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Classification of homomorphisms from
C(Q) to a C*algebra

Qingnan An, George Arthur Elliott, and Zhichao Liu

Abstract. Let Q be a compact subset of C and let A be a unital simple, separable C*-algebra
with stable rank one, real rank zero, and strict comparison. We show that, given a Cu-morphism
a:Cu(C(Q)) » Cu(A) with a({1q)) < (1a), there exists a homomorphism ¢ : C(Q) — A such
that Cu(¢) = a. Moreover, if Ki(A) is trivial, then ¢ is unique up to approximate unitary equiva-
lence. We also give classification results for maps from a large class of C*-algebras to A in terms of
the Cuntz semigroup.

Introduction

The Cuntz semigroup is an invariant for C*-algebras that is intimately related to
Elliott’s classification program for simple, separable, nuclear C*-algebras. Its origi-
nal construction W(A) resembles the semigroup V(A) of Murray-von Neumann
equivalence classes of projections, and is a positively ordered, abelian semigroup
whose elements are equivalence classes of positive elements in matrix algebras over
A [13]. This was modified in [12] by constructing an ordered semigroup, termed
Cu(A), in terms of countably generated Hilbert modules. Moreover, a Cuntz category
was described to which the Cuntz semigroup belongs and as a functor into which
it preserves inductive limits. The Cuntz semigroup has been successfully used to
classify certain classes of C*-algebras, as well as maps between them. In 2008, Ciuperca
and Elliott classified homomorphisms from Co((0,1]) into an arbitrary C*-algebra
of stable rank one in terms of the Cuntz semigroup [10]. Later, the codomain was
extended to alarger class in [28]. These results can also be regarded as a classification of
positive elements. Subsequently, Robert greatly expanded the domain Cy((0,1]) to the
class of direct limits of one-dimensional NCCW-complexes with trivial K;-group [26].
More specifically, he employed a series of techniques to reduce complicated domains
to C[0,1] and applied the classification result in [10]. For the more general domain
C(Q), it s still expected that the Cuntz semigroup can be used in some sense. Further
research and investigation are needed to explore the applicability and potential of the
Cuntz semigroup in this broader field.
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2 Q. An, G. A. Elliott, and Z. Liu

In this paper, let QO be a compact subset of C, our primary focus is on the
classification of homomorphisms from the algebra of continuous functions C(Q)
to a unital simple, separable C*-algebra A with stable rank one, real rank zero, and
strict comparison. Using the properties of the Cuntz semigroup, we can lift the Cu-
morphism to a homomorphism approximately. Based on spectral information, we
associate these homomorphisms to normal elements and use a result of Hu and Lin.
Then, we establish a uniqueness result and use this to get a homomorphism exactly.
Finally, we classify the homomorphisms from C(Q) to A in terms of the Cuntz
semigroup. Additionally, we employ the augmented Cuntz semigroup introduced by
Robert to classify more general non-unital cases.

2 Preliminaries

Definition 2.1 Let A be a unital C*-algebra. Recall that A is said to have stable rank
one, written sr(A) = 1, if the set of invertible elements of A is dense, and to have real
rank zero, written rr(A) = 0, if the set of invertible self-adjoint elements is dense in
the set A;, of self-adjoint elements of A. If A is not unital, let us denote the minimal
unitization of A by A”. A non-unital C*-algebra is said to have stable rank one (or real
rank zero) if its unitization has stable rank one (or real rank zero).

Let p and g be two projections in A. Recall that p is Murray-von Neumann
equivalent to g in A, written p ~ ¢, if there exists x € A such that x*x = pand xx* = gq.
We will write p < g if p is equivalent to some subprojection of g. The class of a
projection p in Ko(A) (see [30] for the definition of K) will be denoted by [p].

Let us say that A has cancellation of projections if, for any projections p, g, e, f € A
with pe =0,g9f =0,e~ f,and p+ e ~ g+ f, necessarily p ~ q. Then A has cancella-
tion of projections if and only if p ~ q implies that there exists a unitary u € A such
that u” pu = g. It is well known that every unital C*-algebra of stable rank one has
cancellation of projections.

Definition 2.2 [3, 4] A (bounded) quasitrace on a C*-algebra A is a function
7: A - C such that:

(i) 0<7(x*x) =7 (xx*) forall x in A;

(ii) 71islinear on commutative *-subalgebras of A;
(iii) If x = a + ib with a, b self-adjoint, then 7(x) = 7(a) + it(b).
If 7 extends to a quasitrace on M,(A), then 7 is called a 2-quasitrace. A linear
quasitrace is a trace.

If A is unital and 7(1) = 1, then we say 7 is normalized. Denote by QT,(A) the space
of all the normalized 2-quasitraces on A and by T(A) the space of all the tracial states
on A. Note that every 2-quasitrace in QT,(A) islower semicontinuous (see [3, Remark
2.27(v)]).

Remark 2.1 It is an open question whether every 2-quasitrace on a C*-algebra is a
trace (asked by Kaplansky). A theorem of Haagerup [20] says that if A is exact and
unital then every bounded 2-quasitrace on A is a trace. This theorem can be extended
to obtain that every lower semicontinuous 2-quasitrace (not necessarily bounded) on
an exact C*-algebra must be a trace (see [3, Remark 2.29(i)]). Brown and Winter [7]
presented a short proof of Haagerup’s result in the finite nuclear dimension case. Note
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that if A is a unital simple C*-algebra of stable rank one and real rank zero, with strict
comparison, then QT,(A) = T(A) (see [24, Theorem 2.9]).

Definition 2.3 (Cuntz semigroup) Denote the cone of positive elements of A by A..
Leta, b € A.. One says that a is Cuntz subequivalent to b, denoted by a Scy b, if there
exists a sequence (r,) in A such that r}br, — a. One says that a is Cuntz equivalent
to b, denoted by a ~¢y b, if a Scu b and b Scy a. The Cuntz semigroup of A is defined
as Cu(A) = (A® X)./ ~cu. We will denote the class of a € (A® K), in Cu(A) by
(a). Note that Cu(A) is a positively ordered abelian semigroup with zero (or monoid)
when equipped with the addition: (a) + (b) = (a ® b), and the relation:

(a) <(b) = ascub, a,be(A®XK),.
The following facts are well known; see [29].

Lemma 2.2 Let A be a C*-algebra, let a,b € A,, and let p, q be projections. Then

(i) a Scu bifandonlyif (a —€)y Scu b forall e > 0;
(ii) if |a - b| <&, then (a—€)4 Scu b;
(iii) p < qifand only if p Scu 4.

Definition 2.4 [[12] (The category Cu)] Let (S,<) be a positively ordered abelian
semigroup with zero (or monoid). For x and y in S, let us say that x is compactly
contained in y (or x is way-below y), and denote it by x <« y, if for every increasing
sequence (y,) in S that has a supremum, if y < sup,, . ¥», then there exists k such that
x < yk. This is an auxiliary relation on S, called the compact containment relation. If
x € § satisfies x << x, we say that x is compact.

We say that S is a Cu-semigroup of the Cuntz category Cu, if it has a 0 element (so
is a monoid) and satisfies the following order-theoretic axioms:

(O1): Every increasing sequence of elements in S has a supremum.

(02): For any x € S, there exists a <-increasing sequence (x,),y in S such that
SUP,cy Xn = X.

(03): Addition and the compact containment relation are compatible.

(O4): Addition and suprema of increasing sequences are compatible.

A Cu-morphism between two Cu-semigroups is a positively ordered monoid mor-
phism that preserves the compact containment relation and suprema of increasing
sequences.

Definition 2.5 Let S be a Cu-semigroup. S is said to have weak cancellation if, for
every x,¥,2,z' €S with z’ < z, we have that x + z < y + 2’ implies x < y. It was
shown in [31, Theorem 4.3] that the Cuntz semigroup of a C*-algebra with stable rank
one has weak cancellation (see also [15]).

The following is a foundation result which establishes the relation between
C*-algebras and the category Cu.

Theorem 2.3 [12] Let A be a C*-algebra. Then Cu(A) is a Cu-semigroup. Moreover,
if p: A — B is a x-homomorphism between C*-algebras, then ¢ naturally induces a
Cu-morphism Cu(g¢) : Cu(A) — Cu(B).
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Definition 2.6 [17] Let A be a C*-algebra. A functional on Cu(A) is a map
f:Cu(A) > [0, 00] which takes 0 into 0 and preserves addition, order, and the
suprema of increasing sequences. Denote by F(Cu(A)) the set of all the functionals
on Cu(A) endowed with the topology in which a net (1;) converges to A if

limsup A;(x) < A(y) < liminf A;(y)

for all x, y € Cu(A) such that x « y.
If A is unital, a functional A on Cu(A) is said to be normalized if A([1]) = 1. Denote
by F;7(Cu(A)) the set of all the normalized functionals on Cu(A).

Definition 2.7 Let 1€ QT,(A), we defineamap d,: A® K — [0, 00] by
d.(a) = lim T(a%).

It has the following properties:

(1) ifa Scu b, then d;(a) < d.(b);

(2) if a and b are mutually orthogonal, then d.(a + b) = d.(a) + d.(b);

(3) d.((a-¢€)y) > d.(a) (e > 0).

This map depends only on the Cuntz equivalence class of a € A ® K. Hence, we will
also d; to denote the induced normalized functional on Cu(A).

Remark 2.4 Given A € F3(Cu(A)), the function

@ = [ (a0

defined on the positive cone A, can be extended to a normalized lower semicontinu-
ous quasitrace on A. If A is separable, it can be checked that QT,(A) has a countable
basis (see [17, Theorem 3.7]).

The following result is [17, Theorem 4.4] (see also [19, Theorem 6.9]).

Theorem 2.5  Let A be a unital C*-algebra. Then the cones QT,(A) and F;;(Cu(A))
are compact and Hausdorff, and the map © — d. is a homeomorphism between them.

It follows that if A is exact then every functional on Cu(A) arises from a lower
semicontinuous trace.
Combining the above results, we obtain a characterization of strict comparison.

Proposition 2.6 Suppose that A is simple unital, then the following statements are
equivalent:

(i) A has strict comparison (of positive elements), i.e., for any non-zero a,b € (A®
K)s> dr(a) <do(b), 7€ QTr(A), implies a Scy b.
(ii) Foranys,te Cu(A), A(s) < A(t), A € Fy3(Cu(A)), implies s < t.

Let O be a compact metric space. Denote by N the set of natural numbers with 0 and
oo adjoined. By [27], if the covering dimension of () is at most two and H?(K) = 0 (the
Cech cohomology with integer coefficients) for any compact subset K c €, then the
Cuntz semigroup of C(Q) is isomorphic to the ordered semigroup Lsc(Q, N). If Q is
an interval or a graph without loops, the classification results of the present paper were
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obtained in [10, 11]. Note that if 2 is a compact subset of C, then we have Cu(C(Q)) =
Lsc(Q, N). (This can be deduced from H*(K) = lim H*(N(U;)), whereU; is an open
cover of K and N (U;) is the nerve of U;, while H*(N(U;)) = 0; see [1, pp. 256-257].)
Definition 2.8 Let Q) c Cbeacompactsubsetandlet O c QA beanopenset. Forr > 0,
set O, = {x € Q| dist(x, O) < r}. Let fo denote the positive function corresponding
to O as follows:

min{1, dist(x, Q\O)}, ifxe€O,

0, otherwise.

fo(x) ={

Then 0 < fo < 1and support(fp) = O. We shall use 1o to denote the class (fo). Let
a:Cu(C(Q)) —» Cu(A) be a Cu-morphism with a(1g) = (14). For any 7€ T(A),
d,oa defines a lower semicontinuous subadditive rank function on C(Q). By
[4, Proposition 1.2.1], this function uniquely corresponds to a countably additive
measure on (2, denoted by 4+, ie., for any open set O c Q, we have

par7(0) = di(a(10)).

The following result combines [6, Corollaries 4.6 and 4.7], together with the fact
that if A is separable, unital and has stable rank one then x € W(A) if x € Cu(A) and
x < (1a) (see [25, 6.2(1)]).

Proposition 2.7  Let A be a separable, unital C*-algebra with stable rank one. Suppose
that x € Cu(A) satisfies x < (14). Then there exists a € A, such that x = (a). Moreover,
if x is compact, then a can be chosen to be a projection.

Proposition 2.8 Let A be a separable, unital C*-algebra with stable rank one and
let p be a projection in A. Suppose that x1,x,,...,x, € Cu(A) are compact elements
and satisfy x1 + x2 + - -+ + x, < (p). Then there exist mutually orthogonal projections
D1, Pn such that (p;) = x; and
pr+pat -+ pasp.

Proof By Proposition 2.7, there exist projections ¢, g2, - - ., g, such that (g;) = x;
for any i. By Lemma 2.2,

(1] +[g2]+ - +[g.] < [p].
Since A has cancellation of projections, with v;v{ = q; and v{'v; < p, and setting
p1 = v q1v1, we have

[42]+ - +[ga] < [p-p1).

There exists a partial isometry v, such that v,v; = g, and v v, < p — p1. Set p, = v3 v,
and continue this procedure; we obtain a collection of mutually orthogonal projections
{pi} such that

(pi)={(qi)=xi, i=12,...,m,

and

Pitpat o+ pasp. .
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Theorem 2.9 [12, Corollary 5] If A is a C*-algebra with rr(A) =0, then Cu(A) is
algebraic ([2, Definition 5.5.1]: every element is the supremum of an increasing sequence
of compact elements).

Distances between homomorphisms

Definition 3.1 Let A be a unital C*-algebra and let Q be a compact metric space.
Denote by Hom; (C(Q), A) the set of all unital homomorphisms from C(Q) into
A. Let ¢,y : C(Q) - A be two unital homomorphisms. Define the Cuntz distance
between ¢, y by

dw(¢,y) =inf{r>0|¢(fo) Scu ¥(fo,)> ¥(fo) Scu ¢(fo,), O Q, open}.
Write ¢ ~ v if dw (¢, v) = 0. It is easy to see that “~” is an equivalence relation. Put

H1(C(Q),A) = Hom; (C(Q2), A)/ ~.

Remark 3.1 The definition of dy, can be regarded as the symmetric version of the
distance D (-, -) defined in [21]. When A is a unital simple C*-algebra with stable rank
one, (H.1(C(Q), A), dw) is a metric space; see [21, Proposition 2.15]. There are some
works where this distance is considered in special cases (see [10, 11, 16]).

Definition 3.2 Let ¢ € Hom;(C(Q),A). Then kergp = {f € C(Q) : f|x =0} for
some compact subset X c (). We shall call X the spectrum of ¢. We may also use ¢ x to
denote ¢. If X c C, every homomorphism ¢x : C(Q) - A corresponds to a normal
element x = px(id) € A, where id : X — X c C is the identity function.

Conversely, suppose that x,y are normal elements in A with sp(x) = X and
sp(y) = Y. We can define ¢x, ¢y : C(XUY) - A to be two homomorphisms with
ox(f) = f(x) and @y(f) = f(y) for all f € C(XUY). Define the Cuntz distance
between normal elements as follows:

dw(x,y) = dw(9x> 9v).
Definition 3.3 Let Q be a compact metric space and let a, 8 : Lsc(Q, N) — Cu(A)
be two Cu-morphisms. Define the Cuntz distance between «, 5 by
deu(a, ) :==inf{r>0]|a(10) < f(1o,), B(lo) <a(lp,), Y O c Q, open}.
Denote by Cu(C(2), A) the set of all Cu-morphisms from Cu(C(Q)) to Cu(A).

Remark 3.2 Foranya, 8,y € Cu(C(Q), A) and ¢, ¥ € Hom; (C(Q), A), the follow-
ing properties hold:

(i) dcu(a, ) = dcu(B> a);
(11) dCu(“»ﬁ) < dCu(‘x’ V) + dCu(ﬁ) )/),
(iit) dw (¢, ) = dcu(Cu(g), Cu(y)).

Proposition 3.3 Let Q) be a compact subset of C. Then dc, is a metric on the Cuntz
category morphisms from Cu(C(Q)) to Cu(A).

Proof Let us identify Cu(C(Q)) with the semigroup of lower semicontinuous
functions Lsc(Q), N). Suppose that dc, (o, ) = 0. We need only to show that « and f8
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agree on the functions 1 for any open set O c Q (their overall equality is apparent
through the additivity and preservation of suprema of increasing sequences).

For any open set O c Q, there exists a sequence of open subsets O, such that
sup, 1o, = 1o and 0, c O, for any n. Since O, is bounded, there exists r, > 0
such that (O,),, c O, and by the definition of dc,, we have a(1o,) < f(1o,,,)

and f(1o,) < a(lo,.,)-
Then we have

“(I]‘Ol) Sﬁ(loz) £ 2 “(I]‘OZn—l) < ﬁ(lozn) <o
Note that

SliP“(ﬂoz,,fl) =a(lo), S:Pﬂ(ﬂoz,,) =B(1o),

which implies (1) = f(1o), as desired. ]
We will now present a version of the Marriage lemma.

Proposition 3.4 Let ay,...,ay, B1,-.., Bn € Cu(C(Q), A). Then

n n
dcu (Z ai, Zﬁ:) < min max dey (@i, Bo(i))>
o i

0€S, 1<i<n
where S, is the set of all permutations of (1,2, ..., n).

Proof Letd = misn max dcu(ai, Bo(iy)- Then for any e > 0, there exists o € S,, such
o0€S§, 1<i<n

that
dCu(“i)ﬁcr(i))<d+5; i=1,2,...,n.
For any open set O c 2, we get

a;i(lo) < ﬁa(i)(104+¢)> /30“)(10) < (x,‘(]lodﬂ), i=12,...,n.

Then we have

> 0u(10) £ 2 fullo,.), 2 Fillo) < Y (L),

i=1 i=1

Hence,
n n
dcu (Z o, Zﬁ,) <d+e.
=1 =l
Since ¢ is arbitrary, the conclusion follows. [ ]

Definition 3.4 Let A be a unital C*-algebra and Q be a compact metric space. Let
X,y € A be normal elements and ¢,y : C(Q) - A be two homomorphisms. We say
¢ and v are approximately unitarily equivalent, written ¢ ~,,. v, if there exists a
sequence of unitaries u, € A such that u,¢u, — v pointwise. Define the distance
between unitary orbits of x and y by

du(x,y) =inf{||luxu* — y| : u is a unitary in A}.
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Lemma 3.5 Let {x,} be a sequence of normal elements in A with limit x. Suppose that
Q is a compact subset of C such that sp(x,) c Q. Then for any finite set F c C(Q) and
€ > 0, there exists N € N such that || f (x,) — f(x)| < eforall f € Fandn > N.

Proof We may suppose that |x,|| < M for all n, so that also ||x| < M. For any
feC(Q) and ¢ > 0, by the Stone-Weierstrass theorem, there exists a polynomial
P(z,z) such that

i} £
If - P@8)] <.
Note that
[ G )xy = () x| <l G )y = 26 () 70 | 4+ [l ()7 " = (x7) |
<M (x5) oy = ()TN + MY x, - ).
By induction, we have
[Gen) oy = () x| < (s + )M |x, — x]|.

Therefore, there exists N such that if ||x, — x| is sufficiently small for all n > N, we
will have

IPGen ) = P x)] < .
Now we have

1fGen) = £ < 11f (k) = P(xns ) [+ [ P(x05 5,) = P, x7) |
+[PCe, x7) = f(x)]

€ € ¢
<-+-+-=¢
3 3 3
Since F is finite, N := max{Ny | f € F} is as desired. [

Definition 3.5 Let A be a unital C*-algebra and let x and y be normal elements in A.
Let us say that x and y have thesameindex, written ind(x) = ind(y), if

[A-x]=[A-y]inKi(A)
for all A ¢ sp(x) Usp(y). (Note that A — x, A — y are invertible and so give rise to the
K;-classes; see [30].)

The following theorem shows the relation between dy (x, y) and dy(x, y); see [21,
Corollary 6.4 and Theorem 6.7].

Theorem 3.6 Let A be a unital simple separable C*-algebra with real rank zero, stable
rank one and with weakly unperforated Ko(A). Suppose that x and y are two normal
elements in A with ind(x) = ind(y). Then

du(x,y) <2dw(x,y).

Theorem 3.7 Let A be a unital simple separable C*-algebra with real rank zero, stable
rank one, and weakly unperforated Ko(A). Let Q) be a compact subset of C. Suppose
that xi, ..., Xy, x are normal elements in A with sp(x;) c Q,1<i < n, sp(x) c Q, and
¢,y : C(Q) — A are two unital homomorphisms. Then
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(1) ifdy(xn,x) = 0, then dw(x,,x) = 0;
(@) ifdw (9, ) = 0 and ind($(id)) = ind(y(id)), then ¢ ~ e v.

Proof (1) Without loss of generality, we may assume that x, - x. Suppose that
X =sp(x,) and X = sp(x). We need to show that for any ¢ > 0, there exists N ¢ N
such that

dw(¢x,,¢x) <& n>N.

Let & = ¢/2. Since Q is compact, there is a finite open cover {Qy, Qy,..., Qpy } of Q
with diameter(Q;) < 8, i=1,2,...,m. Let F denote the set of unions of some of the
sets Q1,Qy, ..., Q. Forany Y € J, define

gr(2) - {1 - dist(= Y)/8, itz e (T,

0 otherwise.
Set
F={gy(z)| Y eTF}.
Since F is finite, by Lemma 3.5, there exists N € N such that
lg(xn) - g(x)[ <8, geF,n>N.

Now for any openset O c Q,let Yo = U Q;. Then Yy € Fand
onQ;+&

OcYocOsc(Yo)sc Oss.
Then we have
¢x,(fo) Scu ¢x,(fro) and  ¢x(fr,) Scu ¢x(fos,)-
Note that gy, € F, so for all n > N, we have
lgvo (xn) = gy, (x)] < 6.
It follows from Lemma 2.2(ii) that
(8o (xn) = 8)+ Scu gyo (%)
Note that support(gy,) = (Yo),> so that fy, Scu (gv, — 8)+» and we get
fro(Xn) Scu (8vo (xn) = )+ Scu gvo (%) Scu f(vo), (%)-
Therefore,
¢x,(fro) = fro(%n) Scu f(ve)s (%) = ox(f(v0),)-
Now we have
Px, (fo) Scu DX, (fYO) Scu (PX(f(Yo)(;) Scu ¢X(f026)'
Similarly, for any open O c Q, we also have

¢x(fo) Scu ¢x,(fo,5)-
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Finally, we obtain

dw(q)xn,gox) <20 =e.

(2) Set a = ¢(id), b = y(id). By hypothesis, we have dy (a,b) = 0 and ind(a) =
ind(b), and so by Theorem 3.6, we get dy(a,b) = 0. This means that there exists
a sequence of unitaries u, € A such that u;au, — b. Then for any finite subset F c
C(Q) and € > 0, by Lemma 3.5, there exists N € N such that

|f(upaun) - f(b)| <&, feF,nzN.
From the Stone-Weierstrass theorem, it can be checked that
flupaun) =u,f(a)un, feF.
Now we get

lupd(flun—w(f)| <e, feF.

Since ¢ is arbitrary, we have ¢ ~,,. . ]

Remark 3.8 The question whether the metrics dy and dy are equivalent relates to
the distances between unitary orbits. There are some results for self-adjoint elements
and normal elements. Under certain conditions, one can even get dw = dy; see
[16, 21-23, 28] for more details. Distances for Cu-morphisms between general pairs of
Cu-semigroups are studied in detail in [9, Section 5]. Some similar results intersecting
with this work can be found in [8], which employs a different method.

Approximate lifting

In this section, we present an approximate existence result. Given a Cu-morphism
with certain properties, we can approximately lift it to a homomorphism between
C*-algebras.

Proposition 4.1 Let A be a unital, simple, separable C*-algebra of stable rank one.
Then for any x € Cu(A)(x # 0) with x < (14), we have ij{l(&) d.(x)>0. (Here,d,isa

normalized functional on Cu(A).)

Proof From the definition of Cu(A) and Lemma 2.7, there exists a € A, such that
a <14 and (a) = x. By the simplicity of A, there exist a;,az,...,d; in A such that
14 = Y% a’aa;. Then for any 7 € T(A),

k k k
1=1(14) = > 7(a;aa;) = Zr(al/zafa,»al/z) <> lajail - t(a).
i-1 i=1 i=1

Now we get 7(a) > 0, whence from the compactness of T(A) and
d.(x) 2 7(a),

inf .
we get Tél]{l(A) d.(x)>0 |

Suppose that Q is a compact space, and for any x € Q, write B(x,r) = {y € Q|
dist(y,x) <r} and R(x,s) = {y € Q|dist(y,x) = s}.
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Lemma 4.2 Let A be a unital, simple, separable C*-algebra with QT,(A) = T(A) and
Q be a compact metric space. Let o : Cu(C(Q)) — Cu(A) be a Cu-morphism with
a(L1q) < (14). Then for any x € Q and r, 0 > 0, there exist s € (r/2,r) and & > 0 such
thats + e € (r/2,7) and

de(a(Lr(xs).)) <0, 7€ QT,(A).

Proof For any open set O c Q and 7 € T(A), let yq+, be the countably additive
measure on ( such that

.“tx*r(o) = dr(“(ﬂo))-

If a(1p(x,r)) = 0, the proof is trivial. In general, we have yy+-(B(x,r)) <1. Since
R(x,s)nR(x,s") =@, if s # s', there are at most finitely many s in (r/2, r) such that

tarr(R(x,5)) > 0 /2.

Since we have QT,(A) = T(A), by Remark 2.4, QT,(A) is compact metrizable and
has a countable basis, and so we may choose a countable dense subset Y of QT,(A).
For any 7 € Y, we define

St ={s|parc(R(x,s)) > 0/2}.

Then U,y 8. has at most countably many points and

(r/2,r)\U 8.+ 2.

ey

Now there exist an s € (r/2,r) such that gy« (R(x,s)) < 0/2, i.e,

par(Q\R(x,s)) 21-0/2, T€Y.
That is,

dr(a(lo\r(x,s))) 21-0/2, 7T€Y.
By the density of Y and Theorem 2.5, we have

de(a(Lo\r(x,s))) 21-0/2, 1€ QT,(A).
Let {&, } be a strictly decreasing sequence such that

& <min{s—r/2,r-s}, n=1,2..., and lime¢,=0.

n—oo

The sequence {1 ) } is increasing in Cu(C(Q)) with supremum 1 g\g(x,s)-

Q\R(x,s
Since « and d, preserve the suprema of increasing sequences,

d‘r(a(]lQ\R(x,s))) = nll_g)lo dT((X(]lQ\m)), TE QTZ(A)

For any 7 € QT,(A), by [14, Lemma 3.1], there exist an integer N, € N and an open
neighborhood V; of 7 such that

g
1-0< dr(a(]lQ\R(x,s))) - E < dy((x(]lo\m)), n> NT, Y€ VT.
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12 Q. An, G. A. Elliott, and Z. Liu

Then {V;|7€ QT,(A)} forms an open cover of QT,(A), and so from the compact-
ness of QT,(A), there are finitely many sets {V;,, Vy,,..., V, } covering QT,(A).
Now we set

Ny = max{N;,Ny,,..., Ny, }.
For any n > Ny, we have

d.(a(l ))>1-0, t1€QT,(A).

OQ\R(%,5)e,

Then for any 0 < ¢ < ey,, we have s + ¢ € (r/2,7) and

dr(a(Ir(x,s),.)) <0, 7€ QT,(A). .

Definition 4.1 Let Q) be a compact metric space and J be a finite collection of open
subsets of Q. Let X,Y € J, we say X and Y are almost connected if there exists a
sequence of sets X = Oy, Qp,...,Q, =Y in F such that for each i, Q; € F and Q; n
Qi+ # @. Under this relation, I has finitely many almost connected components.

Definition 4.2 Let a : Lsc(Q,N) - Cu(A) be a Cu-morphism and a(1g) < (14).
Let § > 0andlet {O;, O,, ..., Oy} be a collection of mutually disjoint open sets of Q).
Set U = UY, 0;. Wesay {0y, O,, ..., Oy} is an almost 8-cover with respect to « if,
(i) dist(x,U) < & forall x € O

(ii) diameter(O;) < 4, foranyi=1,2,...,N;

(iii) dist(O;, O;) > 0, forany i # j, i, j € {1,...,N};

(iv) a(1g\5) < @(L(o;),nu)s forany i =1,2,...,N;

(v) {(01)s,(02)s,...,(On)s} has a unique almost connected component.

Lemma 4.3 Let A be a unital, simple, separable C*-algebra with stable rank one,
strict comparison and QT,(A) = T(A) and let Q be a compact metric space. Let o :
Cu(C(Q)) — Cu(A) be a Cu-morphism and § > 0. Suppose that Q has an open cover

{B(x1,6/4),...,B(xm,8/4)} satisfying

@ a(la) < (1a)

(2) a(1p(x;,0/2)) # 0, foranyie{1,2,...,m};

(3) {B(x1,0/4), - -+, B(xm,8/4)} has a unique almost connected component.

Then Q) has an almost §-cover with respect to .

Proof By Proposition 4.1, we set

0= min inf ){dT(a(ﬂB(xi,g/z)))} > 0.

1<i<m 7eT(A
For each i €{1,2,...,m}, by Lemma 4.2 for x;, §/2, and ¢/(2m +1), there exist
s; € (8/4,8/2) and ¢; such that s; + ¢; € (§/4,8/2) and

o o
Parr(R(xi,81)e;) < 1< 7€ QT,(A).

Set R = UZ, R(x;,s;), then

o o o
a* R) < oa*T R i>9i)e; . = .
farz(R) ?Zl:l/‘ (R(xi551)e,) < > m 2
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Since Q\R is open, there exists a positive function fo\g € C(Q) corresponding to
Q\R (see 2.8) such that

de(a(forr))) = oo (Q\R) >1- 2, 7€ QT;(4).

Let {0, } be a strictly decreasing sequence such that

0, <min{e;, &,...,6m}, n=12,..., and lim ¢, =0.

n—oo

Set
W, = Supp{(fO\R - Uﬂ)+}-

Then {1, } is an increasing sequence in Cu(C(Q)) with supremum 1qg. Since
preserves suprema, we have

a(lo\r) = supa(ly,).
neN
Hence,

de(a(Loe) = lim dr(a(ly,)), 7€ QT (A).

Since QT,(A) is compact, with a similar method of the proof of Lemma 4.2, there
exists Ny such that

de(a(lw,))>1-0, n>Ny, 7€ QT,(A).
Now for fixed integers 1y > n; > Ny, we have 0, < 0,,, and
Wi UR,, U {x| fo\r(x) = 0ny} = Wy, UR,, U {x| fo\r(x) = 0n,} = Q.
As W,, 0 W,,, we then have

{X|fQ\R(X)—Un0 CR CUR(X,, 1)5,
Now we set
Ni=0py U= Wy
Note that
n<min{e, &,...,6n} and d.(a(ly))>1-0, V7TeQT,(A).

We also have

UUR,u{x| fo\r(x) =1} = Qc UulJR(xi,5i)e,-

i=1
Define
Ol =Un B(Xl, 51),

0, := (U\Oy) N B(x2,52),

O = (U\ U1 0;) N B(xXms 5m).-
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14 Q. An, G. A. Elliott, and Z. Liu

Note that all the O; are open sets in U. Let us delete the empty sets and rewrite those
remaining as {O;, Oy, ..., Oy }; then U = UY, O;.

Let us now show that {0y, O,, ..., Oy} is an almost §-cover with respect to a. For
any x € Q, if x € U, it is trivial that dist(x, U) = 0; if x € U, R(x,s;)e,, there exists
iy such that x € B(x;,,/2). Since

U g 8

Y tare(R(Xir8i)e;) < = < farr (B (x,-o, 7))

i=1 2 2
we have B(x;,, 8/2)\ U, R(xi,5s;)¢, * @, and hence, there exists y € B(x;,,/2)n U
such that dist(x, y) < 8. From the construction of O;, for any i > 1, O; is contained in
B(xj,s;j) for some j, and so diameter(O;) < 8.If i # j, then O; and O; can be separated

by R, and so dist(O;, O;) > 0. Then (i)-(iii) hold.
Now we check (iv). Given any O;, there exists j such that

é
O; c B(xj,sj) © B(xj, 5) and oc(]lB(xj,g)) +0.
Set
é é m
Y 5:B(Xj,*)ﬂU, Y, IZB(XJ',*)OUR(X,',S,')S,..
2 2 i=1
Then we have

Y CB(Xj,g) cYiuY,c (O,‘)g.

Recall that
> di(a(Lara, ) < 5o T QTa(A).
Then
dr(@(Ly.)) < dr(@(Lup,reepsn,) < 5
and hence,

0 < do(@(lp(y,5))) < dr(@(Ly)) + do(@(1r) < dr(a(ly)) + 5.
Now we have
de(a(1y)) > 3, T€QTy(4).
Since

. m
Q\U c UR(X,',S,’)E‘,,

i=1

we have

de(a(1o\g)) < de(@(Loz rgrisn),,)) < % <di(a(ly)), 7€ QT,(A).
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Since A has strict comparison, by Proposition 2.6 and the inclusion Y; ¢ (0;)s n U,
we have

“(10\3) <a(ly) < a(lo),nu)-

Finally, notice that for any i, we have shown that B(x;,8/2)nU # @, and
then B(x;,8/2) c (Oj,)s for some j;. Combining this with assumption (3),
{(0j,)6(0},)s5...,(0j,)s} is also an open cover of Q and has a unique
almost connected component. Note that Q=U?(0j,)s=Uy, Ok, then for
any k€ {l,2,...,N}, there exists (Oj,)s such that Oxn(Oj,)s #@. Thus any

two elements in {(Oi)s,(02)s,...,(On)s} are almost connected through
{(0j,)6,(0},)s5...,(0j,)s}. In general, {(O1)s,(02)s,...,(On)s} has a unique
almost connected component, that is, (v) holds. ]

Lemma 4.4 Let A be a unital, simple, separable C*-algebra with stable rank one, real
rank zero, strict comparison and let Q) be a compact metric space. Let o : Cu(C(Q)) —
Cu(A) be a Cu-morphism and p is a projection in A. Suppose that

M) a(la) = {pk

(2) Q has an almost §-cover with respect to .

Then there exists a x-homomorphism ¢ : C(Q) — pAp with finite dimensional range
such that

dea(Cu(¢), a) < 96.

Proof Suppose that {O;, O, ..., Oy} is an almost §-cover respect to a.
Let

N 1
U-= L_JlOi, p= Zmin{@,dist(Oi,Oj), i+j,1<i,j<N}.

Then the facts that 1o, << 1(¢,), and a preserves the compact containment relation
imply that

(X(I[Oi) < “(I]-(O,»)P) < oc(IL(oi)zp).

Since Cu(A) is algebraic (see 2.9), for each i, there exists an increasing sequence of
compact elements {x}' } , with supremum «(10,),, ). From the compact containment
relation, there exists n; € N such that a(1(o,),) < x;'*. For convenience, we use x; to
denote x!"’; then,

oc(]l(oi)p) <x; < Oé(ﬂ(oi)zp).
Now we have
xi+x+ - +xn Sa(lyy o,),,) < (p)-

By Proposition 2.8, there exists a collection of mutually orthogonal projections {p;}
such that

(pi>:xi) izl;z,...,N
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16 Q. An, G. A. Elliott, and Z. Liu
and
pi+pat - +PNSP.
Set po = p— YN, pi. Note that

M=

(po) + 2 (pi) = a(la) < a(1ly5) +a(1y,)

Il
—

and
N
a(ly,) < “(luﬁi,(of)z,,) < >Api).
i=1
By weak cancellation in Cu(A) (Definition 2.5), we have
(po)S(x(lﬂ\ﬁ)S(x(ﬂ(ok)mU), Vk=12...,N.

Now choose zy € Q\U and z; € O; (1< i < N). Define

¢(f) = Z(:)f(zi)Pia feC(Q).

Then we need to show dc, (Cu(¢), a) < 96.

For any nonempty open set V c 2, we have Vsn U # @. Now we consider the
following two cases.

Case 1: There exists k € {1,2, ..., N} such that Oy c Vgs\V3s.

Define index sets

Ip={i|Vn(0:i),+2,1<i<N},
L ={i|0;n(Ok)s +@,1<i<N}.
If i € I, then O; N Vo5 = &, we have Iy n I; = @&. We also note that

U(O,’)zp U (U O,) C V95.

iely iely

Then we have

Cu(¢)(Lv) <(po)+ > (pi)

z;€V,i#0

<a(Loy),nv) + 2. (pi)

iely

< Z (x(]loi) + Z a(ﬂ(oi)Zp)

iel i€lp
SO((]l Vos )
Note that

Ve (VnQ\U)u(VnU,).
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Now we have
(X(:ﬂ.v) S(X(Ileﬂ\ﬁ) + “(I]-VOUP)
<a(L(o,),nv) + a(lvau,)

< Z “(10;) + Z “(H(Oi)p)

iely iely

< Api)+ X (pi)

iel iely

<Cu(¢)(Ly,,)-

Case 2: There doesn't exist k € {1,2, ..., N} such that Oy c Vgs\V3s.
In this case, U n (V75\Vys) = @. Now we define index sets

Jo={i]O;c Vy5,1<i <N},

]1:{1|O,CQ\V75,1S1SN}

Thus, we have Jou J; ={1,2,...,N}and Jon J; = @.

By (i), if Q\Vss # @, then J; # @. Then for arbitrary i€ Jy,i’ € J;, we have
dist((O;)s, (Oir)s) > &, this means that (O; ) and (O ) s can’t be almost connected,
and this contradicts (v). Then we must have Vg5 = Q. It is clear that

Cu(¢)(Lv) < Cu(¢)(Lv,) = a(la)
and
a(1y) < a(ly,,) = Cu($)(La).
Combining these two cases, we have
dcu(Cu(¢), a) < 96. =

Now we must consider the possibility that certain open sets in the covering may
be transformed into zero by the Cu-morphism. In such situations, it is essential to
delicately organize the open sets into appropriate groupings.

Theorem 4.5 Let A be a unital, simple, separable C*-algebra with stable rank one,
real rank zero and strict comparison and let Q) be a compact metric space. Let
a:Cu(C(Q)) — Cu(A) be a Cu-morphism with a(1q) < (14). Then for any & > 0,
there exists a x-homomorphism ¢ : C(Q) — A such that

dcu(Cu(¢), o) <.

Proof Since Q is compact, for § = /9, there exist x1, x5, . . ., X, € Q such that

Q= JB(x:.6/4).

i=1

Denote
A={L2,...,m},
F= {B(xi) 8/4) | a(ﬂB(x;,5/4)) # 0}
Then ¥ has finitely many almost connected (Definition 4.1) components 3, ..., F.
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18 Q. An, G. A. Elliott, and Z. Liu
Foreach i€ {1,2,...,1}, we also define
I
Ai:{j‘B(Xj,(S/‘L)GBji}, AOZA\UAi,
i=1
Qi = U B(x],8/4), QO = U B(XJ,8/4)
jeA; je€Mo

(One may say that O, ..., Q; are “separated” by Q.)
Since Q; N Q; # gforall i, je{1,2,...,1} with i # j, we have

1 !
a(lqg) < Z(:)(x(]lgi) = Z;oc(lgi) <a(lg).
Thus,

06(]191) + OC(II.QZ) + -0+ OC(IIQI) = “(I].Q).

Now we will prove that a(1g,) is compact for each i € {1,2,...,1}.

For each i, let {a, ;}, be a «<-increasing sequence in Lsc(Q), N) with supremum
1g,.Setb, =a,1+ays+ -+ +ay,,then{b,}, isalso a <-increasing sequence with
supremum

supb, =supd, +Supdu+ - +supd,,.
n n n n

Since « preserves suprema of increasing sequences, then we have
supa(b,) = a(supay,,) + a(supay,) + - +a(supa,,)
n n n n

=a(lo,) +a(la,) + -+ +a(lo,)

=a(lg).
From the compactness of (1), there exists k € N such that a(by) = a(1g), i.e.,

alagy) +a(agz) + - +alag;) =a(lg,) +a(lg,) + - +a(lg,).

Since we have a; ,, << 1g,, (in Lsc(Q,N)) for any m = 1,2,..., 1, then

> a(akm) < > a(lq,) (in Cu(A)).

mei mei
Since a(1gq) is compact, we also have
a(lg,) +a(lg,) + - +a(lg,) < alak:) + alakz) + - +alag,;).
From the weak cancellation of Cu(A), we have
a(lg,) < alar,;) < a(lg,).

This means that a(1g,) is compact in Cu(A).
Since we have a(lg,)+a(lg,)+ - - +a(lg,) = a(lg), by Proposition 2.8,
there exists a collection of mutually orthogonal projections {p;} such that

(piy=a(lq,), i=12,...,1
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and
pr+p2+ - +pr<la
Let h(t) € Lsc(Q,N). For any open set V c Q, define

h(t), ifteV
h"’(t):{o( ! ;ft¢V

Foreachie {1,2,...,1}, define a; as follows:

a;(h(t)) = a(hlq,(1)).

It can be checked that &y, &y, . . . , &; are Cu-morphisms from Lsc(Q, N) to Cu(A). We
also have

ap+op+ -+ =a.
For each i, we apply Lemmas 4.3 and 4.4 for Q;, §, p; and «; (the key point is that
a(1q,) is compact); this gives ¢; : C(Q) - p;Ap; such that
dCu(Cu(gb,-), (Xi) <94.

Denote ¢ = 3./, ¢;. Since ¢1, ¢5, . . . , ¢; have mutually orthogonal ranges, we have

Cu(¢1) + Cu(¢z) + - -+ + Cu(¢;) = Cu(¢).

By Proposition 3.4, we obtain
dcu(Cu(¢), ) <96 =e. ]

Remark 4.6 In most cases, we assume that Q) is a compact space, but we point out
that the main point is that a(1q) is compact in Cu(A). In the presence of stable rank
one, a(1q) can be lifted to a projection p in A, and then we may regard « as a Cu-
morphism from Cu(C(Q)) to Cu(pAp). We also note that if A is a unital, simple,
separable C*-algebra with strict comparison, then pAp also has strict comparison and
Ko (A) is weakly unperforated; in this case, if A has real rank zero, then A has stable
rank one [18, Corollary 9.5].

5 Classification results

Denote by € the class of all simple, separable C*-algebras with stable rank one, real
rank zero, and strict comparison (see 5.4). In this section, we give classification results
for both the unital case and the non-unital case.

Definition 5.1 Let A and B be C*-algebras such that A has a strictly positive element
sa. Let us say that the functor Cu classifies the pair (A, B) if for any Cu-morphism

a: Cu(A) - Cu(B)

such that a((sa)) < (sp), where sp is a positive element of B, there exists a
*-homomorphism ¢ : A — B, unique up to approximate unitary equivalence, such
that & = Cu(¢). We shall say the functor Cu classifies (A, C) if Cu classifies the pair
(A, B) for any Bin C.
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Theorem 5.1 Let Q) be a compact subset of C and A be a unital C*-algebra in C. Suppose
that a : Cu(C(Q)) —» Cu(A) is a Cu-morphism with a(1q) < (14). Then there exists
a homomorphism ¢ : C(Q) — A such that Cu(¢) = a. In particular, if Ky (A) is trivial,
Cu classifies the pair (C(Q)), A).

Proof From Theorem 4.5, there exists a sequence of homomorphisms ¢, with finite
dimensional range such that dc,(Cu(¢,), a) = 0. Let x,, = ¢,(id) and € > 0. As the
range of ¢, is finite dimensional, we have [A — x,,] = 0in K;(A) for all A ¢ sp(x,). By
Theorem 3.6 and Remark 2.5, there exists N; > 0 such that

€
du(xn xXm) < 2dw(xn, Xm) < > n,m> Nj.
Then for £/22, there exists N, > Ny such that

&
dU(xn:xm)<27) n;mZNz.

Similarly, for any k, there exists Ny > Ni_; such that
3
dU(xn,xm)<27, )n)mZNk'

Then for each k > 1, there exists a unitary u; € A such that

&
loen, = ugxn, vk < e

Write

X1 = XNp>»

~ *
X2 =t Uy XN, UL

~ . *
Xk = (uk—l"'uzul) XN Uk-1" " UzU1,

Then {X} } is a Cauchy sequence. We may assume that X; — x. Note that all the X and
x are normal and o (%% ), o(x) c Q.
Define ¢ : C(Q) - Aby ¢(f) = f(x). By Lemma 3.7(i), we have

dw (> ¢) = dw (xn,> x) = dw (X, x) — 0.
From the properties of dc, (see 3.3), we have

dcu(Cu(¢), @) < dcu(Cu(¢n, ), a) + dcu(Cu(¢n, ), Cu(4))
=dcu(Cu(¢n, ), &) + dw(dn,, ¢) — 0.

Then the *-homomorphism ¢ : C(Q) — A satisfies dcy(Cu(¢),a) =0, and so by
Proposition 3.3, we have o = Cu(¢).
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Suppose that y : C(Q) — A also satisfies Cu(y) = a. As K;(A) is trivial, we obtain
ind(¢(id)) = ind(y(id)). By Lemma 3.7 (ii), we obtain ¢ ~,,. w. Thus, ¢ is unique
up to approximate unitary equivalence. |

The following properties are established in [11, Proposition 5.2].

Proposition 5.2 The following statements hold true:

(i) If Cu classifies the pair (A, B) and B has stable rank one, then Cu classifies the pair
(M, (A),B) foreveryn e N;
(ii) Let C be a C*-algebra of stable rank one. If Cu classifies the pairs (A, D) and (B, D)
for all hereditary subalgebras D of C, then Cu classifies the pair (A ® B, C);
(iil) If Cu classifies the pairs (A;, B) for a sequence

Alﬂ,Azﬁ)...

then Cu classifies the pair (im(A;, p;), B);

(iv) Let A, B and C be C*-algebras such that A is stably isomorphic to B, and C has stable
rank one. If Cu classifies the pair (A, C ® X), then Cu classifies the pair (B, C).

Combining Theorem 5.1 and Proposition 5.2, we obtain the following result.

Theorem 5.3  Let A be either a matrix algebra over a compact subset of C or a sequential
inductive limit of such C* -algebras, or a unital C*-algebra stably isomorphic to one such
inductive limit. Suppose that B is unital in C and Ki(B) is trivial. Then for every Cu-
morphism in the category Cu

a: Cu(A) - Cu(B)

suchthat o ({14)) < (1g), there exists a homomorphism ¢ : A — B such that Cu(¢) = a.
Moreover, ¢ is unique up to approximate unitary equivalence.

Remark 5.4 In general, if B is non-unital simple, one needs to have densely-defined,
lower semicontinuous 2-quasitraces to formulate strict comparison. But in our setting,
B has real rank zero, every non-zero projection is a full projection, and so by
[5, Theorem 2.8], we have pBp ® X = B ® K. Then we can say B has strict comparison
if pBp has.

Remark 5.5 If B is non-unital and A is unital, then « ({14)) is still compact, and
there exists a projection p in B (B has stable rank one) such that « ({14)) = (p). Apply
Theorem 5.3, there exists a homomorphism ¢ : A - pBp such that Cu(¢) = e« and ¢ is
unique up to approximate unitary equivalence (see [29, Proposition 2.3.1]). When A is
non-unital, we need Robert’s augmented Cuntz semigroup to overcome the difficulty.

Definition 5.2 (Augmented Cuntz semigroup) Let A be a unital C*-algebra. Let
us define Cu™(A) as the ordered semigroup of formal differences (a) - n(1),
with (a) € Cu(A) and neN. That is, Cu”(A) is the quotient of the semi-
group of pairs ({a),n), with {(a) € Cu(A) and n € N, by the equivalence relation

((a), n) ~ ((b), m) if
(a) + m(1) + k(1) = (b) + n{1) + k(1),

Downloaded from https://www.cambridge.org/core. 18 Jun 2025 at 19:09:38, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

22 Q. An, G. A. Elliott, and Z. Liu

for some k € N. The image of ({a), n) in this quotient will be denoted by (a) — n(1).
If A is non-unital, denote by 7 : A~ — C the quotient map from the unitization of A
onto C. Define Cu™(A) as the subsemigroup of Cu™ (A™) consisting of the elements
(a) — n(1), with (a) in Cu (A™) such that Cu(7)({a)) = n < co. We refer the reader to
[26] for more details.

The functor Cu™ can also be used to classify the C*pair, with the meaning of
“Cu” classifies the pair” the same as the one defined above for Cu. Note that we
will not explore the detailed structure of Cu”, we only need the following facts; see
[26, Theorem 3.2.2].

Theorem 5.6 Let A, B be C*-algebras of stable rank one.

(i) IfAisunital, then the functor Cu” classifies (A, C) if and only if Cu classifies (A, C);

(ii) The functor Cu” classifies the pair (A, C) if and only if it classifies (A, C);

(iii) Suppose Cu” classifies the sequence of pairs (A;, €) as in Proposition 5.2 and all the
Aj; are C*-algebras of stable rank one. If A = limA;, then Cu” classifies (A, C);

(iv) If Cu” classifies (A, C) and (B, C), then Cu” classifies (A ® B, C);

(v) If Cu” classifies (A, C), then it classifies (A’, C) for any A’ stably isomorphic to A.

Theorem 5.7 Let A be either a matrix algebra over a compact subset of C, or a
sequential inductive limit of such C*-algebras, or a C*-algebra stably isomorphic to one
such inductive limit. Let B € C. Suppose that K;(B) is trivial. Then for every morphism
in the category Cu

a:Cu”(A) > Cu™(B)

suchthat o ((sa)) < (sg), wheres € A, and sp € B, are strictly positive elements, there
exists a homomorphism ¢ : A — B such that Cu”(¢) = a. Moreover, ¢ is unique up to
approximate unitary equivalence.

With a combination of Theorems 5.3 and 5.7, we present the following classification
result of a class of C*-algebras.

Corollary 5.8 Let A, B be sequential inductive limits of finite direct sums of matrix
algebras over compact subsets of C. Suppose that A, B € C and K1(A), Ki(B) are trivial.
Then

(1) Az Bifandonlyif (Cu™(A),(sa)) = (Cu™(B),(sp)), wheress € A, and s € B,
are strictly positive elements;
(2) if A, B are unital, A = B if and only if (Cu(A), (14)) = (Cu(B), (1g)).

Proof See the proof of [11, Corollary 1.2]. [ |
We also have the following result communicated to us by H. Thiel.

Corollary 5.9 Let A be a sequential inductive limit of finite direct sums of matrix
algebras over compact subsets of C. Suppose that A is unital in C and K,(A) is trivial.
Then A is an AF algebra.

Proof Since A has real rank zero and stable rank one, Cu(A) is algebraic (Theo-
rem 2.9) and has weak cancellation (Definition 2.5). Moreover, Cu(A) is the limit
of Cu-semigroups of the form Lsc(X,N), and so Cu(A) is unperforated (because
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each Lsc(X,N) is). By [2, Corollary 5.5.13], there exists an AF algebra B such that
Cu(A) 2 Cu(B). Then by Corollary 5.8, this lifts to an isomorphism A = B. ]

Remark 5.10 In [26], Robert defined an equivalence relation «» to reduce every
1-NCCW complex with trivial Kj to C[0,1]. One may expect that any I-NCCW
complex with torsion-free K; can be reduced to continuous functions over finite
graphs. However, this is not true in general, as the following example shows.

Let F;=C@&C and F, =C @ M;,(C). Let A be the pullback of the following
diagram:

A —— C([0,1],F)

l \L evodev

F1 —_— Fz@Fz,

wen-(e(* ele(* )

Then Ko(A) =Z,K;,(A) = Z. But A has a quotient whose K; is Z,, and this phe-
nomenon will not happen for C(T) (or C(X) where X is any finite graph). We remark
that if A «» B, then for any quotient algebra A of A, there exists a quotient algebra B’
of B such that K;(A”) = K;(B’). Then A can’t be reduced to C(T) (or C(X) where X
is any finite graph) via Robert’s equivalence relation.

where
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