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Integrals of the form
2
j rlog{(x - acosf)* + (y ~ bsinO)“)}c?SmOdB
0 sin
and allied Integrals.

By GEeorGe A. Gissox, M.A,

1. If 6 be the eccentric angle of a point P on an ellipse whose
semi-axes are « and b and if z, y be the rectangular co-ordinates of a
point Q, then PQ?==(x-acosf)*+(y—bsind)>. When a=5 and
a2+’ =f% PQ*=/?—2afcosf +a? if the line from which 6 is mea-
sured passes through Q. The integral

jgrloggz - 2afeosf + a®)cosmbdb
0

is a well.known one. I propose in the present paper to consider the
more general form which the integral takes when P lies on an
ellipse. Some of the results I establish are proved in Roberts’s
Integral Calculus, pp. 199-201, by a totally different method ;
others seem to me to be new.

1 use the following notation throughout.

a = ccoshu x = acos$ = ccoshvcosed
b =csinhu y = Bsin¢ = csinhwsing
so that c=a-b=a-F

P and Q thus lie on two confocal ellipses. Putting PQ=R,
then R? may be thrown into the form

R2 = ¢?{cosh(u +v) ~ cos(f) + ¢) } {cosh(u — v) — cos(6 — $)}
= ¢*A suppose.
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This expression for R? is given in Greenhill’s Calculus (2nd ed.,
p- 872). Before noticing this form I had used complex factors,
which are rather more troublesome to work with., By means of the
factors the functions to be integrated are readily expressed by a
series.
The usual methods of expansion give
2 o
log(A — cosx) =logél/¥__l_) -9 ? {A - J(A*- 1)}".‘257?_’”
A being greater than unity, and the root sign being so chosen that

mod{A — ,/(A*~1)}<1. For example, if A =cosh(u~-v) and
u<v, A~ J(A®-D=¢"" A+ J(A'-1)=¢""

2. J'2’1og(c2A)de.
0
The integral is equal to
J.z"logc’do + J-2'log{ cosh(u + v) - cos(0 + ¢) }dO +
0 0
j2rlog{cosh(u —v) — cos(6 - ¢)}dO
0
= 4rloge + J%log{cosh(u +v) ~ cosb}d6 +
0
2%
I log{cosh(u — v) - cos6}dl
0

since the function to be integrated has the period 2r and ¢ is real.

(i.) Suppose u>v, that is, suppose Q inside the ellipse on which
P lies.

2" og(c*4)d6 = 4xloge + 2 (u + v — log2) + 2m(u - v - log?)
0
= drfu+1 i)
1r(u + log. 3
= 4zlog? 0
2

since % =loge* =log(coshu +sinhu).  The integrals are of course

obtained by expanding the logarithms, noting thatJ‘2'cosnt9d0 = 0.
0
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It will be observed that the value is independent of v, that is of the
position of Q within the ellipse.

(ii.) Suppose u<w, that is, Q outside the ellipse ; then

J'2rlog(c2A)d0 = 4wloge + 27(u + v - log2) + 2w (v — u — log2)
0

= 41r('u + log%)

a+,3 .

=4l
wlog—

In this case the integral is independent of w.

(ili.) Suppose w=v. The integral is still determinate, and we
get
2w a+b
J log(¢)df = 4rlogZ =2 .
0

By supposing the ellipse on which P lies to become a circle of
radius a, we get the well-known values

27rlog(l’Q’)¢zl€ = 4rloge or 4wlogf
0

according as Q lies inside or outside the circle, / being the distance
of Q from the centre.

3. J%log(c”A)cosmGdH
0

where m is a positive integer.

If x=0+¢, cosnx==cosnbcosnd Fsinnfsinnd. Hence log (c*A)
may be expanded in a series involving the terms C,cosnf and
S.sinnf. But

J%cos‘n(icosm@de =0 if m%n, but=rif m=n
0

and JgrsinnﬂcosmOdG =0,
0
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Therefore expanding the logarithms we get
J2rlog{cosh(u +v) — cos(f + ¢) } cosmbdo
0
= - 2_’rcosm¢.e“""“+"
m
J 2Wlog{cosh(u, - v) — c08(f — ¢) }cosmbdd
0
= - 2_7rcosm¢.e‘”"""’ ifu>v
m

2r .
= - __cosmepet™*" if u<w,
m

Hence J"""log(c*A)cosmede
0

= - %roosm(i:»coshmv(coshmu - sinhmu) if u>v
== ﬂrcosm¢coshmu(coshmv - sinhmv) if u<v
m

" If u =1, the integral is still determinate, and has for value

~ i’.rcosm¢coshmu(coshmu ~ sinhmu).
m

The values of the integral in this case depend on both the
co-ordinates of Q.

In order to deduce the values when a =&, it may be noticed that
coshmv(coshmu — sinhmu)

* = 4{(coshv + sinhv)™ + (coshv - sinhv)™} {coshu - sinhu }™
V(YO TCE

[+

.} EHAr -
(a+0)"

Hence if Q be at distance f from the centre of the circle, we get

m

2'log{f’ - 2afcos(f — ¢) + a*}cosmbdl = - 27 sosmasl
0

m a™

2 a™
or — ——cosmd-
m

fm

https://doi.org/10.1017/50013091500031060 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500031060

87

according as f'is less or greater than @, and is equal to either value
when f and a are equal.

4 J“log(cm)sinmedo,
0

where m is a positive integer.
As in the preceding example, it may be shown that

I

J‘:”log(ceA)simnGdb’
Q

4r . . . .
- Zsinmé¢sinhmu(coshmu - sinhmu) if u>v
m

4z . . . .
~ —sinm¢sinhmu(coshmv -- sinhmv) if u<v
m

47 . . . .
- Zsinmésinhmu(coshmu — sinhmu) if u=v
m

When a =b, the values are as in the corresponding cases of § 3
with sinm¢ instead of cosmé.
r sin
5. -[0 log(c*A) cos™ 0do

where m is a positive integer.
In general these integrals have to be expressed in series; the

particular case

'[Wlog{(x - acosf)? + b%in’d} cosmb.dO (i.e., $=0)
0

is, however, simply half the integral of § 3 with ¢ put equal to zero.
As the series can be readily expressed, it is needless to write them
down.

6. By differentiation of the integrals, others may be deduced.
Thus

I"log{(x - acosf)? + b%sin’0} cosmOdo
0

2 .
= — __coshmv(coshimu ~ sinhmu) w>v
m

-7 fzt JE@ -+ )"+ {x - JP -+ )"
m (a+0)™

since in this case a=z, B= Ja’*~c*= J(a*-a*+ &)
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Now differentiate with respect to .

®  sin*fcosmbdl
o ( ~ acost)? + b*sin’¢

{x+ J(@®-a?+ )} + {w— J(2* - a®+ %)}
‘ b(a + o)™
‘ (g4 J(@? - a2+ B} ~ (& - J(a? - a? + b7}
@+ J@ -+ 5

to] 3 ol 3

If a = b, this becomes

7 sin®fcosmbdl

Ty g ™
- L = —_(a"- x<a
0%* — 2axcost + o’ 4( )a”““'

If 2>a, we get

rr sin®*@cosm8do

_7 (a+b)"+{(a-b)"
1 (e — acost)’ +bsin®d 2

JE =@+ at J@@ @B
_T (a+b)"t —(a—b)™!
2 blx+ J(@*-a®+ Y}

xm+2

and if a=b
= sin%Geosmbdo - am—?
—— = - w2 —n? i
_[owﬂ—2axcosﬁ+a"’ 4( a’) z>a

Similarly by differentiating the integrals of § 8 and 4 with
respect to w or v, various integrals may be obtained.

2r d6
7. —
jo cA.

In this case u+v. We may write

cosh{u +v) — cos(0 + ¢p) = — %;—}sjﬂ’(x - a,)(x ~ )

where ct=e , modx; <1, mode,>1, a, x, being the roots of
(cose + tsingp)a? - 2cosh(u + v).ie + cosg — ising = 0.
Similarly

cosh(u —~ v) — cos(f — ¢) = — _c_(ﬂﬁ%isi_ni)(w - @)(x — ;)
X
where modag< 1, modz,>1, and x,, x, are roots of

(cos — ising)a? — 2cosh(u - v)x + cosd + ising = 0.
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Hence 1. 4o
A (- x))(x - ) — 23)(x ~ ,)
__A + B + C + D

T—X, Xy T -Xy Tk

It is obvious on expanding A/(x — ), etc., that

-“27 b _o_ .J% o _ _2r (2r df _ _or
Ow 1133) ’ .

0T—% 0 T-X, Ty 0 X—x4 @,
But p_ 4t D= 42
(22— 1 )25 — 5) (ax, — ) (705 — 2 )2y — 203) (4 ~ )
E_ + R = 42,25 — 252,)
Ty X (03 — 0, )2, — ws) (2 — @) (05 — @) -
_ 92sinh2u -
(cosh2u — cosh2v)(cosh2u ~ cos2¢)
_ - 28inh2v <y
(cosh2v — cosh2u)(cosh2v — cosZ¢)
J‘2r de _ 21r( B D
0°¢ A E\x, =,
4msinh2u usv
¢*(cosh2u — cosh2v)(cosh2u — cos2¢)
4msinh2v
= v

¢*(cosh2v — cosh2u)(cosh2v — cos2¢)

If these values be expressed in terms of x, y, o, B, a, b, we get

2mab/(a®? — b*2* - a’y*) and 27waf/(a® ~ a*)(a® + 3% - 2® — 3?)
respectively.

8. J’ 2xcosmbdl

0 A
where m is a positive integer.
Writing 1/A as in § 7, expanding and integrating after multi-
plication by cosm#8, we get
m—1 D

‘[ 2fcosm0ﬂ9_ _T { Az
0
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The reduction after substituting for A, B, C, D is somewhat
tedious, but we get, if u>v, for the value of the integral

4me™™*  coshmusinm¢sin2¢(cosh2u — cosh2v) + sinhmusinh2vcosme
¢*(cosh2u — cosh2v)(cosh2u — cos2¢)

(cosh2u — c0s2¢) + coshmvsinh2ucosme(cosh2v — cos2¢)
(cosh2v — cos2¢) )

If u<wv, then u and v must be interchanged.
If we suppose a =5, and a == ,/a* + 3 =1 as before, then

-" 2r cosmddf _2afrcosmé - 2mamcosmé
01— Zafcos(@ — ¢)+at  a™(a®-[7) F-d)

according as /'< or >a.

If we had taken ¢ =0, the integral would have been much more
easily evaluated, since

J.%cosme.dG/(A - cosf)
0

is very easily evaluated.

Matthew Stewart’'s Theorem.
By J. 8. Mackay, M.A,, LL.D.

In 1746, when he was a candidate for the Chair of Mathematics
in the University of Edinburgh rendered vacant by the death of
Maclaurin, Matthew Stewart published his first work, Some General
Theorems of considerable use in the higher parts of Mathematics.
Tn the preface to it he states that ‘the theorems contained in the
following sheets . . . . are entirely new, save one or two at most,”
but he does not specify the two. They are*

Theorem 1.

If in triangle ABC any straight line AD be drawn to BC, and
DE, DF be drawn parallel to AC, AB, and meeting AB, AC in K, F,

then
AD* 4+ BDCD=ABAE+ AC'AF.

* The enunciations of these theorems have been modernised,
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