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STRONG BARRELLEDNESS PROPERTIES IN B(E, X)

J.C. FERRANDO AND L.M. SANCHEZ RUIZ

In this paper we show that given a cr-algebra E of subsets of a set fi and a normed
space X, then the normed space B(S, X), endowed with the usual supremum-
norm, of the X-valued functions defined on fi that are the uniform limit of a
sequence of S-simple X-valued functions on Cl is barrelled of class 8 if and only if
X is barrelled of class s. This extends in the normed case the well known result
obtained by Mendoza (1982) for barrelled spaces.

Let J2 be a set and let £ be a <r-algebra of subsets of fJ. Given a normed space
X, S(Q, E, X), or simply 5(E, X), will denote the linear space of the E-simple X-
valued functions defined on f2 and !?(£, X) the linear space of the X-valued functions
defined on fl that are the uniform limit of a sequence of elements of S(£, X), these two
linear spaces being endowed with the topology defined by the usual supremum-norin

By [6], B(£, X) is barrelled if and only if X is barrelled and, by [4], £(£, X) is
barrelled if and only if X is finite-dimensional. In this paper we shall show, without
using duality theory, that the normed space 5(E, X) is barrelled of class a if and only
if X is barrelled of class s. This extends the results of [6] when X is normed and E
is a cr-algebra since [6] deals with an algebra S, a barrelled locally convex space such
that X'p has property (B) of Pietsch [5, 8], and uses duality theory. Our methods are
based upon those of [1] and [3].

Let us now recall that a space E is Baire-like [9] if, given any increasing sequence of
closed absolutely convex subsets of E covering E, there is one that is a neighbourhood
of the origin; E is bd or suprabarrelled [10, 11] if, given any increasing sequence of
subspaces of E covering E, there is one that is dense and barrelled; and E is totally
barrelled [7, 12] if, given any sequence of subspaces of E covering E, there is one
that is Baire-like. Given a 6 N, and considering as Co the class of Baire-like spaces, a
space E is said to be barrelled of class a [2], or briefly E £ C,, if, given any increasing
sequence of subspaces of E covering E, there is one that belongs to C,-\; and E is
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said to be barrelled of class No if E G C, for every s G N. Clearly, C\ coincides with
the class of suprabarrelled spaces.

For every a G N we have that

Barrelled D Ca-i D C, D Barrelled of class No D Totally barrelled.

In the sequel we shall denote by Bc(£> X) the dense linear subspace of 5(E, X)
formed by those functions that take at most a countable number of different values.
Given A G £ , the spaces S(A, E\A, X) and £c(£ \A, X) will be denoted by S(A, X)
and BC(A, X) respectively. We shall identify these spaces with their natural embed-
dings into JB(E, X) .

If / G <!>(£, X), then obviously there exists a partition {Ai, A%, ..., An} of fi
formed by non void elements of E and some distinct vectors {xi, X2, . . . , xn} of X
such that f(w) — x1 if w G Ai, 1 ^ i ^ n. On the other hand, if / G -BC(E, X) \
S(E, X) and {xn: n G N} is the bounded sequence of the distinct values taken by
/ , setting An :— f~1({xn}) for each n G N, we shall show that {An: n G N} is
an infinite partition of f2 formed by nonempty elements of S such that /(w) — xn

if (v G An, n G N. In fact, if {/m, m G N} is a sequence of elements of 5(E, X)
which converges uniformly to / , then define Y :— {{xn: n G N} U {/m(w), m G N, u G
fi}) = ({Im/, Im/ m , m G N}), and choose a weak*-total sequence {j/|, j G N} in
y* . Now each scalar function y*if is S-measurable since it is the pointwise limit of
the sequence of £-simple functions {yjfm, rn G N}. So, Anij := {u G f2, y^f(w) =
VjXn} = i.yjf)~1(yj!»n) £ S for each j,n G N. As An coincides with f){AnJ, j G N},
then An G £ .

In the following three results, s is any positive integer, {Emi: mi G N} is an
increasing sequence of dense subspaces of fic(E, X) covering .BC(E, X), S being a
0--algebra of subsets of a set f2, and for each p G {2, . . . , a} and mi, . . . , mp_i G N,
{•Em,...mp.imp: " i p G N} is an increasing sequence of dense subspaces of Em.1...mp_l

covering Emi...mp_l . For each mi, . . . , m, G N, suppose Tmi...m, is a barrel
of Emi...m.,Bmi...m. is its closure in BC(S, X) and Lmi...m. :- (Bmi...m,). By
decreasing recurrence, for p = s — 1, . . . , 1, define the subspaces Fmi.,.mp+l :=
r\{Lmi...mj,m: m ^ mp+1}, Lmi...mp := \J{Fmi...mpm: m G N}, and Fm i :=
p |{£m : TM > mi}. Notice that {Fm: m G N} and {ir

mim,...mpm: m G N} are in-
creasing sequences of subspaces of 5C(S, X) and Lmi...mp , respectively covering them,
Vmr £ N , l ^ r < p < s - l , a n d ^mi...mp C Fmi.. .mp, for all mr G N, 1 < r ^ p ^ s.

LEMMA 1. If {An • n G N} is a sequence of non void pairwise disjoint elements
of E, then there exists some n0 G N such that Bc(\J{An: n > n0}, X) C Fj^.

PROOF: Assume the lemma is false and that for each p G N there is some fP G
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Bc(\J{An: n > p} , X) \ Fp such that | | / p | | = 1. Then {/„: n £ N} is bounded in
oo

-BC(E, X) and if £ £ l\, £) £nfn converges in the completion of 2?C(E, X).
n=l

oo
Now E £nfn takes at most countably many values in X since if w G fi\(J{An: n G

n=l
oo

N} then £) £n/n(w) = 0 and if w G LK^" : n G N } t l l e r e i s s o m e 1 G N s u c h

that w G .4.,, that is u ^ LK-^n '• n > i} and, since supp / „ C LJ{-^»: * > n } J

E £»/»(«) = E £»/»(«)• Moreover, the sequence { £ 6>/n, m G N} of 5 C (£ , X)
n = l n = l n = l

oo m
converges to £ £n/n m the completion of Bc{Yi, X) and, since each £) ^n/n is the

n=l n=l
oo

uniform limit of S-simple functions, J3 Cnfn is the uniform limit of S-simple functions.
n=l

oo
Hence D := { E infn'- i G -^/i} is a Banach disk in BC(Y,, X) and, denoting by

^D the normed space (D) whose norm is the gauge of D, there is some m'j 6 N
such that Fmi fl ED is a dense Baire subspace of ED for all mi ^ m\. By fi-
nite induction, suppose that we have found m^ and the functions mj(mi, . . . , m ; - ] ) ,
2 ^ i ^ p ^ a — 1, such for any positive integer rni ^ m^, 7n,- ^ mj(mi, . . . , rni_i),
2 ^ i ^ p , i^mi...m; D i/D is a dense Baire subspace of ED- Then, for any
m! ^ m'1,...,mp ^ mj,(mi, . . . , m p _ i ) , given that {fm,...m|,m: m G N} covers
Fmi...mp , there is some TOp+1(mi, . . . , mp) G N such that ir

mi...OTp+1 fl Up is a dense
Baire subspace of ED for all m.p+i ^ ™J,+i(mii . . . , T O P ) . Hence £) C I m i ...m, if
mi ^ m'1} . . . , TO, ̂  m',(mi, . . . , m , _ i ) , since Bmx...mi n £mi...m, n £ D is a barrel
and consequently a neighbourhood of the origin in the Baire space Lmi ...m, O -ED for
nil ^ 7nj, . . . , m, ^ jn^(nix, . . . , 7 n , _ i ) . It follows from this that D C Fm\...m,

for mi Jj m ' 1 , . . . , m , ^ m',(7ni, . . . , m,-i) and therefore D C -&m1...m,_1 if
mi ^ m'j, . . . , m , _ i > m'^^mi, . . . , m , _ 2 ) . This implies that D C irmi...m,_1 for
mi ^ m'j, . . . , m,_i ^ m^_1(mi, . . . , m , . ; ) . Going on in this way, we obtain that
D C Fmi for mi ^ m'j, and, consequently, fmx G î mj , a contradiction. u

LEMMA 2 . If X eC,, then there exists some n0 G N sucii that S(H, X) C Fno .

PROOF: Suppose the lemma is false and there is some f\ G 5(E, X) \ F± such
that | | / i | | = 1. Let {Qu, Q12, •••, Qik} be a partition of fi formed by nonempty
elements of S such that /i(w) = xu £ X if w G Qu, 1 ^ i ^ fci, and Sij ^ Xî - for
1 ^ i < j ^ fci •

Now given that 5(f2, E, X) is the topological direct sum of the subspaces
{S(Qu, X): 1 ^ i ^ fci}, there must be some mi G {1, . . . , fci} such that 5 ( Q i m i , X)

is not contained in Fn for each n £ N and, consequently, there is some fi G
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S(Qlmi ,X)\F2 so that | | / 2 1 | = 1. Let {Q21, Q22, ..., Q2k7} be a partition of Qlmi

formed by nonempty elements of E such that f2(u) = x2i £ X if w £ <?2t, 1 ^ * *s k2 ,
and x2i 7̂  x2j for 1 < i < j < k2. There is an m2 6 {1, . . . , k2} such that S(Q2m2, X)
is not contained in Fn for each n £ N.

Assume that we have obtained by induction a sequence {/„: n £ N} of S-
simple functions, a sequence of positive integers {kn: n £ N}, and a countable family
{Qni '• n £ N, 1 ^ i ^ kn} formed by nonempty elements of S such that, for each
n £ N , /T.(<*>) = xni £ X if w £ Q n i , 1 ^ i ^ fcn, and xn i ^ xnj for 1 ^ i < j ^ fcn,

and for each n £ N:

(ii) supp / n + i C <?nmn for some mn £ {1, . . . , kn} .

(iii) Qn+i,mn+1 C Qnmn-

(iv) / n ^ F n .

Set P := n{<3nmn: n £ N} and, for each n £ N, define 5 n := /„ if P = 0
and gn := /„ — 35n.mne(P) if P ^ 0. In this second case the mapping x —> e(.P):c
of X into £C(S, X) is an isometry and since X £ C,, there must be some m'j £ N
such that Fmi fl e(P)X £ C,_i and is dense in e(P)X for all mi ^ TTI'J and, a
fortiori, Lmi D e(P)X £ C,_i and is dense in e(P)X for all mi ^ Tni. By finite
induction, suppose that we have found TTIJ and functions mj(mi, . . . , Tn,-_i), 2 ^ i ^
p ^ s — 1, such for any positive integer mi ^ m^ , mj ^ mj(mi, . . . , mj- i ) , 2 ^ i $J p,
I m i , . , m . PI e(P)X £ C5_i and is dense in e(P)X. Then, for any mi ^ m\, ..., mp ^
m'^rrix, . . . , m p - i ) given that {Fm.1...mptn: m £ N} covers i m i . . . m p , there is some
m p + i ( m i i • • • > mv) e ^ such that irm1...mp+1 He(P)X £ C,-v-\ and is dense in e(P)X

for all m p + i ^ m'p+1(mi, ..., mp). Consequently, Lmi...mp+1 H e(P)X £ C,_p_i and
is dense in e(P)X for all mp+i ^ "ip+iC"1!) • • •» "ip) •

Therefore, e(P)X C I m i . . . m , if mi ^ m'j, . . . , m, ^ m',(mi, . . . , m , _ i ) since
Lmi...m, is the linear hull of -Bmi...TO, and, Z/mi...m, ("1 e(P)X being barrelled, it is
closed in e(P)X for mi ^ m\, . . . , m5 ^ m^(mi, . . . , ma_i) . It follows from this that
e(P)X C Fmi...m. for all rm ^ n»i, . . . , m, ^ m ' , (m 1 , . . . ,m 1 . 1 ) . Thus, e(P)X C
Lmi...m._x if "ii ^ mi, . . . , m,_i ^ m [ . , ( m i , . . . , m , _ 2 ) . This imphes that e(P)X C
f m , . . ^ , . , for m i ^ m 1 ! , . . . , THS_! ^ n»i_i(nti, • • •, m5_2). Going on in this way. we
obtain that e(P)X C Fmi for all mi Js m'j , and, consequently, e(P)^m. £ Fmi for all
j £ N and for all mi ^ m'j. Thus, gmi £ Fmi for each mi ^ m'j.

Now, representing by Btx the unit ball of l\, from P|{suPP5n: n £ N} = 0 we shall
00

deduce that D := { £] £n<7n: £ £ Bix} is a Banach disk of the completion of JBC(S, X)
n=l

which is contained in -BC(E, X ) . In fact, the sequence {<;„: n £ N} is bounded in
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£C(E, X ) since ||fln|| ^ | | /n | | - 1 for each n £ N. Therefore if £ £ lx, £ £nflrn
n=l

converges in the completion of B c (£ , X) and, besides, takes at most a countable number
oo

of values in X. Indeed if w £ P, J ] £n<7n(<*>) = 0, and if w £ P, there exists
n=l

some positive integer mo such that u> ^ Qnmn f° r all n > mo and, consequently,
oo oo rnQ

S (n9n(u) = Yl &»/n(w) = £) £n/n(w) 6 X since it is a finite sum of elements of
n=l n=l n=l

m oo

X . Moreover, the sequence { £) £n9n'- wi £ N} of S(E, X) converges to £) £n5n in
n=l n=l

oo

the completion of BC(E, X) and consequently ^Z £n<7n € -SC(S, X). Hence, taking
n=l

into account that the linear mapping from £i into the completion of i?c(E, X ) where
oo oo

£ —> ^Z £n5« i s continuous, we deduce that D :— { ^ £n<7n: ^ £ -B^t} is a Banach disk
n=l n=l

in the completion of i?c(E, X) contained in 5C(E, X ) .
Thus, by the Baire category theorem, there must be some positive integer p ^ m'j

such that D C -Fp. Hence gp £ Fp, a. contradiction. U

THEOREM 1 . H x £ C,, then there exists some n0 £ N such that £ C (E , X)
coincides with Fng .

PROOF: By Lemma 2 we may assume without loss of generality that 5(S, X) C Fn

for every n £ N. Suppose that Bc(Yi, X) is not contained in any Fn, n £ N. Let
/i £ -BC(E, X) \ Fi such that \\fi\\ = 1 and let {Qu, i £ N} be the partition of ft
formed by nonempty elements of E defined by the function /i in such a way that
fi(w) — sij £ X if u £ Qu, i £ N, and EH ^ xĵ - for i ^ j .

Then, by Lemma 1, there exists some positive integer ri2 > rai = 1 such that
Bc(\J{Qu:i>n2}, X) C Fnj. Therefore, setting Hj := \J{Qu- 1 ^ * ^ "2>,
Bc(ni ,X) cannot be contained in any Fn, n ^ n2, and there must be some
h £ £c(fti, ^") \ -Fnj so that ||/21| = 1 . Let {Q2i, i £ N} be the partition of fti
formed by nonempty elements of E defined by the function f2.

Now again, since {Fn: n > n2} covers Bc(rii, X), by Lemma 1, there exists some
positive integer 713 > n2 such that Bc(\J{Q2i: i > 713}, X) C Fna. Setting fl2 :—
LJ{^2»: 1 ^ * ^ n3}i ^ (^2 ) X) cannot be contained in Fn, n ^ TI3. Take /^ £
Bc(n2,X)\Fn3 so that | | / 8 | | = 1 .

Assume that, by this means, we have obtained a sequence of positive integers
{n^: i £ N} and a sequence {/„: n £ N} of functions of 5C(E, X) which determine
a countable family {Qni- n, i £ N} formed by nonempty elements of E such that, for
each n £ N, /n(u>) = xni £ X if w £ Qm-, i £ N, and znt- ^ xnj- for t ^ j , in such a
way that, setting Qn := U(Qn<: 1 ^ * ^ n«+i} for all n £ N, for each i £ N.we have
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that,

(i) supp/j+i C fii.

(ii) e(ni)fi€S(ni,X)cS(X,X).
(iii) fli+i C fi<.
(iv) UiFn{.

Let now g{ :- /; - e(ft,)/i for each i G N. Then from S(E, X) C Fn for each
n G N, it follows that gi ^ Fni for each t £ N. Besides suppgi fl suppgj = 0 for i ̂  j .
Hence, denoting by G the completion of 5C(S, X), ({gn'- n G N}) G is a copy of eg in
G since it can be easily seen that {gn/ \\9n\\ : n G N} is equivalent to the unit vector
basis of Co.

oo

Moreover, it is easy to see that {{gn '• n G N}) G C -BC(E, X). In fact, ^3 cn9n(^t) =
ra=l

oo

0 if u> £ U{suppyn: n G N}, and ^ cnSn(w) = cmgm{u) G X if w G suppjfm, m G N.
n=l

oo

So 53 cn5n G Bc(Yi, X) since it takes at most countably many values in X and is the
n=l

uniform limit of S-simple functions. Consequently, using the Baire category theorem
as above, there must be some q G N such that {</„: n G N} C Fnq for each k ̂  nq.
Hence gq G Fnq, a contradiction. D

THEOREM 2 . [1, Theorem] Suppose S is a a-algebra. Then 5C(S, X) is bar-
relled if and only if X is barrelled.

THEOREM 3 . Let S be a a-algebra.. Given s G N, then 5C(E, X) is barrelled of
class s if and only if X is barrelled of class s.

PROOF: We have only to show that if X G C. then 5C(E, X) eC.. By Theorem
2, we already know that Bc(Yi, X) is a metrisable barrelled space and, consequently,
Baire-like.

By recurrence, let p G {1, . . . , s} and assume -Bc(E, X) G Cv-\ \CP. Then, if p —
1 ^ 1 , there is an increasing sequence {Emi : mi G N} of dense subspaces of -BC(E, X)
covering 5C(S) X) such that each Emi G Cp_2\Cp_i. Now each Emi may be covered by
an increasing sequence of dense subspaces {Emimj: mi G N} such that each Emim2 G
Cp-3 \ Cp-2 • Continuing in this way we obtain Emi...mp_2 so that each of them may
be covered by an increasing sequence of dense subspaces {Emi...mp_imp_1 : mp_i G N}
such that each £mi...mp_jmp_1 G Co \Ci . Hence, every •Emi...mp_1 , or BC(Z, X) if p =
1, may be covered by an increasing sequence of dense subspaces {Emi...mp_lTnp : mv G
N} that are not barrelled. For each m i , . . . , mp G N, suppose TTOl...mp is a barrel of
Eml...mp which is not a neighbourhood of the origin in Emi,..mp , let Bmi...mp be the
closure of Tmi...mp in 5C(S, X) and imi...TOp := (Bmi...mp). By decreasing recurrence,
for i — p - 1, . . . , 1, define the subspaces Fm i. . .m i + 1 := f\{Lmi...mim: m ̂  m i + i } ,
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Lmi...rm ••= \J{Fmi...mim-- meN}, and Fmi := (]{Lm: m>mx}. Then {Fm: m G N}

ajid {Fmi ...mim '• G N} are increasing sequences of subspaces of SC(E, X) and Lmi ...m;,
respectively covering them, for all mr G N, l ^ r ^ i ^ p — 1 , and Emi...mi C F i . , . ^ ,
for all mr G N, 1 < r ^ i < p .

By Theorem 1, there must be some m\ £ N such that BC(E, X) coincides with
Fmi . Then clearly Lmi £ Cp_i and there is some mi G N such that Fmim2 G Cp_2
and is dense in i?c(S, X). A fortiori, LTOlTn2 G Cp-2 and is dense in Bc{Ti, X). Going
on in this way, we are able to find some F m i . . . m p G Co- Then Bmi...mp H Fmi...mp is a
neighbourhood of the origin in Fmi,,.mp and, consequently, Tmi...mp is a neighbourhood
of the origin in Emi...mp , which is a contradiction. Thus BC{T>, X) G Cp.

Hence Bc{Ti, X) G C, and the proof is complete. U

THEOREM 4 . Let S be a a-algebra and let s be any positive integer. Then
i?(E, X) is barrelled of class s if and only if X is barrelled of class s.

PROOF: This is an obvious consequence of the previous theorem, since .BC(E, X)

is a dense subspace of B(TJ, X). U

COROLLARY. Let E be a o--aigebra. Tien BC(E, X) (£ (E , X)) is barrelled of

class No if and only if X is barrelled of class No •

OPEN PROBLEM: The authors do not know if the analogous result for totally bar-
relled (unordered Baire-like) spaces is true.
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