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Abstract

We consider infinite volume limit Gibbs states of a nonrelativistic quantum Bose gas
consisting of one species of spinless particles with positive interaction potentials. The
finite volume reduced density matrices are dominated by the corresponding matrices
for the noninteracting gas, and as a consequence all infinite volume limit states are
regular, locally normal, and analytic on the appropriate CCR algebra. For
sufficiently short range repulsive two-body interactions, the cyclic vector associated
with the limit state is separating for the o-weak closure of the algebra in the associated
representation.

1. Notation and assumptions

In this paper we study a certain class of non-relativistic quantum Bose gases in
thermal equilibrium. We assume that there is only one species of spinless particle,
and choose units such that its mass is 4. The appropriate C*-algebra is the CCR-
algebra ¥ over | J, L¥A), where A ranges over all open, bounded, subsets in R*, and
we have

Q[ = UAQ[(A)’

where U(A) is the CCR-algebra over the one particle space L%(A) (see, for example,
[4] for details). In the sequel we consider only bounded regions A with piecewise
smooth boundary JA.

The time evolution t* of a system of noninteracting particles confined to the
region A is a discontinuous one-parameter group of *-automorphisms of U(A)
implemented on Fock space by a unitary group

t > exp {it dT(TE)},
that is, T is the quasifree evolution on U(A) defined by the one-particle evolution
t > exp (itTEL).
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Here o is either a smooth, non-negative real function on the boundary JA, or
6 = + 00. In the former case, T''), is the self-adjoint extension of the Laplacian —V?
corresponding to the boundary condition

W _
%—O’l//,

where 0/0n is the inward normal derivative on dA, whilst T}’ , is the extension
corresponding to Dirichlet boundary conditions, that is, T}, is the Friedrichs
extension of —Vic).
Next, define
T, a = dI(T}))

as the second quantization of T'), and let
o]
T, A= @D T-(",)\
A= D s

be the decomposition of T, , corresponding to the direct sum decomposition of the
symmetric Fock space % (A) into n-particle subspaces LY(AY,,where L?(A)" is the
subspace of LA(A) = ®" L?(A)consisting of functions invariant under permuations
of the n arguments in A. Alternatively, T%, is the restriction to L(A)’, of the closure
of the operator

(TARI®..QD+(IXTN®..QD+.+IQI®..Q TY)

acting on L3(A)".
The interaction is defined by an operator U, of the form

©
UA =@ Xl)’
n=0

where each U is an operator of multiplication,

(UDY) (X150 X0) = UM(x1, X3, 0y X ) P(X 15 w00s X,)-

Here U™ is a real function, symmetric in the arguments x,, X, ..., X,,. We assume that
each U™ is positive, that is,

U(x,,...,x,) =0

forall xy,...,x, € R™. In order to define the total Hamiltonian by form sum methods
we also assume

U™ e Li,(R™\S,)

where S, is a closed set of Lebesque measure zero. This means that U™ is integrable
over all compact subsets R""\ S,. The requirement that S, has Lebesque measure zero
excludes particles with hard cores. As the inclusion of hard cores entails additional

https://doi.org/10.1017/50334270000002228 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000002228

[3] Equilibrium states of a Bose gas 131

discussion of the boundary conditions imposed upon the cores, we have made the
restriction on S, to avoid too many details, but our results can certainly be extended
to this case.
The finite volume n-particle Hamiltonian is defined as the form sum, [4], of T"\

and U,:

HY, = T U,
and the total finite Hamiltonian is defined by

a0
Ha,/\ = C-—DO Hgl,)A’

where HY, = 0.

2. Functional representation

Let p, A(x, y; t) be the kernel of the semigroup ¢t — exp (—tT}!)), that is, p, , is the
unique continuous function on A x A x R* such that the solution of the initial
value problem

op

E=V2p fort >0, xeA,

=}

—5(x, ) =o(x)p(x,t) fort >0, xedA,

D

p(x,0) = f(x),

is given by

P(x, 1) = fa Py, alx. ¥5 S (V) dy.

The kernel p, 5 has the properties [1, 2, 8].
(1) (Positivity conservation)
Paalx,y; ) 20 for x,yeA, t>0.

(2) (Semigroup property)

Ap,,A(x,y; ) Po, A, 25 8) dy = p, Alx,2; t+5).

(3) (Contraction property)

L Poalxy; dy <1

for xe A, t > 0, with equality if and only if 6 = 0.
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(4) (Monotonicity in boundary conditions)
If 0 < 0,(x) < 6,5(x) € + o0 for all xedA, then

PO,A(X,,V; t) = pa,.A(xuy; t) = pdz,A(x9y; t) = pao,A(xyy; t)

for all x,ye A, t > 0.
One can construct functional measures corresponding to the transition probabilties
P.. » in almost exactly the same manner as Wiener measure is constructed from the
infinite volume diffusion process [ 1, 4]. The trajectory space can be taken as the set
of all functions from the interval [0, 8] into A, that is,

x_ R =@y
0<t<p

QA,ﬂ =

where A is the closure of A. Then Q, ; is compact in the product topology. The
conditional Wiener measure ug’ ;"” can be defined on C(Q, g) by specifying it on
functions ¢ of the form

$lw) = F(oAty), ..., L),

where F: (A)™ — C is continuous and 0 < t, <t < ... <t, < f. One defines

ui:?"’(dﬂ = J:\ J:\ F(x1, ooy X)) Py A(X, X 15 8) X (X, X5 By — £() X

X P X 15Xy by — b 1) X P X V3 B— 0 dx ... dX,,

The Riesz theorem then assures the existence of a unique regular Borel-measure
pe># on Q, 4 such that

1y He) = L Pl) duz;y Hew).

It follows from the monotonicity of p, , in o that the functional measures are
monotonic in the boundary conditions, that is,
0<0, <0, <+

implies that
HEHB) < pEMB) < psliM(B) < 12, (B)

for all Borel sets B.

One can also prove that the measures pg;f-" are supported by the set of Holder
continuous trajectories of order a if 0 < a < 4, and the set of Holder continuous
paths of order o has measure zero if 4 < a < 1. One can now give a Feynman-Kac
type representation of the kernel of the semigroup

B — exp(—BH{\)
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as follows

B
exp(—BH ) (x,y)=f dui:ﬁ"’(w)exp{— f dt U“’(w(t))}-

Qs Y

In the case of Dirichlet boundary conditions, 6 = + o0, this representation simplifies
to

[
exp(—BH) M) (x,y) = f dpf, (@) an(e) exp { - L dt U“’(w(t))},

s

where pf | is the infinite volume Wiener measure on the trajectory space
Q; = (R4,
Here R’ is the one point compactification of R®, and

1 if w{t)eA for all te[0, ],
0 otherwise.

ap(w) = {

3. The reduced density matrices

The positivity assumption on the interaction implies that exp { — B(H, A —uNA)}
is of trace class whenever § > 0 and the chemical potential u is negative. Here
N, = dI'(x,) is a local number operator, that is, N, is the number operator on the
symmetric Fock space #(A) over L%(A). We can therefore introduce the finite
volume Gibbs states

OA(A) = Tr e Hen™0 )2,

for Ae U(A), where Z, = Tr,(,\)(e‘”("a,r”"ﬂ) and w,, Z, implicitly depend on 8, p,
o and U. The states w. and their infinite volume limits are analysed by means of the
reduced density matrices

PAY™; X™) = 0a(a*(xy) ... a* () a(Ym) .- a(y 1))y

where x™ = (x,,...x,), y™ = (¥1,.-»Vm) and a*(x), a(y) are the operator valued
distributions defining the creation and annihilation operators in the cyclic
representation determined by w,. Alternatively, p,(x™; y™) can be defined as the
kernel of the operator p, given by

(m+n)!
n!

i)A ZO Trn(pA,m+n);

where p, , is the operator
exp { — B(HG)\ — un)}/Z

and Tr, is the partial trace over n particles.
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Following Ginibre [6] one can now use the Feynman-Kac formula and a
combinatorial argument to find an integral representation for p,. The result is,

(4 6],
1{3 forssrodnion

Ji=1

Pax™ y ™) = g ,

13

where 0™ = (w,, ..., ®,,) is a family of m composite trajectories with time intervals
J1B.Jj2 B, -, jm B, and the first sum runs over all permutations n of the points y,, ..., Y-
The correlation functional p, is defined by the formula

pal@™ = Z;1! ;0711—! jdc‘ol ed@, 27t exp { — U(w™ @")},

where z = €®* is the activity, @ = (&, ..., @,) is a family of n composite closed loops
and q and r are the number of elementary trajectories that constitute @™ and @"
respectively. Moreover, U(w™, @") is the integral from O to f of the potential energy of
the (q+r) points on the (m+n) trajectories @™, @" at time ¢ modulo f, and the
integrals d@ are defined by

|

i=1]

diy = f dus M98 (&) du.
A

The partition function is given by
Zy= 2 %Jdc"o, ..dd, z"exp {— U(@")}.
n=0".

In the case of Dirichlet boundary conditions, 6 = + o0, it is more convenient to
redefine p, somewhat, conforming with the conventions in [4, 7], that is, one then

has
PA(x™ y™ = Z'l;[l {jgl Jdﬂff n(y:)(wi)} aa(@™),
where
pAl@™=Z;' T % Jdd)l e d@, 297" ap (™, @) exp { — U(@™, @)},
nz0
3 N
dido = Y = 1duf (&) du,
i=1J
Z, = go% fd&;, o déd, 2" ap(@r) exp {— U@,

du, , is the infinite volume Wiener measure, and
1 if all the trajectories @y, ..., Wy, @Dy, ..., D,
oap(0™ @,) = remain inside A,

0 otherwise.
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4. Repulsive potentials

We say that the interaction U is repulsive if
U 9xm, y7) > Uxm) + U7)
for all m,n, x™e R*™, y” € R™. Alternatively, this may be characterized by the fact that
the k-body potential is non-negative for each k.

THEOREM 1. Consider a Bose gas with a repulsive interaction U, and let i);{ aand p3
denote the finite volume reduced density matrices with interaction U, and without
interaction. It follows that

0 < P alX™ y™) < Do AX™s y ™) < PO A" ¥
Jor all x™,y"e A™ all § >0, u<0and o > 0.
Proor. It follows from the integral representations in the previous section that it
suffices for the two first inequalities to prove that
0< Plal. Al@™) < Pg, Al@™).

But the first of these inequalities follows from the representation
pU @™ = Z5' 3 L |didy ..dio, %" exp {~ U ", &7)}.
n=0"-
If the interaction is repulsive, one has
exp { — U(w™, @")} < exp { — U(w™} exp {— U(a")}
and therefore
*11,. . -
Paal®) < 27exp {—U(@™)} Zx ! x Z,Om d@, ...d@,z" exp { — U(@")}

= z%exp {— U(o™} < 2%

But the same computation for U = 0 gives

PB, ") = 2*

and this completes the proof of the second inequality. Finally, the conditional

Wiener measures uZ: ' are monotonically decreasing in the boundary conditions o,

and therefore the largest value of

i’g,,\(xm; ym)= zﬂ:

m a0 A ‘ﬂ
a, N\,
=1 j,Z—": 1 d#“" "(J;"’ ()¢ 2
occurs for the smallest value of o, that is, the Neumann conditions o = 0.
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If one considers Dirichlet boundary conditions one may utilize the monotonicity
in A of the non-interaction reduced density matrices to obtain a bound which is
uniform in A and even valid for u = 0.

THEOREM 2. Consider a Bose gas with a repulsive interaction U, and let p} and p3
denote the finite volume reduced density matrices with interaction U, and without
interaction, in the presence of Dirichlet boundary conditions. It follows that

0< pROem y™) < PR y™ < lim BR(",y ™)

and consequently

ISII plx; — (y;)),

< palxm y™ < %:
where the last sum is over all permutations of (y,, y3,---, V) and

p(x) = (2m)~ Jd"p ePize (1 —ze PP 1,

Proor. The estimate
0< pax™ y™ < PAx™; y™)

follows from Theorem 1. But

palx™; yM = T1 { Z d"l'x. n(y.)(wl')} ap(™) 2

ni=1

by the representation in the previous section.
It follows that
A = pAx™; y7)

is monotonically increasing with limit

£ [1( £, #amip-esoon) - 2 11t

where

plx) = Z Zj(41tjﬂ)_V/2 e~ X148 — (27t)_" jdvpeipxze—ﬂpl(l —ze'ﬁpz)‘l,
ji=1

5. Thermodynamic limit states for Dirichlet boundary conditions

If A is the CCR algebra over £ = | ), L*(A), and fe £ we let W(f) denote the
corresponding Weyl operator, that is, W(f) is unitary and one has

W()W(g) = e™mI972 W(f+g).
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Following Segal (see [4] for details) we say that a state w on U is regular if
t— o(W(tf))
is continuous for all fe £ or, equivalently, if

t = n(W(tf)

is a strongly continuous unitary representation for all fe 4, where (#,, 1, Q) is the
cyclic representation associated to w. If w is regular, we define the field operator
@ (/) as the infinitesimal generator of this unitary operator, and define creation and
annihilation operators aX(f),a.(f) by

D(a,(f)) = D(@¥(f)) = D(@(f)) () D@.(if ).
a,(f) = @) +i®f)/V/2,

and
at(f) = (@) —i®(if)/\/2.

The state wis said to be locally normal if the restriction of w to each (A) is normal
with respect to the Fock state. If A is a bounded region and w is a state, define
N (@) = + oo if @ is not regular on W(A), or if Q¢ D(a,(f)) for some fe L %(A), and

N —_ 2
Nu@) = syp % [lau() Q|

otherwise, where & ranges over all finite orthonormal sets in L %(A). Then N, is an
affine lower semi-continuous functional on the state space E, on W, and w is locally
normal if

N(@) < + 00

for all bounded regions A, [4, 5].
Finally, a state w on U is said to be analytic if

t = w(W(f))

is an analytic function for all fe# or, equivalently, if Q, is an analytic vector for
@, (f) for all fe 4.

THEOREM 3. Consider an interacting Bose gas with repulsive interaction, and let
{w,} be the net of finite volume Gibbs states for some B > 0, u < 0 and Dirichlet
boundary conditions. Further, let {w, } be a subnet such that the limits

w(A) = lim w, (A4)

exist for all Ae .
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It follows that w has smaller local particle density than the limit Gibbs state w, for
the non-interacting Bose gas,

N(w) < N (o),
and, in particular, w is locally normal. Furthermore, w is an entire analytic state and

llm w/\=(d)m,\l(gl) d)w,\l(gn)) = a)(q)o(gl) o d)m(gn))

forallg,,..g,e4and alln> 1.
Proor. By Theorem 2, one has the estimates
0 < PA(x™ y™ < PAX™ y™) < Px™5 y ™),

where p denotes the reduced density matrices for the infinite volume free Gibbs state
w,y- Hence one has

Fy(on) = j dx Bl %) < f dx 53 x) = N (o)

whenever A = A’. Since N, is lower semicontinuous, it follows that
N () < liminf Ny(w,) < N(wo)
a
and, in particular, ® is locally normal.

The principal ingredient in the proof of the last part of the theorem is the following
real analysis lemma (for a proof see [4]):

LEMMA 1. Let {f,} be a net of n = 1 times continuously differentiable functions from
R into C, and assume that f, converges pointwise to a function f. Assume that the
derivatives of f, up to order n are bounded on compacts, uniformly in o, that is,

sup te[SEEk] | fM@0)] <+

Jor m=1,2,...n, and all k> 0. It follows that { is (n—1) times continuously
differentiable, and

fom _ fom
a

form=0,1,...n—1, where the convergence is uniform on compacts.

The proof of Theorem 3 follows from the bounds of Theorem 2 and the entire
analyticity of the infinite volume Gibbs state w, of the non-interacting Bose gas

wo(W(f)) = exp { — 0o(®,()?)/2}
=exp{—(f,(A+zef )I—z ") f)/4}.
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First choose ge L %(A). Next, note that the states w, and w, are all gauge invariant
and hence

wA(®,,(9)) = 0 = wo(P,,(9)")
when n is odd. If, however, n = 2m 1s even,
@@, (9)*™) = wal(ad (9)+a,,(9))*™)/2"
= Wk (9" +ak(9)*" ' a, @+ .. )12™

In the last expansion, however, w, vanishes on all terms which contain an unequal
number of creation operators a¥,(g) and annihilation operators a,, (g). Thus, by use
of the commutation relations

a,(9)a% (9) = a¥ (g)a, @)+ g]|>

one obtains a representation
ON@, @™ = T CF wn(at, (0 0, (})
= & o [axtar ot v 1 a0
where the coefficients are positive polynomials in || g ||2. (We have used p, to denote
the reduced density matrices corresponding to w,.) By Theorem 2, however,
0 < palxk v < p(x¥ y"),

where p are the reduced density matrices associated with the infinite volume non-
interacting equilibrium state w,. Thus, since G = 0, one has

m k _
0 < 0)(®0 @) < X CF de" dy* 6 v T o)) | 90|

= @%@, 9))*™)-

The last evaluation follows from the gauge-invariance of w° and the definition of
the CJ.
Next introduce the family of functions f,: R - C

Jot) = w, (W(tg)).
These functions converge pointwise to the function f: R — C defined by

(@) = oAW(2g)).
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Furthermore, they satisfy the hypotheses of Lemma 1 for all n. For example,
| £ = |i™ wp (@, (9" WEN) [
< | 0p (@, (9)°M)]
< 0% Dyol| 9 [)*™).

Hence fe C*(R) and /™ — f™ uniformly on compacis. But, if Fy: R — C is defined
by

Fo(t) = o°(W(t| g )
then F, is entire analytic and
|f(0) = lim | £
< 0%y, g )™
= |Fg(0)].
Thus fis an entire analytic function. Therefore

t— o(W(tg))

is an entire analytic function for all ge I %(R*) with compact support and hence w is
an entire analytic state.
Next, from convergence of the derivatives, one has

wp (@, (@) = i7" 1(0)
—~i7f(0) = A, (g)).

The more general statement of the theorem with n different functions g,, ..., g, is
obtained in a similar manner by examining derivatives of a function f(t,,....t,) =
wp (W(ty g, +1292+ -1, g,)) of several variables. We omit the details.

There is a partial converse of Theorem 3.

COROLLARY 1. Adopt the assumptions of Theorem 3 but further assume that the
reduced density matrices pj associated with the Gibbs states w, are pointwise
convergent. It follows that the states are weakly* convergent.

Proor. It follows from the bounds
0 < pAx™ y ™ < p(x™5 y™).

and the Lebesgue dominated convergence theorem that w,(®,, (9)*") converges for
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all ge L*([R") with compact support. Moreover, the estimates
0 < WA(P,,(9)°™) < 0 @uoll 9)*™)

imply that one can define numbers

_ had (_ l)m : 2m
WAW@) = T o lim @n(@0, (6™
for each such g. It is then readily verified that these numbers uniquely determine an
entire analytic state w over the CCR algebra and w, — .

Theorem 3 states properties of the thermodynamic limit with > 0 and u < 0 fixed.
It is also possible to consider the thermodynamic limit with 8 > 0 and the overall
particle density fixed. (This latter form of limit is essential for the discussion of
Bose-FEinstein condensation of the ideal Bose gas.) The basic difficulty for the ideal
gas with Dirichlet boundary conditions is that the formalism is only defined for
z = exp {Bu} < 1 and for z fixed in this range the local particle densities p,(8, z) are
uniformly bounded, whenever v > 3, by the density of the infinite ideal gasat z = 1,
that is,

PAB,2) < pAB) = 2m) ™" Jd”l’(e”"2 -7

Now it follows from the bound N (w) < N ,(w°) that the density of the interacting
gas is also uniformly bounded by p.(f) if z < 1. This seeming paradox is resolved for
the ideal gas by remarking that if p,(f, z) > p{f) one must have z > 1 for each finite
A and in the thermodynamic limit at fixed density this leads to a range of choices z,
such that z, — 1. The discussion of the interacting system at fixed density is less
tractable and it is not evident that the corresponding z, would converge to a critical
finite value. Nevertheless, the above method of bounds could be used to discuss
properties of any limit for which z, — 1.

6. Thermodynamic limit states for general boundary conditions

We will now prove results corresponding to those in Section 5 for more general
boundary conditions than the Dirichlet one. The difficulty which occurs if, for
example, one uses Neumann boundary conditions is that the density matrices for
rectangular regions A (and conceivably general convex regions) dominate the
infinite density matrices, and this leads to the estimates

NA(@wa) 2 N (o),
which are converse to the corresponding estimates for Dirichlet boundary

condition. The situation, to some extent, can be remedied by the following lemma.
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LEMMA 2. I et R > O be a constant. Then there exists a constant M = M(R, ) such

that
~0 Cm ' zM \"
PoalX™ y™) < m-<1_z)

Jorall x™, y™e A™, all m > 1 and all bounded regions A satisfying one of the following
two requirements:

1. The boundary 0A is a C*-surface of mean curvature less then (1/R).

2. A is a rectangular region whose sides are longer than R.

Proor. One has
i’g, ALY =% jl;[l f’g,A(xj’ ”()’1')),

where n runs over all permutations of y, ..., y,,, and

f’g,,\(’ﬁ y= ,-; ZjPo, Alx, y; jB).
Thus the bound of the lemma will follow once one can establish the bound

| Po, A%, y; )| < M(R, B)

whent > f.In case 1 these bounds are an immediate consequence of Proposition A3
in [2], and in case 2 they follow from the explicit expression for p, 4 in [2, 7].

THEOREM 4. Consider an interacting Bose gas with repulsive interaction, and let
{w,} be the net of finite volume Gibbs states for some f > 0,u < 0 and general o-
boundary conditions. Further, let {w,_} be a subnet such that A, — R" and the limits

a(A) = lim w, (A)
exist for all Ae W, and each A, is either a convex region with a C* boundary oA with

mean curvature bounded by an a-independent number, or a rectangular region.

It follows that )
Ni(w) <+

Jor all bounded regions A and, in particular, w is locally normal. Furthermore, w is an
entire analytic state and

lim 4 (@ (G1) - Doy G0) = DAPug1) - )

Jorall g,,..,g,ehand alln>= 1.
PRroOOF. Theorem 1 and Lemma 2 imply that

0< pY A (X™ Y™ PO A"y ™)
< m!(ZM )"’
1—z
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for all sufficiently large «. In particular,

N . zM
Nj(w,) = J.Adxp,,,\,(x,x) < 1—;—2|A|,

where | A| is the volume of A. Since N, is lower semicontinuous, it follows that

zM

IVA((D)S 1—z

|A] <+

and w is locally normal.
We compute as in the proof of Theorem 3 that, if ge L}A) and A < A,, then

OnOop (@) = T, CF O a0 (5F o (o)

and a combinatorial argument establishes that

2m)! -
= (k |)2 ("5 _”2)| 22m—k " g ”2("' k).

G
From the estimate in the beginning of the proof one obtains

k ——
wp (a5, (9) auy (9)) = L dx* L dy* bg A, (V5 X I g(x) g0vy)

4
<||9||"‘[J dx"j dy“ﬁi’,A,yk,x“)z]
Ab A
zM ¥
<ol ati (2L ).
Therefore, if A > 0, one has

A m
P ENCIN L]

_ AZm @ Im
=X mw,\,( wa9)"™)

m=0

o ZrOmU AR/ =2 o

S asoxSo  Cm)l (k) (m—k)12*m 7

£ o £ () o

- :x: {(ﬂgﬂl)z} kizoml:M%(MTl_fﬂz)ﬂE)k / k!
I e
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Since the last bound is independent of « one can now use Lemma 1 as in the proof on
Theorem 3 to establish the last statement of Theorem 4.
One can similarly prove the analogue of Corollary 1 in this setting.

COROLLARY 2. Let U be a repulsive interaction and let A, be a net of bounded regions
of the type described in Theorem 7 such that the reduced density matrices pS ,, are
pointwise convergent as x — 0. It follows that the associated Gibbs state w,, are
weakly* convergent as o — 0.

7. Modular structure

We now consider interactions defined by translationally invariant two-body
potentials W, that is,

Uxymx) = T Wlx—x)

Isi<jg

and

- %de dy®(x — y)a*(x) a*(y) a(y) a(x).

THEOREM 5. Consider the finite volume c-boundary conditions Gibbs states w, at
temperature § > O and chemical potential u < 0 for a Bose gas interacting through a
two-body potential ¥ satisfying

1. ¥ is positive, that is,

¥Y(x) =0 forall xeR’,

and
2. The estimate

Id'x(l+|x|2)"+‘|W(x)l2 <4 o0

is valid for some ¢ > 0.

Let A, be a net of bounded regions such that A, — R" and such that A, satisfies the
requirements in Theorem 4 in the case of non-Dirichlet boundary conditions, and
assume that o = lim, w,_ exists in the weak* topology.

It follows that w is a modular state, that is, the cylic vector Q,, in the representation
(A ., T, Q) determined by w is separating for n ()"

PROOF. We prove the theorem via two lemmas.
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LEMMA 3. The estimate

oA ((NA+ D)™ S Km)(A]+ 1" <+ o0

is valid for all bounded regions A = A, and all m > 0, where w, (N}) is defined by the

normal extension of w,_from W(A) to W(A)"as in [3], and K(m) is independent of «.and
A. .

PROOF. One has

WA NANA—=1)..(Ns—k+1))

= J:\k dx* a’/\,(a::,\,(xx) a:m,(xk) a:),\,(xk) aw,\u(xl))'
_ J 0 (5 )

Ak
< f 02 p (o )

Aﬁ

k
sk!(”") |AJf <+ co.

1-z

The last two estimates follow from Theorem 1 and Lemma 2. The coefficients S in
the expansion

=2 Seplp—1)..(p—k+1)
are positive by the recursion relation
Setl = SpLy+kST, Sp=ST=1,
and hence
Nit= 3 SPENANA-1)..(N—k+1)
k=1
is a linear combination of positive operators on D(N7). Therefore

zM
1—-2z

m k
A ND < 3 S:'k!( )|A|“<+oo
k=1

uniformly is A,. The estimate in the lemma is an immediate consequence of this
estimate.

LEMMA 4. Let fe C? be a function with support contained in a bounded open region A;
let ¥ be a two-body interaction such that

el = { Id”x(1+|x|2)”+‘| q‘(x)lz}* <+
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for some ¢ > 0, and let

Us=1 L f dx dy¥(x — y) a*(x) a*(y) a(y) a(x).
It follows that
ICTo e WL I <IVAIZ NG+ 20 V21| 2 (Na+ D |
for Ye D(NY),
|LUA WNTY || < dK .S o)l |l
if y e D(N3?) and
| (Na+ 124 || S K A'|+ 1)

Jor all bounded regions A’, where K is independent of A’ and the constant d is
independent of A’, and finally

|INA WY || < BN (NA+ DEY ||
for all Y € D(N%), and b is independent of A.

Proor. The estimates on the commutators by T, , and U, follow from the
appendix of [3]. The last estimate is clear from the formula

[NA W = W {8+ £|I7 13-

END OF PROOF OF THEOREM 5. Let &, be the *-algebra generated algebraically by
the operators of the form W(f), where fis a C>-function with compact support inside
A. Since all elements in 2, are finite linear combinations of W(f)’s it follows from
Lemmas 3 and 4 that

wp ([Ka, ATK 4, 4)) < C(4)
for all Ae g, and all A, 2 A where the constant C(4) is independent of «, and
KA, = Ha,A,_ﬂNA,~

The theorem now follows from [3], Theorem 1 (see also [9]) and the local normality
of w.
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