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Abstract

Two local nilpotent properties of an associative or alternative ring A containing an idempotent are
shown. First, if 4 = A, + A}y + Ay, + Ay is the Peirce decomposition of A relative to e then if a
is associative or semiprime alternative and 3-torsion free then any locally nilpotent ideal B of A4,
generates a locally nilpotent ideal (B) of A. As a consequence L(4,,) = A, N L(A) for the Levitzki
radical L. Also bounds are given for the index of nilpotency of any finitely generated subring of
{B>. Second, if A*® denotes a homotope of 4 then L(4) C L(A™) and, in particular, if 4 is an
isotope of 4 then L(4) = L(A™).

1980 Mathematics subject classification (Amer. Math. Soc.): 17 D 05.

1. Introduction

It is well known that if an associative or alternative ring A4 contains an
idempotent element e then A can be decomposed into a Peirce decomposition
A=A, + A+ Ay + Ay Where A; = {x € Alex = ix and xe = jx} and
that the 4,; are subrings of 4. In [5] Kaplansky has shown that if b is a nilpotent
ideal of A4; then the ideal of A generated by B is also nilpotent. From this it is
easy to see that if P denotes the prime radical then P(4,) = A; N P(A) for
i =0, 1. In the first part of this paper we demonstrate a similar result for local
nilpotence. Specifically, if B is a locally nilpotent ideal of A, then, if 4 is
associative the ideal of 4 generated by B is locally nilpotent, while if r is
semiprime alternative and 3-torsion free the same result holds. Thus, if L
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denotes the Levitzki radical it follows that L(A4,;) = A; N L(A) if A is associa-
tive (a result of Anderson [2]) or if 4 is 3-torsion free alternative.

If x is an element of the alternative ring A then the x-homotope 4™ of 4 is
known to be the same additive group as A together with the multiplication
a- b = (ax)b. If x is invertible in 4 then A®™ is called the x-isotope of 4. It is
immediate from the characterization of J(4) in [6] that J(4) C J(4™) for all x
in 4 and if A® is an isotope of 4 then J(4) = J(A™). In the second part of this
paper we will prove the analogous result for the Levitzki (locally finite) radical.
Specifically, L(A) is a locally nilpotent (finite) ideal of 4™ for all x in A4, and if
x is invertible in 4 then L(A4) = L(4A™).

Recall that a non-associative ring A4 is called alternative if (x, x, y) = (¥, x, x)
=0 for all x, y € A where the associator (x, y, z) denotes (xy)z — x(yz). A
fundamental property of an alternative ring A is that (X,y X,2p Xe3) =
(sgn o)(x,, x, x5) for all x; in 4 and o € ;. The nucleus, N(A4), of A and the
center Z(A), of A are defined by N(4) = {n € A|(n, a;, a) =0 Va,, a, € 4}
and Z(A4) = {z € N(Z)|za = az Va € A)}. The Levitzki (locally finite) radical
of the ring (algebra) 4 is known to be the maximal locally nilpotent (finite) ideal
of A where an ideal is called locally nilpotent (finite) if every finitely generated
subring (subalgebra) is nilpotent (finite dimensional). It is known that L(A4)
contains all locally nilpotent (finite) ideals of A and that L(4/L(A4)) = 0.

In any alternative ring with an idempotent the following multiplication
relations hold among the Peirce subspaces [1], [5])-

(1) 4,4, C A, fori,j, k=0,

(24,4, C A;fori,j=0, 1

(3) 4,4, = 0if j # k and (i, ) # (k, I).

(4) If x, y, z are elements of the Peirce subspaces not all in the same subring
Ay, then (x, y, z) = 0 except possibly when two of the elements are in some 4;;
fori #*.

Finally, in any alternative ring 4 the Moufang laws hold for all elements a, x,
yinA.

(5) (xax)y = x[a(x)].

(6) y(xax) = [(yx)a]x.

(D) x(ya)x = (xpXax).

2. The Levitzki radical and the Peirce decomposition

Albert [1} and Kaplansky [5] have noted that if R is an associative or
alternative ring and X is an ideal of R, then the ideal (K) of R generated by K
is K+ KR; + R,K + A;KA; where i, j = 0, 1. Moreover if K is nilpotent then
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so is (K> [S]. In this section we derive a similar result in the case of local
nilpotence and show in the course of the proof how to find an upper bound to
the index of nilpotency of any finitely generated subring of (X ). Henceforth we
shall assume that A4 is an alternative ring.

LEMMA 1. Let K be a locally nilpotent ( finite) ideal of A; such that {K) = K +
KA; + A, K + A;KA; C N(A). Then A;KA;; is a locally nilpotent ( finite) ideal of
A.

Proor. For convenience we discuss the case of i = 1. The case i =0 is
obtained by interchanging 0 and 1 throughout. It is immediate from (4) that
Ay KA, is an ideal of Ay, To see that it is locally nilpotent when X is, consider
an arbitrary finite subset B of 44, KA,,. It suffices to replace B by the finite set
B’ of terms xg,kx,, appearing in the various elements of B since the span of B’
contains B. Thus, we may as well assume that

B = {xfPkx(Q, xQhox{F, . . ., x§kx(R}
for some k, € K, x{” € A,,. Consider the finite subset T = {k,xPx|i, j =
1,2,...,r) of K. Since X is locally nilpotent, T generates a nilpotent subring,
say of index n — 1. Then the subring generated by B is nilpotent of index at
most n. For, since K4,, C (K> C N(A) we have, by repeated application of (1)
and (4),

(x52kxB)(xkxB) = x§0[ ki(*iBxE)k;] x 3.
Therefore any product
(x60 ke, XY x5k x18) - - - (580K, x(P)
of n elements of B reduces to
x§0[ (K X x60) (k2@ xEP) - - - (k,_ xl6xE0)k, | x> = 0

since it contains a string of n — 1 elements of T. Therefore 4y,KA4,, is a locally
nilpotent ideal of 4y, For the case in which X is given to be a locally finite ideal
of an algebra 4 note that the subalgebra generated by T is finite dimensional
with basis /;, l, ..., say. Then the argument just given shows that the
subalgebra generated by B is spanned by the elements xQ/x{¢ for some i,

k=1...,n and j=1,2,...,1. Therefore it is finite dimensional and
Ay KA, is locally finite.

LEMMA 2. If A is n-torsion free and L is the Levitzki radical then A = A/ L(A)
is also n-torsion free.
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PROOF. Suppose that n@ = 0 for some a € A. Then na € L(A). We show that
the ideal (L, a) generated by L(A4) and a is locally nilpotent, from which it
follows that @ € L(A). Note that a typical element of (L, a) is of the form
! + m(a) for some ! € L(A) and m € M(A’) where A’ is the ring obtained after
adjoining an identity element to 4 and M(A’) is the multiplication ring of A4’.
Now if we pick any finite subset T = {7, 4,,...,1) of (L, a) then, since
na € L(A), the subring generated by nT = {nt|, nt,, . . ., nt;} is nilpotent, say
of index k. Thus, if we consider any product ¢ =¢,¢,..., of elements
1, € T (regardless of the association) it follows that n*t = 0. But since 4 is
n-torsion free this means that r = £, 4,..., = 0. Hence, the subring gener-
ated by T is nilpotent of index k and (L, a) is locally nilpotent. Thus, (L, a) C
L(A) so that a € L(A4) and @ = 0. We have shown that A4 is n-torsion free.

In the following L; will denote L(A4,;) fori =0, 1.

THEOREM 1. If A is a semiprime 3-torsion free alternative ring with an
idempotent element e and K is a locally nilpotent ideal of A;; then (K ) is a locally
nilpotent ideal of A.

ProOOF. We shall prove the theorem for the case i = 1. The case i = 0 is
obtained by interchanging the indices 0 and 1 throughout the proof. Since 4 is
semiprime and 3-torsior. free we may apply Corollary 7.7 of [9] to obtain that
either

O <K>n Z(4)# Oor

(i) (K> C N(A).

If (i) holds then there is a non-zero element k = k, + k,q + ko, + kg E<KD> N
Z(A). Since ek = ke it follows that k,, = ko, = 0 so that k = k, + k. But then
k, € Z(A,)) and since k, is nilpotent, k4, is a non-zero nilpotent ideal of 4,,.
But then by [5] <k,4,,>, the ideal of 4 generated by k,4,,, is a non-zero
nilpotent ideal of 4 contradicting the fact that 4 is semiprime.

Assume then that (K> = K + KR\, + Ry K + Ry KR,y C N(4). Then by
(1) and (3) (KR,)? = (KR ,xK)R,, = 0. Similarly (R, K)?> =0. Consider an
arbitrary finite set S of elements of the Peirce spaces of (K. Then

S={kV, kP, ... kP, kO, kP, .. KD kPO, .,
KPP, DK+, DT meD, L rlfe )

with kP € K, r¥ € 4,

§ ;» and k§? € Ry KRy, Thus by Lemma 1 k§? € L, for
alld.
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We wish to show that the subring [S] of 4 generated by § is nilpotent. To see
this first look at the set

E= (KD, P, ... ko, kb, kD, ..., ki)

of elements of K U L, Since KLy = L,K =0, K + L, is locally nilpotent.
Therefore, the subring [E] generated by FE is nilpotent, say of index n. Next
consider the set C where

C = EU {rk{k{? - - - kfr]
1<j<s,1<i<m1<i<p+m+s50<w<n—1}
U {HRREIKED - - - Kk rg))
1<j<s,1<i<m1 <i,<p+m+s,0<w<n—l}
U{kPrgrff I <h<p+m+s51<i<m1<j<s}
U{kPrridll < g <n—1,1<,<s,1<i<m).

In view of Lemma 1, C is a subset of K + L, Thus, [C], the subring
generated by C is nilpotent of index ¢ for some ¢ > n.

We now claim that [S] is nilpotent of index < 2n¢. For suppose that 4 was a
non-zero monomial of [S] of degree 2nr in the generators of [S]. Then since
S C N(A), u must take one of the forms:

() u = kM,

(i) u = 5,0M,

(iii) u = kM,

(iv) u = syM
for some 5; € S; = S N 4; and M € [S]. Suppose that u is of the form (i).
Then, by (3), since s,-Jz- = 0 for i #j, u can be decomposed into a product of:
First a product of elements of S}, then an element of Sy, then a product of a
number (possibly none) of elements of Sy, followed by an element of S,,, etc.

Since [ E] is nilpotent of index n there is no sequence of n consecutive elements
of E in u. Thus,

u € S{1S1058S0 S8 «

for1 <d, <n—1,0<d <n—1fori> I Since u is of degree 2nt in S and
d. < n — 1 we are guaranteed that u begins with at least 2¢ blocks of the form
5£S,, that is,

u € S{1S165%Sa1Si? * * * S105% SN
with N € [S]. Thus,

u € S{(S1058501) Si(S1056S0) * + * (S1056'Sor)N-
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If d,; > 1 for each i then u contains at least ¢ consecutive factors from C. Thus,
u = 0-a contradiction. Assume then that d,; = O for some i. Then $,,S§'So; =
S1080;- Now a term of §,0Sy, is of the form k{"r@r$Pk(". Since the elements k¢’
and k{r{Jr) are all elements of C, it is clear that elements of S,,S,, are also
generated by element of C. Therefore, here also u contains at least # consecutive
factors of C. Thus, u = 0.

Suppose then that u is of the form (ii). Then u € S,0S&S0, 55,6530, - -
for 0 < d, < n — 1. Since u is of degree 2a¢ in S it follows that

U € S1SHS S+ - SG 'S STN
for some N € [S]. Thus,

u € (S10550501) S{#(S10586S01) - * + (510556 ~'Sor) SitN
Then, as in case (i) ¥ must contain at least ¢ consecutive factors from C. Thus,
u = 0. The cases (iii) and (iv) are treated similarly. Thus, any monomial of [S]}
of degree 2nt reduces to zero so that [S] is nilpotent of index < 2nt. We have
thus shown that if K # 0 then (K is a locally nilpotent ideal of 4.

Since the whole point of our conditions that 4 be semiprime and 3-torsion
free is to insure that (K> C N(A) we have immediately:

CoROLLARY 1. If R is an associative ring with idempotent e and K is a locally
nilpotent ideal of R; then (K is a locally nilpotent ideal of R.

COROLLARY 2. If A is a 3-torsion free alternative ring with an idempotent
element and L is its Levitzki radical, then L(A;) = A; N L(A).

Proor. To begin, note that 4; N L(A4) is a locally nilpotent ideal of A,.
Therefore A; N L(A) C L(A;). For the reverse inclusion, assume first that A4 is
Levitzki semisimple. Now if A is not Levitzki semisimple, L; # 0. But then, by
Theorem 1, {L;> is a locally nilpotent ideal A for a contradiction. Therefore, 4
Levitzki semisimple implies that 4, is Levitzki semisimple.

In the general case when L(A) #0let 4 = A/L(A) so that 4 is Lev1tzk1
semisimple. Also 4 is 3-torsion free by Lemma 2. Therefore L((4),) =
Now it is an easy exercise to see that (A); =A,/(4; N L(A)). Therefore
L(A;/A; n L(A4)) = 0 and L(A4;) C A; N L(A) to complete the proof.

Finally, we note that Corollary 1 provides a direct proof to the result of
Anderson [2] that for associative rings R, L(R;) = R; N L(R).
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3. The Levitzki radical and homotopy

It is known that if A® is an isotope of 4 then J(4*) = J(4) [6] and
P(A®) = P(A) [3]. In this section we derive the same result for the Levitzki
radical by first analyzing the more general case of homotopy.

In the following, R, denotes the usual right multiplication operator, that is,
aR, = ab. Similarly aR{® = (ax)b for all a, b € A.

LemMMA 3. If a, iy, iy, . . . , iy, x are arbitrary elements of A, then

aR; RR. . - Ry R, ifniseven,

ROR® ... R =
¢ ; K " {(ax)Ri‘insz"s t RXin—\xRin lfn iS Odd

ProoF. The proof is by induction on n. The case n = 1 is obvious form the
definition of R™. In the case n =2 we have aRPR® = (((ax)i]x)i, =
[a(xi,x)}i, by (6). Therefore aR™R{® = aR,; R, . Assume then that the result is
true for k < n and let u = aRPR - - R,f") If w = aR@R - - - R® then
u = wROR® = ([(wx)i,_,1x)i, = [w(xi,_,x)]i,. By the induction hypothesis w
has the desired form. Since n and n — 2 have the same parity it follows that u
has the desired form. Thus, the lemma is true.

LemMma 4. If a, iy, iy ..., 1, x are arbitrary elements of A and u =
aRWR® - - - R then xux = (xax)R;, - - - R,

Iy x*

ProOF. The result again follows by induction on n. In case n = 1, xux =
x[(ax)i))x = (xax)(i,x) by (7) Assume that the result holds for n — 1 and
u=aRWR® ... R w=aR® .- R¥. Then xux = x(wR™)x
= x((wx)i)x (xwx)(z x) By the induction hypothesis xwx
= (xax)R; , - - R,-"_,x. Therefore xux = (xwx)(i,x) = (xax)R;, - - - R, R,
to complete the proof.

LemMma 5. If a, iy, iy ..., X are arbitrary elements of A and u =
a®R R - - - R then
(ax)R; R,; (R, - - - R, R if n is even,

xiype Ly Ay XX

ux = -
aR; RR;. R _R,, ifnisodd
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PrOOF. We once again proceed by induction on n. If n =1 then ux =
(aRM)x = ((ax)i))x = a(xix) = aR,,; , by (6). Similarly if n =2 then ux =
[aRVRP)x = [[[(ax)i\lx]iy]x = [(ax)z,](xi2x) by (6) again. Therefore ux =
(ax)R; R, , as required. Assume that the rsult holds for K <n and that u =

RWRXD ... R™. Asin Lemma 3let w = aR®RX - - - R™ Then
ux = (WR(O R()x = [[[(wx)i,_ ]x]in]x
= [(wx)in—l](Xin‘x) (WX) 1 Jn,,x

Now, by the induction hypothesis wx has the desired form. Since n and n — 2

have the same parity it follows that ux has the desired form. Thus, the lemma
holds by mathematical induction.

In the following we shall denote by e the identity element of B®™ if it has one,
and, if not, e will denote the identity element of (B™) where (B™Y is the ring
obtained after imbedding B®™ into a ring with identity in the usual way.

THEOREM 2. If x is an arbitrary element of the alternative ring A and I is a
locally nilpotent ideal of A, then I'® is a locally nilpotent ideal of the homotope
AP,

ProOF. Let B™ be a finitely generated subring of I® generated by the
elements i}, iy, . . ., i,. Then, since / is a locally nilpotent ideal the set D = (i,
Iy, ooy by, 0y, 09X, ..o, i, x, XIX, Xiyx, ..., Xi,x} generates a nilpotent subring
[D] of A. Assume that [D]* = 0. Now, by [7, Proposition 3] every element b of
B™ is a linear combination of second degree monomials, so that without loss of
generality we may in the course of the proof assume that each element b of B®
is a second degree monomial in iy, i, ..., i, (that is, b = eRVR - - - RY),
where ¢, = eRWR®) - - - - R® for some posmve integers m, s, and t(s) and
where 1 < #(j) < n for all _] =1,2,...,s Since b=c,RP--- R, by
Lemma 3 either

(1) b =c Rxcszcz xcm_,ch,,, or
(ii) b = (¢, x)R, Rxc R, )- . Rxc,.(;ixRxcm_.ch,.. depending on the parity of m.
== X . s . 1
Similarly, since ¢t = i, R, R, we have that either
G = l'(l)RX‘}(zyxR‘}(s) T RJ‘i:(s—l)XRf:(:)
or
&= (ll(l)x)RH(z) xigyx RXin(x~|)xRiz(;)'
In either case, ¢, is a monomial of I of degree s in the generators from D.
Since ¢, = i,RE? - - -+ R™ it follows from Lemma 4 that
Xc,x = (xi,(,)x)R,;meimx < R,.'mx.
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Therefore xc,x is a monomial of I of degree s in the generators xi x,
i, X, ..., iyx of D.Similarly, by Lemma 5, c,x is a monomial of I of degree s in
generators of D. Thus, in both cases (i) and (i) if b is of degree u in the
generators {i, iy, .. .,i,} as an element of I then b is of degree u in the
generators D = {i}, i, ..., 0, i)X, ..., I,x, xiyx, ..., xi,x} as an element of I.
Since [D]* = 0 it follows that any element of B™ of degree k in i}, iy, ..., 1,
reduces to zero. Thus, B® is nilpotent of degree < k and I is locally
nilpotent.

Since A is a homotope of 4® when x is an invertible element of 4 we have:
COROLLARY. If A is an isotope of A then L(A®) = L(A).

Note. The crux of the proof of the theorem is that B C [D]. Thus, if 4 is an
algebra over a field F and [D] is finite dimensional then it follows that B™ is
finite dimensional. Therefore, if I is locally finite we conclude in the same way
that I is locally finite.
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