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Abstract

An endomorphism ϕ of a polynomial ring is said to preserve outer rank if ϕ sends each polynomial to
one with the same outer rank. For the polynomial ring in two variables over a field of characteristic
0 we prove that an endomorphism ϕ preserving outer rank is an automorphism if one of the following
conditions holds: (1) the Jacobian of ϕ is a nonzero constant; (2) the image of ϕ contains a coordinate;
(3) ϕ has a ‘fixed point’.
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1. Introduction

The outer rank of an element has been considered for several algebraic systems, for
example for free groups in [1, 10, 15] and for free Lie algebras in [12]. However,
to our knowledge no systematical work on outer rank has been done for polynomial
rings.

The outer rank of a polynomial p, abbreviated as Orank(p), is the minimum number
of variables on which an automorphic image of p can depend. It is easy to see that the
outer rank of an element is invariant under automorphisms. Conversely, it is natural
to ask whether an endomorphism preserving outer rank is an automorphism. We say
that an endomorphism ϕ of a polynomial ring preserves outer rank (the outer rank i,
respectively) if ϕ sends each polynomial (of outer rank i, respectively) to one with
the same outer rank. This problem was first posed in [16], where it is called outer
rank preserving problem, and the author showed that the answer is positive for an
endomorphism with a nonzero constant Jacobian in the case of algebraically closed
fields. Similar preserving problems have been considered by several authors, for
example, the coordinate preserving problem in [5, 6, 8] and the automorphic orbit
preserving problem in [7, 17].
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Throughout this paper k[X] := k[x1, x2, . . . , xn] denotes the polynomial ring in the
variables x1, x2, . . . , xn over a field k of characteristic 0, and we write k[x, y] instead
of k[x1, x2] if n = 2. Let End(k[X]) and Aut(k[X]) denote the set of endomorphisms
and the group of automorphisms of k[X], respectively. This paper focuses on k[x, y].

Shpilrain and Jie-tai Yu [13] proved that an endomorphism ϕ of k[x, y] with
the Jacobian being a nonzero constant is an automorphism if one of the following
conditions holds.

(1) The image of ϕ contains a coordinate.
(2) ϕ has a ‘fixed point’.
(3) ϕ∞(k[x, y]) , k, where ϕ∞(k[x, y]) =

⋂∞
i=1 ϕ

i(k[x, y]).

The aim of this paper is to prove that analogous results hold when replacing the
Jacobian condition by preserving outer rank, which gives partial solutions to the outer
rank preserving problem. It is also interesting to compare the results of [17] with those
of the present paper. In [17] the author assumes that ϕ preserves automorphic orbit, a
stronger assumption, but only on one element, while we assume that ϕ preserves outer
rank, a weaker assumption, but on all elements.

2. Main results

We start with a simple observation.

P 2.1. Let ϕ ∈ End(k[X]). If ϕ preserves outer rank, then ϕ is a
monomorphism.

P. Suppose that ϕ is not a monomorphism. Then there exists H(X) ∈ k[X] \ k such
that ϕ(H(X)) = 0. Since ϕ preserves outer rank, Orank(H(X)) = 0, a contradiction. �

R 2.2. The converse of Proposition 2.1 is not true; for example, ϕ = (x, y2) is a
monomorphism that does not preserve outer rank one. But we do not know yet if a
monomorphism preserving outer rank one is an automorphism.

A subalgebra A of k[X] is called a retract if it is the image of an idempotent (called
a retraction) of End(k[X]). A retract different from k and k[X] is called proper. It
is easy to see that if p(x, y) generates a proper retract of k[x, y] with a retraction
ϕ, then α(p(x, y)) also generates a proper retract with retraction αϕα−1 for any α ∈
Aut(k[x, y]). Retracts have been studied by many authors, among them [3, 7, 13, 14].

The following lemma is a restatement of [13, Theorem 1.1].

L 2.3. A polynomial p(x, y) generates a proper retract of k[x, y] if and only if
there exist a α ∈ Aut(k[x, y]) and q(x, y) ∈ k[x, y] such that p(x, y) = α(x + yq(x, y)).

The following two simple observations will be useful in this paper.

L 2.4. For any g(X) ∈ k[X] and for any f ∈ k[T ] \ k, g(X) and f (g(X)) have the
same outer rank.
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P. The result follows directly from the fact that the numbers of indeterminates
on which α( f (g(X))) and α(g(X)) respectively depend are the same for any
α ∈ Aut(k[X]). �

L 2.5. Let p(X) ∈ k[X]. Then Orank(p(X)) = 1 if and only if there exist u(T ) ∈
k[T ] \ k and a coordinate q(X) such that p(X) = u(q(X)).

P. This follows directly by the definition of outer rank. �

L 2.6. Let p(X), q(X) ∈ k[X] and let p(X) = u(q(X)) for some u(T ) ∈ k[T ] \ k.
Then p(X) is a coordinate if and only if deg(u(T )) = 1 and q(X) is a coordinate.

P. Suppose that p(X) is a coordinate. Then Orank(p(X)) = 1 and hence, by
Lemma 2.4, Orank(q(X)) = 1. By Lemma 2.5, q(X) = v(r(X)) for some coordinate r(X)
and v(T ) ∈ k[T ] \ k. Thus p(X) = (u ◦ v)(r(X)). Since Orank(p(X)) = 1, x1 = α(p(X))
for some α ∈ Aut(k[X]). Hence x1 = α(p(X)) = α((u ◦ v)(r(X))) = (u ◦ v)(α(r(X))),
which implies that deg(u(T )) = deg(v(T )) = 1. It follows that q(X) is a coordinate.
The sufficiency is obvious. �

C 2.7. Let ϕ ∈ End(k[X]) preserve outer rank. If ϕ(p(X)) is a coordinate,
then p(X) is a coordinate.

P. Since ϕ preserves outer rank, Orank(p(X)) = 1. Hence p(X) = α(u(x1)) for
some α ∈ Aut(k[X]) and u(T ) ∈ k[t] \ k. It suffices to show that u(T ) is a coordinate.
Since u(ϕ(α(x1))) = ϕ(p), deg(u(T )) = 1 by Lemma 2.6. Thus u(T ) is a coordinate, as
desired. �

R 2.8. Corollary 2.7 extends the main theorem in [2] to the case of n variables
under a more restrictive condition.

The following result is of independent interest.

L 2.9. Suppose that g(x, y) = x + yq(x, y). Then Orank(g(x, y)) = 1 if and only if
q(x, y) ∈ k[y]. Equivalently, Orank(g(x, y)) = 2 if and only if q(x, y) ∈ k[x, y] \ k[y].

P. It is enough to prove the first conclusion.
Suppose that q(x, y) ∈ k[y]. Then g(x, y) = x + f (y) for some f (T ) ∈ k[T ]. In this

case g(x, y) is a coordinate, and so it is of outer rank one.
Suppose that Orank(g(x, y)) = 1. Then there exists α ∈ Aut(k[x, y]) such that α(g) =

f (x), and f (x) generates a proper retract by Lemma 2.3. By [13, Corollary 1.2] there
is ϕ ∈ End(k[x, y]) such that ϕ( f (x)) = x, that is, f (ϕ(x)) = ϕ( f (x)) = x. It follows from
Lemma 2.6 that deg( f (x)) = 1. In particular, f (x) is a coordinate, which implies that
g(x, y) is also a coordinate. By [11, Corollary 14] the Newton polygon of g(x, y) is a
triangle with edges on the axes, and so by the form of g(x, y) we get q(x, y) ∈ k[y]. �

A polynomial p(X) ∈ k[X] is called a test polynomial if any ϕ ∈ End(k[X]) with
ϕ(p(X)) = p(X) is an automorphism. It is shown in [5] that test polynomials are
all of maximal outer rank. Polynomials that are of maximal outer rank but are not
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test polynomials were given in [5, 9]; most of these are polynomials in k[x, y]. The
following corollary shows that such polynomials have a ‘standard’ form.

C 2.10. Let h(x, y) ∈ k[x, y]. Then h(x, y) is of outer rank two and is not a
test polynomial if and only if there exist q(x, y) ∈ k[x, y] \ k[y] and an automorphism α
such that h(x, y) ∈ k[α(x + yq(x, y))].

P. By [7, Theorem 1.1] h(x, y) is not a test polynomial if and only if h(x, y) is
contained in a proper retract. By [3, Theorem 3.5] every proper retract is generated
by a polynomial g(x, y) ∈ k[x, y]. Furthermore, by Lemma 2.3, g = α(x + yq(x, y)) for
some α ∈ Aut(k[x, y]) and q(x, y) ∈ k[x, y]. Note that automorphisms preserve outer
rank. Orank(h(x, y)) = 2 if and only if Orank(x + yq(x, y)) = 2 by Lemma 2.4, if and
only if q(x, y) ∈ k[x, y] \ k[y] by Lemma 2.9, which completes the proof. �

R 2.11. Examples given in [5, 9] can easily be figured out by Corollary 2.10.

The following example given in [4] can be proved directly by Corollary 2.10.

C 2.12 [4, Example 3.1]. Let p(x, y) = x2 + y2 ∈ k[x, y], where k contains√
−1. Then p(x, y) is not a test polynomial.

P. Take α = ( f (x, y), g(x, y)), where f (x, y) = −3
√
−1x − y + 1, g(x, y) =

√
−1x +

y − 1. Then α ∈ Aut(k[x, y]). Set h(T ) = T + 1, q(x, y) = x + 2y + 3. Then p(x, y) =

h(α(x + yq(x, y))). Now Corollary 2.10 implies that p(x, y) is of outer rank two and
not a test polynomial. �

The following result was first proved in [16] for an arbitrary n and an algebraically
closed field k. In fact, in the case n = 2 it also holds for any field of characteristic 0,
and we will give its proof for completeness.

For ϕ ∈ End(k[X]) we denote by Jϕ the Jacobian of ϕ.

P 2.13. Let ϕ ∈ End(k[x, y]), where k is a field of characteristic 0 (not
necessarily algebraically closed). If ϕ preserves outer rank one and Jϕ ∈ k∗, then ϕ
is an automorphism.

P. By [5, Theorem 1.1] it is sufficient to show that ϕ sends coordinates to
coordinates. Suppose that p(x, y) is a coordinate and q(x, y) = ϕ(p(x, y)). Then q(x, y)
is of outer rank one. So there are α, β ∈ Aut(k[x, y]) such that α(p(x, y)) = x and
β(q(x, y)) = u(x) for some u(x) ∈ k[x] \ k. We need to show that u(x) is a coordinate.
Set ψ = βϕα. Then Jψ ∈ k∗ by the chain rule. Observing that ψ(x) = u(x), we see
that Jψ = ∂x(u(x))∂y(ψ(y)). Thus we get u(x) = ax + b and ψ(y) = cy + r(x) for some
a, b ∈ k∗, c ∈ k and r(x) ∈ k[x]. In particular, u(x) is a coordinate. We are done. �

The following example shows that the condition ‘Jϕ ∈ k∗’ in Proposition 2.13 cannot
be removed.

E 2.14. Let ϕ = (x2, x3) ∈ End(k[x, y]). Then ϕ preserves outer rank one and is
not an automorphism.
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P. Notice that ϕ is not an automorphism and does not increase outer rank. So to
show that ϕ preserves outer rank one, we just need to show that it cannot decrease the
outer rank of a polynomial of outer rank one.

Suppose, to the contrary, that there is p(x, y) with outer rank one such that
Orank(ϕ(p)) = 0. Then, by Lemma 2.5, Orank(p(x, y)) = 1 implies that p = u(q) for
some u(T ) ∈ k[T ] \ k and a coordinate q(x, y), while Orank(ϕ(p(x, y))) = 0 implies that
ϕ(p(x, y)) ∈ k. It follows that

u(ϕ(q(x, y))) = ϕ(u(q)) = ϕ(p(x, y)) ∈ k,

whence ϕ(q(x, y)) ∈ k. Thus q(x2, x3) = q(ϕ(x), ϕ(y)) = ϕ(q(x, y)) ∈ k. Because
q(x, y) is a coordinate, q(x, y) = ax + by + h(x, y), where a, b are not both 0 and
h(x, y) ∈ k[x, y] has no terms of degree one. Thus ax2 + bx3 + h(x2, x3) = ϕ(q) ∈ k.
Equivalently, ax2 + bx3 = −h(x2, x3) + c for some c ∈ k. By comparing the degree,
we get a contradiction. �

It is worth pointing out that Example 2.14 also shows that endomorphisms
preserving outer rank one are not necessarily automorphisms.

We are now in a position to prove our main theorem.

T 2.15. Let ϕ ∈ End(k[x, y]). Suppose that ϕ preserves outer rank. If there is a
coordinate in ϕ(k[x, y]), then ϕ is an automorphism.

P. Suppose that there exists a coordinate q(x, y) such that q(x, y) = ϕ(p(x, y))
for some p(x, y) ∈ k[x, y]. Then Orank(p(x, y)) = 1 by hypothesis, which implies
that p(x, y) = α(v(x)) for some α ∈ Aut(k[x, y]) and v(x) ∈ k[x] \ k. Thus q(x, y) =

ϕα(v(x)) = v(ϕα(x)). Set ϕα(x) = f (x, y). Then q(x, y) = v( f (x, y)), and so f (x, y) is
a coordinate by Lemma 2.6. Then there exists β ∈ Aut(k[x, y]) such that β( f (x, y)) = x.
It follows that βϕα(x) = β( f (x, y)) = x. Let g(x, y) = βϕα(y). By composing βϕα
with (x, y − g(x, 0)) ∈ Aut(k[x, y]), without loss of generality, we may suppose that
ϕ = (x, yh(x, y)).

Note that ϕ(x + y) = x + yh(x, y). Since Orank(x + y) = 1 and ϕ preserves outer
rank, Orank(x + yh(x, y)) = 1. By Lemma 2.9, h(x, y) ∈ k[y]. So ϕ = (x, g(y)), where
g(y) = yh(x, y) ∈ k[y]. Since ϕ is a monomorphism by Proposition 2.1, x and g(y) are
algebraically independent, forcing that g(y) , 0.

To prove that ϕ ∈ Aut(k[x, y]), it suffices to show that g(y) = ay for some a ∈ k∗.
Note that ϕ(x2 + y) = x2 + g(y). Since Orank(x2 + y) = 1 and ϕ preserves outer rank,
Orank(x2 + g(y)) = 1, which implies that there exists α ∈ Aut(k[x, y]) such that α(x2 +

g(y)) = t(x), where t(x) ∈ k[x] \ k. Hence grad(u(x, y)) and grad(t(x)) have the same
number of zeros, where u(x, y) = x2 + g(y) and grad(u(x, y)) denotes the gradient of
u(x, y). Observe that grad(t(x)) = (∂x(t(x)), 0), the number of zeros of which is zero or
infinite. On the other hand, grad(u) = (2x, ∂y(g(y))), the number of zeros of which is
finite. It follows that grad(u) has no zero, which implies that ∂y(g(y)) = a ∈ k∗. Thus
g(y) = ay, as desired. �
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Shpilrain and Yu [14, Proposition] state that if ϕ is a monomorphism of C[x, y]
and there are no coordinates in ϕ(C[x, y]), then ϕ∞(C[x, y]) = C, where ϕ∞(C[x, y]) =⋂∞

i=1 ϕ
i(C[x, y]). The authors split the proof into two cases, namely deg(Jϕ) = 0 and

deg(Jϕ) > 0. In fact, the proof of the latter case is valid for an arbitrary field k of
characteristic 0. Hence the following proposition holds.

P 2.16. If ϕ is a monomorphism of k[x, y] and there are no coordinates in
ϕ(k[x, y]), then either Jϕ ∈ k∗ or ϕ∞(k[x, y]) = k.

The following result is of independent interest.

T 2.17. Let ϕ ∈ End(k[x, y]). If ϕ preserves outer rank, then either ϕ is an
automorphism or ϕ∞(k[x, y]) = k.

P. Suppose that ϕ is not an automorphism. Then in view of Proposition 2.1
and Theorem 2.15 we know that ϕ is a monomorphism and there are no coordinates
in ϕ(k[x, y]). Hence, by Proposition 2.16, either Jϕ ∈ k∗ or ϕ∞(k[x, y]) = k. But
Proposition 2.13 implies that the first case cannot occur. Consequently, we obtain
ϕ∞(k[x, y]) = k. �

C 2.18. Let ϕ ∈ End(k[x, y]). If ϕ preserves outer rank and ϕ(u(x, y)) =

u(x, y) for some u(x, y) ∈ k[x, y] \ k, then ϕ is an automorphism.
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