BULL. AUSTRAL. MATH. SOC. MOS 3445

voL. 2 (1970), 197-222.
Averaging and integral manifolds

W. A. Coppel and K. J. Palmer

An integral manifold for a system of differential equations is a
manifold such that any solution of the equations which has a
point on it is entirely contained on it. The method of averaging
establishes the existence of such a manifold for a system which
is a perturbation of an autonomous system with a periodic orbit.
The existence of the manifold is established here under more
general hypotheses, namely for perturbations which are 'integrally
small'. The method differs from the original method of
Bogolyubov and Mitropolskii and operates directly with the
individual solutions. This is made possibly by the use of an
appropriate norm, and is equivalent to solving the partial
differential equation which occurs in work by Moser and Sacker by
the method of characteristics rather than by the introduction of
an artificial viscosity term. Moreover, detailed smoothness
properties of the manifold are obtained. For periodic
perturbations the integral manifold is a torus and these
smoothness properties are just sufficient to permit the

application of Denjoy's theorem.

1. Introduction

We consider a system of differential equations

x' f(t, x, y)
(1)

y' A(t)y + g(t, X, y) ]
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where z € R" s Y € e , ' =d/dt , and where the linear equation
(2) y' = Alt)y

has an exponential dichotomy on {-, ®») | so that for any bounded,

continuous vector function f(£) the inhomogeneous equation

y' = A(t)y + F¢)

has a unique solution bounded on the whole real line. For example, A(%)

could be a constant matrix all of whose eigenvalues have real part

different from zero. Given a real number T and a vector §& € )4 , We
look for a solution x(t) = x(t, &, 1) , y(¢t) = y(t, £, 1) of (1) such
that «x(t) = £ and y(f) is bouwnded. The set of all points y(T, &, T) ,
for varying T and & , is an integral manifold of (1), i.e. any

solution which has a point on this manifold, is entirely contained in it.

If the system is uncoupled, i.e. if f 1is independent of y and g
is independent of x , then we just have an initial value problem for (%)
and, if g is only weakly nonlinear in y , a boundedness perturbation
problem for y(tj . Both these problems are of standard types; for the
second problem c¢f. [3], Theorem 5. Our interest here is in coupled
systems. Such systems arise in the study of perturbations of an autonomous
system with a periodic orbit. In this case x is a scalar (m = 1) and
the functions f, g have period 27 in & . In the present paper the

problem is studied in its own right.

The functions f and g will be required to be weakly nonlinear.
The simplest interpretation of this requirement is that they satisfy
Lipschitz conditions in xz, y with small Lipschitz constants. However,
our interpretation may be roughly stated as 'boundedness + integral
smallness'. The exact hypotheses on f and g are given at the beginning
of Section 3. These hypotheses contain those under which the method of
averaging is applied to establish the existence of integral manifolds.
However, the method given here is more direct and more general than the
original method of Bogolyubov and Mitropolskii [1]. Averaging as such
plays no part; what is at issue is a perturbation problem with integrally
small perturbations. In contrast to previous treatments of this problem we

operate with the individual solutions, rather than with the integral
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manifold. Although we do not consider the case where f and g satisfy
Lipschitz conditions with small Lipschitz constants our methods apply also

in this case, with substantial simplifications (no integrations by parts!).

Throughout the paper we make systematic use of the norm

" -Blt-T

lifl = sup {e Blz-r| If(t)l}
—0o< f <o

for continuous vector functions [f(t) . Here T is a fixed real number

and B2 0 . This norm was first used by the second author to prove that

for the integral manifold y = v(f, &) whose existence had been

established the partial derivative Oy exists and satisfies a Lipschitz
condition in x . We have

Blt—TI for = < ¢t <o,

[£(£)] s liflle

It follows that if

g(¢) fls)ds

L}
—
A o+

and if B8 > 0 , then

A

lgll s 872071 -

To avoid interrupting the argument some lemmas are collected together
in Section 2. The Main Theorem is stated in Section 3, and proved in
Sections 3 and 4. The properties of the corresponding integral manifold

are summarized at the end of Section 4.

2. Auxiliary results

LEMMA 1. The funetion H(B) = (1_3-6)—1 satisfies the following

inequalities for B > 0 :
g7t < H(B) <1+,
Since H(B) > 1 we have in addition
%{1+B'1) < H(B) .

LEMMA 2. Let A(t) be a continuous matrix function such that
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|A(t)| = ¥ for -» <t <o and suppose the linear equation
(2) y' = Aty
has a fundamental matrix Y(t) such that

A

Ke-ha (t-8)

|7(£)PY (e) | for tze,

(3) o-bale=t)

17(£)(2-P)T "1 (e)] = for szt ,

where P 1is a projection matrix and K, o are positive constants. Then
there exists a positive constant & = 8§(N, K, o) such that if B(t) 1is a

continuous matrix function satisfying

[B(£)-A(t)| = N for -e<t <w,
ta
U {B(t)-4(t)}dt] = 8§ for |t, - t1| 51,
ty
then the linear equation
(4) y' = B(t)y
has a fundamental matriz Y(t) such that
lr(¢)prY(s)| s w28 g 12 s,
(5)
17(£)(2-)r L (s)| = ™28t g 52,

where M= M(K) > 1.
This is a special case of Theorem 2 of [3].
LEMMA 3. Let h(t, z) be a continuous function defined for all

t € R' and all « € ' . Moreover, suppose there exist positive
constants L, q such that

|n(t, ©1)-h(t, )| s Llxy - 25|

ta
U h(t, z)dt{ = q for all = if |ty - t1}=1.
t)

If z(t) 1is any funetion such that for all ty, %3
[x(t2)-2(E1 )] = W[ty - ]

then
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ty
IJ hit, 2(¢)1dt| = p for |t, - t1] =1,
t

provided

q = 2 .

Put

§; =ty + J(ta-t1)/n (=0, ..., n)

Then for |t2 - t1| =1

t2 no(°d n (%
\f hit, x(t)]dti =) J hit, x(sj)]dt + LN § J (sj—t)dt
t1 J=1 Sj—l J=1 82y
1
s ng + ELN/n .
Choose the positive integer =»n so that
it sn<Impter.
Th . 1l > -1
en if qs 23 (p+LN) we have
b2 1.1
IJ hlt, x(£)]ldt]| = Prp=p-

ty

LEMMA 4. Let B(t) be a continuous matrix function such that the

linear equation

(&) y' = B(t)y

IA

has a fundamental matrix Y(t) satisfying (5). If 0= B < 2a, and if
f(t) s a continuous vector function such that | fll < » , then the

8

inhomogeneous equation
(6) y' = B(t)y + f(t)

has a unique solution y(t) such that |y|| < © . Moreover

Iyl = 2(2a-8)"1Mifll .

The uniqueness of the solution is immediate, since the homogeneous

equation (4) has no nontrivial solution y(Z) such that
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ly(t)| = o(eﬁltl) for t ~ #w ., It is not difficult to see that

_ ¢ -1 -1
y(t) = f Y(£)PY ~(8)f(s)ds - Y(EWI-P)Y *(s)f(s)ds
o t

is a solution of (6). We consider only the estimation of |y(t)| and in

fact we restrict attention to the case ¢ > T . Writing

L[]

we obtain

1A

ly(¢)| = Mgl UT o-20(t-8) B(1-8) 55 | F o-20(t-5) B(s-T) 5

- T

. Fe-2a(s—t)28(s-r)ds]
t

MFli [(200-8)_16_2a(t—T) + (204p) LeB(ET)
- (2o#g)~Lem2(t-T) (za_B)-leB(t-T):‘

—20.(t-T) B(t—T):I

(h02-82)"2i 7l [eee + bae

2(2a—6)'lMHfﬂe3(t'T)

[

LEMMA 5. Let B(t) be a continuous matrix function such that
|B(t)| = 20 for -w < ¢t <o, yhere Nz 1, and suppose the linear
equation (4) has a fundamental matrixz Y(t) satisfying (5). IS

0O=B=a, ad if f(t) is a continuous vector function such that

t+h
J fls)ds
t

reBl =Tl

A

for |h| s 1 and either tz1, h>0 or T2t, h<O0, then the
inhomogeneous equation (6) has a unique solution y(t) such that
llyll < » . Moreover

llyll = 8NMyr ,

where v = H(a) = (1-e)7t .

As in the proof of the previous lemma we consider only the estimation
of
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. _
y(t)PY'l(s)f(s)ds - r Y(£)(I-P)Y Y (s)f(s)ds

y(t) = f_m .

for t > T . We write

Integrating by parts we get

t+n+l
U = rMeB(t—T)e_(za-S)n[e_2a+lva_l(l-e_2u):' .
t+n
and hence
l JEI < rueB(E-T) [l—e'(za_e )] -1 [e'2°‘+l\lofl (1-2-2°L):'
t
S rMéB(t'T)Y[l+Na_l(l-e_za)J
< 3IWWMB(t—T) ,
since N2 1 and o+ < Y . Similarly we write

f’l’ 3:" JT—TL
- n=0 ‘T-n-1

Integrating by parts we get

T-n
J |§ rMe-20L(t—T)e-(200—B)n[e-2a+1va-l(l_e—2a):l ’
T-n-1

and hence

Finally we write

t m T+J t

[N N .

T g=1 ‘14j-1 T+m
where m 1is the unique non-negative integer such that

T+mst<T+m+ 1, and obtain in the same way
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{IA

rMe

_201(75-1)[’&7 RE IR F e(2a+6)(s—'r)ds:|
7=0 T

1A

r,Meﬁ(t—T)[220L+B(620‘“3_1)‘1 + 211(2(1+B)_l:|

rMeB(t-T) (l-e_za)'l + Na-l]
Blt-1)

A

IIA

2iMyre
Combining these three estimates, we obtain the lemma.

LEMMA 6. If B> 0, if ul(t) <Ze a continuwusly differentiable
vector function such that |lull + {u'll < <, and if G(t) is a continuous

matrix function such that

ty
‘I G(s)ds
t)

£p for |t, -ty]=1,
then the funetion
t
v(t) = J G(s)uls)ds

satisfies

floll = palllull + He'li1 ,

where H = H(B) = (l-e—e)_l .

We consider only the case ¢ > T . Let m be the unique

non-negative integer such that T +m=s ¢t <1+ m+ 1 . Writing

t m o T+g t
o L]
T g=1 ‘1+j-1 T+m

and integrating by parts in each subinterval we get
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[o(2)]

t
J G(s)uls)ds
T

A

m t
p ! lulted)| +p j |u'(s)|ds
J=0 T

m .
plull J e+ pa a1 BT

J=0
pllueB*DeB (Bor) ™ 4 patut BFT)
B(t-1)

HA

1A

A

pHlull + lu'll]e
By integrating by parts we immediately obtain also

LEMMA 7. If B> 0, if ult) ts a continuously differentiable
vector function such that |ufl + |u'll < ©», and if G(t) <s a continuous

matrix function such that

t2
1J Glsls| s p for |t, - ti| =1,
t)
then
t+h
f ¢(oJuto)ds| s p8™ (eB-1) Uhull + 1’11268 4
t
for |n| =1 and either tzt1, h>0 or T2t, h<O.

3. The main theorem

Suppose f(t, x, y} and g(t, x, y) are bounded, continuous vector
functions defined for -« < ¢t < o |m| < o, |y] < p , with bounded,
continuous partial derivatives with respect to x and y which satisfy

Lipschitz conditions. More precisely, we assume

If(ta Xy y)IéN_, lg(t’ Zs y)léN
I (s, )| =0,

lf;(t, x> y1) - £ (¢, x2, y2)| = Lllzy - 2| + |y - w21,

where N =2 1 , and the same inequalities with fé replaced by fé, gx,

gy + Furthermore we assume
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t2
‘j glt, x, 0)dt| s q for all =z if |t, - t1]| =1,
4

and the same inequality with g replaced by f;, 9> gy .
Finally, let A(t) be a bounded, continuous matrix function, with
|A(t)| s N , such that the linear equation
y' = Aty
has a fundamental matrix Y(t) satisfying

Ii(t)Py_l(s)| ke~Ho(t-8)

A

for tzs ,

Ke—ha(s-t)

{IA

I?(t)(I—P)?—l(s)‘ for szt ,
where P 1is a projection matrix and XK, o are positive constants.

Under these assumptions we have

THEOREM 1. For any B (0 < B°- %a] there exists a positive
constant My = uo(N, K, L, 0, B) such that if u= Mo and if
q = qO(N, K, L, o, B, u) then the system of differential equations

xl

f(tg Xy y)

y' = A(t)y + g(t, z, y)

(1)

has a unique solution x(t) = z(t, &, T) , yl(t) =y(t, & 1) for which

(1) z(t) = &£, |ylt)| sn for ~o<t <™,
Moreover the partial derivatives Tes Yy exist and satisfy
ng(t, £, 1) = 2e81t'T|
|y€(t, £, 1) = QC_leelt_TI .
ixg(t’ E1, T) - xg(t’ Er, T)| = D&y - Ez|e28|t_T|
2Bt~
lyg(t’ gl’ T) = yg(t’ gZa T)l s Dlgl = gZIe Bl Tl L]

where C = hN(l—e_B)_l and D = hL(N-l+ha_lA0 . Here & =6(N, K,a)>0
and M= M(K) > 1 are defined as in Lemma 2.

https://doi.org/10.1017/50004972700041812 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700041812

Averaging and integral manifolds 207
We first announce our determination of the constants Hos 9q - Set

v= ()t , r=8ma e,

and choose uo > 0 so that

k=

]

A
MCLH

, 32uOL1Vc(2v+R) =1 .

Next, for any pu (O < us uo) , choose po > 0 so that
1
p, =55, 16WMyp =u , 32p NC(2wR) =1,

where Y = H{o) = (l—e_a)—l . Then we take
1 . -1 -1
R N
If «(t) is a continuously differentiable function and y(t) a
continuous function such that
(8) e ()| =N, |ylt) = p for ~e < <

then for Itz - t1| £ 1 we have

to ty
’J g [t, z(t), y(t)]dt‘ s ulL + J g [t, z(¢t), 0ldt
o Y o Y
1 1
S W +py

by Lemma 3 and the inequality g = q, - Since WL + p, = § it follows
that

B(t) = A(¢) + gy[t, z(t), y(¢t)]

satisfies the conditions of Lemma 2.

We can write

e, z, y) = fle, z, 0) + fy(t, x, O)y + F(t, x, y)

(9)
g(t, «, y) = glt, =, 0) + gy(t, x, 0)y + G(t, =, y) ,

where F(t, x, 0) =0, G(t, =, 0) =0, and if |y} su, |yol =
then
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1A

2uLl |z - x| + 1 - y2l]
2uL{ |z - =] + |y - y2l) -

IF(t, xzy, Y1) - Flt, x, y2)|
lG(ta xy1, Y1) - G(t, z,, yZ)I

A

Let x(t) be a continuously differentiable function and y(t) a

continuous function satisfying (8). Put
t
2e) = £+ [ fls, ale), y(o)ds
T

and let f§(t) denote the unique bounded solution of the equation

y' = {A(t) + gy[t, z(t), ol}y + h(t) ,

where
h(t) = glt, =(¢), y(t)] - g% z(t), 0ly(t)
= glt, z(t), 0) + Glt, x(t), y(t)]
Since
1
le(t, =, y)| = Jo {gy(t, z, Oy) - gy(t, x, O)}ydel
1
= L|yl? J 8de
[¢]
= %—uZL
and

t2
‘J glt, z(¢), oldt| = p, for [ty - 1] =1
t)

it follows from Lemmas L and 5, with B = 0 , and from the superposition

principle that for all ¢

l5 ()]

A

2ot + 8NMyp

HA

AT

1.
+ Ey =4 .

Moreover, for all ¢t ,

12" (&)] = |fl¢, =(t), y(¢))]| = W .
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For a fixed B such that 0 < B = %a let B denote the set of all

pairs (x, y) , wvhere x = xz(¢t) is a continuously differentiable function,
y = y(¢) 1is a continuous function and |zl + {lx']] + |lyll < ® . The set B

becomes a Banach space if we define

(xy+xy, y1+y5)
Az, My)
llzll + vilz'll + cliyll ,

(zy, y1) + (x2, ¥3)
Xx, )
Hx, )]

where Vv and C are the positive constants defined above. Thus V =

|-

and Cz 4 . Let S denote the set of all pairs (x, y) in B
satisfying (8). Then S 1is a closed subset of B , since convergence in

norm of a sequence {Lrn, yn)} implies pointwise convergence of the
coordinates xn(t), yn(t) and the derivatives xé(t) . By what we have

just proved the transformation T : (x, y) > (£, §) maps S into itself.
Clearly any solution of the problem (1) - (7) belongs to S and is a
fixed point of T : Thus to prove the existence of a unique solution of

(1) = (7) we need only show that T is a contraction on S .
Let (zy, y¥1) and (xp, y,) be any two points in S and set
(10) a(t) = xy () - z(2) , w(E) = y1(E) - yolt) .

T(wz, y2) , we set

Similarly, if (&, §1) = T(x,, y;) and (£,, §5)
2(¢) = 2)(¢) - 2,(2) , B(E) = §,(¢) - §o(8) .

Then

)
—
<+
~—
1)

t
f {Fley #1(s)s y1(8)] = Fls, @a(s), yals)]dds

T

J1+J2+J3,

where the three integrals J;, Jy, J3 correspond to the three terms in
the decomposition (9) of f(¢, x, y) . Thus
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t
|73] f {Fls, =1(8), y1(s8)] - Fls, x,(s8), yo(s)]}ds
T

A

t
M[ Uz(s)] + |w(s)|}ds
T

Ble-tl |

{iA

ours Lzl + flulle

To estimate J; we use Lemma 6. We have
1

fls, xy{s), 0] - fls, z2(s), 0] = f felss wa(s) + 6z(s), 0]z(s)dd
o

and hence

A

[71]

.

poAlllzl + fle'l|le

t
J fx[S, x2(s) + Bz2(s), 0]a(s)ds|dd
T

Blt-T|

IA

where H = H(B) = (1_2—8)—1 . To estimate J, we write

fy[s, z1(s), 0lyi1(8) - fy[s, xz5(s), Olya(s)

= fy[s, xz)(s), 0lw(s) + {fy[s, xy(s), 0 - fy[s, xz;(s), Ol}yz(s) .

Then

A

[72]

t
f {le(s)l + uL|z(s)|}ds

T

60wl + uzlzlieBl Tl

A

Collecting together these three estimates we get, since B_l <H,

(11) 120 s #{3ucClal + Boll) + wloll + pllal + 151} .
Since

2'(t) = flt, =1 (t), y1(2)] ~ Flt, x2(2), yalt)]
we also have
(12) 121 s L0l + o] -

The difference D(t) = §,(¢) - §,(¢) is a bounded solution of the
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equation
(13) o' = {ae) + g6, 1), ol + 6(6) + w(e)
where
¢(t) = gle, =1 (), 0] - glz, z2(t), 0] ,
08) = {a, [, =1 (), 0 - g[8, 2,2, 0)fga()
+ Gles 2 (8)s y1(8)] = GLE, 22(8), ya(2)] .
Thus
[W(e)| = 3url|a(£)] + |w(e)])

and hence

ol = stz + ol -
Also

t+h 1 (t+h
J ¢(s)ds = J J gx[s, xo(s) + 63(s), 0)z(s)dsde

and hence by Lemma T,

t+h
lj 8(s)de

poB_l (28_1) Mzl + Hz'|l ]eBIt—T|
t

A

for |h| £1 and either t2z 1, h>0 or T2t , h<O0. It follows

from Lemmas 4 and 5 and from the superposition principle that
o < -1 -1/ 8 '
I8l = 2(20-8)""m . 3uLlllzl + lwll] + 8wmyp 87 (e"-1) [li=ll + liz"11] .

-1 and YB_l(eB-l) a_lea .

A

Therefore, since (20.—6)_1 s a

+

(1) 1ol = 6o uzuClizll + Wwll) + p RUIEN + l12"11) -

From (11), (12) and (1Lk) we obtain
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3uL (#+20" ue) [ll=ll + il ) + wjol
+ willzll + llwll] + p (B+RC) NIzl + flz"(]]

[(2, 9)]

A

s £zl + lwll] + Flwll + Lzl + 2"
s %I(z, w)| .

Thus T really is a contraction.

Now let (xy, y1) and (xy, y,) denote the fixed points of T when
£ 1in (7) is replaced by &; and &, . If we again set

(10) a(t) = zy(t) - za(t) , w(t) = y)(¢) - yalt)
then

t

a(t) = &, - £, + [ {f[s, 21(8), y1(s)] - fls, p(s), yz(S)]}dS

T

and w(Z) is the unique bounded solution of the equation (13), with

Go(t) = yo(t) . Therefore, by the same argument as before,

[z, )] 5 [6) - & + 2z, )] -

Hence

A

I(zs w)l 2!51 - EZI 1]

and in particular

Blt-t|

A

2]&; - &yle

2C—l|€1 - &yle

lm(t’ gl’ T) - .’L‘(t, EZ’ T)I

(15)
Iy(ta gla T) - y(ta gZa T)I

glt-t| .

A

Similarly, let (x;, y1) and (x5, y») denote the fixed points of
T when T in (7) is replaced by T + 4 and T , and again define z(%),
w(t) by (10). Then

T+h
z(t) = - J fls, z1(s}, y1(s)1ds
T

t
+ j {f[s, 21(8)s y1(s)] - fls, za(s), yz(S)]}ds
T

and w(t) is the unique bounded solution of the equation (13), with
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§2(¢) = yo(t) , from which it follows again that
|(z, w)| = oN|n| .
Thus

|x(t, &, T+h) - z(¢, &, )] Blt-t|

A

2N |hle
%(l-e_6)|h|eslt_T| .

A

ly(t, &, T+h) - y(¢, &, T)]

It remains to prove the part of the theorem concerning the partial

derivatives xg, yg .

4. Completion of the proof.
We consider first a linear system of differential equations

z' = Fi(t)e + Folt)y + n(¢)

(17)

y' = Gi(t)x + Goltly + t(E) ,
where the matrix functions Fk, Gk (k = 1, 2) are continuous and bounded

by N , except G which is bounded by 2N , and the vector functions
n, £ are continuous with |injl <., gl < ® . We assume also that for

Itz—tllél

1A
o]

|Jt2 Fi(s)ds

t;
=r, |J Gy (s)ds
t)

t

and that the linear equation
(18) y' = Galtly

has a fundamental matrix Y(¢t) satisfying (5). We wish to show that if

r 1is so small that
(19) 16NC(2v+R)r = 1 ,

then the system (17) has a unique solution «x(t) , y{(£) in B such that
x(t) = € .

For any (x, y) in B set

t
2(¢) = £ + f {F1<s)x<s) « Pyle)y(s) + n(s)}ds

T
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and let §(z) denote the unique solution with [ly|| < ® of the equation
y' = Gty + G (B)x(t) + t(t) .
Then, using the same notation as in the previous Section, we have
t
2(¢) = f {Fl(s)z(s) + Fz(s)w(s)}ds
T
and ©(¢) is the unique solution with |lw]| < ® of the equation
w' = Gylthw + G (£)z(2)
By Lemma 6 we have

"

< ral )zl + 12" + 987wl

K
while
2"l = wlllzll + lwll] .

By Lemma 7

t+h

I] Gy(s)z(s)ds| = PB_l(eB—l)[HzH + Hz'“]eslt_Tl

t
for |h| s 1 and either t27T, Ah>0 or T2t , k<0, and hence
by Lemma 5

Bl = rrCilzl + ll2"113 .

It follows that

[(2, 0| = w8~ wll + willlzll + loll] + »(z+rC) U2l + 2" 1]

s geloll + U=l + Joll] + Zo0lzl + fz'11)
= (2, w)]
2

Therefore the mapping (z, y) * (£, §) has a unique fixed point in

B . 1If we denote this fixed point by (xo, yo) then

t
z,(t) = £+ L {Fl(s)xo(s) + Fals)yy(s) + n(S)}ds

and yo(t) is the unique solution with [jyl} < ® of the eguation
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y' = Gz(t)y + Gl(t)xo(t) + E(t) ’
from which it follows in the same way that

| (egs 5) | = 31 (2, 5 )| + |€| + 2linil + 207 uclizll

Therefore
(20) |(ege wg)| = 2lel + c[iinl + o™ uiel]
if
FLE) = 16 a(t, € ), 4(bs £ D]
(o1) Fa(t) = fé[t, z(t, & 1), y(t, & 1)] ,

Gi1(¢) = g [t, «(t, & 1), y(¢, & 1)1,

Go(t) = A(e) + gy[t, x(t, &, 1), ylt, £, T)] ,

then we can take r = po + YL and the inequality (19) is satisfied.
Moreover (18) has a fundamental matrix Y(t) satisfying (5). Let Xo(t),

Yo(t) denote the corresponding solution in B of the matrix system

X' = Fi(t)X + Fo(t)Y
Y= G (E)X + Go(t)Y

with Xo(f) =T . By (20) we have

(22) lx il + cliy ll = 2 .

Put
xl(t) = x(t, E’ T) 3 xZ(t) = x(ta g, T)
yl(t) = y(ta E, T) ) y2(t) = y(ta 5: T)

and with z(t), w(t) defined by (10) set
o(t) = a(t) - x (£)(E-€) , W(t) = w(t) - ¥ (£)(E-E) .
Then

¢' = Fy(t)¢ + Fa(t)y + n(t) ,

where

https://doi.org/10.1017/50004972700041812 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700041812

216 W.A. Coppel and K.J. Palmer

n(t) = flz, z1(¢), y1(£)] - flt, 2a(8), yo()] - Fi(2)a(t) - Fp(t)uw(t)

1
- [ {r s 220 + 05000, 20 + W] - 10, w2(8), yale)))a(ean
[¢]

1
+ f {f [T, x2(8) + 82(t), yolt) + Bw(t)] - £ [t, xa(t), yz(t)]}w(t)de.
o V¥ Y

Hence

[n(£)] = Ll|z(e)| + |w(z)]]12 .
Also

Vo= G () + Golt )y + g(e) ,
where

g(t) = ARw(t) + glt, (), y1(e)] - gle, x(E), ya(E)]
- G (8)z(t) - Go(t)w(e)

1
[ {oates 22000 « 03001, 12t0) + 00(2)] - g8, 28, ya()1}a(e1a0
o]
1
. f {gy[t, m2(8) + 83(2), wa() + B(8)] - g (¢, ma(t), y2<t)1}w(t)de :
0

and hence

lz(t)]

A

Lla(e)| + |w(£)]|12 .

Thus with the norm

Il = sup {e'es't‘r'lf<t>|}

—w<E<®
we have

Lzl + ljw])?
LL|E - €2

Inll2, Mzl

A 1A

by the formula line preceding (15). If we write
Hy = H(2B) < H , Cp = WNHy = C ,
then, since ¢(t) = 0 , it follows from (20) that
Iollz + Collvll, = ooy (5 ko™ M) |E - ]2 .

Therefore, by the definitions of ¢ and ¢ ,
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lolt, B, T) - a(t, € ©) - X (8)(E-0)] 5 enE - g]2281ET

2228 | t—Tl

A

ly(t, &, 1) - ylt, & 1) - ¥ (£)(E-E)| = D|E - €]

where D = hL(N—l+ha-lkﬂ as in the statement of Theorem 1. Thus the
partial derivatives xE(t, £, 1), yg(t, £, T) exist and equal Xb(t) s

Yo(t) respectively.

We show next that the partial derivatives satisfy a Lipschitz

condition. If

then io(t) . ?o(t) is the solution in B of a system

)X + f‘z(t)_Y

X' =F(¢
GL(E)X + Go(t)Y

Y=
corresponding to that satisfied by Xo(t) , Yo(t) , with XO(T) =7.

Thus

2(t) = X () = X () , W(t) = ¥ () - T (2)

is a solution of the system

2" = F1(£)2 + Fo(t)W + n(¢)
W' = Gi(£)2 + Go(t)W + (t) ,
where
n(t) = [F1() - F()]X (8) + [F2(8) - Fo()1T (2) ,
2(t) = [61(2) - C1(8) )X () + [G2(2) - Ta(8))F () .

Thus we have

In(&)], |z()]

L{]a(e)| + lw(e) X ()] + |F

IIA

(£)]1

o]

and hence, by (22) and the formula line preceding (15),

nli2, licl, = bZ|E - €] .

Since Z(t) = 0 it follows from (20) that
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12, + CollWlly = bic, (Wt ko™ M) |E - g|
co0lE - & .

IA

Therefore

ng(t, £, 1) -x.(t, €, 1)] = cplé - gleQBIt‘TI

£
lyg(t, £, 1) - yg(t, g, 1)| = DIE - g|323|t-T| .

(23)

Similarly, if we put

Z(t) xg(t’ E, T+h) - xg(t9 g) T)

w(t) = yg(t, g, T+h) - yg(t, £, 1)

then 2(t) , W(t) are the solutions of a linear system of the same form

as before where, by (22) and the formula line preceding (16),

A

Inll2, Nigll, s bzwlnl .

Since
. +h
2(t) = x(x) - I =- f (P X+F,Y)dt
T

we have, for 0 h =1,

~
~
A

T+h
N f LX) + |¥(2)]|1ae
T

1A

T+h
o f SlT+h=t) 5,
T

2n (ef#-1) /8

= 2NeBh .
Therefore, by (20),
Iz, + CollWl, = nePn + copn .
Since (€, = ¢ it follows that for 0= h s 1
ng(t, £, T+h) - xg(t’ £, 1) s [2(eB-1) + ND]ChezBlt'Tl

[E[es-l} + IVD]heZBIt-‘rl .

A

lyg(t’ E’ T+h) h yg(ts E’ T)l
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Finally we consider the properties of the corresponding integral

manifold. Put

(24) v(t, &) = y(1, & T) .

Then

(25) lv(t, )] = u,

the partial derivative Ug exists and

(26) oe(t, €)] = 2c™t

(27) o (T, 8) - v (1, &) = DIE - &] .

Since the solutions guaranteed by Theorem 1 are unique we have

xzlt, (s, &, 1), 8] = =(t, &, 1)
yle, x(s, &, 1), 8] = y(¢t, &, 1) .

In particular
(28) vlt, =(¢, & 1)] = y(t, &, 1),

which shows that the equation y = v(¢, x) defines an integral manifold
of (1). For fixed T, £ and small % we have, by (16),

.’L‘(T, g: T+h) - E,

T+h
- f f[sa x(s, E’ T+h)’ y(33 Es T+h)]ds
T

T+h
- j flo, 2(s,s £, 1), y(s, £, 1)1ds + 0(h2)
T

T+h
- f fls, z(t, &, 1), y(1, &, T))ds + 0(h2)
T

'f[Ts &, U(Ta g)]h + O(Ihl) .

Also, for fixed ¢t ,

x(t, &, 1) = x(t, £, T) + z (¢, &, 1)(E-8) + o(]E-£]2) .

Therefore, taking & = z(t, £, T+h) ,
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x(t, &, 1)
x(t, & 1) +x€(t, £, 1)(E-E) + 0(h?)

xz(t, &, T+h)

w(t, & 1) -z (¢, & Tflt, & v(1, E)]n + o([K]) .
Thus xt(t, £, T) exists and is equal to
- xg(t, g: T)f[T, g) U(T, E)] .
Therefore, by (28), yT(t, £, T) also exists and is equal to
vg[t, x(t, & 1))z (£, , 1) .

Since v(t, &) = y(1, £, T) it follows that vT(T, £) exists and is
equal to

Alt)y(t, &, 1) + glT, =(T, &, 1), y(1, &, T)]
* ol alt, &, 1l (1, &, 1)

= A(t)v(T, E) + glt, &, v(T, E)] - UE(T, E)flt, &, vit, &)] .

Thus v(T, ) 1is a solution of the partial differential equation

(29) v+ vgf(r, g, v) = A(t)v + g(1, &, v) .

Since €z 4 it now follows from (25), (26) and (27) that

(30) IvT(T, g)] = (u+2)v ,
(31) lo (1, &) - v (t, 8)] 5 (D+3)0|E - E] ..
Also

vg(r+h, £) - vg(T, £) = yg(r+h, £, T+h) yg(T, £, T+h)

+ yE(Ta E, T+h) - yg(T, g» T) .

From (22) and the differential equation satisfied by Y, ve have, for

0=h=1,
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'yg(T"’h, E, T+h) - yE(Ta E: T+h)‘

A

T+h
Nf [ng(t, £, T+h)| + 2|yg(t, £, 1:+h)|]dt
T

A

T+h
2N f eB(T+h_t)dt
T

on(B-1) /8

2nefn .

A

Therefore

A

[vE(T+h, £) - vg(T, £)] (?Nes + 2[e3—1) + Awﬂlhl

A

(+1e®) )] .

This inequality has been established for 0 = k2 =2 1 , but extends at once

to arbitrary real A . The two Lipschitz conditions show that v is a

£

continuous function of (T, £) , and hence vT is also by the partial
differential equation (29). Moreover from the fact that vT is continuous

in T for fixed & we can shovw in general that v satisfies a

13
Lipschitz condition in T with the same constant as in the Lipschitz

condition which v, satisfies in £ .

Summing up, we have proved

THEOREM 2. Under the hypotheses of Theorem 1 the system (1) has an
integral mantfold y = v(t, =) where v 18 a continuous function with
continuous paritial derivatives Vs Uy such that

-1

|o(t, )] = v, va(t, z)| =207, v, (¢, )| = (u+2)¥ ,

t
|vx(t, z1) - v (¢, xp)| = Dlzy - 25}
|vt(t, x1) - v, (¢, z2}| 5 (D3)WN|x) - 2o ,
v (21, =) - v (g, )| s (D+3)0]2) - 22 .
The behaviour of the solutions on the integral manifold y = v(t, x)

is determined by the differential equation
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(32) x' = k(t, x) ,

vhere k(t, x) = flt, =, v(¢, )] . Thus the partial derivative kx

exists and is equal to f& + fbvx . Hence

(33) |k (t, z)| = 28

and

(34) % (¢, 21) - k (5, 22)| = (00) |y - =2

In the case referred to in the Introduction, where the system (1)
arises in the study of a periodic perturbation of an autonomous system
with a periodic orbit, « is a scalar and the functions f, g, v, k are
periodic in both ¢ and a . Thus (32) describes a flow without
stationary points on a torus. The smoothness properties which have been
established for the function k(t, x) are just sufficient to exclude the
singular case, by virtue of Denjoy's Theorem (see [2]). Consequently the
solutions of (32) are asymptotically periodic if the rotation number is
rational, and quasiperiodic with two basic frequencies if the rotation

number is irrational.

References

7] N.N. Bogolyubov and Yu.A. Mitropolskii, Asymptotic methods in the
theory of nonlinear oscillations (Russian), 3rd ed., (Gos. Izdat.
Fiz.-Mat. Lit., Moscow, 1963). English transl. 2nd ed., (Gordon
& Breach, New York, 1962).

(2] Earl A. Coddington and Norman Levinson, Theory of ordinary
differential equations (McGraw-Hill, New York, Toronto, London,

1955).

[3] W.A. Coppel, "Dichotomies and reducibility (II)", J. Differential
Equations 4 (1968), 386-398.

Australian National University,
Canberra, ACT.

https://doi.org/10.1017/50004972700041812 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700041812

