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1.
Following Craven (1965) we say that a set M of natural numbers is harmon-

ically convergent if

0 W= T -
neM

converges, and we call (M) the harmonic sum of M. (Craven defined these
concepts for sequences rather than sets, but we found it convenient to work with
sets.) Throughout this paper, lower case italics denote non-negative integers.

let r>1, 1m<r,and 0£d; <d, <+ <d, <r. We define

(2) M(t) = M(r; dl’ dz, Y dm; tl’ tz, '“,tm)

to be the set of natural numbers which contains the digit d; exactly ¢; times
(i = 1,2,---,m) when expressed in the scale of r. Further, let

My(1) = {[n*]|ne M@},
M) = {[n*]|neM@®), n <1},
T— %1,
i=1
%= 1] (D,

i=1

where [x] denote the least integer = x and 0! = 1. Note that M;(¢) is empty if
T > 1. We prove the following theorems.
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THEOREM 1. If d; > 0 and A > log(r — m)/logr, then

o T!r}. r—1 _1—_ m i)
M) S ORW) + o (E P

(T—l)!rl - ti
T*—r+mT ) a}

THEOREM 2. If d; > 0,m < r,and0 £ A < log(r — m)/logr, then M,(t) is
not harmonically convergent, i.e. u(M,(1)) = oo.

2,
To prove the theorems, we first prove some lemmata. We assume throughout
that d; > 0.

LEMMA 1. For l = 1 we have

[T I-T

y = He-m

O_S_b<r' T*(l - T)!
be M(t)

12T,

=0 if I<T

PrOOF. The case | < T is obvious. Let I = T. If b < r' then
I-1
b= X by’ where 0 < b; <r.

ji=o0
The sum in the lemma equals the number of ways we may choose (bg, by, -+, by_ ;)
such that b; = d; for exactly ¢; values of j(i = 1,2,---,m). The T element of which
t; have value d; may be chosen in

I
t it (- T

ways, and for the remaining (I — T) elements there are (r — m) possible choices.
This proves the lemma.

LEMMA 2. For A > log(r — m)/logr we have

1 T!r

2 - X 1= .

1=1 ™ o0spes T*(r* —r+ mT+?
be M(z)

ProOF. By Lemma 1 we get

e 1 © 1 Ir—m)-T
EI rit 0§§<rl = E, TR - T)!
be M(s)
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T! © IN[r—m)\'
T*r—-m)T ET(T) ( rt

r—m‘)T
T! o

T*(r — m)T (1_r—m>7“

T!r*
T*@* —r+m)T+1°

We now prove Theorem 1. For k = 1 and A > log(r — m)/logr we have, with
=t timy, 4, —1, tipg,,t,), and A—{a]1< a<r and a # d; for
l = 192’ ‘s }a

| 1 k 1

L s X o mmt+t X X oo

1<kt [n ] 15n<r [n ] I1=1 rlgpa<si+1 B
ne M(1) ne M(t)

1A

k 1 m .
Wiy + sz —1 435 % A
2 I=1lageA Ozb<r! (art+b* o, 0<b<r! (dr1+b)}

beM(n) beM(t;)

I

! 1

k
>

1 & m o1
S uMX()+ X oy X 5 X 14+xE = 5 X 1
aeA 1=1 7 05b<r' i=1 d 1=1 o<b<r!
be M(s) beM(t;)

Letting k — oo, Theorem 1 follows from this by Lemma 2.
To prove Theorem 2, we first note that [x] < 2x for x > 1. Hence, by

Lemma 1,
1 1 & 1 1 x 1
T oom>sE T ¥ ooy 3
1<n<rk+1 [n] 2 I=1 rlSp<ri+! n 2 1=1 (= rigp<rl+l
neM(t) neM@) ne M(t)

12 1 {(1+1)z(r—m)'+1—T _l!(r——m)"T:

T2 ET DT TR L = T)! T*(— T)!

el ) ()
= (s IS IR

vhen k — oo.

(3]

v
N[ =
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3.

In Klave (1971) we treated the case: A integer, d; > 0,and t,=0, i = 1,2,---,m.
The estimates given there are better then those given by Theorem 1. Better estimates
may be given in the general case, but the expressions seem to be very complicated.

Craven (1965) and Alexander (1971) gave estimates for u({J7_, M(?)) in the
special case m = 1. Improved estimates for this sum may be obtained from

Theorem 1. In general, if M;, j = 1,2,---, 5 are harmonically convergent sets, then
sois {J;=;M; and

u(jljl M ,-) = élu(M )

In fact, u is a measure on the g-algebra of all subsets of the set of natural numbers.
If we consider the special case A = m = 1 in Theorem 1, we get, for t > 0,

W) 5 1 30) + 1 5 ! I

Zn d
< w(MYW) + r(logr + 1).
Further
wM(0)) < r(log r + 1),

w(MS(®) = 5 if t=1.

=0ift > 1.

Hence, for T 2 1,

T 1
u( U M(t)) < (T + Drlogr +(T + Dr +—.
t=0
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