57
Thermal behaviour of QCD

57.1 The QCD phases

We study here the uses of QCD spectral sum rules (QSSR) in a matter with non-zero
temperature 7 and non-zero chemical potential x (so-called Quark-Gluon Plasma (QGP)).
Since the corresponding critical temperature for the colour deconfinement is expected to be
rather small (7, < 1 GeV), these new states of matter can be investigated in high-energy
hadron collisions. At high enough temperature 7 > T, &~ 150 — 200 MeV corresponding
to a vacuum pressure of about 500 MeV/fm?, QGP phase occurs and can be understood
without confinement. In this phase, one also expects that chiral symmetry is restored (chiral
symmetry restoration). However, it is a priori unclear, if the QGP phase and the chiral
symmetry restoration occurs at the same temperature or not. Untuitively, one can expect
that the deconfinement phase occurs before the chiral symmetry restoration. An attempt to
show that the two phases are reached at the same temperature has been made in [839] using
the FESR version of the Weinberg sum rules, which we shall discuss later on, where the
constraint has been obtained by assuming that in the QGP phase, the continuum threshold
starts from zero. In the QGP phase, the thermodynamics of the plasma is governed by
the Stefan—-Boltzmann law, as in an ordinary black body transition. This feature has been
confirmed by a large number of lattice simulations. The RHIC-BNL heavy ion program is
dedicated to the study of transitions to this phase. Actually, the AGS (2 + 2 GeV per nucleon
in the c.o.m.), CERN-SPS (10 + 10 GeV) and RHIC (100 4 100 GeV) are expected to reach
this phase transition. The phase diagram of QCD is shown in Fig. 57.1 in the T plane versus
the baryonic chemical potential ;« normalized per quark (not per baryon).

CS2 (two flavours) and CS3 (three flavours) are colour superconducting phases cor-
responding to large density and low T regions, which are not crossed by the heavy ion
collisions but belong to the neutron star physics. The small drop of CS matter is expected to
be due to one Cooper pair composed with a (ud scalar diquark) and one massive quark [840].
Some new crystalline phases due to oscillating (gg(x)) condensates may also appear [841],
which may compete with CS2 at u ~ 400 MeV. Hadronic phase at small value of (T, w)
and the QGP phase at large value of (7, ) have been known for a long time. However, it
is not quite clear if the phase transition line separating them starts at (7 = 7, u = 0) but
at an endpoint E, a remnant of the so-called QCD tricritical point which QCD possesses in
the massless quark limit.
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Fig. 57.1. QCD phase diagram.

57.2 Big-bang versus heavy ion collisions

* In both cases, the expansion law is roughly the Hubble law v(r) ~ r, but strongly isotropic in the
case of the heavy ion collisions.

® The acceleration history is not well measured (for Big Bang, one uses distant supernovae) but both
show small dipole components.

* Inboth cases, the major puzzle is how the large entropy was actually produced, and why it happened
so early, with a subsequent expansion close to the adiabatic expansion of equilibrated hot medium.

57.3 Hadronic correlations at finite temperature

The analysis of hadronic correlations at finite temperature is of great interest in connection
with the modifications of hadronic properties in hot hadronic matter. The structure of the
QCD correlations at intermediate distances also reflects the changes in the interaction be-
tween quarks and gluons. In the context of QSSR, this analysis has been extensively studied
[839,842-851]. However, further assumptions on the T -behaviour of the condensates or
information from some other approaches [852—-854] are needed in the analysis as well as
some assumptions on the shape of the hadron spectrum, which limit the accuracy of the
results. Neverthless, interesting quantitative results can be extracted. We shall be concerned
here with the retarted (advanced) correlator (the causal one does not have useful analytic
properties [855]) of the hadronic current J(x) (generic notation):

Mi(w,q) =i / d*x e theta(x°) (([J(x), T (0)])) , (57.1)
where g = (w, q) and ({. . .)) stands for the Gibbs average:
((...)) = Z Wy(n|...|n), W,=expl(2—E)/T]. (57.2)
|n) is a complete set of the eigenstates of the QCD effective Hamiltonian:
H'lny=E'ln), H=H—uN, (57.3)

where H is the usual Hamiltonian, N is some conserved additive quantum num-
ber (baryonic charge, strangeness,...), i is the corresponding chemical potential,
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and Q = —T InTrexp(—H'/T). The two-point correlator is analytic in the upper half-
plane of the complex variable w and obeys the dispersion relation:

+oo d
Mo, o= [ —2—pu. . (57.4)

00 j—

The spectral density p is:

plw, @ = Q)Y (n|J|m)(m|Jn)

n,m

x W,[1 — exp(—w/ T)18(® — @n)8P(q — k) (57.5)
where:

/
nn = E,,

- E,, kmn = km - kn . (576)

Noting that in the set of discrete points of the imaginary half-axis, the retarded correlator
in Eq. (57.1) coincides with the corresponding Matsubara Green functions [856]:

Ne(iw,) = G(w, —ip), (57.7)
where:
w, =2nnT , n=0,1,2,..., (57.8)

one can then calculate it using Feynmann diagram techniques in the Matsubara representa-
tion [856] (imaginary time formalism). ! For w — oo, the correlator in Eq. (57.1) tends to its
perturbative QCD value. Therefore, it is reasonable to use quarks and gluons in Eq. (57.5),
in order to get its asymptotic behaviour. Using the OPE, one can add, to the perturbative
part, the NP contributions due to the quark and gluon condensates:

Hk(g) = Z Ca(@)((On)) (57.9)

where C, is the Wilson coefficient obtained at zero temperature. The temperature depen-
dence appears when one takes the Gibbs averages ((. . .)) of the local operators O,,. Summing
up all contributions from different ©O,, one expects to recover the Matsubara results. The
radiative corrections appearing in the evaluation of the condensates should be of the form
ay(v)In(T /v) as only T is the dimensional scale in the calculation of condensates at finite
T, such that it is important to determine the 7 value above which one can rely on the calcu-
lation. Formally, 7' should be much bigger than the QCD scale A. For the time being, we
shall ignore radiative corrections and assume that perturbation theory works for 7 around
150 MeV.

! Real time formalism as discussed in [857] is not convenient for the problem discussed here, where one evaluates the spectral
function.
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57.4 Asymptotic behaviour of the correlator in hot hadronic matter

Let us consider the correlator associated with the light quark vector current:

Ju(x) = ¥y ¥ (57.10)

which has the quantum number of the photon y. The imaginary part of the correlator
defined as in Eq. (57.5) is then the probability of the absorption of a virtual y-quanta of
time-like momenta w? — ¢* > 4m§(mq — 0) by the matter. The virtual quanta consisting
of free fermions np(E) are converted into a quark-antiquark pair at a rate proportional to
[1 —np(E)][1 — np(E;)] according to Pauli’s principle where E| , are the quark energies.
At the same time, the y-quanta are produced with the rate ng(E)nr(E,). Therefore, the
rate of the disappearance of time-like y-quanta in the fermionic medium pj,,, is:

’Oﬁv(a)’ q) = Z/LIPS(Ela k17 Ez’ k2)

X (O[S Uy ) ([ 4u]0) {[1 — np(EDI] — np(Ex)] — np(EDnp(E)}
(57.11)

where:
d*k, A3k,
2E127)3 2E,(2m)3

LIPS(Ey, Ky, Es, k) = S(w— E; — E»)8®P(q —ky —ky) . (57.12)

The numbers of fermions and bosons inside the plasma are:
np(z)=1/(1+¢€%), ng=1/(1—-¢€%). (57.13)

The y-virtual space-like quanta (w> — q* < 0) can be absorbed by the (anti) quarks of the
medium at a rate, proportional to ny(E)[1 — np(E>)] and emitted at the rate np(E>)[1 —
np(Ep)]: E; = o+ E;. Thus, it disappears at a scattering rate:

(@, = / LIPS(E,, ki, — Ez, —ka)
8

X (YL W) (W) {np(EDIT — np(Ex)] — np(Ex)[1 — np(ED},
(57.14)

where one can notice that the location of the singularities at T # 0 differs qualitatively from
that at 7 = 0 as shown in Fig. 57.2.
Therefore the spectral function reads:

p(w, @) =0 —q* —1)p* + 0w — qP)p* , (57.15)

where ¢, is some threshold and the spectral function does not vanish for both time-like
and space-like momenta. p° corresponds to the scattering term which increases with the
particle density and appears as we use a mixed state of matter instead of the vacuum, when
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Fig. 57.2. Location of singularities in the complex w plane.

\

averaging the initial commutator. At T # 0, the correlator of the vector isovector current:

1 -
J, = E(L_Wu” —dy,d), (57.16)

contains two invariants 17 and IT;, which, in the rest frame of matter, can be defined as
follows:

Moo = q°T,, Tl = (3,, - %) My + %wan . (57.17)

Using Egs. (57.11) to (57.14), one can deduce Im I1; . To lowest order in oy, the
Euclidian asymptotic of the form factors reads [842]:

3 +v
I f dx (1 —x%) th(g*/2T),

3272 J_,
3 +v )
pL = m/ (1 = xH2np(g*/2T) = 2np(q~/2T)],
+v
g 22 2.2 +
Py = w® — dx 2+ x"—v9)th 4T) ,
7= g q)_v ( ) th(g™/4T)
+v
Pr=gg=@ —a) | dx Q+x* =) 2np(g"/2T) = 2np(q” /2T)],
—v
(57.18)
where: g7 = gx + w; g~ = gx — w and:
1 4m§ 57.19

In the case of a resonance at rest with respect to the medium (q — 0), one knows that
the two previous form factors are proportional to each other [858]:

M7(q=0) = (0* — ) |q0 - (57.20)
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Therefore, considering the longitudinal form factor, one has:

Pi(q =0, w) = th(e’ — 4m; )th(w/4T)p’ (@) ,

o0
p3(q=0, 0) =8> | du*2nr/2T)p"W?), (57.21)
41”127
with:
4m?
0, 2\ 2 _ q
,o(a))—16n2v(3—v), v = 1—7, (57.22)

where the term p° is due to the scattering with matter and vanishes for 7 = 0.

Systematic expansion of the spectral function can be done using the so-called hard thermal
loop expansion [859], where the order parameters are the ‘hard scale’ of the order of T or
larger and the ‘soft scale’ of the order of g7 (g being the QCD coupling, which is assumed
to be small), where, at this soft scale, collective effects in the plasma lead to effective
(resummed) propagators and vertices parametrizing the modification of the physics at this
scale, which one can formulate using an effective Lagrangian [860].

To one loop, the vector spectral function behaves as [861]:

< 2 oT

pi(w, q) ~ o, T [ln <W> + constant:| (57.23)
where m? ~ a,T? is related to the quark thermal mass. Therefore, the large In(1 /c;) dom-
inates over the constant term. However, the two-loop contribution is of the same order as
the one-loop graph due to the enhancement factor 1/m? ~ 1/, which compensates the o
factor associated to the quark-gluon coupling from the gluon exchange. This 1/m? factor
originates from the presence of collinear singularities. This result questions the validity of
the QCD perturbative calculation in this regime. Phenomenological applications of these
results to the the lepton pair production in the quark-gluon plasma are discussed in [861].

57.5 Quark condensate at finite 7’
The temperature dependence of the (Y3 quark condensate can be expressed as:

Tr(yyexp—H/T)
Tr(exp—H/T)

() = (57.24)

It has been studied in [852] using an effective Lagrangian approach, where one has
exploited the fact that, at low temperatures, the behaviour of the partition function is dom-
inated by the contributions from the lightest particles occuring in the spectrum. In QCD,
this lightest particle is the pion, which is massless in the chiral limit. Interaction among
the pions generates power corrections controlled by the expansion parameter 72/8 f2,
while the contribution due to a massive state i is suppressed as exp(—M;/T), where M; is
the corresponding hadron mass. At low temperature, one can express the pressure as the

https://doi.org/10.1017/9781009290296.071 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290296.071

57 Thermal behaviour of QCD 687
temperature-dependent part of the free energy density:
P=Ey,—-2Z, (57.25)
where Ej is the vacuum energy density and Z is the partition function:

Z=—T lim L3 In[Trexp(—H/T)] . (57.26)

L—oo

The quark condensate is given by the log-derivative of the partition function with respect
to the quark mass:

- 0Z
(b)) = o (57.27)
m
where at zero temperature:
- oE
(P = — (57.28)
am
Therefore, at finite temperature:
(o = ) (14 <5 (57.29)
B F2om2 )’ '
where:
c>~090=+0.15 (57.30)

is a constant (c = 1 in the massless case) fixed from m-7 scattering data, while F =
88 MeV is the value of the pion decay constant in the chiral limit (f; = 92.4 MeV).
In the massless limit:

72 16 A
P=—T?(1+—x2In=-2 7% . 7.31
30 <+9xTnT+(9() (57.31)

The log-scale is related to the p*-term of the effective Lagrangian and is fixed from -
scattering analysis to be:

Ay >~ (470 £ 110) MeV . (57.32)
To order T8, the temperature dependence of the condensate in the chiral limit reads:
- - 1 16 A
(V) = (bv) (1 — X7 — gx% - gx% In 74 + O(Tg)) , (57.33)
where:
T2
XT =g (57.34)

indicating that the temperature scale is set by +/8F ~ 250 MeV. The behaviour of the
condensate versus T is given in Fig. 57.3 for massless quarks. One can deduce that the
condensate gradually melts for increasing 7', and vanishes for massless quarks at 7, ~
190 MeYV, indicating the occurence of a phase transition at this temperature.
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Fig. 57.3. T-behaviour of the quark condensate in the chiral limit from [852]. Here and in the following
(@q) = W)

The inclusion of the quark masses can be obtained on the basis of Eq. 57.29. It is shown
that the effect shifts the value of 7 to higher value of about 240 MeV.

Using a dilute gas approximation (i.e. neglecting the self-interactions of hadrons, as
they manifest as the product of their density n;n; ~ exp[—(M; + M;)/T]) in the low-
temperature region, the effect of massive states induces a positive correction of order T2 to
the condensate:

Ay~ — G e S (2} g M 57.35
<w>_—<w>%—2; ‘<MZ)E{§ i (57.35)

with:
hl(t)E——lz—z-/ dx sh’x[exp(chx/7) — 1]7", (57.36)

272t Jy

and:
M _ 1 v 57.37
-a-n;—iﬁl:(l?zwwpz)’ (57.37)

where |p;) denotes a one-particle state of momentum p. Therefore, Eq. (57.37) counts
the number of valence quarks of type u and d inside the hadrons. One can estimate the
uncertainties in this approximation by considering the kaon mass formula:

M% = (m +my)B , (57.38)
from which one can deduce:

= - Mk[1 + corrections] . (57.39)

A comparison of the numerical value from Eqs. (5§7.37) and (57.39) show that the naive
relation in Eq. (57.37) underestimates the real value by a factor about 1.4. The effect of
massive states is such that it accelerates the melting of the condensate and implies a fast
drop until the phase transition of about 200 MeV. We show in Figs. 57.4 and 57.5, the sum
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Fig. 57.4. T-behaviour of the quark condensate in the chiral limit including massive states.
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Fig. 57.5. T-behaviour of the quark condensate in the massive quark limit including massive states.

of the different effects in the case of massless and massive quarks. The uncertainties in
evaluating the quantity in Eq. (57.37) are given by the shaded region in Figs. 57.4 and 57.5.

One can deduce that the critical temperature is:
T, ~ 170 MeV (my, =mg =0)
190 MeV (my,mg #0). (57.40)
Such a value of 7, has been confirmed by lattice simulation with two dynamical Kogut—
Susskind fermions [862]:
T.(ny =2) =~ 150 MeV , (57.41)

and by instanton liquid model [386]. In the case of the (5s), the m, corrections shifts 7 to
higher values of about 250 MeV [863]. Similar analysis can be done respectively for the
entropy density S, energy density U and heat capacity C,:
oP oU aS
S=--:, U=7s-r~r, Ch=---=T---, (57.42)
oT oT oT
where for massless quarks, P is given in Eq. (57.31).
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57.6 f, at finite temperature

In [853], the T dependence of the pion decay constant has been also studied within the
composite model framework. It has been found that:

AT ()

Z S~ T 57.43
170) (V) ( )
Near the critical temperature, the relation [839]:
(T T\ /2
]} ((O)) ~((3.0~3.2) <1 — F) , (57.44)
T c

might be more accurate than the one derived from Eq. (57.33) in the chiral limit.

57.7 Gluon condensate

Using naive dimensional counting, it has been argued in [842] that the perturbative contri-
bution to the Gibbs average of the gluon condensate is of the form:

((G?) ~ (G?) + T ay(T), (57.45)

such that this pertubative contribution is negligible. Using a more involved estimate, they
relate this temperature effect to the trace of the gluonic part of the energy momentum tensor
sandwiched between two pion states:

((G*) ~ (G?) + F(my, T)(m|G*In) (57.46)
where F is a function that is dependent on m, and T. An explicit evaluation gives [854]:

316384

2 ~ 2\ :
() ~ (G — x>

A, 1
(n} — 1)x} <1n - - Z) , (57.47)

where the temperature-dependent term is a very small correction, although showing that
the gluon condensate melts very smoothly for increasing temperature.

57.8 Four-quark condensate

The temperature dependence of the four-quark condensate has been often estimated using
the vacuum saturation assumption:

((On) = (PT1YdTay)) ~ (¥)* (57.48)

which should only be taken very qualitatively, as there are evidences that, already at zero
temperature, the vacuum saturation assumption is violated by a factor of 2 to 3 (see previous
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sections). In [848], the temperature dependence of the four-quark operators in different
channels has been studied within the sum rule itself, where the approximate behaviour:

T2
((O4)) ~ (O4) |:1 - W} , (57.49)
has been obtained to be compared with that:
_ T2
~ 2 N —
((Oa)) ~ () [1 a7 MeV)2:| ) (57.50)

which one would have obtained if the vacuum saturation for the four-quark condensate has
been used together with the previous T-dependence of (/). The smooth dependence of
the four-quark dependence can be qualitatevely understood when using the fact that at the
optimization scale of the LSR, one has the relation:

M, ~ {{a, 0N, (57.51)

and as one will see later on, the p-meson mass varies smoothly with temperature below 7.

57.9 The p-meson spectrum in hot hadronic matter

The p meson mass spectrum was originally studied in [842] using Laplace transform sum
rules. The p coupling to the longitudinal part of the spectral function is introduced as:

MZ

_ " 2 2 2
o= 2—]7/)25(0) —q —m ) . (57.52)
The LSR reads:
MZ
F(r) =~ 47'[22—)7'02 exp ( — Mgr)
o

= /Cdt exp(—17)th(v/1/4T)
0

+2 /Ooo dt [ns(\/1)2T) — %nf(\/Z/zT)]
+ %mcz)z — 2 a, (P2 (57.53)
Instead, we work with moments:
R(1) = _dd_r In F(z), (57.54)

which is convenient for studying the spectrum as it free from the unknown longitudinal
coupling 7,. In addition, width corrections which might be large here partially cancel in the
ratio. Stability of the LSR moments versus the usual parameters (z, f.) has been studied in
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Fig. 57.6. T and z, stabilities analysis of the tho meson mass.
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Fig. 57.7. T-behaviour of the rho meson spectrum.

detail in [843] using different values of the QCD input parameters, where, in the analysis,
the small variations of the gluon and four-quark condensates with temperature have been
neglected. This analysis is shown in Fig. 57.6.

The optimal result of the p-meson mass from [843] is shown in Fig. 57.7, where the smooth
T-dependence decrease of the spectrum differs from the sharp change at T, obtained from
[842]. This difference is understood to be due to the effect of the change of the continuum
threshold from 0.8 to 1.5 GeV? with T in [842], where stability in the variable 7 of the
LSR has not yet been reached. This result also differs from the expectation [864] that
M, (T) > M,(0). We conclude from this figure that the hot fermi gas does not lead to a
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drastic change of the spectra in the region below 200 MeV. Such behaviour just indicates
that the p-meson mass at zero and at T < T, has qualitatively the same feature, and a
posteriori indicates that the quark hadron duality used at zero temperature is also applicable
here. This feature just indicates that some criticisms [847] on the non-validity of the quark-
gluon basis at small T in Eq. (§7.2) are obviously wrong, as in this region the quark-hadron
duality is expected to work better. In the same way, some other arguments raised by [847]
like the non-consideration of non-peturbative effects (confinement) within the approach of
[842] reviewed here are not at all justified, as has been demonstrated in the analysis of the
exactly solvable QCD-like two-dimensional sigma O(N) and Schwinger models [846]. The
analysis of [843] has been completed by giving sets of FESR:

[

M2 te oo 1
4> L / dt th(v/t/4T) 4 2 / dt (np — —nB>
yp 0 0 3

M4 fe 1
4m? L ~ / dt 1 th(v/t/4T) — =7 (e G?)
yp 0 3
MS ot 896 _
4712~—; :/ dt 1% th(v/t/4T) — g]‘[SO{s(lﬂlﬁ)z, (57.55)
Y5 0

that are necessary for checking the consistency of the parameters obtained from the LSR.
However, one should understand that the accuracy of the constraints decreases with increas-
ing dimensions. These FESR have been used in [845] for studying the T dependence of the
continuum threshold 7., a result which has been confirmed by [839] within the framework
of composite models. Namely a smooth dependence with T has been found:

1) _ fo(T)

~ . (57.56)
t(0)  fz(0)

57.10 p-meson coupling and width

The T dependence of the p meson coupling has been also studied in [849] in which a smooth
dependence was found as well:

PN <l—%x +> (57.57)
7,(T) ~ 7,(0) 37" ' '

These smooth dependences of the rho-meson mass and coupling were confirmed later
in [850].

The T'-dependence of the p-meson width has been proposed in [865] by using the relation
between the prr coupling and f; through the KSFR relation (see Part I):

_ M (57.58)
8pormr = \/Efﬂ , .
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and its relation to the p — w7 width:

2
8pnn Mp
| p— - 57.59
? 47 12 ( )

from which, it is easy to deduce the desired T -dependence:

e

r,(T)~=T,0) (1 — f?) , (57.60)
b/

showing that for increasing T -values, the p-meson becomes broader and difficult to assign

as a true resonance. This result has been confirmed from a recent study of the T'-dependence

of the imaginary part of the p-meson propagator [866].

Therefore, one can conclude from our previous analysis that the p-meson mass is almost
insensitive to the T-variation, while its non-identification as a resonance is mainly due to
the large increase of its hadronic 7w width at non-zero temperature. As a result, the study of
dilepton-invariant mass in nuclear collisions through Drell-Yan processes at the rho-meson
mass energy will not reveal a clear resonance structure.

57.11 Deconfinement phase and chiral symmetry restoration

‘We mentioned in the introduction that the Weinberg sum rules have been used in [839] for
studying the relation between the deconfinement temperature 7, and the chiral symmetry
restoration temperature 7. At finite temperature the first Weinberg sum rule reads [845]:

t.(T) 00
872 fA(T) =~ f dw? th(w/4T) + 2 / dw?* np(w/2T) , (57.61)
0 0

where . is the continuum threshold separating the hadron from the continuum. Assuming
that in the QGP, 1.(T;) = 0, one can derive the constraint [839]:

f2(Ty) = e (2> (57.62)
b g d - \/6 TC ’ .

relating the chiral restoration temperature 7, with the deconfinement one 7. The graphical
resolution of the previous equality is obtained for:

T, ~T,, (57.63)

showing that the chiral restoration and the deconfinement phase are obtained at about the
same temperature.

57.12 Hadronic couplings

The extension of the present framework for evaluating the meson trilinear couplings has
been done in [845] using the symmetric point configuration of the vertex firstly proposed
in [636,637]. It has been found that the couplings vanish like f?, where n is a positive
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model-dependent number, showing that hadrons decouple in the deconfinement phase. It is
also remarkable to notice that the 7%y coupling vanishes at high temperature indicating
the absence of the QED anomaly in the QGP phase. This result has been confirmed by some
field theory model calculation [867].

57.13 Nucleon sum rules and neutron electric dipole moment

The extension of the previous application for studying the nucleon sum rule is straightfor-
ward. Noting (see previous section) that:

My ~ (YT (57.64)

where 7 is the sum rule scale variable, one also expects that its 7-dependence is similar
to that of (y). Finally, nucleon sum rules have been also used in [851] for studying the
T-dependence of the ratio of the neutron electric dipole moment over the QCD-6 angle
responsible for the strong C P problem, where a smooth variation with temperature has
been obtained.
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