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Notes on Mathematical Induction.
By Dr R. F. MuirRHEAD,

(Read 13th March 1913. Received 22nd April 1913.)

Mathematical induction in its simplest form may be stated thus:
Suppose there is a set of propositions py, py, p,...which are so related
that the truth of p, implies the truth of p,,,, then if p, is true, it
follows that all the other propositions of the set are true. For
since p, is true therefore p, is true, therefore p, is true, and so on
as far as we please.

A well-known example of the application of this method is the
proof of the binomial theorem for a positive integral index. It is
based on the identity

(1 + m+i%‘%lxﬂ+ ...>(1 +x)=1+(n+ 1)x+("1+'12)" + (1)

From this we deduce

mro) ey —(1+1:)”}(1+x)

{1+mc+ 13

(n+1)n
T z
Denoting by p, the proposition that the first factor of the left side
of this equation is identically zero, the proposition that the right
side is identically zero will be denoted by p,.;, and (2) shows
that if p, is true, so is p,.,. The proposition p, asserts that
1~ (1+4x)°=0, and is true. Hence p, is true.

=l+(n+1)z+ -+t (2)

It will be convenient in what follows to denote propositions by
equations of the form p=0, in which p may be called the error of
the proposition, so that p=0 asserts that the error of the pro-
position is zero, or, in other words, that the proposition is true.
In using this notation we do not imply that p is an actual algebraical
expression (though very many propositions can be made to take the
form of an algebraic expression equated to numerical zero). For
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example, the letter p might stand for the error of the statement
“N is a prime,” so that p =0 would indicate the assertion “N is a
prime.” ,

Returning to our topic, we note that a slightly more complex
form of mathematical induction is that which rests on a relation
such as this: p,=0 and p,,, =0 together imply p,,,=0, which
combined with the assertions p,=0 and p, =0 enables us to assert
that p,=0, p,=0, p,=0 and so on, as far as we please.

As an example, let us prove that for all non-fractional values of
x the expression z*— 42° + 5a* — 2x = f(x) is divisible exactly by 12

J(@) =a(x - 1)z - 2)(z - 3) + 2x(x — 1)(x - 2)
oS+ 1) —f (x) = 4a(e - 1) (- 2) ~ 6x(x-1)
S Sf(x+2) -2 f(x+ )+ () =12x(x - 1)+ 122=122" .........(3).

Denoting by p,=0 the proposition that f(x) is divisible by 12,
we see at once that (3) shows that p,=0 and p,,,=0 together
imply p,,,=0. But f(0)=0 and f(1)=0, so that p,=0 and p,=0.
It follows that p,=0, p;=0, p,=0,...p,=0, where z is any positive
integer.

" We remark that (3) also shows that Per1=0 and p.,=0
together imply p, =0, hence we deduce also p_ =0, p_,=0, ...p,=0
where x is any negative integer.

The next higher type of mathematical induction is when there
exists a relation, true for all values of =, or for all integral values,
between p,, Ppi1y Pryn Puys 10 virtue of which we can infer that
Pnis=0+is a consequence of the assertions p,=0, p,,,;=0 and
Pase =0 taken jointly, and it is granted that p, =0, p,=0 and p,=0.
The conclusion is that p,=0, p;=0...p,=0, when = is any positive
integer.

But the term Mathematical Induction may have still wider
application. The following general statement would include many
special forms. Let p,=0, p,=0, ... p,=0 be a set of propositions,
and let it be granted

(1) that between certain groups of these propositions relations
exist of the type ¢(p,, Py Por .-+ Pa P) =0 in virtue of
which we can infer p,=0 if the ‘“errors” p,, p,...p, are
all zero ;
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(2) that the relations ¢ can be placed in a certain order, say
b1y Py Py By... such that each relation involves only one
new ‘“error” 4. only one p which has not already
occurred in the preceding relations, that one being p, ;

(3) that if Pay Pop - Pap P be the errors involved in the
first relation ¢;=0, it is granted that p,,l=0, p,l;o,
...p,,l=0.

It will then follow that all the propositions of the set under
consideration must be admitted as true.

The most usual case is when the ¢-relations are all of the same
type, each referring to the same number of ‘“errors.” In this case
the successive relations may be written

4’(]’0) Puv Ps-- ~Pr) = 07 ¢(P1, P P.s- . -Pr+x) =0.. 4’(}’.’ Poyvs Paos +-- pt-H) =0 ;
and the propositions which must be granted as a basis for the

induction, are p,=0, p, =0, ... p,_, =0, if we suppose that p;, p,, p....
are successive terms in a regular series of propositions.

A more general case arises when we have the relations
4)(]’“1 Pﬁs P_ymP)\) =0; ¢(pa+1’ pﬂﬂ’ le) =0;
¢(pa+2’ pﬂ+2) PX+2) = O"'¢(Pa+,’ pﬁh’ p)+.) =0.

In this case the necessary “basis” of the induction will depend
on the mutual relations of o, B, y...A.

If, for example, «, B, ... A form an arithmetic progression of %
terms with common difference d, a sufficient basis would be afforded
by the kd — 1 propositions p, =0, p,=0...p,;,_, =0.

The case in which there is a two dimensional array of proposi-
tions to be proved deserves special treatment. A simple case of
n.(n-1)n-2)..(n—r+1)

r!
which has to be proved for all positive integral values of %, and all
positive integral values of r which are not greater than n.

From the identities "*'C,="C,+"C,_, and

this is the elementary theorem "C,=

(n+lmn--1)...(n-r) n(n-1)..(e—r+1) n(n-1)..(n-7)
1 = 1 R
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we deduce the relation p,y, , =P, ,— P o1 =0 .eviniiiiiin. (4),

nn-l.n-r+1

where p, , stands for "C, — oy

Here the ¢-relation (4) implies not only that p,,, , =0 follows
from p, ,=0 together with p, , =0, but that if any two of the
errors are both zero, the third also must be zero.

The propositions required to start with in this case are infinite
in number, but are all proved by a simpler mathematical induction,
and for the present purpose may be assumed to be true. They are
the propositions p, ; =0, p, ,=0, p; 3=0...p,, »=0...
and P21=0, 91 =0, p,,=0..p,.,=0...

To make it clear that the proposition p, ,=0 can be reached by
induction for any significant values of n and r let us take a row-
and-column table, as shewn in Fig. 1, where each place refers to

n
121841516

& | o |00 20 |~

certain values of n and of r, and the dots indicate the values of
n and » for which p, ,=0 is given.

The ¢ graph” of the relation (4) is clearly of the form ;., and
it is easy to see that by superposing it sufficiently often on the table-
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spaces beginning with the first and second rows, proceeding with
the second and third rows, and so on, we can reach any place to
the right of the dotted diagonal of the table.

In order to have no blanks in the square array of the places in
the table for this particular application it would be necessary to
write n+r =1 instead of » in the expression for which p, , stands,
(n+r-1)!
(n-1)tr!
¢=0 will still be p,,, ,~ P, ,—Pu-_1=0, but there will now be a
meaning for p, , for any positive integral values of » and r.

so that we should have p, ,.=""""C, - the relation

The graph of ¢ is still of the form ., and the necessary basis
of admitted propositions will consist of those corresponding to all
the places in the one row and in one column, e.g. in the first row
and the first column.

In what immediately follows we will suppose that the array of
places is square, and includes places corresponding to all positive
integral values of n and of ».

The preceding example suggests a discussion of the *pousto”
or graph of the basis of admitted propositions which will suffice for
different forms of induction-graphs on a two-spread in order that
complete induction by means of the corresponding ¢-relation should
be possible.

The simplest graphs will be those consisting of two places only.
The graph .. requires as ‘“pousto” no more than the first column
of places, and if in ¢(p, » P, r41) =0; P, »=0, and p, ,., mutually
imply one another, the first column may be replaced by one place
taken arbitrarily from each row.

Similarly for the graph g a sufficient *pousto” would be one
place in each column,

For the graph * . the first row and the first column would afford
a minimum pousto; but for the graph . = the first row or the first
column would suffice.

For the graph , . . the first two columns would serve as

pousto, for * ° ° the first row and the first two columns, for °

° ©

the first row alone, or the first and second columns, and so on for
other binomial graphs.
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For = the first row or the first column would suffice, while

for , for and both a row and a column would be

required. There is thus a distinction between graphs which require
only a row or a column for pousto, and those which require two
rows, or a row and a column, or other combinations.

In general, if the graph of a ¢ can be contained in a rectangular
block of places with p rows and v columns, a sufficient *pousto”
will be afforded by u -1 rows and v — 1 columns ; but in some cases
a smaller basis will suffice, some requiring rows only or columns
only.

If we have two independent ¢ relations having graphs of fixed
shape, then in many cases a finite number of places will serve as
*pousto” on the graph-table. For example, any one place is a
sufficient pousto for the simultaneous graphs ; and , ., if the
implication of the p’s is mutual ; and if otherwise, the place common
to the first row and column is all that is required.

The graphical treatment of mathematical induction can be
extended to cases where there are three or more independent
integral parameters, by employing arrays of places of three or more
dimensions, and similar remarks will apply to the nature of the
‘“pousto” in various cases.

The problem of determining a ¢-relation which will enable us
to prove a general proposition involving one, or more than one,
integral parameter is perhaps worthy of investigation. On this
topic I tontent myself by offering one or two remarks.

Suppose the general proposition to be p(n, r, ¢...)=0. If
p(n, r,q...)=a(n, r,q...) - (n, v, q...), and if we can prove two
related identities

Aa+BB+Cy+...=0
A+ BB +Cy +...=0
where o, B, y... are cases of «(n, r, g) with certain related values
of the parameters, and «, 8, y'... are the corresponding cases of
o'(n, 7, q), then we can deduce the identity
Al —a)+B(B-B)+C(y-y)+...=0
or Apa+Bpﬁ+pr+...=0,
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where p is the case of p(n, 7, ¢...) corresponding to «, and so on.
@

This is a ¢-relation which may bs used to effect an induction,
provided a sufficient basis can be established. The proof of the
formula for "C, given above affords an illustration of this procedure,
in the case when the number of parameters is two.

The general problem of this section would be: Given a theorem
p(n, 7, ¢...)=0 to be proved, to find a relation

d{p(rimg:...), p(nargs...), p(ns, 75 ¢s).. §=0
where »,, 7, ql',..n‘“,, Ty @ae.., €tC., are integral parameters having

definite relations to one another. This problem would probably in
most cases have an infinite number of solutions.

The converse problem is: Given the form of the relatidn ¢, to
find a proposition p which satisfies the relation. It also would
probably have an indefinite number of different solutions.
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