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Abstract

Suppose that G = (V, E) is a finite graph with the vertex set V and the edge set E. Let A be the usual graph
Laplacian. Consider the nonlinear Schrodinger equation of the form

—Au—oau=f(x,u), ue WI‘Z(V),

on the graph G, where f(x,u) : V X R — R is a nonlinear real-valued function and « is a parameter. We
prove an integral inequality on G under the assumption that G satisfies the curvature-dimension type
inequality CD(m, ¢). Then by using the Poincaré—Sobolev inequality, the Trudinger—-Moser inequality
and the integral inequality on G, we prove that there is a nontrivial solution to the nonlinear Schrodinger
equation if @ < 2/1% /m(A; — &), where A is the first positive eigenvalue of the graph Laplacian.

2010 Mathematics subject classification: primary 35Q55; secondary 35A15, 35R02.

Keywords and phrases: Laplacian on graphs, curvature-dimension type inequality, Schrodinger equation
on finite graphs.

1. Introduction

During the past several decades, the nonlinear Schrodinger equation of the form
—Au+b(x)u = f(x,u), ueW-Q), (1.1)

has been extensively studied. In (1.1), QE R, n > 2, f(x,u) : @ X R — R is anonlinear
continuous function and b(x) € C(Q2,R) is a given potential. This type of equation
provides a good model for developing new mathematical methods and has important
applications in science and engineering.

Most recently, the investigation of discrete weighted Laplacians and various
equations on graphs has attracted much attention. In [6], Grigoryan, Lin and Yang
proved that there exists a positive solution to

_ _ — p-2 : o
{Au au = uP~"u in Q (1.2)

u=0 on 0Q2
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on graphs for any p > 2 if
@ < 1(Q), (1.3)

where

IVul* d,
A(Q) = inf u
10, Uy =0 fQ u? du

In [7], the same authors obtained a Poincaré inequality and one type of Trudinger—
Moser embedding on finite graphs. Furthermore, they gave various conditions such
that the Kazdan—Warner equation Au = ¢ — he" has a solution on finite graphs, where
cisaconstant and & : V — R is a function.

In this paper we consider a class of nonlinear Schrédinger equations of the form

—Au—au= f(x,u), uec wWh2(v), (1.4)

on a finite graph G. Here f(x,u) : V X R — R is a nonlinear real-valued function, « is
a parameter and W'?(V) is a Sobolev space. The Equation (1.4) can be viewed as one
type of discrete version of Equation (1.1).

We begin with some notation and settings. Let G = (V, E) be a weighted graph
where V denotes the vertex set and E denotes the edge set. We write x ~ y if vertex x is
adjacent to vertex y. We use (x, y) to denote an edge in E connecting vertices x and y.
A graph G is called connected if, for any vertices x,y € V, there exists a sequence
{x:}, that satisfies x = xp ~ x; ~ xp ~ - - - ~ x, = y. Let w,, be the edge weights with
wyy = wyy > 0. The degree of vertex x is given by the measure u(x) = 3, wyy. If p(x)
is finite for every vertex x of V, we say that G is a locally finite graph: If V contains
only finitely many vertices, we say that G is a finite graph. A finite graph is certainly
locally finite.

From [8], for any function u : V — R, the u-Laplacian of u is defined by

M) = = 3 ) = () (1)

y~x
The associated gradient form is
I'(u,v)(x) = %{A(u(x)v(x)) — u(x)Av(x) — v(x)Au(x)}. (1.6)

The length of the gradient for u is
12
IVul(x) = 2T, u)(x) = (»ﬁ yz W u(s) = u(0?) (1.7)

The Ricci curvature operator I'; on graphs is obtained by iterating I':

o(u,v)(x) = %{Ar(u, v)(x) — Ty, Av)(x) — T'(v, Au)(x)}. (1.8)
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To compare with the Euclidean setting, for any function # : V — R, we write

du = .
fv wdp =" u(xu(x)

xeV

From [4], all eigenvalues of the Laplacian —A on G = (V, E) are nonnegative and
the minimum positive eigenvalue, also called the first positive eigenvalue, is given by

. Zx,ye\/,y~x(u(y) - u(x))zwxy . ‘f(‘) |VM|2 d:u
A1 =g = inf 5 = inf =—+——
fir1 2ixev U (X)u(x) fAT1 fQ u? du
where the nontrivial function u achieving (1.9) is called a harmonic eigenfunction of
—A on G with eigenvalue A; and T'1 is the vector each of whose elements is the degree

of the corresponding vertex. (For more details, we refer to [4].) By [4, Lemma 1.10],
if u(x) is a harmonic eigenfunction achieving 4, in (1.9), then, for any vertex x € V,

; (1.9)

—Au(x) = ﬁ yZ W [u() — u()] = ().

In [8], Lin and Yau introduced the curvature-dimension type inequality CD(m, &).

DerinitioN 1.1 (Curvature-dimension type inequality). We say that a graph G satisfies
the curvature-dimension type inequality CD(x, m, &) for some m > 1, e Rand xe V
if, for any functionu : V — R,

1
o (u, u)(x) > E(Au(x))2 + &0 (u, u)(x).

We call m the dimension of the operator A and ¢ the lower bound of the Ricci curvature
of the operator A. Furthermore, we say that CD(m, &) is satisfied if CD(x, m, &) is
satisfied for all x € V.

It is easy to see that, for m < m’, the operator A satisfies the curvature-dimension
type inequality CD(m’, &) if it satisfies the curvature-dimension type inequality
CD(m, ).

Lin and Yau [8] proved that any locally finite graph satisfies either CD(2,2/d — 1)
if d is finite, or CD(2, —1) if d is infinite, where d = sup, .y, Supy., H(X) /Wiy

In addition to the curvature-dimension type inequality, we introduce the well-known
Trudinger—Moser inequality. From [2, 9], when p > 2,

exp(Blul”’*~V) e L'(Q)
and there exists a constant C = C(p, 8) which depends only on p and S such that
sup f exp(Blul’/ P Vydx < ClQI, ifB<B,, (1.10)
<1Ja
)

Hullw(;.p(g
1, 1 -
where p > 2, u € W;"(Q), ||u||W$,p(Q) = (fQ |Vul? dx) /P, By = pw,-NV"™V and w,,
is the measure of the unit sphere in R”. In Section 2, we will give a Trudinger—Moser

inequality on finite graphs in Lemma 2.6 as a discrete version of (1.10).
The next definition is motivated by the Trudinger—Moser inequality.
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Derinition 1.2 [S]. Suppose that f(x,f) : VXR — R. We say the function f has
subcritical growth at +oo if, forall § > 0 and p > 2,

f(x, 0

=i exp( BP0y (11D

Suppose that G = (V, E) is a connected finite graph that satisfies the curvature-
dimension type inequality CD(m, ¢). Firstly, we state the Poincaré—Sobolev inequality
and the Trudinger—-Moser inequality on G and we prove an integral inequality on
G (in Theorem 1.3). Then, by using the three inequalities and the Mountain-Pass
theorem, we prove that there exists a nontrivial solution to the nonlinear Schrédinger
type equation (1.4) if @ < 2/lf/m(/11 — &), extending the result (1.3) for (1.2).

We give some notation before we state our main theorems. Throughout, L?(V)
denotes the Banach space with the norm [[ul|z» = ( fv |ue]? dy)l/ P Furthermore, we
define a Sobolev space and a norm on it by

WP (V) = {u VSR f(wuv’ ) du < oo}
\4

and

1/p
Hmew=(j}WM”Hm%w0 .
14

We can now state our main theorems.

TueoreMm 1.3. Suppose that G = (V, E) is a finite graph that satisfies the curvature-
dimension type inequality CD(m, &) and u is a harmonic eigenfunction of —A with

eigenvalue Ay. Then
243
—lfuzd,usflvmzd,u.
m(d - &) Jv v

Remark 1.4. For u a harmonic eigenfunction of —A on G with eigenvalue 4;, we define
a function space

H={ueW2V) | -Au = L ul.

By Theorem 1.3, when a < 2/1%/m(/11 — &), we can define a norm on H by

2 2 1/2
wmﬂ=(jlwm — aluP)dp)
1%

By Remark 1.4, we obtain the following theorem.

TueoreM 1.5. Suppose that G = (V, E) is a finite graph that satisfies the curvature-

dimension type inequality CD(m, &). Assume that f : V X R — R satisfies the following

hypotheses.

(H1) For any x €V, f(x,t) is continuous in t € R, and f(x,—t) = —f(x,1) for all
(x,n)e VxR
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(H2) Forall (x,t) € V X [0, +00), f(x,1) >0 and f(x,0) =0

(H3) f(x,1) has subcritical growth at +co , that is, f satisfies (1.11).

(H4) There exists some p > 2 such that lim,_, f(x,0)/t’"' =0 forall x € V.

(H5) (Ambrosetti—-Rabinowitz condition) There exist constants q > 2 and sy > 0 such
that if |u|l = so, then 0 < gF(x,u) < uf(x,u) for any x € V, where F(x,u) =
i fx .

Then, for any p > 2 and
243
m; — &)’

there exists a nontrivial solution u € H to (1.4).

a <

REMARK 1.6.

(1) In(1.2), when Q =V, we consider the problem
—Au—au=ulPu, ueWW). (1.12)
We can easily prove that there exists a nontrivial solution to (1.12) for any p > 2 if
a <Ay, (1.13)

where A; is defined as in (1.9). Taking f(x, ) = [u|"~2u in Theorem 1.5 and in (1.4), by
Theorem 1.3, we can also prove that there exists a nontrivial solution to (1.12) for any
p>2if
243
m( — &)

(2) By Lemma 2.1 in Section 2, A; > mé&/(m — 1). We can easily check that when
méf/(m—1) < A4y <mé/(m —2), we have 2/1%/m(/11 — &) > A;. For example, consider
a connected path with two vertices a and b. It has a nonzero eigenvalue 4; = 2 and
satisfies CD(2, 1). We can check that 2/1%/m(/11 -8 =4> =mé/(m—-1)=2. So
Theorem 1.5 gives a significant improvement to the result (1.13) for (1.12).

a <

The paper is organised as follows. In Section 2 we introduce some preliminary
results which are useful for the proof of our main theorems. In Sections 3 and 4 we
prove our main theorems.

2. Preliminaries

In this section we introduce some preliminary results which will be used to prove
our main theorems.

Lemma 2.1 [3, Theorem 2.1]. Suppose that G = (V, E) is a finite graph that satisfies
the curvature-dimension type inequality CD(m, &) where m > 1 and & > 0, and the
Ricci curvature of G is at least &. Then any positive eigenvalue A of —A satisfies
A>mé/(m—1).
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Remark 2.2. Let m > 1 and A; be the first positive eigenvalue of —A. From Lemma
2.1, 2mé/(m—1) > &when &€ > 0, while 4; > & when & <0. Soform > 1and € € R,
we always have 4; > £.

Let (X, ]| - ||) be a Banach space and J : X — R be a functional. Following [6], we
say that J satisfies the (PS), condition for some real number c, if any sequence of
functions u; : X — R such that J(u;) — ¢ and J' (i) — 0 as k — +oo has a convergent
subsequence u;, — u in X.

LemMma 2.3 (The Mountain-Pass theorem (Ambrosetti and Rabinowitz) [1] and [6,
Theorem 9)). Let (X, || - |I) be a Banach space, J € C'(X,R), e € X and r > 0 such
that |le|| > r and b = inf) =, J(u) > J(0) > J(e). If J satisfies the (PS). condition with
¢ = infyer maxeqo,1; J(¥(1)), where I' = {y € C([0, 1], X) : ¥(0) = 0,y(1) = e}, then c is
a critical value of J.

Since V is a finite graph, W!?(V) is a finite-dimensional space. The next lemma
comes from [6, Theorem 8, together with Theorem 7] and [7, Lemma 5].

LEmMA 2.4 [6]. Let G = (V, E) be a finite graph. The Sobolev space W'*(V) is pre-
compact for constant s > 1, that is, if {u;} is bounded in W'-*(V), then there is a
subsequence {uy,} such that w,, — u in WhHs (V).

The next lemma follows from Lemma 2.4 and [7, Lemma 6]. The proof is very
similar to the proof of [7, Lemma 6].

Lemma 2.5 (Poincaré—Sobolev inequality). Let G = (V, E) be a finite graph. For all
u € WhS(V) with fv udu = 0, the following Poincaré—Sobolev inequality holds for all

g=lands>1:
1/q 1/s
(f|u|qd,u) SC(f|Vu|Sd/J) . @.1)
\%4 \4

The Trudinger—Moser inequality in the next lemma follows from the Poincaré-
Sobolev inequality (2.1). The proof is very similar to the proof of [7, Lemma 7].

Lemma 2.6 (Trudinger—Moser inequality on finite graphs). Suppose that G = (V, E) is

a finite graph. For all functions u with fV |Vul? du < 1 and fv udu =0, there exists a
constant C which depends only on p, B and V such that

sup fexp(,BluI”/(”_”) du<C|V|, foranyB>1andp >?2,
J, Vulp dus1 YV

where |V| = fv du(x) = Vol V is the volume of the graph G.
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3. Proof of Theorem 1.3

In this section we prove Theorem 1.3 using the curvature-dimension type inequality
CD(m, ¢) in Definition 1.1.

By (1.6)~(1.8),

o, u)(x) = %{Ar(u, u)(x) = 2I'(u, Au)(x)}
= 2AIVUl(x) - T(u, Au)(x)
= JAIVUP (x) = ${AW)AU(X)) = u()AAU(X)) = (Au(x))*}.  (3.1)

On the other hand, by (1.5),

A(u(x)Au(x)) = Z Wy [u(y)Auly) — u(x)Au(x)]

y~x

1
=— Z Wy [u(Y)Auly) — u(y)Au(x) + u(y)Au(x) — u(x)Au(x)]

- = Z () = M) + Bu) - = 2 sli) =09

= (x) D wolu() — uNAUG) - Au(x)]

yNX

Z W u(O[AU(Y) = Au(0)] + (Au(x))?

y~x

= M Z Wy [u(y) — u(X)[Au(y) — Au(x)] + u(x)A(Au(x)) + (Au(x))z. (3.2)
y~x
By (3.1) and (3.2),

o (u, u)(x) = —Aqu| (x) = 2—() way[u(y) u(0)[Au(y) — Au(x)]. (3.3)

If u is a harmonic eigenfunction that satisfies —Au(x) = A;u(x) then, by (3.3),

1
Pa(ut,1)(x) = ZAIVuP () - 2—() D, @nlu() = u(NAu(x) = ()]
1
= FAVuP + 57 yZ Wy [u(y) = u()P

1
= ZAquIZ(x) + EIIVul (x).
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Now consider

D MO 1) = Zu(x)mvm ™+ Zu(xwm )

xeV er xeV
A
=7 LSS o 19uP) ~ Va0 + T D IVl ()
xeV y~x xeV
=1 S wnlVal ) - Z D wolVul @) + = Zu(x)qul )
xeV y~x er y~x xeV
= Z Wyl Vul () - > Z Wyl Vul (x) + —Z,u(X)IVuI @)
(x V)EE (x,y)eE xeV
=3 D a0 -5 3 eV )+ 2 Y kN )
(x V)EE 0 X)EE xeV
2 S uovaPeo =5 [ 19 du 34
xeV

Since G satisfies the curvature-dimension type inequality CD(m, &), that is,
1
Lot () = —(Au()” + ETa, u)(x),
it follows that

3 w02 3 AU +E 3 pT ()

xeV xEV xeV
= — Zu(x)ﬂ(uu))z £ S 2 O 0)()
/12 xEV xEV
f wdu+ 2 f \Vul? du. (3.5)
m Jy

By (3.4) and (3.5),

P! 2
?lfWulzd,uz—lfuzd,u+§f|Vu|2du. (3.6)
v m Jy 2y

By (3.6) and Remark 2.2, since 1; > &,
223
m(t - &) f s f Vul*dy
which completes the proof.

4. Proof of Theorem 1.5

In this section we prove Theorem 1.5 using Remark 1.4 and some of the lemmas
from Section 2.
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Letp>2and a < 2/1% /m(A; — &) be fixed. Throughout this section, u is a harmonic
eigenfunction of —A on G with eigenvalue A;. By Remark 1.4, the function space

H={ue W2V - Au= Au}

has the norm
) 5 1/2
||u||1,a:( f (1Vul® — aful )d,u) .
\%4

Furthermore, from [8, page 353)], fv udu =0 forall u e H.
We now define a functional J, : H — R by

1
Jolw) = 5l - f Flxw) e
\%4

By (H4), there exist two positive constants 7,6 > 0 such that if |u| < ¢ then

lf e, w)l < tlulP~". 4.1
On the other hand, by (H3), there exist two positive constants ¢, 8 such that
lf(x, w)| < ¢ - exp(BlulP!P=D),  for all |u] > 6. 4.2)
Then, by (4.2), for g > p,
F(x,u) < c-exp(BlulP’ P~ D)ul?, for all |u| > 6. (4.3)

Combining (4.1) and (4.3),

P
F(x,u) < T_|M| +c- exp(ﬁlulp/(p"))lulq.
p

By the Holder inequality,

I 7 p o=y g\ a o\
I = Sl == | b du = o | exp(Bpla” ") (| Wi du)
P Jv 1% 1%
“4.4)

where 1/p + 1/p’ = 1. By the Trudinger—Moser inequality in Lemma 2.6,

) IVEENS)
f exp(Bplul”’ ") dy = f exp(ﬁpuuu{f" ”(—' | ) )d,u<c|V|. 4.5)
|4 |4

llell o

By Lemma 2.5, there exists some constant C that depends only on p and V such that

( fv u"d,u)l/pSC( fv |Vu|2d;1)1/2. (4.6)

Since g > p > 2, by (4.4)—(4.6), we can find some sufficiently small » > O such that if
|[u|l; o = r then

1 T
T = Sl = €7 + cvi)jul,.
> ,
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Therefore,

inf J(u) > 0. “4.7)

lleell o =r

By (HS) and [10, pages 141-143], there exist two positive constants ¢; and ¢, such
that

F(x,u) > cilul? — cs.

For any ¢ > 0,

t2
Joltw) < Sl = e f ul! dyt — |V
|4

Since g > p > 2, there exists some u; € H satisfying
Jo(uy) <0 for [luy|ly o > 1 (4.8)

We now prove that J,(u) satisfies the (PS), condition for any ¢ € R. To see this,
suppose {u;} € H is such that J(ux) — ¢ and J'(u) — 0 as k — oo, that is,

! f (Vu* - ou) du — f F(x,up) dp = ¢ + ox(1). (4.9)
2 Vv 1

f(IVMkI2 - aup) dy ~ f i f (%, wi) dp = op(Dljul|1 o (4.10)
\%4 \4

In view of (H5), it follows from (4.9) and (4.10) that {1} is bounded in H, and the
(PS). condition follows by Lemma 2.4. Combining (4.7), (4.8) and the obvious fact
that J(0) = 0, we conclude by Lemma 2.3 that there exists a function u € H such that
J(u) = inf,,cr max;epo,17 J(y(¢)) > 0 and J'(u) = 0, where

['={yeC(0,1],H) : y(0) = 0,y(1) = w1 }.
Hence there exists a nontrivial solution u# € H to the equation

—Au—au = f(x,u), ueW-3W).
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