K

(
1 + c3 + ‖g‖2

L2
b(�)

)
(8.4)

(we emphasize that the constant K in (8.2) is independent of t, ‖u(0)‖L2
b(�) and the flux

c = �u1(0)).

Proof. In order to verify (8.4), it is sufficient to prove that the ball

B := {
u0 ∈ [

L2
b(�)

]2
, ‖u0‖L2

b(�) ≤ K
(
1 + c3 + ‖g‖2

L2
b(�)

)}
(8.5)

is an absorbing set for Navier-Stokes problem (6.1), i.e., that, for every bounded subset
B ⊂ � there exists time T = T(‖B‖�, ‖g‖L2

b(�)) such that

S(t)B ⊂ B, ∀t ≥ T. (8.6)

Moreover, for simplicity, we restrict ourselves to consider only the case of zero flux
c = 0. The general case can be reduced to this particular one exactly as in Theorem 6.6.

The proof of embedding (8.6) requires a little more detailed analysis of basic a
priori estimate (6.13) which we rewrite in the following more convenient way:

‖u(t)‖2
L2

θε
(�) + (

C1 − C2ε‖u‖L∞([0,T ],L2
θε

(�))

) ∫ T

0
e−α|t−s|‖u(s)‖2

W 1,2
θε

(�)
ds

≤ C2
3

(
e−αt‖u(0)‖L2

θε
(�) + ‖g‖L2

θε
(�)

)2
(8.7)

where the positive constants α and Ci, i = 1, 2, 3 are independent of u, u0, g, ε → 0, T
and x0 (in order to deduce (8.7) from (6.13), it is sufficient to take s = t in the left-hand
side of it).

LEMMA 8.2. Let the assumptions of Theorem 6.5 holds and let, in addition, the initial
data u(0) for problem (6.1) satisfy

C1 − 2C2C3ε
(
‖u(0)‖L2

θε,x0
(�) + ‖g‖L2

θε,x0
(�)

)
≥ 0 (8.8)

where all of the constants are the same as in (8.7). Then the associated weak energy
solutions u(t) of the Navier-Stokes problem (with zero flux c = 0) satisfies

‖u(t)‖L2
θε,x0

(�) ≤ C3

(
‖u(0)‖L2

θε,x0
(�)e

−αt + ‖g‖L2
θε,x0

(�)

)
, (8.9)

for all t ≥ 0.

Proof. Indeed, estimate (8.7) implies (8.9) under the additional assumption that

C1 − C2ε‖u‖L∞(�+,L2
θε,x0

(�)) ≥ 0. (8.10)

On the other hand, (8.9) gives

‖u‖L∞(�+,L2
θε,x0

(�)) ≤ C3

(
‖u(0)‖L2

θε,x0
(�) + ‖g‖L2

θε,x0
(�)

)
(8.11)
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which formally implies (8.10). Thus, using the continuity arguments (analogously to
the proof of Theorem 6.5), we can verify that (8.9) really holds if the initial data satisfies
(8.8) and Lemma (8.2) is proved. �

We now note that, although (8.9) looks like a dissipative estimate (in the phase
space L2

θε,x0
(�)), it is not sufficient to immediately finish the proof of the theorem, since

the exponent ε > 0 in it depends on ‖u(0)‖L2
b(�) (through assumption (8.8)), namely,

ε ≤ ε0 := C
(
‖u(0)‖L2

θε,x0
(�) + ‖g‖L2

θε,x0
(�) + 1

)−2
(8.12)

for some positive C, see the proof of Theorem 6.5.
Thus, we need to be able to increase the exponent ε as t → ∞; this is guaranteed

by the following lemma.

LEMMA 8.3. Let the above assumptions hold. Then, for every bounded subset B ⊂ �,
there exists time T = T(‖B‖, ‖g‖) such that, for every x0 ∈ �, we have

C1 − 2C2C3ε
(
‖u(T)‖L2

θε,x0
(�) + ‖g‖L2

θε,x0
(�)

)
≥ 0 (8.13)

with ε ≥ ε̄ := L(1 + ‖g‖L2
b(�))

−2 (where the constant L is independent of u0 and g), if the
initial data u(0) ∈ B.

Proof. We will prove the lemma by the iteration procedure. Indeed, let T0 = 0 and
ε = ε0 be given by (8.12). Then, estimate (8.13) is satisfied with ε = ε0 and T = T0.
Let us assume that (8.13) is already proven for some Tk > 0 and εk := 2kε0 < ε̄. Then,
we only need to prove that there exists Tk+1 > Tk such that (8.13) is satisfied with
ε = εk+1 := 2εk and T = Tk+1. To this end, we note that

θ2ε,x0 (x) := (1 + 4ε2|x − x0|2)−1/2 ≤ 2(1 + ε2|x − x0|2)1/2 = 2θε,x0 (x)

and, consequently,

‖v‖L2
θ2ε,x0

(�) ≤ 2‖v‖L2
θε,x0

(�). (8.14)

Let us now fix Tk+1 > Tk in such a way that

‖u(Tk+1)‖L2
θεk ,x0

(�) ≤ 2C3‖g‖L2
θεk ,x0

(�), (8.15)

for all u(t) such that u(0) ∈ B (it is possible to do this due to our assumptions on εk

and “dissipative” estimate (8.9)). Estimates (8.14) and (8.15) together with (6.25) give

εk+1

(
‖u(Tk+1)‖L2

θεk+1,x0
(�) + ‖g‖L2

θεk+1 ,x0
(�)

)
≤ 4εk

(
‖u(Tk+1)‖L2

θεk ,x0
(�) + ‖g‖L2

θεk ,x0
(�)

)
≤ 4(2C3 + 1)εk‖g‖L2

θεk ,x0
(�) ≤ 4(2C3 + 1)Cε

1/2
k ‖g‖L2

b(�)

≤ 4(2C3 + 1)CL1/2‖g‖L2
b(�)

(
1 + ‖g‖L2

b(�)

)−1 ≤ 4C(2C3 + 1)L1/2.

Thus, if the constant L is small enough to satisfy

C1 − 8C2CC3(2C3 + 1)L1/2 ≥ 0,

then estimate (8.13) is satisfied with T = Tk+1 and ε = εk+1 = 2εk. Thus, the iteration
finishes the proof of the lemma. �
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It is not difficult now to finish the proof of the theorem. Indeed, due to Lemma 8.3
and estimate (8.9), there exists T = T(‖B‖, ‖g‖) such that

‖u(t)‖L2
θε,x0

(�) ≤ 2C3‖g‖L2
θε,x0

(�), t ≥ T (8.16)

holds with ε ≥ ε̄ := L(1 + ‖g‖L2
b(�))

−2 and uniformly with respect to x0 ∈ �. Taking
now supremum over x0 ∈ � from the both sides of inequality (8.16) and using again
(6.25), we arrive at

‖u(t)‖L2
b(�) ≤ 2C3CL−1/2‖g‖L2

b(�)

(
1 + ‖g‖L2

b(�)

)
, t ≥ T (8.17)

which shows that the ball (8.5) is really the absorbing set if K ≥ 2C3CL−1/2.
Theorem 8.1 is proved. �

REMARK 8.4. It is worth noting that the intermediate estimate (8.16) gives slightly
more information on the solutions than the final one (8.17). Indeed, assume that
c = 0 and g is square integrable g ∈ [L2(�)]2. Then, instead of (6.25), we will have
‖g‖L2

θε,x0
(�) ≤ C‖g‖L2(�) with the constant C independent of ε. Thus, instead of (8.17),

we will have the better estimate

‖u(t)‖L2
b(�) ≤ 2C3C‖g‖L2(�), t ≥ T

for the radius of the absorbing set (which grows now linearly with respect to g in
contrast to the quadratic growth rate in general case).

We are now in a position to prove the existence of a global attractor for semigroups
(8.3) associated with the Navier-Stokes equation. We note however that, in contrast to
the dissipative systems in bounded domains, in unbounded ones the global attractor
is usually not compact in the initial phase space (� in our case). That is the reason why
we need to use the following weaker definition of a global attractor (following [6], [9],
[18]).

DEFINITION 8.5. A set A ⊂ � is a locally compact (global) attractor for the
semigroup S(t) : � → � if the following assumptions are satisfied:

(1) the set A is bounded in � and compact in �loc := vc + H2
loc(�) (i.e., the

restriction A|�1 of the attractor A to any bounded subdomain �1 of � is
compact in L2(�1);

(2) the set A is strictly invariant: S(t)A = A;
(3) the set A is an attracting set for the semigroup S(t), i.e., for every neighborhood

O(A) (in the local topology of the space �loc) and every bounded (in �) subset
B, there exists time T = T(O, B) such that

S(t)B ⊂ O(A), (8.18)

for all t ≥ T .

COROLLARY 8.6. Under the assumptions of Theorem 8.1, semigroup (8.3) associated
with the Navier-Stokes problem (6.1)–(6.2) possesses locally compact attractor A = Ac

which is bounded in vc + V2
b (�). Moreover, the following estimate holds:

‖A‖L2
b(�) ≤ K

(
1 + c3 + ‖g‖2

L2
b(�)

)
(8.19)

where the constant K is independent of c and g.
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Proof. As usual, in order to verify the attractor’s existence, we need to check
the standard conditions, namely, the existence of a compact absorbing set and the
continuity, see e.g. [6].

Indeed, due to Theorem 8.1, semigroup (8.2) possesses an absorbing set B ⊂ �

which is, however, not compact in the space �loc. But, by Theorem 7.4, the set S(1)B
is bounded in vc + V2

b (�) and, consequently, is compact in �loc. Thus, a compact
absorbing set B1 := S(1)B for semigroup (8.2) is constructed. Moreover, due to
Theorem 7.1, the operators S(t) : B1 → � are continuous (in the topology of �loc)
for every fixed t > 0. Thus, due to the standard attractor existence theorem, semigroup
S(t) possesses a global attractor A ⊂ B1 ∩ B. Estimate (8.19) is now an immediate
corollary of Theorem 8.1. Corollary 8.6 is proved. �

To conclude the paper, we restore the physical parameters in the Navier-Stokes
system (6.1), i.e. consider the problem

∂tu + (u,∇x)u = ν�xu − ∇xp + g, div u = 0 (8.20)

in a strip � and study the dependence of the size of attractor on ν.

COROLLARY 8.7. The global attractor A = A(c, g, ν) of problem (8.20) possesses the
following estimate:

‖A‖L2
b(�) ≤ Cν−3(c3ν + ‖g‖2

L2
b(�) + ν4) (8.21)

where the constant C is independent of c, g and ν.

Indeed, the scaling t′ = νt, u′ = ν−1u reduces equation (8.21) to equation (6.1)–
(6.2) with c′ = ν−1c and g′ = ν−2g. Since A′ = ν−1A, then (8.19) implies (8.21).
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