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1. Introduction

DEFINITION 1. A 7eal algebra A is a real vector space in which an
operation of multiplication is defined satisfying the following conditions:
(1) a(zy) = (@)y = z(ew);
(i) (xz+y)z = xz+yz;
(iii) =z(y+z) = xy+=xz
for arbitrary «, y, 2 € A and any real number «.

All algebras considered in this paper are supposed to have an identity
element (denoted by e) but are not assumed associative or finite-dimensional.

DEFINITION 2. A norm on 4 is a real-valued function # — ||z|| on 4 with
the properties

@) lle+yll = Hall+lyll;

(b) [lox|| = loc] * [lx]];

(c) fiell % 0 if & =+ 0;

(@) lleyll = fleell - llgll;

() llel] = 1.
Here z, y are arbitrary elements belonging to 4, and « is an arbitrary real
number.

DEFINITION 3. A prehilbert algebra is a normed algebra on which a
positive definite inner product (z, y) is defined, so that ||z||* = (z, ).

DEFINITION 4. A normed algebra A4 is said to be absolute-valued if
llzyll = {ll] - lly[| for all =, ye4d.

DEerFINITION 5. The unit element e is said to be regular if there exists
only one hyperplane of support to the unit sphere S = {z|||z|| = 1} at e.
(See § 3 for equivalent definitions and details.)

DEFINITION 6. Let A-denote an algebra and A (x) the subalgebra gen-
erated by the identity and an element x. 4 is called
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(i) algebraic if A(x) is finite dimensional;
(ii) ome-sided alternative if for all z, ye A
(a) 2%y = z(zy) or (0) xy® = (zy)y;

(iii) power-associative if A (x) is associative for all z.

It was proved by K. Urbanik and F. B. Wright [9] that a real absolute-
valued algebra with identity is isomorphic to the real numbers (R), the
complex numbers (C), the quaternions (Q) or the Cayley numbers (D).

The author ([8], Theorem 2) has proved that an algebraic one-sided
alternative real normed algebra with a regular unit element is isometrically
isomorphic to R, C, Q or D.

L. Ingelstam ([2], Theorem 3.1) obtained the same assertion for alter-
native real prehilbert algebras with identity. (The algebra was not assumed
algebraic.) However, the assumption that the algebra is prehilbert algebra
is more restrictive than the requirement of regularity of the unit element
because in any prehilbert algebra every element 2 with ||z|| = 1 is regular.

We will show that every power associative real normed algebra with a
regular unit element is an algebraic prehilbert algebra.

2. Convex functionals and tangent functions

DEFINITION. A real-valued function p(z) defined on all of the vector
space X is said to be convex if

() p(x) = 0;

(b) #(=) < +o0;
(c) p(ox) = ap(z) for «a = 0;

(d) pla+y) < p(=)+2().

LeMMA 2.1, Let p(x) be a convex functional defined on a linear space X.
Then [p(b+ya)—p(a)lly s an increasing function of the positive variable
y for arbitrary fixed a, b in X. The limit

©(6, a) = lim 3 [p(6+ya)—p (b))
7-0+

exists for each a, b in X.
For proof of Lemma 2.1 as well as of Lemma 2.2 see [1]; V.9.

DEFINITION. If p(z) is a convex functional, then the function z(z, y)
defined for z, y € X by

T(z, y) = 'rlirfl)l-i- 3 bla+yy)—p(@)]

is called the famgent function of p(z).
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LeMMA 2.2. Let t(x, y) be the tangent function of a convex functional p{x)
defined in a linear space X. Then

@) vz y) = $(v);
(b) (z, 1 +9.) = v(=, y1)+7(, ¥a);
(c) t(x, ay) = az(z, y) for « = O;

d) —7( —y) = (@ 9);
(e) 7(x, ax) = ap ().
LEMMA 2.3. Let a, b be fixed vectors in a linear space X and let v(x, y) be

the tangent function of a convex functional p(x) defined in X. Then the function
p(&) = t(b+&a, a) does not decrease as & — + 0.

Proor. We have to show that ¢(&,) —¢(&;) = 0 when &, > £,. By the
definition of v(z, y), we have
p(&s) —@ (&) = ©(b+&za, a)—7(04-4,4, 4)
== liI;l-} [(p(b+ésa+ya)—p(b+&za)]
7—'

— lim 3 [p(6+&,a+ya)—p(b+&;a)]

70+

= li{)nj[ﬁ(b+51a)+15(b+£za+ya)—P(b+£za)—1>(b+51a+7a)]-
b4ad

Thus, it is sufficient to verify that the expression in the brackets is
nonnegative for &, > &,. Since

bt+é&ya = (§,—&+y) [y (0+E&1a)+ (§,— &) (0+6a+ya)]

and &,—&,> 0, y > 0, by the properties (c) and (d) of a convex functional,
we get the inequality

(1) pO+&a) = (La—&+7) [yp(0+61a)+ (6a—£1)p (b+Era+ya)].

By the same reasoning

(@) pO+&atya) = (L—6+7) 7 [(E—E)p(0+61a) +yp (b +Epa+ya)].
Adding inequalities (1) and (2) we obtain the needed result. [/

LemMA 2.4. If a, b are fized vectors in a linear space X and t(x, y)
18 the tangent function of a convex functional p(x), then

lim z(b+£¢a, a) = p(a).

-0

Proor, By 2.2 (a) and 2.3 the limit exists and
(3) lim v(b+£a, a) < p(a).

-0
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On the other hand, in view of the definition of a convex functional (x)
the following inequalities hold for y > 0, & > 0:

% [p(b+Ea+ya)—p(b+£a)]

v

ji— |2 (64 L breatra) —porsa) - L 0]

:% {:(E—{—y)ﬁ(g-i—a) —&p (% +a)} — z;ﬁ(b)
1

b 1 1
=1 (5 +4) = £ 60) 2p0) — 5 20) — 5 (=),

Hence

(4) lim v(b+&a, a) = p(a).

£ 00

The comparison of inequalities (3) and (4) yields

limz(b+éa, a) = p(a). |/

£+ 00

LeMMA 2.5. Let ¢(&) = t(b+&a, a) denote the function of & mentioned
in Lemmas 2.3 and 2.4. Then for every v there exists & > v such that

©(b+(&+08)a, a) —T(b+&5a, a) = O(9)
where O(0) denotes a function of & with the property

— 0(«5)|
Im | ——| < + 0.
8—-+0 0

Proor. The assertion of our Lemma follows immediately from Lemma
2.3 inasmuch as a function which does not decrease has a finite derivative
almost everywhere (see e.g. [6], Ch. VIII, §2). //

LEMMA 2.6. Let p,(x) and py(x) be two convex functionals with p,(x)
< p,(x) for all xeX. Let 7\(x,y) and t,(x, y) be the tangent functions of
P1(x) and p,(x) respectively. If two vectors b and q fulfil conditions

@) u@ —9) =09 =0
(b) $2(6) = $:1(6),
then t,(b, —q) = 1,(b, q¢) = 0.

Proor. By the definition of a tangent function

https://doi.org/10.1017/51446788700004778 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004778

(51 Power-associative regular real normed algebras 197

ta(b, g) = lim — [py(b47g)—pa(0)]

7-0+

1
< lim — [p;,(04yg)—£:(0)] = 7,(5, 9).
y=0+ ¥

For the same reason

72(b, —9) = 7.0, —9).
Therefore, by Lemma 2.2 (d) we get
0=—7(b, —9) = —71:(0, —¢) = 1(0, ) = 711(6, 9) = 0.
Thus, Lemma 2.6 is proved. //

3. Regular bounding point of a convex set

DEFINITION. A point @ belonging to a subset S of the linear space X
is called an #nternal point of S if, for each x € X, there exists an ¢ > 0 such
that a+yz e S for |y| <e. A point beZX is called a bounding point of S if
b is an internal point of neither S nor the complement of S.

DEerFINITION. If Sis a subset of a linear space ¥ and 4 is a bounding point
of S, a linear functional f is said to be of support to S at b iff f(x) < ()
for all z € S. In this case the set H = {z|f(z) = f(b)} is called a hyperplance
of support to S at the point b.

DEFINITION. A bounding point 4 of a subset S of a linear space X is
said to be regular if there exists one and only one hyperplane H of support
to S at the point b.

DEFINITION. A set K belonging to a vector space X is convex if z, y € K,
and 0 = a < 1, imply az+(1—a)y e K.

LemMA 3.1. If p(z) is a convex functional and y > 0, then the set K =
{elp(x) <y} is a convex set containing the origin as an internal point. The
set of bounding points is characterized by the condition p(x) = v.

For proof of this Lemma see for example [5], § 1.8.

DEFINITION. A vector 7 is said to be a regular point of a convex functional
p(z) it

(a) p(r) >0,

(b) 7 is a regular bounding point of the set K = {z|p(zx) < p(7)}.

TuEOREM 3.2. Let X be a linear space and v(x, y) a tangent function
of a convex functional p(x). Then if p(b) > 0, a linear functional f(x) with
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1(8) = p(b) is a functional of support to K = {x|p(x) = $(b)} at b it and only
if —t(b, —y) = Hy) < ©(b,y) for ally e X.
Conversely, if p(b) > 0, and if o is any real number and a any point
in X for which
—1(b, —a) Za = v(d, a)

then there is a functional of support to K = {x|p(x) < p(b)} at b with f(b)
=), /(a) =« f(z) = p(x) forallz e X.
Notes. 1. The inequality f(x) < p(x) follows from (a) of Lemma 2.2.

2. For the case $(b) = 1 the theorem is proved in [1], V.9.4. We get the
proof of our case putting p,(x) = p(z)/p(d).

LemMMA 3.3. Let v(x,y) be the tangent fumction of a convex functional
P (). If two vectors b and q fulfil the conditions p(b) > 0, ©(b, q) = 0, then

(1) there exists a linear functional f(x) such that:
(a) 1(b) = p(b);
(b) f(g) =0;
) f(x) < p(z) for all x e X.
(2) p(b+£q) = £(5) for all&.

Proor. The first assertion follows immediately from Theorem 3.2.
Now let f(z) be the linear functional for which conditions (a), (b), (c)
hold. Then

p(b+£&q) = f(b+Eq) = [(6) = p(b). /]
The next lemma is a direct consequence of Theorem 3.2.

LEMMA 3 4. Let v(z,y) be the tangent function of a convex functional
(). If p(b) > O then there exists a unigque linear functional f(x) of support
to the convex set K = {z|p(x) < p(b)} at the point b with {(b) = p(b) if and
only if

—t(b, —y) =t(b, y) for all yeX.
In this connection
Hz) = z(b, ).

Lemma 3.4 implies the following propositions:

THEOREM 3.5. Let t(x, y) be the tangent function of a convex functional
p(a). A vector r is a regular point of the convex functional p(x) if and only if

(@) () >0;
(b) —z(r, —y) = =(r,y) for all yeX.

LemMA 3.6. Let ©(x, y) be the tangent function of a comvex functional
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p(x). If v is a regular point of the convex functional p(x), then ©{r, x) is a linear
functional with t©(r,r) = p(r) > 0.

LeMMA 3.7. Let r be a regular point of a convex functional p(x). If a
is an arbitrary vector in X, then there exists a vector ¢ = a+Ar for which

v(r, —q) = t(r, g) = O.

Proor. By the definition of a regular point of a convex functional (z),

p(r) > 0. Then, by Lemma 3.6, 7(r, 7) = $(r) # 0. Now it is easy to verify
that

qza_t(r,a)

T(r, 7)

is the needed vector. In fact, by Lemma 3.6, the functional f(z) = z(r, x)
is linear when 7 is a regular point of p(x). Therefore

r) = 1(7, a)

(7, a)
z(r, 7)

(7, a) _
207 t(r,7) = 0.

w(r,q) =7 (r, a—
Since 7 is regular we have also

—t(r, —¢q) = t(r,q) = 0. [/

4. Geometric properties of real normed algebras

Let A be a real normed algebra with a unit element e¢. Obviously the
norm ||z|| is a convex functional in 4. In the following sections 7(z, y) will
denote the tangent function of the convex functional p(x) = ||z||.

LeMMA 4.1. Let A be a redl normed algebra. If g is a vector for which
t(e, —q) = (e, q) = 0, then x(z, —qx) = t(x, gx) = 0 for every xcX.

Proor. Since [|lyz{| < |ly]| - ||=|| for every y, x € A, we have:

lle+ygzll = |l(e+yg)2ll = |le+rqll - 1],
llz+y(—g2)ll = li(e+r(—g))ll < lle+y (=)l - [lll.

Consequently, for y > 0
1 1
5 (lletygell—|l=l]) = > (lle+rgll—1) - lixll,

‘71; (llz+y(—g2)ll—l12ll} = — (llet+y(—)ll—1) - [l=lI.

1
v
Passing to a limit as y — 0+ in those inequalities in view of z(e, —¢) =
(e, ¢) = 0, we obtain
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(@, gx) = 7(e, 9) - |2l = O,
(2, —gz) = 7(e, —9) - ll2]] = O.

Consequently, by 2.4(d),
0= —1(z, —gz) < 7(2, q2) < O,
which implies

(x, —qx) = t(z, qx) = 0. [/

LEMMA 4.2. Let A be a real normed algebra; if q is a vector for which
T(e, —q) = t(e, q) = O then
1 = flet-&gl] = [le—&%1.

Proor. Since |[¢|| = 1, the inequality |le+&g|| = 1 follows immediately
from Lemma 3.3(2) if we put p(x) = ||z||, b = e.

By the previous Lemma, 7(x, —gz) = 7(z, gx) = 0 for every z € X,
for t(e, —q) = 7(e,q) = 0. Replacing here x by e+£&g, we obtain
7(e+&q, ¢+£¢%) = 0. Then, by Lemma 3.3(1), we conclude that there
exists a linear functional f(x) such that:

(@) fle+&q) = lle+&qll,
(b) f(g+£¢*) =0,
(c) f{x) = ||z|] for all zeX.

From (b) we obtain
H&g) = —1(&%¢°).
Therefore from (a) and (c) we get
lle+&g1] = f(e)+1(éq) = f(e)—1(E2¢%) = [(e—&¢) = |le—E¢l. /I

LeEMMA 4.3. Let A be a real normed algebra. If q is a vector for which
(e, —q) = 1(e, g) = O then

0 = |le+4&ql)—1 = &%||g®|| for every mumber &.
Proor. By the previous lemma we obtain
0 = llet-&gll—1 = |le—8¢%||—1 = |lel|+]182¢%|—1 = &I¢*]. //

LEMMA 4.4. Let A be a real normed algebra. If q is a vector for which
(e, —q) = (e, g) = 0 and v(e, —gq%) = (¢, ¢?) = O then

0 = llet+&gll—1 = &41(¢%)?.

ProoF. Stnce t(e, —q?) = t(e, g2) = 0, we can apply the previous lemma
to the expression ||e—&2¢2||—1. Therefore, in view of Lemma 4.2 we obtain

0 = |let+&gll—1 = lle—&¢%1—1 = &1(8*)°Il- /]
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LEMMA 4.5. Let A be a real normed algebra. If q is a vector for which
ligll > 0, (e, —q) =t(e, q) =0, then either z(e, —q?) # 0 or z(e, g%) # 0.

ProOOF. Let us take £ > 0,7 > 0, > 0. Since |lzy|| = |[z|| - {lyl] for
all ¢, ye A, we have

lle+(§+n)g+Engl| = lle+Eqll - lle+ngll,

&n
e+ ((5+5— ‘,?:}-—6) q9—&ng® (E+0)qll - ||e— m H

We know that |[lz+y|] = [|z||+]ly]] for all z,ye A. Therefore adding
these inequalities we get

é
2 |le+£q+ 2( +m) Hélle+§qll-lle+nqll
(1)

+1le+( - = qH

By Lemma 2.1, for y > 0 we have
7(b, a) = lir(l)l+(l|b+yall—llbll)/7 = (llo+yall—1101D/1y
b dad
or
(2) ye(b, a) = ||o+yall—|]B]].
Substituting here b = e+£q, a = ¢, y = 8(14 n/(é+9))/2 we obtain

8
etég+ o ( + ——) H —2|le+4q]|.

(3) (1+—) t(etég, 9) = 2 £+

£+
Inequalities (1) and (3) imply

(1 + m) 7(e+£g, q)

(4) i
= lle+£gll(lle+ngll—1)+lle+ (E+6)qll - ||e—

&n _
mqu lle+&q]].

Substituting in (2) b = e+ (§-+9d)g, a = —¢q, y = 6 we obtain
dt(e+(§-+0)g, —q) = lle+&qll—lle+ (§+9)qll-

Therefore

lle+ (§+0)gll < |le+&gl|—dt(e+(5+0)g, —q)-
Consequently, by Lemma 2.2 (d), the inequality
(5) lle+ (E+0)gll < lle-+£ql|+0 - T(e+(£+0)g, 9)
holds.
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Since, by the assumptions, ||g{| > 0, in view of Lemma 2.4 there exists
a positive number » such that z(e4»g,g) > 0. Let us choose & > v
according to Lemma 2.5. Then for &, inequality (5) yields

(6) lle+(So+0)gll = lle+Eoqll+87(e+E0q, 9)+6 - O(5).
Inequalities (4) and (6) imply

8 &om
£3 "0 9) = lletbog] (lle+wll—1+ e 50+a|] B 1)
&om . e — So7
+orle+&g. 9) e—fo—+59H“1) +0-00) -{le £o+aq||'

Now, let us suppose that we have simultaneously (e, —q2) = 7(e, ¢?)
= 0. Then we can apply Lemma 4.4 to the last inequality obtaining

dn o7
L q) <t -N@)+6-0(0) - |le— ,
£t T(e-+&0g,9) = n* - N(8)+6 - 0(6) 510 qll
where
& \* & \*
NO) = 1@l - {le+eall [ 14+ (25) |0 (525) ve+son. ).
0 1]

Let us replace n by 6%. Then dividing both sides of the last inequality by
8% we obtain

(Eat-8)(e+£og, 9) < 6 N(3)+8% -

e He— sf?:aq]"
Tending to a limit as 8 — 0+, in view of lim,_ |0(8)/8] < o, we get
&' t(et6g.9) =0,
which is impossible because &, > 0 and by Lemma 2.3
t(e+&0q, 9) = t(etvq, q) > 0.
Thus, Lemma 4.5 is proved. [/

5. Real commutative Banach algebras

DEFINITION. A real commutative Banach algebra B is a commutative,
associative real normed algebra with unit element ¢ whose vector space is
a complete normed space.

DEFINITION. A set I of elements of a commutative Banach algebra
B is called an ideal if it has the following properties:
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(@) if zel and yel, then ztyekF;

(b) ifxel, thenzrelforallze B.

An ideal I of a Banach algebra is called a proper ideal if, in addition,
(c) I # B.

Note. The unit element e does not belong to any proper ideal. For, if

¢ €I then, by 2(b), z = ze € I where zis an arbitrary element of B. Therefore
e el implies I = B.

DEFINITION. A maximal ideal is a proper ideal that is not contained
in any other proper ideal.

DEerFINITION. The radical B of a commutative Banach algebra is the in-
tersection of all maximal ideals.
Obviously the radical of a Banach algebra is a proper ideal.

THEOREM 5.1. Given a real commutative Banach algebra B there exists
a homomorphic mapping x— & of B onto an algebra B of complex functions
defined in the space ¢ of all homomorphisms of B onto the complex field. In
this connection the following properties hold:

(@) If x = @1+, then £(p) = £,(p)+2£:(p);
(b) Ifx = =, - z,, then £(p) = £1(p) - £,(p);
(€) Ifzy = Amy,  then £5(p) = AZ,(p);

(d) é(p) =1, where e is the unit element of B,
(e) £(p) = O<>x belongs to the radical of the algebra B,
() 1#(@)] = [ll].

For the proof of this theorem see e.g. [3], p. 245-247 or [7], Ch. IIL § 1.
The property (f) follows from the inequality:

12(g)} = lim |jz"/" < Lim ||2]["/" = |[z]].

n—> 00 N0

DEFINITION. The complex functions £(p) with the properties (a)—(f)
will be called Gelfand functions. The homomorphic mapping z — £(p) is
called Gelfand’s representation of the algebra B.

6. Regular real power-associative normed algebras.
DEFINITION. A real normed algebra A is said to be regular if the unit
element e is a regular point of the convex functional p(z) = ||||.

Note. It is easy to verify that a real normed algebra 4 is regular iff
there exists just one linear functional f on A satisfying f(¢) =1 and
fz) < |l
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LeEMMA 6.1. If A vs a normed algebra and =(x, y) is the tangent function

of a convex functional p(x) = ||x|| then, for every fixed a, T(a, y) is a continuous
function of y.

Proor. This lemma is a consequence of the inequality
IT(@, yo) —7 (@, 1) = lly—w1ll
which follows from Lemmas 2.2(a) and 2.2(b). //

LeMMA 6.2. Let b be a nonzero vector of a real normed algebra A. If the
equality —v(b, —z) = (b, z) holds for every vector z belonging to a set Z that

is dense in A, then b is a regular point of p(x) = ||z||.
This lemma follows immediately from 6.1 and 3.5, since ||b]| 7% 0 for
b # 0.

LeEmMMA 6.3. Every non-complete rvegular veal normed algebra A can be
embedded in a complete regular normed algebra A’. A’ can be chosen in such a
way that A will be dense in A'.

For proof of Lemma 6.3 see [5], § 4.1 and § 9.1, The regularity of A’ fol-
lows from the previous lemma. It is easy to verify that if 4 is power-as-
sociative then A’ has the same property.

THEOREM 6.4. Every regular power-associative real normed algebra is
algebraic.

Proor. If A is one dimensional we have nothing to prove. Otherwise
there exists an element a € 4 such that a and e are linearly independent.
Since ¢ is a regular point of the convex functional $(z) = ||z||, by Lemma
3.7, there exists a vector ¢ = a+72¢ for which t(e, ¢) = 0, where 7(x, y) is
the tangent function of p(x) = |[z||. ||g|| # 0, for ¢ # 0, g being a vector
linearly independent of the unit element e. Let us consider the subalgebra
A(g) generated by identity and the element ¢. In view of Theorem 3.5,
A(g) is regular being a subalgebra with identity of a regular algebra. If
A(g) is not complete, let 4’(q) denote the completion of A (g). By Lemma
6.3, 4’ (¢) is regular. Since 4 is power-associative, A’ (g) is a real commutative
Banach algebra. Therefore we can use the Gelfand representation of 4'(g).
Let us define in 4”(g) a functional p,(x) by means of the formula

pa(x) = sup [£(p)].
ped
Obviously p, () is a convex functional. From 5.1(d) and 5.1(f) it follows that
pale) = sup [é(p)} = 1 = |le],
y€P

pa(x) < ||z|] for every x e A’ (q).
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Therefore, by Lemma 2.6, 7,(¢, —q) = 75(e, ¢) = 0 since, by Lemma 3.4,
7(e, —q) = t(e¢, ¢) = 0. (Here 7,(x, y) denotes the tangent function of the
convex functional p,(z)).

We shall prove that Re §(p) = 0. In fact, let §(p,) = a+p:. By Theorem
5.1, for y > 0, we get

(Palet70)—2a(0))ly = [sup lot7g(@)|—11/y
= [Suf (@) +vd(p)| =11y = [I1+yatyhil—1]]y
= [(14-2yaty2(a2+p2)) 2 —1]/y.

Therefore

0 = 75(e, ¢) = lim [py(e+yg) —pa(e)]fy = o

70+
For the same reason
0 =r1y(e, —9) = —
The two inequalities imply « = 0.
Let us consider now the element ¢% and its Gelfand function g ( ).
In view of Theorem 5.1 (b) /q\( ) = [¢(p)]®. Hence Red(p) = 0 implies

Im () = 0.
Since ¢ is a regular point of p(x) = ||z|;, by Lemma 3.7, there exists

a number u such that for a vector ¢; = ¢*+ue we get the equalities
7(e,— (¢°+pe)) = (e, >+ pe) = 0. We note that u #0. In fact, if u=0,
we have simultaneously |lg|] #0, (e, —q) = t(e,q) =0, (e, —¢°) =
(e, g%) = 0 which contradicts Lemma 4.5. Now applying the same argument
as in the case of the function §(p) we conclude that Red,(p) = 0. But

Im§,(p) =Im qm(cp) = Im qlz\(qo)—i—lm,u =0, since Im q/2\(<p) =0 and u
is a real number. Therefore
di(p) = 0.
and consequently, by Theorem 5.1(e), ¢, = ¢*-+ e belongs to the radical of
the subalgebra 4’ (q).
We shall prove that
gy = q*+ue = 0.

Let us suppose that ¢; % 0. Then ||¢,|| # 0 and as was mentioned before
7(e, —¢,) = 7(e, ¢;) = 0. Therefore, by the previous considerations about the
vector ¢, there exists a nonzero number y such that the vector g, = ¢;+7¢
belongs to the radical of the subalgebra A'(g). But ¢ belongs to the radical
since ¢; has this property. Then ¢ = 1/ (¢,—¢3) belongs to the radical which
is a contradiction inasmuch as ¢ does not belong to any proper ideal of

4'(q)-
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Thus we have proved that there exists a real number g such that
g*+pe = 0.

Taking into account that ¢ = a+4¢ we conclude that the algebra A4 (a) is
two-dimensional. [/

COROLLARY 6.5. If A is a regular power-associative real normed algebra
and a is an element that is linearly independent of the unit element ¢, then
the subalgebra A (a) is isomorphic to the complex field C.

Proor. Since Red(p) = 0, (§(p))? =< 0. Therefore the equality §,(p) =
(¢(®))2+p = 0 implies 4 > 0, for u 5 0. Consequently, from g2+ pue = 0 it
follows that the element ¢ = p—%g fulfils the equality /2 = —e. [/

COROLLARY 6.6. A regular power-associative real normed algebra con-
tains no idempotents other than zero and the unit element, and no non-zero
nilpotents.

Proor. The assertions follow from the fact that in the complex field
the equality 2 = z has only two solutions: z, = 0 and #, = 1 and the equali-
ty 2% = 0 is fulfilled only for z = 0. J/

Another proof of this corollary is presented in [8], Lemmas 6 and 8.

THEOREM 6.7. In a regular power-associative real normed algebra A
the norm || || s generated by an inner product, i.e. A is a real prehilbert alge-
bra.

ProOF. According to [4] it is sufficient to show that every twodimen-
sional subspace of 4 is a Euclidean space. Let a be an element of 4 that is not
a scalar multiple of ¢. By Corollary 6.5, 4 (a) is isomorphic to the complex
field, i.e. there exists an element 7, € 4 (@) such that :2 = —e. Obviously ¢
and 7, are linearly independent and consequently form a basis of the two-
dimensional space A (a). Since ¢ is regular, the norm of an element ac+fs
can be expressed by the formula

llae+Bil| = (a®+2)E;
(see [8], Lemma 10).
Now, let us define in 4 (a) the inner product of two elements o e+-5,7,
and aye+B,1, as following

(1) (64170, agetPata) = (210241 5s)-
Then we obtain
(2) [lae+Biall = (xe4-Biq, ae+Big)t

as was required. [/
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COROLLARY 6.8. With A as in Theorem 6.7, an element g€ A fulfils
the equality q® = —e if and only if

(@) lgll=1

(b) g is orthogonal to e.

Proor. If g2 = —e then, by (1) and (2), (¢, ¢) = 0 and ||g]| = 1. Now
let us suppose that the conditions (a) and (b) hold. Then we obtain

lle+ygll = (14»%)}
and consequently
(e, q) = lim (lle+ygll—1)/y =0,
y-0+
(e, —q) = lim ([le+y(—q)||—-1)/y = 0.

Y0+
Hence, as it was shown in the proof of Theorem 6.4, the element ¢ fulfils
the equality

g> = —pe, p>0.

Therefore ¢ = ut4, where 12 = —e and ||{|| = 1. But |lg|] = 1, which im-
plies u =1, ¢* = —e.

DEFINITION. A normed space X is said to be metrically homogencous if
for any pair of vectors z,;, 2, with ||z;|| = ||z,]| = 1 there exists a linear
transformation T of X preserving the unit sphere S = {x|||x|| = 1} such
that T'(z,) = x,.

THEOREM 6.9. Let A be a real normed power-associative algebra con-
taining the unit element e. If A is a complete separable metrically homogeneous
space, then A is a (real) Hilbert space.

Proor. It follows from our assumptions that there exists at least one
vector » with |jz]| = 1 which is a regular point of a convex functional
p(x) = ||z|]. (See e.g. [1], V.9.8). Let T be the linear transformation pre-
serving the unit sphere for which T¢ = 7. Then for an arbitrary vector y € 4
we obtain

(e, ¥) =,hf§f, (Hletryll—llell)/y
= Lim (|T (e+yy) || =T ()I)) ]y

70+

= lim (llr+yT@)|I—IIIDfy = =(r, T ().

-0+

In the same way we verify that

(e, —y) = =(r, =T (y)).
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But —z(r, —=T(y)) = =(7, T (y)) since » is a regular point of p(z) = |z||.
Therefore, —z{e, —y) = v(e,y) for every ye 4, i.e. the unit element e is a
regular point of $(x) = ||z||. Now our assertion follows from Theorem 6.7. //

THEOREM 6.10. Each regular one-sided alternative real normed algebra
is isometrically isomorphic with one of the following: the real field, the com-
plex field, the quaternion algebra or the Cayley algebra.

This theorem follows from [8], Theorem 2 since, by Theorem 6.4, every

algebra in question is algebraic.
We conclude with an example of a regular power-associative algebra.

ExaMPLE. Let 4 be a real Hilbert space with an orthonormal basis
€y, €1, * * - We define the multiplication of two elements

2= 3&e and y=3ne,
¥=0 ¥=0
as follows
Ty = (fono*kg &) eo+k21- (Eomtm0&e) s

Let us write

n n

xn = szek) yn = Zﬂkek'

k=0 k=0

We have then
Mz, Y.l = (50770“ E Ek’h)z‘f‘ E (Somet106x)?

0’70 ( 2 Sknk) +50 Zm—k% z&-

k=1

n

§§§z k+7702§k+ Z§k Em

k=0 k=1 k=1
— 3 S = e Nl
k=0 k=0
Since ||z,|| and ||y,|| do not decrease as # —> oo, the last inequality yields

l12:Yall = [l - 1yl -

This inequality is valid for every positive integer # and therefore the element
2y e A and
[leyll = [l=[} - {lyll -
Now it is easy to verify that
(a) e, is the unit.element of our algebra 4,
(b) A is regular and power-associative.
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