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Abstract

In a paper from 1980, Shelah constructed an uncountable group all of whose proper subgroups are countable.
Assuming the continuum hypothesis, he constructed an uncountable group G that moreover admits an integer n
satisfying that for every uncountable X C G, every element of G may be written as a group word of length » in the
elements of X. The former is called a Jonsson group, and the latter is called a Shelah group.

In this paper, we construct a Shelah group on the grounds of ZFC alone — that is, without assuming the
continuum hypothesis. More generally, we identify a combinatorial condition (coming from the theories of negative
square-bracket partition relations and strongly unbounded subadditive maps) sufficient for the construction of a
Shelah group of size «, and we prove that the condition holds true for all successors of regular cardinals (such as
k = N1,N,N3,...). This also yields the first consistent example of a Shelah group of size a limit cardinal.
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1. Introduction

For a prime number p, the Priifer p-group
{xeC|ImeNEK" =1)}

© The Author(s), 2025. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fmp.2025.5 Published online by Cambridge University Press


doi:10.1017/fmp.2025.5
https://orcid.org/0000-0002-2177-0800
https://orcid.org/0000-0001-9309-5798
http://www.assafrinot.com
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fmp.2025.5&domain=pdf
https://doi.org/10.1017/fmp.2025.5

2 M. Poor and A. Rinot

is an example of an infinite subgroup of (C, -) all of whose proper subgroups are finite. In [33], Ol’Sanskil
constructed finitely generated non-cyclic infinite groups in which every nontrivial proper subgroup is a
finite cyclic group (the Tarski monsters). In [40], answering a question of Kurosh, Shelah constructed
an uncountable group in which every nontrivial proper subgroup is countable. All of those are examples
of so-called Jonsson groups (i.e., an infinite group G having no proper subgroups of full size). An even
more striking concept is that of a boundedly-Jonsson group — that is, a group G admitting a positive
integer n such that for every X C G of full size, it is the case that X" = G (i.e., every element of G
may be written as a group word of length exactly n in the elements of X). In [40], Shelah constructed
a boundedly-Jénsson group of size N; with the aid of Continuum Hypothesis (CH). More generally,
Shelah proved that 2' = A* yields a boundedly-Jénsson group of size A*. By now, the concept of
boundedly-Jénsson groups is named after him:

Definition 1.1. A group G is n-Shelah if X" = G for every X C G of full size.
A group is Shelah if it is n-Shelah for some positive integer n.

Along the years, variations of this concept were studied quite intensively, and from various angles. A
group G is said to be Cayley bounded with respect to a subset S C G if there exists a positive integer ng
such that G = Ul'.’:s1 (SUS~1) (i.e., every element of G may be written as a group word of length at most
ng in the elements of S and inverses of elements of S). Extending the work of Macpherson and Neumann
[30], Bergman proved [4] that the permutation group Sym(£2) of an infinite set Q is Cayley bounded with
respect to all of its generating sets. Soon after, the notion Bergman property was coined as the assertion
of being Cayley bounded with respect to all generating sets. Since then, it has received a lot of attention;
see [3, 10, 11, 12, 13,31, 35, 44, 46, 47]. More recent examples include the work of Dowerk [9] on von
Neumann algebras with unitary groups possessing the property of n-strong uncountable cofinality (i.e.,
having a common Cayley bound n for all generating sets, and the group is not the union of an infinite
countable strictly increasing sequence of subgroups), and Shelah’s work on locally finite groups [42]. It
is worth mentioning that the notion of strong uncountable cofinality has also geometric reformulations
(e.g., by Cornulier [8], Pestov (see [38, Theorem 1.2]) and Rosendal [38, Proposition 3.3]).

Shelah’s 1980 construction from CH was of a 6640-Shelah group. It left open two independent
questions:!

1. Can CH be used to construct an n-Shelah group for a small number of n?
2. Is CH necessary for the construction of an n-Shelah group?

Recently, in [2], Banakh addressed the first question, using CH to construct a 36-Shelah group. Even
more recently, Corson, Ol’Sanskii and Varghese [7] addressed the second question, constructing the
first ZFC example of a Jonsson group of size N to have the Bergman property. Unfortunately, the new
example stops short from being Shelah, as every generating set S of this group has its own ng. In this
paper, an affirmative answer to the second question is finally given, where a Shelah group of size N is
constructed within ZFC.

Theorem A. For every infinite regular cardinal A, there exists a 10120-Shelah group of size A*. In
particular, there exist Shelah groups of size 81,8, 83, . . ..

The proof of Theorem A reflects advances both in small cancellation theory and in the study of
infinite Ramsey theory. Towards it, we prove a far-reaching extension of Hesse’s amalgamation lemma,
and we obtain two maps, one coming from the theory of negative square-bracket partition relations and
the other coming from the theory of strongly subadditive functions, and the two maps have the property
that they may be triggered simultaneously, making them ‘active’ over each other.

The connection to infinite Ramsey theory should not come as a surprise. First, note that an n-Shelah
group of size Ny does not exist, since such a group would have induced a coloring ¢ : [N]" — k for

1See https://mathoverflow.net/questions/313516/ for a MathOverflow discussion initiated by Taras Banakh in October 2018.
However, the second question was brought to the second author’s attention in an email exchange with OI’ga Sipacheva back in
May 2006.
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a large enough integer k admitting no infinite homogeneous set,? in particular contradicting Ramsey’s
theorem 8y — (No).*

A deeper connection to (additive) Ramsey theory is in the fact that the existence of a Jénsson group
of size « is equivalent to a very strong failure of the higher analog of Hindman’s finite sums theorem
[21]. Indeed, by [16, Corollary 2.8], if there exists a Jonsson group of size «, then for every Abelian
group G of size «, there exists a map ¢ : G — G such that for every X C G of full size, ¢ | FS(X) is
surjective; that is,

{c(x1+-+xp) |neEN, {x,...,x,} € [X]"} =G.

Conversely, if G is an Abelian group of size x admitting a map ¢ : G — G as above, then the structure
(G, +, ¢) is easily an example of a so-called Jonsson algebra [24] of size k, which by Corson’s work [6]
implies the existence of a Jénsson group of size «.

The fact that the elimination of CH goes through advances in the theory of partition calculus of
uncountable cardinals should not come as a surprise, either. To give just one example, we mention
that three decades after Juhdsz and Hajnal [19] constructed an L-space with the aid of CH, Moore [32]
gave a ZFC construction of an L-space by establishing a new unbalanced partition relation for the first
uncountable cardinal.

Having discussed Shelah groups of size Ny and of size a successor cardinal, the next question is
whether it is possible to construct a Shelah group of size an uncountable /imit cardinal. To compare,
a natural ingredient available for transfinite constructions of length a successor cardinal x = A" is the
existence of A-filtrations of all ordinals less than k. We overcome this obstruction at the level of a limit
cardinal « by employing subadditive strongly unbounded maps d : [«]?> — A having arbitrarily large
gaps between A and «. This way, we obtain the first consistent example of a Shelah group of size a limit
cardinal. More generally:

Theorem B. For every regular uncountable cardinal x satisfying the combinatorial principle O(k),
there exists a Shelah group of size «.

By a seminal work of Jensen [23], in Godel’s model of set theory known as the constructible universe
[18], the combinatorial principle O(«) holds for every regular uncountable cardinal « that is not weakly
compact. As the reader may anticipate, a cardinal « is weakly compact if it is a regular uncountable
cardinal satisfying the higher analog of Ramsey’s theorem x — (K)zz. Altogether, we arrive at the
following optimal result:

Theorem C. In Gidel’s constructible universe, for every regular uncountable cardinal k, the following
are equivalent:

o There exists a Shelah group of size k;
e Ramsey’s partition relation k — (/<)22 fails.

We conclude the introduction by discussing additional features that the groups constructed here
possess. A group is said to be topologizable if it admits a non-discrete Hausdorff group topology;
otherwise, it is non-topologizable. The first consistent instance of a non-topologizable group was the
group constructed by Shelah in [40] using CH. Shortly after, an uncountable ZFC example was given
by Hesse [20]. Then a countable such group was given by Ol’Sanskii [34, Theorem 31.5] (an account of
his construction may be found in [1, §13.4]). Ol’Sanskii’s group is periodic; a torsion-free example was
given by Klyachko and Trofimov in [25].

The Shelah group we construct in this paper is torsion-free and non-topologizable. The latter fol-
lows combining the property of Shelah-ness together with the fact that there will be a filtration of the

2An upper bound is k = (n"™ + 1)"” , as shown in the proof of Corollary 5.24 below.

3For a (finite or infinite) cardinal A, the Hungarian arrow notation 4 — () stands for the assertion that for every set X of
size A, whenever the family [X ]” of all n-sized subsets of X is partitioned into k-many cells [X ] = Lﬂ{le P;, then there exists a
subset Y C X of full size all of whose n-sized subsets belong to the same cell, i.e., [Y ] C P; for one of the i’s. Equivalently,
for every coloring ¢ : [X]™ — k, there exists a subset Y C X of full size that is c-homogeneous, i.e., ¢ [ [Y ] is constant.
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group consisting of malnormal subgroups (see Definition 3.3). Moreover, our group contains a nonal-
gebraic unconditionally closed set, which can be shown by proving that small sets can be covered by a
topologizable subgroup, similarly to the argument by Sipacheva [43, Lemmas 1 and A.4].

1.1. Can’t you do better than n = 10120?

We believe a better n is achievable, but that is not the focus of this paper. In this paper, we establish a
two-dimensional construction scheme for producing a group G of cardinality « as a limit of a coherent
system of subgroups (G, ; | v < k, i < @), where G, ;41 is obtained as a particular amalgamation of
the groups G, ; and G, ;41 over G, ;. The number n = 10120 comes from our amalgamation lemma,
and so by plugging in alternative amalgamation lemmas to our construction scheme, we expect groups
of various characteristics may be produced, including n-Shelah groups with n < 10120.

1.2. Organization of this paper

In Section 2, we fix our notations and conventions, and provide some necessary background from small
cancellation theory.

In Section 3, we prove an amalgamation lemma that will serve as a building block in our two-
dimensional recursive construction of a Shelah group.

In Section 4, we provide set-theoretic sufficient conditions for the existence of two types of maps to
exist, and moreover be active over each other. The first type comes from the classical theory of negative
square-bracket partition relations [ 14, §18], and enables to eliminate the need for CH in the construction
of a Shelah group of size Ni. The second type comes from the theory of subadditive strongly unbounded
functions [28], and enables to push the construction to higher cardinals including limit cardinals. At the
level of successors of regulars, both of these colorings are obtained in ZFC using the method of walks
on ordinals [45] that did not exist at the time Shelah’s paper [40] was written.

In Section 5, we provide a transfinite construction of a Shelah group guided by the colorings given
by Section 4, and using the amalgamation lemma of Section 3.

2. Preliminaries
2.1. Notations and conventions

Under ordinals, we always mean von Neumann ordinals, and for a set X, the symbol |X| always refers
to the smallest ordinal with the same cardinality. For a set X, the symbol P (X) denotes the power set of
X, while if 6 is a cardinal, we use the standard notation [X]? for {Y € P(X) | |Y| = 6} — similarly for
[X]< and [X]=Y. We let H 4 denote the collection of all sets of hereditary cardinality less than 6. A
set D is a club in a cardinal « iff D C « and for every € < «, sup(DNe) € DU{0} and D \ € # 0. For a
function f and a subset A C dom( f), we either write f[A] or f“A for {f(a) | a € A}. By a sequence,
we mean a function on an ordinal, where for a sequence 5 = (s, | @ < dom(s)), the length of 5 (in
symbols £(s)) denotes dom(s). We denote the empty sequence by (). For a set X and an ordinal «, we
use *X = {5 | £(5) = a, Im(5) C X}.

2.2. Small cancellation theory

The main algebraic tool we are going to use is small cancellation theory. In this regard, the paper is
self-contained, but for more details and proofs, the interested reader can consult [29, §5. 11] and [40, §1].

By convention, the free group with a set of generators A is denoted here by F4, and the normal
closure of a set S in a group G is denoted here by ncl(S, G).
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Definition 2.1. Given groups H, K, L such that K N L = H (as sets) — in particular, H < K, L — then
one constructs the free amalgamation of K and L over H as

K *p L= Fgur/N,
where N = ncl(Ex U Ep, Fxur), and for G € {K, L},

EG ={218285" | 81,82.83 € G, g182 = g3}.
We invoke basic results about the structure of groups of the form K g L.

Definition 2.2. If ¢ = gjg} - -+ g,_, € K =u L, where g; € K U L, then we call the sequence of g;’s the

canonical form of the group element of g, if

e ecithern=1, or
e n>1,and foreachi < n
(1) g; ¢ H,

2)i+l<n—o(gieK & g/, €l)

We note the following fact.

£ sk sksk ok

Fact 2.3 [39, Lemma 2.1]. Suppose that gjg7 -+ g,_, and g;"g}" - - - g, are canonical representations
of the same element in K *p L. Then gg, g;" € K, or g, g;" € L, and (g(’;)‘lg(’;* € H.

Using the above fact, it is not difficult to verify that the canonical form is unique in the following
sense.

sk gk

Fact 2.4. Suppose that gogy---g,_| and g5'g|"--- g, _, are canonical representations of the same
element in K g L. Then n = m, and there exist hg, hy, hy, ..., h,, € H with hg = h,, = 1 such that

(Vi <n)[g = hi' g hi].

Definition 2.5. Fix g € K #y L distinct from 1, and the canonical representation g = g g7 -+~ g, _;- We
say that g;g7 - - - g,,_, is weakly cyclically reduced if

e n=1,or
e nis even, or
e g .8, ¢ H, equivalently, g has no conjugate that has a canonical representation shorter than n — 1.

Recalling Fact 2.4, it is not difficult to see that the property of being weakly cyclically reduced is
a property of the group element g € K =g L, so it does not depend on the particular choice of the

canonical representation g = gogy - &, _;-

Observation 2.6.

(1) If g8y - - - g,_, is a canonical representation of an element g # 1, n > 2, then g has a conjugate
g’ that has a canonical representation of length m = 1, or m = 2k for some k > 1. Moreover, each
conjugate g”’ of g has length at least m.

(2) If gjg) -+ &, is a canonical representation of an element g # 1, n is even, and g’ is a weakly

cyclically reduced conjugate of g, then g’ has a canonical representation in the following form:
8 = Xi8i8i2 8nm180 " 8int i s

where
e if gi € K, thenx/,x!" € Kand K F x/'x] = g},
o ifgi € L, thenx/,x;" € Land L Fx/'x] = g}.
In particular, the length of any canonical representation of g’ is either n or n + 1.
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Definition 2.7 [29, p. 286]. Let H < K, L be groups such that LN K = H, and fix R C K gy L. We say
that R is symmetrized if for every g € R,

(D) g_l € R, and
(2) for each g’ that is conjugate to g and weakly cyclically reduced, g’ € R.

Definition 2.8 [29, p. 286]. Let X C K +y L, and y € (0, 1). We say that X satisfies C’(x), if whenever

(1) 8, 18,2 818080 81 " &1 € X
(2) 8, 18n_2""818080 81" " &m_1 * 1L,
3) ¢ < n,m, and

s sk ok

4 g;_lgz_z'”g()g() 81 "'gz;il € H,

then ¢ < min(n, m) - y, and moreover, min(n, m) > )l(

Definition 2.9 [29, p. 286]. Let H, K, L be as in Definition 2.1, and let g € K =y L. We say that the
word wowq - - - Wy,—1 is a part of g if

(1) wowy ---wy,—1 € K xg L is in canonical form,

(2) for some weakly cyclically reduced conjugate g’ of g, the word wow - - - wy,—1 is a subword of a
canonical representation of g’ (i.e., for some canonical representation vovy - - - v,,—; of g’ and some
k <n—m,wehave vi = wg, Vel = Wi, ...y Vieme2 = W2 and Vigm_1 = Wi_1).

We cite the following lemma, which is our key technical tool borrowed from small cancellation theory.

Fact 2.10 [29, Theorem 11.2]. Let H < K, L be groups, KNL = H, k > 6,and assume that R C K*p L
is symmetrized and satisfies C’(%).

Then, letting N = ncl(R, K *g L) be the normal subgroup generated by R, for every weakly cyclically
reduced w € N that is nontrivial (i.e., w # 1), there exist » € R and a part p of r, which is also a part of
w, and £(p) > %f(r).

Corollary 2.11. If H, K, L, R are as in Fact 2.10, then for the canonical projection map n : K g L —
(K =g L)/N, it is the case that 7 | K and t | L are injective, and n“K N n“L = n“H (where K, L are
identified with the subgroups of K g L).

3. Finding the right amalgam

The main result of this section is Lemma 3.4 below. It originates from the lemma by G. Hesse appearing
in the Appendix of [40]. The lemma will serve as a building block in the recursive construction of
Section 5.
Definition 3.1. Let o(x, y) denote the word xyx2yx3y - - - x80y.

Note that £(o(x, y)) = 3320.

Definition 3.2. For all j < w and x, y, we shall define a word o;(x, y) over the alphabet {x, y}. First,
define a sequence (n; | j < w) of integers via n; = 3320/. Then, let o;(x,y) = o(x"7,y"), so that
©0 = Q-

Definition 3.3. Let G < H be a pair of groups.

e Define an equivalence relation ~g over H via
a~g biffa € Gb*'G,

where Gb*!' G denotes the set GbG U Gb~'G.
e We say that G is a malnormal subgroup of H, and denote it by G <, H, if forall g € G \ {1} and
h e H\ G, itis the case that h"'gh ¢ G.
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Note that <, is a transitive relation.

Lemma 34. Let H < K, H <, L be groups, K N L = H and suppose that we are given a system of
quadruples

S={(hg,a5,bs,b) |0 €L}y CHX(K\H)x(L\H)x(L\H)

that satisfies the following two:

(1) foreveryo € X, by +g bl
(2) forall o # o™ in Z, at least one of the following holds:
©) ao *H ao+ (in K);
©% bo *H bo+;
©) by =bgyranday, # ay+;
(©)q there are subgroups H, < H and K, < K such that all of the following hold:
(G) Ko NH=H,;
(i) ag,a0 € Ko \H =Ky \ Hy;
(iii) bo *H, bo+ (although typically by ~u b+ );
(iv) by *y b .;
V) (Ko \H) - (H\Ks) - (Ko \ H) € (K\ H).

Then, letting R be the symmetric closure of {hj)o(byay,blay) | o0 € £}, M = K xyg L, N =
ncl(R, M) be the generated normal subgroup and M* = M /N, all of the following hold:

(A) R satisfies the condition C ’(l]—O ), and consequently, the group M* embeds both K and L with
M*"EKNL=H
and K U L generates M*. Moreover, the set R* defined to be the symmetric closure of
{hgo(boao.biyac). 0j(boag.biyag) |0 €, j€w\{0}}

also satisfies C ’(% );

B) K <y M*, and if H <y, K, then L <, M*;

(C) forallb,b* e L\Handz € K\ H, if b ~y b, then M* |= b*z +g bzbz;

(D) ifb,b’ € L\H, a € K\ H, then M* = bab’ ¢ K, ba ¢ K (and similarly, the parallel statement
with interchanging K and L);

(E) ifa,a’ € K\ H, a g a’ for subgroups H' < Hand L’ < L suchthat L' "N K =L'NnH = H’,
then a +r, a’ holds too (in M*);

(F) similarly, if b,b’ € L\ H, b +y+ b’ for subgroups H' < H and K’ < K such that K' N L =
K'NH=H’, then b +g: b’ holds (in M*);

(G) if K and L are torsion-free, then so is M*.

Proof. First we note that foralla € K \ H, b,b’ € L\ H, the word po(ba, b’a) is an alternating word
(over the union of K \ H and L \ H) of length 6640.

(A) By Corollary 2.11 (and R C R*), it is enough to argue that R* satisfies C ’(1—10). To this end, fix two
elements g # g* in R*, as well as some canonical representations

g = 8081 8n-1,
g = gSngjn—l

By Clause (2) of Observation 2.6, there are i,i* € w such that n € {6640n;,6640n; + 1}, m €
{6640n;+,6640n; + 1}.
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Let [ € w, and assume that

NKsu LE gt igels 2 goet -+ gy € H), )
k<l

so we have to show that [ < 664 - min(n;, n;+).

Assume on the contrary that [ > 664 - n;. We can choose o € X, ¢ € {l,-1}, such
that letting r = h;'on, (boas,blas), g is a weakly cyclically reduced conjugate of r® =
(h'on;(boao,blras))? if ny = 0, or of ¢ = (o, (byao,blray))?, and similarly for g*, r*
and o, &*. If we fix the canonical representations

r=uouy - - U6640n;-1,

where u; € {bs,b,,,ac, h(}lba—}, and similarly

o ko kK
T =Uglty - Ugeaon -1

then again recalling Observation 2.6(2), we can assume that there exist j < 6640n;, j* < 6640n;-,
such that whenever 0 < k < 6640n; — 1, then g; = uf+8k, and if 0 < k < 6640n; — 1, then
glt = (uj*+£*k)5*,

We first observe thati = i*, since otherwise if, say, i < i* did hold, then for some 1 < k, &’ < 81n;
with uji ek = bo, Ujsekr = by, While u;+ak = u;’+sk/ €{bo, b’(r*}’ and so by (*), we get

* * ’
by = Ujrek ~H Ujgp = Ujygpr ~H Ujrek = b,

contradicting b, »g b’.. From now on, n will denote the common value of n; = n;-.

Now note that b, ~p bo+: there is a k with 1 < k < 10n such that uj . € {bg,hj,lb(,},
and u;*w*k € {bs, h;l*bg*}, so by (*) for some h € H, we have b;fhbf; € H, implying that
by ~H bs+. Similarly, for some k°, 1 < k* < 2n, ujizp» = ao, and u;*w*k. = a,+, and by the
same line of reasoning, a, ~y aq+.

We clearly get that

() either (©)c, or (©)q4, or o = o™ holds, and in each case, b, g b/ ..

Now, note that if j # j* or & # &£", then there exists k with 1 < k < 500n such that u;, . €
{by,h; by}, and u;*+£*k = b!. = b, and for some 1 € H, we have b;f*h(b’cr*)g* € H (or
(h}lbg)‘sh(b:r*)“"*), s0 by ~p b! ., contradicting (8). Therefore, hereafter, we can assume that
j=Jj"and g = &".

We now divide our analysis into a few cases and subcases:

» If either (©) or o = ¢, then necessarily, b, = b, and b, = b/ .. But now for some k
with 1 < k < 10n, gx = g; = b, so for

h=glgily 080818y € H,
we have
g,;]hgz € H,
but then H <, L together with b, € L\ H imply that & = 1.
»» If o = 0", then invoking Observation 2.6(2) again (and recalling that g and g* are
cyclically reduced conjugates of h' o(bya., b’ as)), it is straightforward to check

that j = j* and & = &* imply g = g*, which is a contradiction.
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»» Ifo # 0" and a, # a,+, then g;lhgz = 1 implies that

a1 (85 hgi)8hw = a5 ab # 1,

and in the following step (conjugating by b, = b+ again), we get a contradiction.
» If the pair o, o* satisfies condition (©)4, then we argue as follows. First, we claim that the
there exists a k with 1 < k < 10n + 2 such that following three hold:
@) g =us,,, =as.
&) g; = (U}, ) ° = ag.,
®)s h=g gty -8y g08 8 € H\K' =H\H'.
As before, for some k® < 10n, we have ufmk. =af,and (u;+€k.)8 =a?., ”f+g(k-+1) =
b%,and u bZ.. Suppose that

*

Jre(k*+1) =
h = -1 e T D H/
= 8re—18k*—2" " 80 8081 " 8ke—1 €.

Then b’ = a*ha?. € K’H’K’ = K’, and by our indirect assumptions a,*haf,. € H, so h’
lies in the intersection K’ N H = H’. Now

U o osy N WS g oaty = Do WG € bPH DG,

so by (©)4 (iii), this product is not in H’; thus, we can assume that some k < 10n + 2
satisfies (K);—(R),.But then using a,,a,+ € K’ \ H',

8'8' 808081 81 = a hag.
e (K'\H) - (H\H) - (K'\H) CK\H.

This is a contradiction.
(B) Fix g,g’ € K\ {1} C M*, and z € M* \ K, with a canonical form z = z9z| - - - z;y—1 satisfying it
does not contain any subsequence z,,Zo+1 * * - Zoyy+j-1 that is a subsequence of a canonical form
of an element r € R, where j > % + 1 (we can assume this, since otherwise, we could insert the

entire sequence of the inverse of this fixed canonical form of ). Now suppose that zgz~'g’ = 1
holds in M*; that is,

M Ezgz'g’ €N.

W.lo.g. zo, zm-1 € L (thus m is odd), since otherwise, we can replace g with zm,lgzr_nl_1 € K\ {1},
and g’ with zalg’zg € K\ {1}. Now as g,g" € K, if g, g’ are not in H, then the product
2021 Zm-182,, - 25'8  is in a weakly cyclically reduced form; otherwise, if ¢ € H, then
Zm-182, , € L\ H (here, we use H <y, L and that z,,.; € L\ H), and similarly, g’ € H
implies z; l¢’z0 € L'\ H. So by these reductions, we obtain a product in a cyclically reduced form
of length 2m + 2 or 2m, or 2m — 2. A cyclic conjugate of this word contains a long (> 7/10)
subword of some canonical form of an » € R. By our assumptions on z (not containing more
than half of a canonical representation of r), this has to involve either g or g’; in fact, either the
word 77741 ~--zm,1gz;l_lz;ll_2 : "Z}l (or z;zj41 -~-szz(zm71gz;11_1)z;_2 . 'zJ‘.l if g € H), or

Z;l Z;l_l T Zy e'z0z1+ 2 ;. contains a long (> 2/10 fraction) subword of a canonical form of some

r € R (inthe latter case, if g’ € H, then of course we mean the word z;.*l zjf*l_l e (Zalg'zo)m i)
But this is impossible since in any r = rory---r,—; € R (n € {6640,6641}) at any fixed ¢t €
[$640, 6609, there exists k < 250 such that (for some o € ) r,—x € Hb:'H, ry € H(b),)*'H,
and SO r;_r *H ek, While zg, z;l are clearly ~p-related.
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(C) Suppose otherwise, for example, for some k, k’ € K either
y=(b"2k(z"'b7 bk = Lin M
or
vy = (b"2)k(bzbz)k’ = 1.

Observe that after performing the cancellations in the free amalgam M and writing y = yoy1 - - Yim-1
as areduced (alternating) word, in both cases (regardless of whether k, k¢ € H), there is at most one
jforwhichy; € L\Handy; g b. Now possibly replacing yoyi - - - ym—1 With a weakly cyclically
reduced conjugate of it (if the reduced form of ygy; - - - y;u—1 is not weakly cyclically reduced), this
clause remains true (and the resulting word similarly belongs to N in M). It is not difficult to see
that there exists at least one j’ such that y » ~g b. Again, yoy1 - - - ym—1 (or a cyclical permutation
of it) contains a long subword of a canonical form of some r € R, but any such subword (if longer
than 400) contains at least two-two occurrences of b, and b/, (for some o € X), and b cannot be
~p-equivalent with both b, and b/, (since by, »g b’)).

(D) This is the same as above. Assuming that M* = bab’ € K, then forsomea’ € K, M* |= bab’a’ = 1,
o)

M E bab’a’ € N.

Now if ¢’ € K \ H, then the word bab’a’ is weakly cyclically reduced, so any weakly cyclically
reduced conjugate to it is of length either 4 or 5 and clearly cannot contain a long subword of any
r € R.

If @’ € H, then depending on whether b”” = b’a’b € H, we have that either b~!(bab’a’)b =
ah € K\ H is weakly cyclically reduced (so M | bab’a’ = b(ah)b™' ¢ bNb™' = N) or
b~'bab’a’b = ab’a’b = ab” (where b”’ ¢ H), which is weakly cyclically reduced, and similarly
cannot lie in N.

(E) Leta,a’ € K\ Hbesuchthata +g- a’,and fix [,I” € L’. Suppose that M* = ala’l’ = 1; that is,

M Ew=ala’l’ e N.

We can write w as areduced word. If [ € H,then! € H’,and since a +y a’, wehave ala’ € K\ H’,
so either w = (ala’)l’ is a product of an element of K \ H" and L \ H (if I’ ¢ H) which has to lie
in K(L \ H) (which is disjoint to N) or (ala’)l’ € (K \ H') - H' = K \ H’, and we are done.
So w.l.o.g. [ ¢ H. (Similarly, M* |= a’l’al = 1 implies that w.l.o.g. I’ ¢ H). So any weakly

cyclically reduced conjugate of w € M has length at most 5 and contains at least 2 entries from
K\ H.Butw € N implies that some weakly cyclically reduced conjugate contains a long subword
of some r € R, which is clearly impossible.

(F) The proof of (E) works here too.

(G) Letg e M*, n € w,n > 1 besuchthat g # 1, M* | g" = 1. Recalling Observation 2.6, we can
write g as an alternating product of elements of K \ H and L \ H

8 = 8081 82m-1-
W.l.o.g. there exists no conjugate ygy~! of g, and g’ with g’(ygy™")~! € N such that g’ has
a shorter canonical representation than 2m, since we can replace g with g’ and get a torsion

element. Therefore, thereisnor € R, oy < 2m with the sequence g, 8 oy+1 * - * §2m-18081 " * * §oo—1
containing a subsequence of a canonical representation of r of length j > % + 1.Now, since

M = (gog1 -~ &m-1)" €N,

https://doi.org/10.1017/fmp.2025.5 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2025.5

Forum of Mathematics, Pi 11

there exists a cyclic conjugate of (gog1 - - - §2m-1)" and a subsequence sos; - - - s; of it that is also
a subsequence of a canonical form of some s € R with j > 17—0 - 6640. Our assumptions above on

8081 - - - 82m—1 easily imply

6640
2m < - +1;

thuS,
2”l 10 —]’

and clearly, 2m+330 < j. This way we get that sy ~g S¢42, foreach £ < 330, but as s is a cyclically
reduced conjugate of h;l o(bsay, bl as) or of its inverse (for some o € X), we get that for some
£ €[1,330]s¢ € H(bo ) H, s¢yom € H(b',)*'H; thus, s; +p s¢40m. This is a contradiction. o

4. A set-theoretic interlude

In this section, y, 0, u, A and « all denote nonzero cardinals. Recall that [K]2 stands for the collection
of all unordered pairs {a, 8} of ordinals in «, but here we identify it with the collection of all ordered
pairs (a, 8) with @ < B.

Definition 4.1. A map d : [«]*> — 6 is subadditive if the following inequalities hold for all @ < 8 <
v <K

(1) d(a,y) < max{d(a,B),d(B,y)};
(2) d(a,p) < max{d(a,y),d(B,7)}.

Notation 4.2. Whenever the map d : [«]> — 6 is clear from the context, we define for all ¥ < k and
i < 6, the following sets:

e DY, ={B<y|d(By) <i},and
e DL ={B<yldBy) <i}.

Lemma 4.3. If d : [«]*> — 0 is subadditive, then for all y < k, i < 6, and 8 € Dzi, it is the case that
DL, np= Dgi'

Proof. Suppose that d : [«]?> — 6 is subadditive, and let y, i and 8 be as above.

» By Definition 4.1(1), for every a € D[ji, d(a,y) < max{d(a,B),d(B,y)}, so, since a € D'i. and
Be Dzi, we infer that d(a,y) <iand a € DL. N .

» By Definition 4.1(2), forevery @ € D” . ng,d(«, B) < max{d(a,y),d(B,y)},so,sincea, B € DY,

we infer that d(a,8) <iand @ € D'ii. O

Theorem 4.4. Suppose that A is an infinite regular cardinal. Then there exist two maps ¢ : [1*]*> — A*
and d : [A*]* — A such that

o d is subadditive;
o for every A € [A*|V, there exists a club D C A* such that for every § € D, for every B € A\ 6,
for every & < 6, for every i < A, there are cofinally many @ < 6 such that @ € A, c(a,B) = & and

d(a,B) > i.
Proof. Letd be the function p : [A*]> — Adefinedin [45, §9.1]. By [45, Lemma 9.1.1], d is subadditive.
By [45, Lemma 9.1.2], d is also locally small (i.e., |D’S'l.| < Aforally < A" andi < A).

Next, by [37], we may fix a coloring ¢ : [1*]> — A* witnessing A* —+ [/l+;/l+]ﬁ+. By [22, Lemma
3.16], this means that for every A € [1*]1", there exists an € < A* such that, forall 8 € 1*\ eand & < €,

there exists @ € A N € such that c(a, B) = &.
We now verify that ¢ and d are as sought.
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Claim 4.4.1. Let A € [A*]"". Then there exists a club D C A* such that for every 6 € D, for every
B € AT\ 6, for every £ < 6, for every i < A, there are cofinally many @ < ¢ such that @ € A, ¢(a,B) = &
and d(a, B) > i.

Proof. Let (M, | v < A*) be a sequence of elementary submodels of # i+, each of size A, such that
{A, e} € My, such that M, € M, for every y < A%, and such that M5 = J, s M, for every limit
nonzero § < A*. It follows that C = {y < A* | M, N A" =y} isaclubin A*.

We claim that the following club is as sought:

D ={6 < A" |otp(C N6 =1°}.

To thisend,let§ € D, B € A*\§,& < 6,i < A,andn < 6. We shall find an @ € A N § above 5 such that
cla,B)=¢and d(a,B) > i.

Foreveryy € C\ &, theset A, = A\ yisin [T N M1, and hence, there exists € € A*¥ N M,
such that for all 8’ € 1* \ € and ¢’ < ¢, there exists @’ € A, N € such that c(a’, B) = ¢’. In particular,
we may pick &, € AN My, \ y such that c(a,, 5) = £. It follows that y — «,, is a strictly increasing
function from CNéto ANS. Asd € D, weinferthat A’ ={e¢ € AN | n < a&cla,B)=¢} has
size A. As d is locally small, we may now pick @ € A” \ D'il.. Then a € AN 6§ above 7, d(a, B) > i and
c(a, B) =&, as sought. O

This completes the proof. O

Remark 4.5. The preceding result does not generalize to the case when A is a singular cardinal. Indeed,
it follows from [28, Lemma 3.38] that if A is the singular limit of strongly compact cardinals, then for
every infinite cardinal < A, for every subadditive map d : [1*]?> — 6, there must exist an A € [A*]V"
such that sup{d(«@,B) | @ < Bin A} < 6.

Definition 4.6 [41]. Pr(k, k, 6, x) asserts the existence of a coloring ¢ : [k]?> — 6 such that for every
o < y, every pairwise disjoint subfamily A C [«]“ of size k, and every T < 6, there are a, b € A with
sup(a) < min(b) such that c[a x b] = {7}.

Definition 4.7 [26]. U(«, u, 6, x) asserts the existence of a coloring d : [k]?> — 6 such that for every
o < y,every pairwise disjoint subfamily A C [k]“ of size k, and every 7 < 6, there exists B € [A]#
such that, for all a, b € B with sup(a) < min(b), it is the case that min(d[a X b]) > 7.

Theorem 4.8. Suppose that

e O < k are infinite regular cardinals;
o c:[k]? > «kisa coloring witnessing Pry(k, k, k,4);
o d: [k]?> = 0 is a subadditive coloring witnessing U(k, 2, 6,2).

Then, for every A € [k]¥, there exists a club D C « such that for every § € D, for every B € «k \ 6,
for every & < 6, for every i < 6, there are cofinally many a < & such that @ € A, c(a,B) = & and
d(a,B) > i.

Proof. We start by verifying a special case.

Claim 4.8.1. Let A € [«]“, ¢ < kand i < 6. There exists y < « such that for every S € « \ v, there
exists @ € A Ny such that c(a, B) = ¢ and d(a, B) > i.

Proof. Forevery € < k, A\ €isin [«]*, and as d : [«]> — 6 witnesses U(«, 2, 6, 2), it is the case that
d“[A\ €]? is cofinal in . It thus follows that we may fix a k-sized pairwise disjoint subfamily A of
[A]? such that d(a) > i for all a € A. Note that for all 8 < « and a € A N P(B), there must exist some
a € a such that d(«, 8) > i because, by subadditivity,

i < d(a) £ max{d(min(a), B),d(max(a),p)}.

Therefore, it now suffices to prove that there exists some y < « such that for every 8 € « \ 7, there
exists @ € A N P(y) such that c[a x {B}] = {¢}. Towards a contradiction, suppose that this is not the
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case. For every y < «, fix 8, € « \ vy such that there exists no a € AN P(y) with c[a x {8, }] = {£}.
For each y < «, set a,, = {8, } U a for some a € A such that min(a) > $,. Fix a club C C « such that
for every y € C, for every ¥ < y, max(ay) < v. It follows that A" = {a, | y € C} is a collection of
k-many pairwise disjoint elements of []>. So, since ¢ witnesses Pry (k, k, k, 4), we may find a, b € A’
with max(a) < min(b) such that c[a x b] = {¢}. Pick y,y in C such that @ = a3 and b = a,,. From
max(ay) < min(a,, ), it follows that ¥ < v, and

max(ay) <y < B, = min(a,).

Inparticular,a’ = ay\{B, } isanelementof ANP(y) and c[a’x{B,}] = {¢}. Thisisacontradiction. O

Now, given A € [«]“, let (M, | ¥ < k) be a sequence of elementary submodels of H,+, each of
size less than «, such that {A,c,d} U@ C My, such that M, € M, for every y < «, and such that
Ms =, <s M, for every limit nonzero ¢ < . We claim that the following club is as sought:

D={6<k|Msnk=06}.

Toseeit,let 3 € k\5,& < 6,i < 0,and € < §; we must find @ € A withe < @ < d suchthatc(a,B8) =&
and d(a,B) > i.Theset A’ = A\ eisin [«k]* N Mg, and so are & and i. It thus follows from Claim 4.8.1
that there exists y € k N M s such that for every 8’ € «\ vy, there exists @ € A’ Ny such that c(a, B’) = &
and d(a,B’) > i. Asy < § < B, it follows that there exists @ € A’ Ny such that c¢(a,B) = & and
d(a,B) > i. Evidently, € < a < 6. O

In reading the next definition, recall that for a set X of ordinals, acc(X) stands for the set of all
nonzero ¢ € X such that sup(X N ¢) = ¢&.

Definition 4.9 [5]. For infinite regular cardinals 6 < «, the principle O(k, Cg) asserts the existence of a
sequence C = (C, | @ < k) satisfying the following:

e forevery a < k, Cq is a closed subset of @ with sup(C,) = sup(a);
e forall @ < k and @ € acc(Cy), if otp(Cy) > 0, then Cqz = Co, N @;
e for every club D in «, there exists some @ € acc(D) such that D Na # C,.

Note that O(k, C ) implies O(k, CTg) whenever ¢ < 6. The strongest instance O(k, C,,) is commonly
denoted by O(«).

Corollary 4.10. Suppose that 6 < k are infinite regular cardinals.
If either O(k,Cg) holds or if there exists a uniformly coherent x-Souslin tree, then there exist two
maps ¢ : [k]> = kand d : [k]> — 0 such that

o dis subadditive;
o forevery A € [k], there exists a club D C «k such that for every § € D, for every 8 € k\ 6, for every
& < 6, for every i < 0, there are cofinally many @ < § such that @ € A, c(a,B) = ¢ and d(a, B) > i.

Proof. By Theorem 4.4, we may assume that 6* < k. Also, by Theorem 4.8, it suffices to find a map
¢ : [k]*> — « witnessing Pr (k, k, k, 4), and a subadditive map d : [«]?> — 6 witnessing U(x, 2,6, 2).

By [36, Theorem B], O(«) implies Pr («, «, , 8). Inspecting the proof of [36, Theorem 3.3] makes it
clear that the same conclusion already follows from O(«, Cg). In addition, by [28, Theorem A], O(k, Eg)
yields a subadditive witness to U(x, 2, 6, 2).

Next, by [28, Corollary 3.29], the existence of a uniformly coherent k-Souslin tree yields a subadditive
witness to U(k, 2, 6,2). It is also well known that the existence of a uniformly coherent x-Souslin tree
induces a witness to Pr; (, k, k, w). O

Remark 4.11. Coming back to the limitation highlighted in Remark 4.5, we point out that the conclusion
of Corollary 4.10 is nevertheless compatible with a bounded amount of large cardinals. The point is
that O(k, C¢) may be added by means of a 6-directed-closed and «-strategically-closed forcing, so by
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Laver’s indestructibility theorem, O(k, Eg) is compatible with 6 being supercompact. In parallel, the
existence of a uniformly coherent x-Souslin tree is compatible with k possessing a generically-large
cardinal property that refutes O(«k, Eg) for all 8 < « (see [27, Theorem 3.3]).

5. A construction of a Shelah group

This section is devoted to proving the core result of this paper. The assumptions of the upcoming theorem
are motivated by the results of the previous section.

Theorem 5.1. Suppose

e 0 < « is a pair of infinite regular cardinals;

o c: [«]* = kis a coloring;

e d: [k]?> = 0 is a subadditive coloring;

o for every A € [k]¥, there exists a club B C k such that for every B € B, there exists y € A above 3
such that for all ¢ < B and i < 0, there are cofinally many a < 8 such that @ € A, c(a,y) = &€ and
d(a,y) > i.

Then there exists a torsion-free Shelah group G of size «.

Before embarking on the proof, we make a few promises and unfold some of their consequences.

5.1. Promises and their consequences
We start by listing our promises:

(p)1 We shall recursively construct distinguished group elements (x, | @ < k) generating the whole
group G. For every subset A C k, G 4 will denote the group generated by {x, | @ € A}, so that
Gop={1}and G, = G;

(p) Forevery y < «, the underlying set of G, will be an initial segment of «;

(p)3 Forally < kandi < 6, GDZiU{V} is torsion-free;*

(p)s Forally <kandi <@, GDLU{V} N GD; = GDZi;

(p)s Forally <kandi <@, GDL— <m GDL_U{),};

(p)s Forally € [1,k) and i € [1,6), GDZ,-U{V} is the group M* given by Lemma 3.4 when invoked
with the groups -

o H= GD7.’
o K = GDZ,
* L=Gprupy

and an appropriate (possibly empty) system S.
At the outset, we also agree on the following pieces of notation.

Notation 5.2. For every subset A C «, we shall denote by =4 the relation ~g, of Definition 3.3. That
is, g =4 h iff there are yg,y; € G4 and € € {1,—1} such that g = yo - h® - y;.

Notation 5.3. For all y < k and g € G,, let
iy=min{i <6|ge Gpr }-
We shall also record the first appearance of an element g € G, \ {1} by letting

g =min{a < k| g € Gas1}.

4Recall Notation 4.2.
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Since g € Gagu{ag} and ag = U;<g sz, it also makes sense to define
ig=min{i < 6| gc¢ GDZ;gU{ag}}‘

As for g = 1, since Go = Gy = {1}, we agree to let @ = —1 and i; = 0.

Remark 5.4. By possibly replacing d : [«]?> — 6 with the map (a, 8) — 1 + d(«, 8), we may assume
that O ¢ Im(d). This tacit assumption will ensure that for every g € G, if iy = 0, then either g = 1 or g
is an element of the cyclic group (xa, ).

Notation 5.3 induces a well-ordering < of G, as follows.
Definition 5.5. For g # & in G, we shall let g < & if one of the following holds:

® a, < ap;
e o, =apandig <ip;
e oo =apandiz =ipand g € h.°

Note that min(G, <) = 1.
Lemma 5.6. Forally <«kandi <6, Gpy 4,y NGy =Gpr .

Proof. Lety <«kandi <6.As G, =;.9Gpr ,itsuffices to prove that for every j € (i, 6],
<j
Gpruiy) NGpy, =Gpr,- M

The case j = i + 1 is immediate from (p)s4, and the case in which j is a limit ordinal follows from the
fact that Gy = U<; GD7, for j limit. So, suppose that j € [i + 1, 8) is such that (I) holds. By (p)4,
<J <
Gpr uyy NGpr, = Gpr holds as well. Since Gy, € Gpr yyyy, altogether,
<J <J <J <i <j

Gpr,ut0 NGy, =Gpr 0y N7 u) N Gpy,
= GDL‘U{Y} n GDZj
=Gpr,
as sought. O

By the preceding, and since DZO = 0, the group (x,) generated by x, will have a trivial intersection
with G, . Another consequence of the preceding is as follows.

Corollary 5.7. For every y < k, Gy <y Gy41.
Proof. Let g € G, \ {1} and h € G, \ G, for a given ¥ < «. Find a large enough i < @ such that
g€ Gpr and h € Gpr () \ Gpr . Then, by (p)s,

h_lgh € GDZ:‘,U{’Y} \ GDZ:

Finally, Lemma 5.6 yields that 1~'gh ¢ G,. o

The next consequence of our promises is the upcoming Lemma 5.9. In order to state it, we agree to
say that a set A C « is absorbent if for every y € A, there exists some i < 6 suchthat ANy = DL.. To
exemplify,

Proposition 5.8. Forall y < k andi < 6, DZ ; is absorbent.

Proof. By Lemma 4.3. m]

SRecall (p);.
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Lemma 5.9. Suppose that A, A’ are absorbent subsets of k.

(1) Forevery g e Ga\ {1}, DZ"I?'g U{ag} C A;

(2) Forally <k,i<6,and g € GDZiU{V}’ we have iy < i;

(3) Forally < kand g € G, \ {1}, we have ig =max{d(ag,y),ig}s
4) GaNnGa =Gana-

Proof. (1)Letg € G4\ {1}.Denoteby y € A the minimal ordinal such that g € G on(y+1). In particular,
g ¢ Gany and ay < y. As A is absorbent, we may now fix i < 6 such that ANy = Dy Consequently,
g € GDy Uiy Ifa, <y, theng € GDy ugyy N G,,, which, by Lemma 5.6 is equal to GDy = G any,

contradlctlng the fact that g ¢ Gan,. éo @g = v, and hence, g € G|, D Ufag)" As GDa_gU{wg}

Uj<i GD;-U{V}’ the definition of i, implies that i, < i. Altogether, D:’fg U{ag} €D, U{y} C A.
2)Lety <k,i <0,and g € GDZ,—U{V}' By Clause (1), DZZ U{ag) C DZi U {y}. If g =y, then

the inclusion implies that i, < i. Otherwise, o, € DL" and then Lemma 4.3 implies that

(lg (L’g

<i’

(D u{ag})naggDy Nag=D

80, again iy <.
(3)Lety < kand g € G, \ {1}. Clearly, @, < y. Also, recalling Notation 5.3, g € GDv . So, Clause

(1) together with Proposition 5.8 imply that D ng U{ag} C D ,. In particular, d(ag, ) < iy, and, by

Lemma 4.3, also
ag [e7 Y — @,
Dgfg = (Dgfg Ufag)) Nag C DSI_;{ Nag = D;_’g,

and hence, i, < zg This shows that i = max{d(ag,¥),is} is < 1g However, since a, € D<d(ag » €

D”,, Lemma 4.3 implies that

g Y _ Y
D% <D =D, Nay,

<ig =

and hence, g € G D Q G DY, Consequently, i;,/ <i.

U{ag

(4) By Clause (1) for every _g € Gao NGy, either g = 1 (and then g € Gy € Gana), OF
%y {ag} CANA’ andtheng € G DU ‘U ag) C G gna’ by the definition of iy and @,. The other

<l

D

inclusion is trivial. O

Corollary 5.10. Forall B <y <k, forall j <i <0, forall g,h € Gpr ,(,y \ Gy, if§ =p» g h, then
<Jj <i
8 =p.np h.

Proof. Let B <y < ksuchthaty > 6 and let j <i < 6. Suppose that g, h € Gpr (, \ G, are such
<Jj
that g #57 5 h, and we shall prove by induction on / € [, i] that
<J

8 #p7,np I- (1)

Recalling Clause (4) of Lemma 5.9, Gpr vy NGy = GDy ,so we infer that g, h € GDy Ui} \ GD7 .

SVl
The case [ = j is trivial, and the case 1n which /is a limit olrdlnal follows from COHtlIllllty So, suppose
that [ € [j,i) is such that (II) holds, and we shall prove that g # D08 h. Wlo.g. I > 1, otherwise

Gpr,=Gpy = {1}, so both relations =p, and =py are the 1dent1ty onGpy yiy)-
By (o> the group G DY, Uy} Was given by Lemma 3.4 when invoked w1th H=G DY, K=G DY,
and L = GD“/,u{y} C0n51der K = GDylﬂB’ which is a subgroup of K, and then let H' K'n L
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By Lemma 5.9(4),
H' = GDL“B n GDZIU{” - GDszﬁ’

meaning that (II) asserts that g g+ h.
As g, h € Gpr i,y €L, and H =K'NnL=KNnH  (since KN L = H), Clause (F) of Lemma 3.4
<J
implies that g ++ h. That is, g "i'Dylﬁﬁ h, as sought. m}

Notation 5.11. As a last step of preparation, we fix a surjection 7 = (7, 7y, 72, 73, m4) from « to
Kk X Kk X kX kX {l,-1}; that is, for all 9, 71,772,173 € k and € € {1, —1}, there exists a £ < « such that

7_{({:) = (ﬂo(f)’ﬂl(f)’ﬂ2(§)’ﬂ'3(§)’7T4(§)) = (770’ n, 772»773’8)'

5.2. The recursive construction

We are now ready to start the recursive process. We start by letting x( generate an infinite cyclic group
(i.e., Z), and we assume this group G has underlying set w. Hereafter, we shall not worry about
(p)2 since it is clear it may be secured. Next, suppose that y € [1,«) is such that G, has already
been defined and satisfies all of our promises. Note that (p); implies that for every 8 < vy, the group
Gpi1 = Ui<o GDZU{B} is torsion-free, and so is G, = U5<y Gp+1. To construct G,41, we first let

x, =min(x \ G,), and now we need to describe the group relationship between x,, and the elements of
Gy. We will define (G 7,y | i < 0) by recursion on i < 6, in such a way that all of our promises are
kept. l

Here we go. As D” ) = D’ ) = 0 (recall Remark 5.4), we mean Gpy, = {1}, and welet Gy () =
G (,} be the infinite group Z generated by x,. Note that {1} = G p?, <m G DY,U{y} vacuously holds.
Moving on, suppose that i < 6 is such that G ,» |, has already been defined. Forall j <iand 3 < v,
let Ezjﬁ be the restriction of the equivalence relation = DY) to G DY,uly}- Next, use Definition
5.5 to define a transversal TZ].’ 5 for those equivalence classes of EZ] 5 that lie in G DY,u{y} \G,y =

Gp? u(y) \ Gpy,» as follows:

12, 5 = {min([glpy <) 18 €Gpy iy \ Gyl

Lemma 5.12. Forall j <ianda < 8 <,

(1) Ezi,ﬁ r (GDZjU{y} \Gy) = EZJ.’B r (GDZjU{y} \ Gy);
Y y o
@) T, 5 ST
6 1,217,
Proof. (1) By Corollary 5.10.
() Lett € T2, 5. As G(Dzjmﬁ)hilG(Dzjmﬁ) C Gy forevery h € Gy, it is the case that [g]y is
disjoint from G for every g € Gpr (,} \ G. In particular, 1 € Gy41 \ Gy, so that i, = i;yﬂ < J.
<j
Therefore, by Clause (1),
[t]EZi,B N GDZju{y} = [t]EZj,ﬁ'
For every g € [I]Erﬂ \ Gp7 u(y)s We have iy = ig“ > j > i;, and then Definition 5.5 implies that
<i, <j
t < g. Altogether,

min([t]EZiﬁ, <) = min([t]Ezm, <)=t.
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(3) This is clear from the definition of TZI., @ TZ{.’ g a8 the equivalence relation £ Zj,a is a refinement

Y
of E i O

Our next goal is to the define the system S = {(ho, ao, bo, bY,) | o € X} that will yield the definition
of G DY,U{y}> 8 per (p)s. We start with a rough approximation X** of X, we then refine it to X* C X*+,

and finally we find the appropriate £ C Z*.
Definition 5.13. Let

e X ={(a,0)|a€Gpr \Gpr, aa eDY \DY, teT?

<i’ <i,aa}’

o It ={(a,1) € T | VI < 4 [mi(c(@a,y)) € Gyl}.

Definition 5.14. For each o = (a,t) € £*, we attach the following objects:

> ado = a,

L = 1

> he = mno(c(aq,y));

> Yoo = ni(claa,y));

> Yo = m(c(ay));

> 2o = m(c(a,y));

> &g = ma(c(aq,y));

> bs = y(r,O'tSU’yO',l'ZO';
> bl = by by

> K, = GDZi N G(aa+1)-

We then let X be the set of all o € X* for which all of the following hold:

(1) max{ay, o @y, >0z, } < @, ;
(2) max{is, i}, i}, ,} <il_ <i(inparticular, i > 1);
3) ho € Gpp .

<i

Remark 5.15. Clause (1) implies that y50, V0,1, 20 € Ga,,» and Clause (2) implies that, for some
j < i» )’o-,O» yO',l € GDZ/_’ re GDZI_U{')/}’ and o ¢ GDz/

Definition 5.16. Denote H =Gy , K =Gpy, L =Gpr ), and

S = {(ho-ag. b bl) | o € 5.

Lemmas5.17. H< K, H<p, L, KNL=HandS CHX (K\H)X(L\H)x(L\H).

Proof. Itis clear that H = Gy < Gpy =K. By (p)s, H < L,and by (p)s, KNL =H.

Next, let o € X. By Deﬁ<nlition 5?114(3), hs € H. Since o € X%, a, € K\ H. Recall that
t e Tzi’a c GDZ,-U{y} \Gy, =L\G,.By Lemma 594), H = LN G,, and hence, t € L \ H. By
Definition 5.14(2), ¥&.0, Yo .1, 2o are in H < L, so, altogether, b, and b/ are in L as well. Since ¢ ¢ H,
we get that b, ¢ H. Finally, to see that b/ ¢ H, it suffices to verify that b/, € G DY,Uly} \G DY, for

some j <i,since H=Gpy <Gy, and Gpy (3 NGy = Gpy by Lemma 5.9(4).
<i <j <J
By the definition of X and since y 0, yo,1 € Gpr o we have that y, o - t%7 - yo.1 € GDy'y Uy} \

<izo o

Gpr, andz, € Gpr \ Gpr - By (Pss Gpr, has been obtained by invoking Lemma 3.4

<iz, Siz, iz <iz,U{r}
Y . . e _ T _ r 7 _
(note that 7; > 1 necessarily) with K = GDyy , L= GDZJ U{y}> and H = G pr . and then Clause

<iZ

<o <t

Zo

(D) of that lemma implies that

(yo',O 15 'yO',l) *Zo (yO',O A 'y(T,l) ¢ k = GDY,/ ’

<iZ
_"«.U'
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and then the fact that z, € G D, implies that

<
'Za—

=(yo',0'l‘g “Yo.1) 2o (Vo0 oo . Yo,1)- ZO-QK GD“V ,

*Z(T

as sought. O
Lemma 5.18. Foreveryo € X, by +u bl,.

Proof. Let o = (a,t) in Z. Set

j= maX{l,,ly(TO,l;n_ e

From o € X, we infer that j < iZa < i, and
G cG
Yo,0,Yo,1 € Dzj = D;/jU{y}'

Recall that ¢ € th. a, S GDY‘U{),} \ G,; therefore,

yo-’()'lg yu-lEGDy u{y }<607 U{y}

<t—v

By Lemma 5.9(4), GDy = GDy u{y} NGy, sosince 1 ¢ Gy,

Yo, 0 157 - yo1 € GDZ.y u{r} \ GDZiV

By (p)s, Gp» has been obtained by invoking Lemma 3.4 (note that i} > 1 necessarily) with
<z,,(7_u(7}
K=G DY, =Gpr , Uy and H=G D7, , and then Clause (C) of that lemma together with the

facts that y, 0 -1°7 -y, € L\ H and z,- € K \ H imply that for b = b* =y, ¢-t¥ -y, 1 and 7 = .-,
it is the case that b*z » ¢ bzbz. That s,

’
b()' +G bg-s

Y
;Y
SZ

which is the same as (b, E” b’.). By Lemma 5.12(1),

<i? _+1,y

<L vy r (G07 LU \ Gy) y +ly r (GDZ_y i} \Gy),

Zo

and hence, b, *Gpy ., b’,., which concludes our proof (since G DYy = H). O
<i

Lemma 5.19. For all o # o™ in Z, at least one of the following holds:

O Ao *H Ag*;
(e)h bo‘ *H bo‘*;
©) by =by-and a, # ay+;
(©)q all of the following hold:
(i) Aa, = g« (so Ky = Kg+);
(ii) aprao+ € Ko \ H;
(iii) by *H, b+, where Hy = Ky N H;
(iv) bo *u bl,.;
(V) KE (Ko \H) - (H\Ky) - (Ko \ H) € (K \ H).

Proof. We start with two general claims.
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Claim 5.19.1. Suppose a,a* € Gpy, are such that @ < - < y and ag, @ € DY, \ DY,. Then
a+ga'.
Proof. Since a4, a4 € Déi \ DL., Lemma 5.9(1) implies that a and a* are not in G ,» . We shall prove

by induction on 8 € [a,,y] that
a ¢ Gpynp(a)'Gpy np. (I1D)
The base case 8 = a,+ follows from the following constellation:

® ac GD; N Gaa+1 = GD;O(QQ+1) c Gaa+1 - Gaa*,

e a"€Gq,+1\Gg,,and
. GDZ'ﬂ(Yn* g Gall*.

The case that 8 is a limit follows from continuity, so suppose that 8 € [a,+,y] satisfies (I1I), and we
shall show that

a¢ GDZL'O('B'H) (a*)thDZ,ﬂ(BH) .

To avoid trivialities, we may assume that g € Dzi, so that, by Lemma 4.3, DZ;‘ Nng = D'i. and
Dé ,NB= D/;.. Therefore, @y, ay € D/;. \ D/i ;- So Notation 5.3 together with Lemma 5.9(4) imply
thata € Gpy n(q,+1) € Gpp anda® € Gpy g 41) S G pp - Asa, e & Dii,Lemma 5.9(1) implies
that a,a* ¢ G .5 . Altogether, B

h=i=i.
Now 8 > a4+ = Oandi > 1, since 8 € DZi’ so (p)e tells us that GDﬁ.U{B} was constructed by
invoking Lemma 3.4 with H = GDZ’ K= GD;;_ and L = GDf,-U{B}' By Lemma 5.9,
FOK= Gt 0 Ot = Cop, =1

so, taking (III) into account, Clause (E) of Lemma 3.4 implies that
a¢ L(a")*'L.

However, L = G = GDZ,-H(BH)’ so we are done. m]

DEu{)

Claim 5.19.2. Let @ € D%, \ DY, and a,@" € G py r(q41) \ G-

(1) Forevery g € Gpy qgeny \ Gpr,np With B € DY, \ @, wehave a - g - a* & G py g1y
(2) Forevery g € Gy \ Gy, wehavea-g-a* ¢ Gpr..

B

<i’
and the latter (recalling 8 > 1,
e K= GDE"
L=G s, (s) (Where g € L\ H). So just apply (the parallel of) Clause (D) of the said Lemma.

Proof. (1) Fix g and B as above. Now in the same line of reasoning as in Claim 5.19.1, DL‘ NB=D
D;. NB+1) = Dii U {B}. Therefore, GDZim(ﬁH) is equal to GDZU{B}’

and i > 1 which is true since 8 € DY) was obtained by invoking Lemma 3.4 with H = G

(2) Suppose not, and let g be a counterexample. Let 8 be minimal such that g € Gg4. By Lemma
5.9(4), GDL NGgyl = GDZ,.O(,BH)’ and hence, g € GDZin('B'H) \ GDZiﬁ,B' Then, By Lemma 5.9(1),
B e DY sothatp e D? \a.Asa-g-a* € Ga41-Gps1-G sl = Gp1, and recalling thata-g-a* € Gpr .
we infer thata - g - a* € Gpr N Gpw1 = Gpr 4g1)> contradicting Clause (1). O
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Suppose now that o = (a,t) and o* = (a*,t*) are two distinct elements of X. We assume that
alternatives (©),—(©), fail, and we shall verify alternative (©),. Note that our assumptions have the
following immediate consequences.

Claim 5.19.3. b, ~g bo+,t #t*,and @, = @y~

Proof. The first part follows from the failure of alternative (©);, and the last part follows from failure
of alternative (©), together with Claim 5.19.1.

In addition, if  were to equal t*, Definition 5.14 (using @, = @,-) would have implied that alternative
(©)c holds. So r # t*. O

It thus follows from Definition 5.14 that

(ho'syLT,OsyLTpZo'sKO') = (ho-*,ya-*,o,yU]*,Zu-*,Ko-*)'

Consequently,
PR 5% .y .y .y .y
max{is, ires iy, ooy . gsiyg siy . b <iz,,

and hence, the next two elements are in G v

<1Za,u(y}
® b=Yy50 17 Yo,
b =you0- ()5 - yor,13
moreover,

b,b* ¢ Gpr > av)

<1
zZo

Since Yo .0, Yo, 1, Yor,0o Yor.1 € Gpr L Note that

K, = GDL NG (au+1) = GD;’im(aaH)
and

Hy=K,NH-= GDZ.ﬁ(aaH) NGpr =Gpr

<imaa

by Lemma 5.9(4).
As o € X, itis also the case that z, € GDv <Gpr =H and

<’Zo’

-1
yO',O’tEU— ‘Yo, =b(r'ZU,

so that b ~g b . Likewise, b* ~g b,~. Recalling that b, ~g b+, altogether

b~p b
Now, (p)e tells us that G 07 u{y} Was constructed by invoking Lemma 3.4 with H=Gpr v
K= GDv and L = GD“/. Uly} (agam i? > 1, by Clause (2) of Definition 5.14). Trivially, z, ¢ H.

(r zZo

In addlthIl b,b* ¢ H by (IV). Thus, Clause (C) of that lemma implies that b* - 7+« #g b - 25 " b - 24,

and hence, b, *g by-. Finally, b, g by (i€, bl *G 7, bs+) by Lemma 5.12(1).
However, by the definition of T <l o, Wegetthat +K0_0H " AsK,NH = GpYn(aa,

GpY n(ay,+1) = 0D nay, » We also getthat by #k,nt b, SINCE 2o = 2o, Yor.0 Verl € GpY nag,

(by recalhng the definition of 2). At this stage, it remains to check Clause (v), but this follows from
Claim 5.19.2(2). O

+1) mGD“’, =
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By Lemmas 5.17, 5.18 and 5.19, the tuple (H, K, L, S) satisfies all of the assumptions of Lemma
3.4. Adhering to (p)s, we then let G DY.Uly) be the outcome M* of Lemma 3.4 when invoked with this
tuple. By Clause (A) of that lemma, K, L < M*,

M*EKNL=H,

and M* is generated by K U L = GDZ- U Gp7 yy)- This means that M* is generated by the set of

generators {xg | B € D’;i U{y}}, and hence, (p)4 is preserved. Also, Clause (B) implies that K <, M*;
hence, (p)s is preserved as well.
Our promise (p)3 implies that L = G pr 5 and

U Gpei = U U Gps uip)
B<y B<y j<0

are both torsion-free. In particular, K, being a subgroup of Gy = g, Gp+1 is torsion-free as well. It
now follows from Clause (G) of Lemma 3.4 that we have maintained (p);.
This completes the description of the recursive construction of our group G.

5.3. Verification

We now turn to show that G is an n-Shelah group for n = 10120.
Lemma 5.20. Let Z € [G]*. Then Z'91?0 = G.

Proof. By possibly thinning out (using the pigeonhole principle), we may assume the existence of some
j <Bsuchthati, = jforallz € Z.Set A ={a; | z€ Z\ {1}}, so that A € [«]¥. For each a € A, pick
Zq € Zsuch that o, = a.

Recalling the hypothesis of Theorem 5.1, we now let B be a club in « such that for every 8 € B, there
exists a y € A above g such that

VE<pVi<Olsuplea e ANBlc(ay) =¢&d(a,y) > i} =al. V)
Recalling (p); and the surjection 7 of Notation 5.11, the following is yet another club in «:
C={B<k|Gp=B&R[Bl =BxBxBXPx{-1,1}}.
Now, let 4 be an arbitrary element of G, and we shall show that 7 is in Z'912°, Pick a large enough

B € BN C such that h € Gg, and then pick y € A above S satisfying (V). As i;, = j, we consider the

unique ¢ € TZJ, 41 Such that 1 E Zj 11, &v- By the choice of £, we may pick

Y0, Y1 € Gpr g (VD
<j+l
and € € {1, 1} such that
2y =Yo7 y1.

It follows that max{i},,i},} < j,andasr € TZ;‘+1 5 S Gpr  uly). Lemma 5.9(2) implies that i, < j as
J+l, <j+

well.
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As y was chosen to satisfy (V), we may fix @ € AN S with d(@,y) > j. Set z = z5 and note that, by
Lemma 5.9(3),

max{i, i}, i3} < j <d(@,y) <i}. (VID)

As a; = @ < 8, we may find a large enough { < g such that yg,yi,z € Gg41. Altogether,
Y0, Y12 € GDZ_,/O({H)'
AspBeC and z € Gp, it follows from (V1) that we may find a & < § such that

(”O(f)’ﬂl(f),”2(§)7ﬂ3(§),”4(5)) = (h9 Yo, Y1, %, 8)'

Utilizing (V) once more, we now pick @ € A N B above max{ay, {} such that c(a,y) = & and
d(a,y) > max{i],il}. Consider i = d(a,y), and note that by (VII),

max{is, iy, iy,,iz,.0.10} < d(a,y) =i,
so that
Yo, Y1, h,z € Gpr NGa. (VII)
Next, consider the group elements a = z4, b =z, - z, and b’ = b - b, and the pair o, = (a, ).

Claim 5.20.1. ¢ is in 2** of Definition 5.13.

Proof. From d(«,y) =i, we get that DY, N (@ + 1) = D”, N . By Lemma 4.3, D CD%,=

Déi Na, and hence, z, € GDZ.” So, if 7, were to be in GDL’ then since a;, = a, Lemma 5.9(4) would
imply that

Za € Gpy, NGar1 = GpY n(a+1) = OpYna S Gas

contradicting the fact that @, = @. Altogether, zo, € Gy \ Gpr .

Next, since ¢t € sz 415 and @ < B, Lemma 5.12(3) implies that 1 € TZ]. 1. In addition, since
i=d(a,y) > il > j, Lemma 5.12(2) implies that t € TZI,’Q. Also, i = d(a@,y) amounts to saying that
@z, =a € D%, \ D?,, so we have established that o, € Z**. ]

Looking at Definition 5.14, we arrive at the following table of evaluations:

Table 1. Evaluations.

eda, =a = Za =a
oty =1 =1 =1
® hy, = m(c(aa,y)) = m (&) =h
® Vo0 = m(c(aa,y)) = m (&) =0
® Vo1 = m(c(@a,y)) = m(&) =i
* z5. = m(c(aa,y)) = m(&) =z
o g5 = m(c(aa,y)) = my(€) =&
¢ by, = Yo,0 1% Yol "Zo, = Zy "2 =b
b, =Dbg bo =2y:2:2y:2 =0b
* Ko, = Gpy, NGiay+) = Gp7, NGa+1) = Gp7n(as)

It thus follows from (VIII) that ;(c(@q,y)) € G, for every I < 4, so that o, is moreover in X7, as
per Definition 5.13. Looking at Conditions (1)—(3) of Definition 5.14, we see that o, is a member of X,
as well: conditions (1) and (3) follow from (VIII), and condition (2) follows from (VII) and the fact that
5% .
lZ <.
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Claim 5.20.2. 1~ 'o(b - a,b’ - a) = 1 holds in Gpr uiy)-

Proof. Recall that the group G DY,u{y} Was obtained as the output group M* of Lemma 3.4, when
invoked with (H, K, L, S) of Definition 5.16. Specifically, H = GDZ,-’ K = GD;/,:’ L= GDL_U{),} and
S ={(hs,as,bs,b,) | o € Z} of Definition 5.14. But M* is M /N, where M is the free amalgam
K xp L, and N is the least normal subgroup containing {41! 0(b, - ay, bl - ay) | o € Z}; hence, for
each o € X, we have h:,lg(b(r -ag, bl -as) € N,and clearly,

Gpruy =M =M/N E Wlo(by -ag, bl -ay)=1.

By Table 1, b = by, b" =b,, ,a=a,,,and h = h,; hence, h‘]g(b ~a,b’-a)=1. O

Recall that for all x,y € G, o(x,y) is a word of length 3320 over the alphabet {x, y}, so since
o(ba, b’a) = h, the fact that z,, z, and z all come from the initial set Z implies that

Q(Z'y “Z°Za> 2y 2°2y-2- Z(y) c 29720+400.

Thus, we have verified that 4 is in Z10120, O
Lemma 5.21.

(1) G admits no Ty topology other than the discrete topology;
(2) G is not well-behaved in the sense of [15, p. 624];°
(3) G\ {1} is a nonalgebraic unconditionally closed set (i.e., closed in each Hausdor{f group topology).

Proof. (1) This is a standard consequence of the malnormality of the G,’s (y < «). Suppose that 7 is
some T topology on G. Fix g € G distinct from 1. Then U = G \ {g} is T-open, so there is a T-open
neighborhood V of 1 for which V"' C U, where n is the integer for which G is n-Shelah. Note that if
|V| = k, then V" = G, which is a contradiction, so it must be the case that [V| < . But then V C G, for
some large enough ¥ < k. Now G, <, G, by Corollary 5.7, so for any choice of & € G,.1 \ G, it
is the case that (h~'Vh) NV = {1} is a T-open neighborhood of 1, and hence, 7 is discrete.

(2) Suppose not. This means that there exists amap ¢ : G — [G]<“ such that the following two hold:

(a) ¢ is countable-to-one;
(b) forallx # yin G, p(x) & ¢(y) € @(x-y) € @(x) Up(y).

By Clause (a) and the A-system lemma, we may fix an X C G of size «, some r € [G]<“ and some
k < w such that {(¢(x) \ r | x € X) is a sequence of pairwise disjoint sets, each of size k. It then follows
from Clause (b) that |¢(x| - - - x;)| > k- for every injective finite sequence {xy, . .., x;) of elements of X.
In particular, we may fix a g € G with |¢(g)| > |r| + kn, where n is the integer for which G is n-Shelah.
Since X" = G, we may fix a (possibly non-injective) sequence {xi,...,x,) of elements of X such that
x1 - -+ x, = g. However, Clause (b) implies that |¢(x] - - - x,,)| < |r| + kn. This is a contradiction.

(3) We need to show that for no system {w; | i € I} of words over G U {x} (where x is an abstract
variable outside G) do we have

G\{1} =), {2 €G | fu(e) =1},

where the value of f,,(g) € G is given by substituting each occurrence of the symbol x in w; €
<@(G U {x,x'}) with g, and calculating the value in G. It is easy to see that it suffices to prove that for
no such word w does the following equation holds true:

G\ {1} ={g G| fu(g) =1}. IX)

SWell-behaved is a weakening of the assertion that a group admits a basis. For instance, any infinite commutative cancellative
semigroup is well-behaved (follows from [17, Theorem 23.1]).
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Suppose that w satisfies (IX), and fix a finite subset B € G withw € <“(B U {x,x~'}). As |B| < 0,
we may find y € [1,«) and i € [1, 6) such that

B < Gpruyy

so for each g € GDLU{V} that is not the identity f, (g) = 1.

We are going to prove (provided that ¥ from Definition 5.14 in the construction of G DY.U{y} is not
empty) that the group G DY,U{y} is topologizable (with a non-discrete 7} topology), which will imply
that G DY,U{y}) \ {1} is closed (with respect to this nontrivial topology), contradicting that the topology
was non-discrete.

To this end, it is enough to argue that there exists a sequence (N; | k € w) of normal subgroups of
GDZ,-U{V} such that for each k do N;,; < N;, (kew Ny = {1} and {1} < N} hold. Now recall how
G DY,u{y} Was constructed in Subsection 5.2 (appealing to Lemma 3.4 there):

Gpruiy = (Gpruy) %6,y G2 )N

where N was the normal closure of {1;' 0(b,a, b’ ay) | o € £} (T is from Definition 5.14). Let No
denote this N. Observe that it is enough to define a sequence (N | k € w \ {0}) of normal subgroups
in GDY.U{y} *G oy GDZ- that satisfies Ng41 < Ni for k > 1, (\gew Nk = No and Ny < Ni.

Recall that in Definition 3.2, we have the sequence {1y | £ < w) defined via n, = 33207, and that we
let o¢(x,y) = o(x™, y") (in particular, 09 = ), and

Ry = {h;l oo(bgaog,bay), 00(bgag,bras) | € >k, o0 €X}.
Set Ny to be the normal closure of Ri. Now the following will complete the proof:

Claim 5.21.1.
(1) Forall o € ¥ and k > 0,

Gprugy) *6y Gp7, E k(boaos.biac) € Ni\ No.

(2) R, satisfies C’(%); moreover, if a group element g € Gpy () Gy, Gpy, has a canonical

representation of length < 17—0 - (ng - 6640) — 1 for some k > 1, and g ¢ Ny, then g & Ni.

Proof. Let us start with verifying the second clause. R; satisfies C '(%) just by the moreover part of (A)
from Lemma 3.4. Suppose k € w, g € Gpr (3 %Gy GDZA is such that g ¢ Ny, and g has a canonical

representation of length
7
£ < — - (ng - 6640) — 1. X)
10
W.l.o.g. we can assume that whenever g’ € GDZ,—U{V} *GDZ,- GD; satisfies
g' € {hgh™'No | h € Gpr 1y %G,y Gp ).
then the length of g’s canonical representation does not exceed that of g’ (by possibly replacing g with
a g’ with a shorter representation, since g € Ny \ No = g’ € N \ Ny by the normality of Ny, and
Ni). Suppose on the contrary that g € Ni. Now Fact 2.10 implies that for a weakly cyclically reduced
conjugate g’ of g, we have that g’ has a canonical representation w = wowj - - - w;_1, which, as a word

contains a subword sosq - - - §;,,—1 that is a subword of a representation rgry - - - r,,—; of some r in the
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symmetric closure of Ry, and m > 17—0n. (W.l.o.g. we can assume that s; = r; for i < m, by possibly
replacing r with a cyclical conjugate of it, as Ry is closed under such operations.)

Now clearly, m < j, and j < £ + 1 (by Definition 2.5), so it follows from m > %n that £+ 1 > 1—70n.
But n € {6640 - ny, 6640 - ng + 1,6640 - n;,6640 - n; + 1 | i > k} since the lengths of the words in Ry
form the set {6640 - ng, 6640 - n; | i > k}, r is a weakly cyclically reduced conjugate of some r’ € Ry,
and this conjugation can only increase the length by at most one (by Observation 2.6 (2)). Therefore, by
(X), n = 6640 - ny holds necessarily, and

roryccrp-1 € N().
Finally, observe that substituting
-1 -1 -1 _ -1 -1 -1
(rn_l . rn_z DEEEEY rO ) . (ro . rl DY rm*l) = rn_l . rn_2 DEEERY rm
instead of rg - 71 - - - 11 in w yields an element in

{hgh™'No | h € Gpy u(yy %Gy Gp2,}

with a shorter representation (than that of g), a contradiction.
The first clause is immediate noting that the second clause implies ok (bsa o, bl ao) & Nis1. O

This completes the proof. O

Corollary 5.22. For every infinite regular cardinal A, there exists a torsion-free Shelah group of size ™.

Proof. Invoke Theorem 5.1 with the pair («, ) = (1%, 1), using Theorem 4.4, O
Corollary 5.23. For every regular uncountable cardinal k, if O(«) holds, then there exists a torsion-free
Shelah group of size k.

Proof. By Theorem 5.1 together with Corollary 4.10. O

Corollary 5.24. In Gdodel’s constructible universe, for every regular uncountable cardinal «, the fol-
lowing are equivalent:

e there exists a torsion-free Shelah group of size k;
o there exists a Shelah group of size k;
e « is not weakly compact.

Proof. By [23, Theorem 6.1], in Gédel’s constructible universe, every regular uncountable « is either
weakly compact, or O(«) holds. By Corollary 5.23, it thus suffices to prove that weakly compact cardinals
do not carry a Shelah group. To this end, suppose that there is an n-Shelah group of size «.

Claim 5.24.1. There is a system f = (f; | j < n™) of functions from [k]" to n" + 1 such that
Ujann fi“[X]" = n" + 1 for every X € [«]“.

Proof. Fix an n-Shelah group G with underlying set «. Let (¢; | j < n") list all possible maps from n
to n. For every j < n"*, define h; : [«]" — « by letting for every n-tuple (go, g1, . . ., gn-1) of elements
of G, enumerated in e-increasing order:

hj(80s81s- > 8n—1) = 8y, (0) " 8u;(1) " * 8yj(n-1)-

Evidently, for every infinite X C «, U j,» h;“[X]" is nothing but the set of all group words of length
n in the elements of X. So, since G is an n-Shelah group with underlying set «, for every X C « of full
size, U j<pn [ X]" = «.
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For every j < n",let f; : [k]" — (n" + 1) be the color-blind version of /; obtained via
fi(u) =min(h;(u),n").
Then, ;e f;°[X]" = n" + 1 for every X € [«]“. O
Let fbe given by the claim. Define ¢ : [«]" — ™" (n" + 1) via
c(u) =(fj(u) | j <n").

Since « is weakly compact, k — () holds for every cardinal k < « —in particular, for k = (n" + Hm.
So, we may find a set X € [«]“ such that ¢ [ [X]" is constant with value, say, (m; | j < n"). Pick an

m € n" +1 distinct from m; for all j < n". Thenm ¢ U;,» f;“[X]", contradicting the choice of f O
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