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Abstract

Let us say that a graph G is Ramsey for a tuple (Hy, . . . , H;) of graphs if every r-colouring
of the edges of G contains a monochromatic copy of H; in colour i, for some i€ [r].
A famous conjecture of Kohayakawa and Kreuter, extending seminal work of Rodl and
Ruciriski, predicts the threshold at which the binomial random graph G, ;, becomes Ramsey
for (Hy, . . ., H,) asymptotically almost surely.

In this paper, we resolve the Kohayakawa—Kreuter conjecture for almost all tuples of
graphs. Moreover, we reduce its validity to the truth of a certain deterministic statement,
which is a clear necessary condition for the conjecture to hold. All of our results actu-
ally hold in greater generality, when one replaces the graphs Hi, ..., H, by finite families
Hi, ..., H,. Additionally, we pose a natural (deterministic) graph-partitioning conjecture,
which we believe to be of independent interest, and whose resolution would imply the
Kohayakawa—Kreuter conjecture.
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1. Introduction

1-1. Symmetric Ramsey properties of random graphs

Given graphs G and Hy, ..., H;, one says that G is Ramsey for the tuple (H1, ..., H;)
if, for every r-colouring of the edges of G, there is a monochromatic copy of H; in some
colour i € [7]. In the symmetric case H| = - - - = H, = H, we simply say that G is Ramsey
for H in r colours. Ramsey’s theorem [24] implies that the complete graph K, is Ramsey for
(Hy,...,H,) whenever n is sufficiently large. The fundamental question of graph Ramsey
theory is to determine, for a given tuple (H1, . . ., H,), which graphs G are Ramsey for it. For
more on this question, as well as the many fascinating sub-questions it contains, we refer the
reader to the survey [3].

In this paper, we are interested in Ramsey properties of random graphs, a topic that was
initiated in the late 1980s by Frankl-R&dl [6] and Luczak—Ruciniski—Voigt [31]. The main
question in this area is, for a given tuple (H1, . . ., H,), which functions p = p(n) satisfy that
G, is Ramsey for (Hy, . . ., Hy) a.a.s. Inthe case H| = - .- = H,, this question was resolved
in the remarkable work of Rodl and Rucinski [25-27]. In order to state their result, we need
the following terminology and notation. For a graph J, we denote by v; and e; the number of
vertices and edges, respectively, of J. The maximal 2-density of a non-empty graph H with
vy > 3 is then defined’ to be

my(H) := max:ej Z:JgH,wZ?a}.

With this notation, we can state the random Ramsey theorem of Rédl and Rucinski [27].

THEOREM 1-1 (R&d1-Rucisiski [27]). For every graph H which is not a forest® and every
integer r > 2, there exist constants c, C > 0 such that

lim Pr(G,,p is Ramsey for H in r colours) =
n—oQ

1 ifp> Cnfl/mz(H)’
0 ifp< cn~V/ma(H)

As with many such threshold results for random graph properties, Theorem 1-1 really
consists of two statements: the /-statement, which says that G, satisfies the desired prop-
erty a.a.s. once p is above some threshold, and the 0-statement, which says that G, , a.a.s.
fails to satisfy the desired property if p is below some threshold.

In recent years, there has been a great deal of work on transferring combinatorial the-
orems, such as Ramsey’s theorem or Turdn’s theorem [30], to sparse random settings. As
a consequence, several new proofs of the 1-statement of Theorem 1-1 have been found.
Two such proofs were first given by Conlon—Gowers [4] and, independently, by Friedgut—
Rodl-Schacht [8] (see also Schacht [29]) with the use of their transference principles.
More recently, Nenadov and Steger [22] found a very short proof of the 1-statement of
Theorem 1-1 that uses the hypergraph container method of Saxton—Thomason [28] and
Balogh—Morris—Samotij [1].

' As usual, G,, denotes the binomial random graph with edge probability p and we say that an event happens
asymptotically almost surely (a.a.s.) if its probability tends to 1 as n — oo.

2 We also define m,(K,) := 1/2 and m,(H) := 0 if H has no edges.

* Rodl and Ruciriski also determined the Ramsey threshold when H is a forest, but for simplicity we do not
state this more general result.
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Whereas the 0-statement of the aforementioned sparse random analogue of Turdn’s theo-
rem is very easy to establish—one simply deletes an arbitrary edge from every copy of H—
proving the O-statement of Theorem 1-1 requires a significant amount of work. Indeed, any
proof of the O-statement of Theorem 1-1 has to argue that, with probability close to one, G,
does not contain a subgraph G that is Ramsey for H in r colours. As is well known (see e.g.
[14, Theorem 3-4]), the probability that G, contains G as a subgraph is bounded away from
zero if and only if p = Q(n~"/"™), where m(G) is the maximal density of G, defined by

m(G) := max {e—f JCG,v; > 1} .
VJ

Therefore, a prerequisite for any proof of the O-statement is the following result, which
(slightly paraphrasing the terms of Rodl and Rucinski [27]) is called the deterministic
lemma: if a graph G is Ramsey for H in r colours, then m(G) > my(H). The validity of the
deterministic lemma is by no means trivial; in particular, it turns out to be false if we remove
the assumption that H is not a forest [7, 27], or if we move from graphs to hypergraphs [9].

The deterministic lemma only implies that, under the assumption of the O-statement, G, ,
a.a.s. does not contain any bounded sized subgraph that is Ramsey for H. In order to rule
out larger Ramsey graphs, one needs additional arguments. Rodl and Ruciriski achieve this
by a sophisticated union bound argument over a carefully chosen family S of graphs such
that each large minimally-Ramsey graph is guaranteed to contain some S € S as a subgraph.
This part of the proof is encapsulated in the so-called probabilistic lemma, which states that
Gy,p is not Ramsey for H unless it contains a bounded sized subgraph that is Ramsey for H.

1-2. Asymmetric Ramsey properties of random graphs

Given our good understanding of Ramsey properties of random graphs in the symmetric
case, provided by Theorem 1-1, it is natural to ask what happens if we remove the assumption
that H; = - - - = H,. This question was first raised by Kohayakawa and Kreuter [15], who
proposed a natural conjecture for the threshold controlling when G, is Ramsey for an
arbitrary tuple (Hy, ..., H,). To state their conjecture, we need the notion of the mixed 2-
density: for graphs Hy, H, with my(H1) > my(H3), their mixed 2-density is defined as

ey
vy — 2+ 1/ma(H>)

my(Hy, Hp) = max{ :Jng,VJEZ}.

With this terminology, we may state the conjecture of Kohayakawa and Kreuter [15].

CONJECTURE 1-2 (Kohayakawa—Kreuter [15]). Let Hy,...,H, be graphs satisfying
my(Hy) > - - - > my(H,) and my(Hy) > 1. There exist constants c, C > 0 such that

1 ifp>Cn~!/mHLH)
7Hr)) = {

lim Pr(G,p is Ramsey for (H1, . .. 0 ifp<cnlmi

n—oo

The assumption my(H;) > 1 is equivalent to requiring that H| and H; are not forests; it
was added by Kohayakawa, Schacht, and Spohel [16] to rule out sporadic counterexamples,
in analogy with the assumption that H is not a forest in Theorem 1-1.

The role of the mixed 2-density my(H{, H>) in the context of Conjecture 1-2 can seem a
little mysterious at first, but there is a natural (heuristic) explanation. Since one can colour all
edges that do not lie in a copy of H| with colour 1, the only important edges are those that do
lie in copies of Hy. The mixed 2-density is defined in such a way that p = @(n~1/m2(H1.H2)) jg
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the threshold at which the number of copies of (the densest subgraph of) each of Hy, .. ., H,
is at least of the same order of magnitude as the number of edges in the union of all copies
of (the densest subgraph of) H; in G, . Since at least one edge in each copy of H; must
receive a colour from {2, ..., r}, this is the point where avoiding monochromatic copies of
H,, ..., H, becomes difficult.

Conjecture 1-2 has received a great deal of attention over the years, and has been proved
in a number of special cases. Following a sequence of partial results [9, 11, 15, 16, 19],
the 1-statement of Conjecture 1-2 was proved by Mousset, Nenadov and Samotij [20] with
the use of the container method as well as a randomised “typing” procedure. We henceforth
focus on the O-statement, where progress has been more limited.

Note that, in order to prove the O-statement, one can make several simplifying assump-
tions. First, one can assume that r, the number of colours, is equal to 2. Indeed, if one can
a.a.s. 2-colour the edges of G, and avoid monochromatic copies of Hy, H in colours 1,2,
respectively, then certainly G, is not Ramsey for (Hj, . . ., H;). Furthermore, if Hé C Hyis
a subgraph satisfying mz(Hé) = my(H>), then the O-statement for the pair (Hj, Hé) implies
the 0-statement for (H1, H>), as any colouring with no monochromatic copy of H} in partic-
ular has no monochromatic copy of H,. Thus, we may assume that H is strictly 2-balanced,
meaning that my(H}) < my(Hp) for any H), C H. For exactly the same reason, we may
assume that Hj is strictly ma (-, Hy)-balanced, meaning that mz(Hi, H») <my(H,, H) for
any Hj C Hy. Let us say that the pair (Hy, H>) is strictly balanced if Hj is strictly 2-
balanced and H is strictly mo(-, Hp)-balanced. Additionally, let us say that (H ,Hé) is a
strictly balanced pair of subgraphs of (Hy, Hy) if (H}, H}) is strictly balanced and satisfies
my(H}) = my(Hp) and my(H}, H)) = ma(H, H). All previous works on the 0-statement of
Conjecture 1-2 have made these simplifying assumptions, working in the case » = 2 and with
a strictly balanced pair (H1, H>).

The original paper of Kohayakawa and Kreuter [15] proved the O-statement of
Conjecture 1-2 when H| and H; are cycles. This was extended to the case when both H|
and H; are cliques in [19], and to the case when H; is a clique and H; is a cycle in
[18]. To date, the most general result is due to Hyde [13], who proved the 0O-statement of
Conjecture 1-2 for almost all pairs of regular graphs (H1, H3); in fact, this follows from
Hyde’s main result [13, Theorem 1-9], which establishes a certain deterministic condi-
tion whose validity implies the O-statement of Conjecture 1-2. Finally, the first two authors
[17] recently proved the O-statement of Conjecture 1-2 in the case where my(H1) = my(H>).
Because of this, we henceforth focus on the case that my(H;) > my(H>).

1-3. New results

As in the symmetric setting, a necessary prerequisite for proving the O-statement of
Conjecture 1-2 is proving the following deterministic lemma: if G is Ramsey for (H1, H»),
then m(G) > my(Hy, H2). The main result in this paper is a corresponding probabilistic
lemma, which states that this obvious necessary condition is also sufficient.

THEOREM 1-3. The O-statement of Conjecture 1-2 holds if and only if, for every strictly
balanced pair (Hy, Hy), every graph G that is Ramsey for (Hi,H>) satisfies m(G) >
ma(Hi, Hy).

More precisely, we prove that if (Hy, H>) is any pair of graphs and (H}, Hj) is a strictly
balanced pair of subgraphs of (Hi, H>), then the O-statement of Conjecture 1-2 holds for
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(H1, Hy) if every graph G which is Ramsey for (H{, H}) satisfies m(G) > my(H}, H)) =
mo(Hy, Hp).

While we believe that the probabilistic lemma, Theorem 1-3, is our main contribution,
we are able to prove the deterministic lemma in a wide range of cases. This implies that
the O-statement of Conjecture 1-2 is true for almost all pairs of graphs. The most general
statement we can prove is slightly tricky to state because of the necessity of passing to a
strictly balanced pair of subgraphs; however, here is a representative example of our results,
which avoids this technicality and still implies Conjecture 1-2 for all pairs of sufficiently
dense graphs. We state the more general result in Theorem 1-7 below.

THEOREM 1-4. Conjecture 1-2 holds for all sequences Hy, . ..,H, of graphs satisfying
my(Hy) > - - - > my(H,) and my(Hz) > 11/5.

As discussed above, Theorem 1-4 follows easily from Theorem 1-3 and a deterministic
lemma for strictly balanced pairs (Hy, Hy) satisfying my(H) > ma(Hz) > 11/5. The deter-
ministic lemma in this setting is actually very straightforward and follows from standard
colouring techniques.

Using a number of other colouring techniques, we can prove the deterministic lemma
(and thus Conjecture 1-2) in several additional cases, which we discuss below. However,
let us first propose a conjecture, which we believe to be of independent interest, and whose
resolution would immediately imply Conjecture 1-2 in all cases.

CONIJECTURE 1-5. For any graph G, there exists a forest F C G such that
ma(G\ F) <m(G).

Here, G \ F denotes the graph obtained from G by deleting the edges of F' (but not delet-
ing any vertices). To give some intuition for Conjecture 1-5, we note that m(G) < my(G) <
m(G) + 1 for any graph G, and that m(F) =1 for any forest F which is not a matching.
Thus, it is natural to expect that by deleting the edges of a forest, we could decrease m»(G)
by roughly 1. Conjecture 1-5 says that this is roughly the case, in that the deletion of an
appropriately-chosen forest can decrease my(G) to lie below m(G).

Moreover, we note that Conjecture 1-5 easily implies the deterministic lemma in all cases
with my(H1) > my(H3), and thus implies Conjecture 1-2. Indeed, it is straightforward to ver-
ify in this case that my(H) > ma(Hy, Hy) (see Lemma 3-4 below). Now, suppose that G is
some graph with m(G) <my(Hy, Hy) < my(Hy). If Conjecture 1-5 is true, we may partition
the edges of G into a forest F and a graph K with my(K) < m(G) < mp(H1). This latter con-
dition implies, in particular, that K contains no copy of H;. Additionally, by the assumption
my(Hz) > 1 in Conjecture 1-2, we know that H, contains a cycle and thus F contains no
copy of H. In other words, colouring the edges of K with colour 1 and the edges of F' with
colour 2 witnesses that G is not Ramsey for (Hy, . . ., H;).

Because of this, it would be of great interest to prove Conjecture 1-5. Somewhat sur-
prisingly, we know how to prove Conjecture 1-5 under the extra assumption that m(G) is
an integer. This extra condition seems fairly artificial, but we do not know how to remove
it—our technique uses tools from matroid theory that seem to break down once m(G) is no
longer an integer. We present this proof in Appendix B, in the hope that it may serve as a
first step to the full resolution of Conjecture 1-5, and thus Conjecture 1-2.

4 Recall that the case of m,(H,) = m,(H,) was settled in [17], so we may freely make this assumption.
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Although we are not able to resolve Conjecture 1-5, we do have a number of other
techniques for proving the deterministic lemma, and thus Conjecture 1-2, under certain
assumptions. First, we are able to resolve the case when the number of colours is at least
three and my(Hp) = my(H3).

THEOREM 1-6. Let Hy,...,H, be a sequence of graphs with r >3 and suppose that
mo(Hy) > my(Hy) = my(H3) > - - - > my(H,) and my(H>) > 1. Then Conjecture 1-2 holds for
H,... H,.

We can also prove Conjecture 1-2 in a number of additional cases, expressed in terms of
the properties of (a strictly balanced pair of subgraphs of) the pair (H;, H>) of two densest
graphs.

Recall that the degeneracy of H is the maximum over all J € H of the minimum degree
of J.

THEOREM 1-7. Suppose that (H1, H) is strictly balanced. Suppose additionally that one of
the following conditions holds:

(a) x(Hz)=3, or

(b) H» is not the union of two forests, or

(¢) x(Hi)>my(Hy, H2)+ 1, or

(d) Hi has degeneracy at least |2m>(H1, H2) ], or
(e) Hy =Kj; for some s,t>2, or

() ma(Hy) > [ma(Hy, Hy)J.

In any of these cases, Conjecture 1-2 holds for (Hy, H>).

Remark. The only graphs H, which do not satisfy (a) or (b) are sparse bipartite graphs,
such as even cycles. On the other hand, (c) applies whenever H; is a clique5 or, more
generally, a graph obtained from a clique by deleting few edges. Moreover, (d) applies to
reasonably dense graphs, as well as all d-regular bipartite graphs with d > 2, and (e) handles
all cases when Hj is a bicliqueb. Thus, very roughly speaking, the strictly balanced cases
that remain open in Conjecture 1-2 are those in which H> is bipartite and very sparse and H;
is not “too dense”.

Case (f) is somewhat stranger and it is not obvious that there exist graphs to which it
applies. However, one can check that, for example, it applies if H] =K3333 and Hy =
Cs, and that none of the other cases of Theorem 1.7 (or any of the earlier results on
Conjecture 1-2) apply in this case. However, the main reason we include (f) is that it is
implied by our partial progress on Conjecture 1-5; since we believe that this conjecture is
the correct approach to settling Conjecture 1-2 in its entirety, we wanted to highlight (f).

We remark that, unfortunately, the conditions in Theorem 1-7 do not exhaust all
cases. While it is quite likely that simple additional arguments could resolve further
cases, Conjecture 1-5 remains the only (conjectural) approach we have found to resolve
Conjecture 1-2 in all cases. Moreover, our proof of the probabilistic lemma implies that,

5 Note that m,(H,, H,) <m,(H,), hence (c) holds if x(H,) > m,(H,)+ 1, and cliques satisfy m,(K;) =
(k+1)/2.

¢ In fact, our proof of (e) applies to a larger class of graphs, which we call (s,z)-graphs; see Section 5 for
details.
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in order to prove Conjecture 1-2 for a pair (H1, H3), it is enough to prove the deterministic
lemma for graphs G of order not exceeding an explicit constant K = K(H1, H3). In particular,
the validity of Conjecture 1-2 for any specific pair of graphs reduces to a finite computation.

1-4. Ramsey properties of graph families

All of the results discussed in the previous subsection hold in greater generality, when
we replace Hy, . . ., H, with r finite families of graphs. In addition to being interesting in its
own right, such a generalisation also has important consequences in the original setting of
Conjecture 1-2; indeed, our proof of the three-colour result, Theorem 1-6, colours, relies on
our ability to work with graph families. Before we state our more general results, we need
the following definitions.

Definition 1-8. Let Hj, . . ., H, be finite families of graphs. We say that a graph G is Ramsey
for (Hi,...,H,) if every r-colouring of E(G) contains a monochromatic copy of some
H; € H; in some colour i € [].

We now define the appropriate generalizations of the notions of maximum 2-density and
mixed 2-density to families of graphs. First, given a finite family of graphs H, we let

my(H) := glei}fl(mz(H)-

Second, given a graph H and a (finite) family L of graphs, we let

e€j
vy =2+ 1/ma(L)

Third, given two finite families of graphs H and £ with my(H) > my (L), we define

my(H, L) := max{ :JgH,vjz2}.

my(H, L) := glei%mzm’ L).

Finally, continuing the terminology above, let us say that the pair (H, L) is strictly balanced
if every graph in L is strictly 2-balanced and every graph in H is strictly m» (-, £)-balanced.

The following conjecture is a natural generalization of Conjecture 1-2 to families of
graphs.

CONJECTURE 1-9 (Kohayakawa—Kreuter conjecture for families). Let H1, . . ., H; be finite
Sfamilies of graphs with my(H1) > - - - > mo(H,) and suppose that my(H>) > 1. There exist
constants ¢, C > 0 such that

1 ifp> Cn~l/mHH)

lim Pr(G, is Ramsey for (Hy, ..., H,)) = 1 (Hy Ho)

Note that, for any H; € H1, . .., H, € H,, the property of being Ramsey for (H, ..., H,)
implies the property of being Ramsey for (i, ..., H,). Therefore, the 1-statement of
Conjecture 1-9 follows from the 1-statement of Conjecture 1-2, which we know to be true
by the result of Mousset, Nenadov, and Samotij [20].

The 0-statement of Conjecture 1-9 remains open; the only progress to date is due to the
first two authors [17], who proved Conjecture 1-9 whenever my(H1) = my(H;). We make
further progress on this conjecture: as in the case of single graphs, we prove a probabilistic
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lemma that reduces the O-statement to a deterministic lemma, which is clearly a necessary
condition.

THEOREM 1-10 (Probabilistic lemma for families). The 0-statement of Conjecture 1-9 holds
if and only if, for every strictly balanced pair (Hy, H>) of finite families of graphs, every
graph G that is Ramsey for (H,, Hy) satisfies m(G) > my(Hi, Hy).

As in Theorems 1-4 and 1-7, we can prove the deterministic lemma for families in a wide
variety of cases, namely when every graph H; € H; or every graph H; € H, satisfies one
of the conditions in Theorem 1-7. In particular, we resolve Conjecture 1-9 in many cases.
However, we believe that the right way to resolve Conjecture 1-9 in its entirety is the same
as the right way to resolve the original Kohayakawa—Kreuter conjecture, Conjecture 1-2.
Namely, if Conjecture 1-5 is true, then Conjecture 1-9 is true for all families of graphs.

1-5. Organisation

Most of the rest of this paper is dedicated to proving Theorem 1-10 and thus also
Theorem 1-3. Our technique is inspired by recent work of the first two authors [17], who
proved Conjecture 1-9 in the case my(H)) = my(H>). Therefore, we assume henceforth
that my(H1) > my(H>). We will now change notation and denote H; =H and Hp = L.
The names stand for heavy and light, respectively, and are meant to remind the reader
that my(L) < mp(H). We also assume henceforth that (H, L) is a strictly balanced pair of
families.

The rest of this paper is organised as follows. In Section 2, we present a high-level
overview of our proof of Theorem 1-10. Section 3 contains a number of preliminaries for the
proof, including the definitions and basic properties of cores—a fundamental notion in our
approach—as well as several simple numerical lemmas. The proof of Theorem 1-10 is car-
ried out in detail in Section 4. In Section 5, we prove the deterministic lemma under various
assumptions, which yields Theorems 1-4 and 1-7 as well as their generalisations to families.
We conclude with two appendices: Appendix A proves Theorem 1-6 by explaining what in
our proof needs to be adapted to deal with the three-colour setting; and Appendix B presents
our partial progress on Conjecture 1-5.

Additional note

As this paper was being written, we learned that very similar results were obtained
independently by Bowtell, Hancock and Hyde [2], who also resolve Conjecture 1-2 in the
vast majority of cases. As with this paper, they first prove a probabilistic lemma, showing
that resolving the Kohayakawa—Kreuter conjecture is equivalent to proving a determinis-
tic colouring result. By using a wider array of colouring techniques, they are able to prove
more cases of Conjecture 1-2 than we can. Additionally, they consider a natural generalisa-
tion of the Kohayakawa—Kreuter to uniform hypergraphs (a topic that we chose not to pursue
here) and establish its 0-statement for almost all pairs of hypergraphs; see also [9] for more
on such hypergraph questions. In contrast, their work does not cover families of graphs, a
generalization that falls out naturally from our approach.

2. Proof outline

We now sketch, at a very high level, the proof of the probabilistic lemma. Let us
fix a strictly balanced pair of families (H, £). We wish to upper-bound the probability
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that G, is Ramsey for (H, L), where p < en~ /ML) for an appropriately chosen con-
stant ¢ = c(H, £) > 0. Our approach is modeled on the recent proof of the 0-statement of
Theorem 1-1 due to the first two authors [17]; however, there are substantial additional
difficulties that arise in the asymmetric setting.

One can immediately make several simplifying assumptions. First, if G, is Ramsey
for (H, L), then there exists some G € G, that is minimally Ramsey for (H, L), in the
sense that any proper subgraph G’ C G is not Ramsey for (H, £). It is not hard to show
(see Lemma 3-2 below) that every minimally Ramsey graph has a number of interest-
ing properties. In particular, if G is minimally Ramsey, then every edge of G lies in at
least one copy of some H € H, and at least one copy of some L € L. Our arguments will
exploit a well-known strengthening of this property, which we call supporting a core; see
Definition 3-1 for the precise definition.

We would ideally like to union-bound over all possible minimally Ramsey graphs G in
order to show that a.a.s. none of them appears in Gy, ,. Unfortunately, there are potentially
too many minimally Ramsey graphs for this to be possible. To overcome this, we construct a
smaller family S of subgraphs of K, such that every Ramsey graph G contains some element
of § as a subgraph. Since S is much smaller than the family of minimally Ramsey graphs,
we can effectively union-bound over S. This basic idea also underlies the container method
[1, 28] and the recent work of Harel, Mousset and Samotij on the upper tail problem for
subgraph counts [12]. The details here, however, are slightly subtle; there are actually three
different types of graphs in S and a different union-bound argument is needed to handle each
type.

We construct our family S with the use of an exploration process on minimally Ramsey
graphs, each of which supports a core. This exploration process starts with a fixed edge of
K, and gradually adds to it copies of graphs in HU L. As long as the subgraph G’ € G
of explored edges is not yet all of G, we add to G’ a copy of some graph in HU L that
intersects G’ but is not fully contained in it. By choosing this copy in a principled manner
(more on this momentarily), we can ensure that S satisfies certain conditions which enable
this union-bound argument.

Since our goal is to show that the final graph G’ is rather dense (and thus unlikely to appear
in G, ), we always prefer to add copies of graphs in H, as these boost the density of G'.
If there are no available copies of H € H, we explore along some L € £. In the symmetric
setting where my(H) = my (L) this is still fine, since all graphs in H and £ are relatively
dense. However, in the asymmetric case L may be very sparse, which can hurt us; however,
the “core” property guarantees that each copy of L comes with at least one copy of some
H € H per new edge. An elementary (but fairly involved) computation shows that the losses
and the gains pencil out, which is the key fact showing that S has the desired properties.

3. Preliminaries
3-1. Ramsey graphs and cores

Given a graph G, denote by F[G], Fr[G] the set of all copies of members of H, L,
respectively, in G. We think of F¢/[G], #[G] as hypergraphs on the ground set E(G); in
particular, we think of an element of ¥4/[G], ¥ r[G] as a collection of edges of G that form
a copy of some H € H, L € L, respectively. To highlight the (important) difference between
the members of H U L and their copies (i.e. the elements of F¢[G] U F[G]), we will denote
the former by H and L and the latter by Hand L.
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Given a graph G and F¢y € F[Gl, Fr C Fr[Gl, we say that the tuple (G, Fgyr, Fr) is
Ramsey if, for every two-colouring of E(G), there is an element of F¢; that is monochro-
matic red or an element of ¥, that is monochromatic blue. In particular, we see that G is
Ramsey for (H, £) if and only if (G, Fx[G], F[G]) is Ramsey. Having said that, allowing
tuples (G, Foy, Fr) where Fgy and F are proper subsets of Fx[G] and F[G], respec-
tively, enables us to deduce further useful properties. These are encapsulated in the following
definition.

Definition 3-1. An (H, L)-core (or core for short) is a tuple (G, F¢¢, Fr), where G is a graph
and Fo € FulGl, Fr S Fr[G], with the following properties:

(i) the hypergraph ¥4y U ¥ is connected and spans E(G);
(i1) for every He F4¢ and every edge e € H, there exists an L € ¥ ¢ such that HNL= {e};
(iii) for every Le¥, r and every edge e € L, there exists an H € Fq¢ such that HNL= {e}.

We say that G supports a core if there exist Fgy C Fy[Gl, Fr € Fr[G] such that
(G, Fg, Fr) is a core.

The reason we care about cores is that minimal Ramsey graphs support cores, as shown in
the following lemma. Essentially the same lemma appears in the work of Rodl and Ruciriski
[25], where it is given as an exercise. The same idea was already used in several earlier
works, including [15, Claim 6] and [18, Lemma 4-1].

LEMMA 3-2. Suppose that a graph G is Ramsey for (H, L), but none of its proper subgraphs
are Ramsey for (H, L). Then G supports an (H, L)-core.

Proof. As G is Ramsey for (H, L), we know that (G, F4[G], F,[G]) is a Ramsey tuple. Let
Fo € FulGl, Fr € Fr[G] be inclusion-minimal subfamilies such that (G, Fgy, Fr) is still
a Ramsey tuple. In other words, this tuple is Ramsey, but for any ¥, C Fg, ¥, C F such
that at least one inclusion is strict, the tuple (G, ?fH, il L) is not Ramsey. We will show that
(G, F4¢, Fr) is a core.

If some e € E(G) is not contained in any edge of F¢ U ¥F,, then (G \ e, Foy, Fr) is
still Ramsey, and thus G\ e is Ramsey for (H, L), contradicting the minimality of G.
Furthermore, if ¢, U ¥, is not connected, then at least one of its connected components
induces a Ramsey tuple, which contradicts the minimality of (¥4, ). Thus, the first con-
dition in the definition of a core is satisfied. We now turn to the next two parts of the
definition.

To see that the second condition in the definition of a core is satisfied, fix some H € Fr
and some ¢ € H. By minimality, we can find a two-colouring of E(G) such that no element
of ¥ is blue and no element of ¥\ {H} is red. Note that all edges of H are coloured red,
as otherwise our colouring would witness (G, ¥, ¥ r) being not Ramsey. Flip the colour
of e from red to blue. Since H is now no longer monochromatic red, we must have created
a monochromatic blue element L of Fr. As all edges of H \ e are still red, we see that
HNL = {e}, as required. Interchanging the roles of F4, ¥, and the colours yields the third
condition in the definition of a core.
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3.2. Numerical lemmas

In this section, we collect a few useful numerical lemmas, all of which are simple com-
binatorial facts about vertex- and edge-counts in graphs. We begin with the following
well-known result, which we will use throughout.

LEMMA 3-3 (The mediant inequality). Let a, ¢ > 0 and b, d > 0 be real numbers with a/b <

c/d. Then

a _a+c _c

- < <=

b~ b+d—d
Moreover, if one inequality is strict, then so is the other (which happens if and only if a/b <
c/d).

Proof. Both inequalities are easily seen to be equivalent to the inequality ad < bc, which is
itself the same as a/b < c/d.

LEMMA 3-4. Let (H, L) be a strictly balanced pair. If my(L) < ma(H), then my(L) <
my(H, L) < my(H).

Proof. To see the second inequality, let H € H be a graph with my(H) = my(H) and observe
that the strict my(-, £)-balancedness of H implies that

ey _ (eg—1)+1 <m2(H)-(VH—2)+1
v =2+ 1/my (L) (vg—2)+ 1/ma(L) ~ (vg —2)+ 1/ma(L)”

Since my(H) = my(H) > my(L), Lemma 3-3 implies that mo(H, L) < my(H, L) < my(H).

For the first inequality, let H € H be a graph for which my(H, £) = my(H, L) and let
J C H be its subgraph with ij :; =mo(H). By the strict my(-, £)-balancedness of H, we
have

my(H, L) =

(ej—D+1  mH) - (vy—2)+1
vy =2+ 1/m(L) (v —2)+1/m(L)’

Since my(H) > ma(L), Lemma 3-3 implies that my(H, L) = ma(H, L) > my(J, L) > my(L).

may(H, L)>my(J, L)=

LEMMA 3-5. Let H € H be strictly my(-, L)-balanced. Then for any F C H with vp > 2, we
have

eq —erp>m(H, L) (vg —vp)>ma(H, L) vy — vF).

Proof. The second inequality follows from the definition of my(H, £). Since er < ey, we
may assume that vp < vy, as otherwise the claimed inequality holds vacuously. Since H is
strictly my (-, £)-balanced, we have

ey _ (ey —erp) +er
v =24+ 1/my(L) (g —vE)+ (vr =2+ 1/ma(L))

my(H, L) =

whereas
er
vE — 24 1/ma(L)

Since vy > vr, we may use Lemma 3-3 to conclude that (e — er)/(vy — vF) > ma(H, L).

<mp(H, .L).
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LEMMA 3-6. Let L € L be strictly 2-balanced. Then for any J C L, we have

e —ey =my(L) - (vp —vy) = ma(L) - (v — vy).
Moreover, the first inequality is strict unless J = K.

Proof. The second inequality is immediate since my(L) < my(L). Since e; < er, we may
assume that v; < vy, as otherwise the claimed (strict) inequality holds vacuously. We clearly
have equality if /=K, and strict inequality if v;=2 and e; =0, so we may assume
henceforth that vy > 2. Since L is strictly 2-balanced,

" (L)_eL—l_(eL—eJ)+(eJ—1)
T C2 T —v)+ (i —2)

whereas (ey — 1)/(vy — 2) < my(L). Since v; > 2, we may apply Lemma 3-3 to conclude the
desired result, with a strict inequality.

LEMMA 3-7. Suppose that (H, L) is a strictly balanced pair. Defining o := my(‘H, L) and
X := mingey{(eg — 1) — o - (vg — 2)}, we have that

o
X+ —2)(a—1)>eg- <—— 1)
my(L)
forevery L € L and every non-empty K C L. Moreover, the inequality is strict unless K = K».

Proof. Without loss of generality, we may assume that my(L) <« and that vg > 2, as
otherwise the statement holds vacuously (recall from Lemma 3-4 that o =my(H, L) >
my(L) > 1). Fix some L€ L and a nonempty K C L. Recall that each H € H is strictly
my(-, L)-balanced and satisfies my(H, L) > my(H, £) = . This implies that

ey -y
v — 2+ 1/ma(L) —

or, equivalently,

o
eHZOl‘(VH_z)'i‘m.

Consequently,

’

X =min{(eg — 1) —a - (vg —2)} >
HeH

o
— 1> _
my(L) T ma(L)

where the final inequality uses that my(L) > my(L).
Since L is strictly 2-balanced and we assumed that m,(L) < o, we have

o o
(ex = 1)- (m - 1) =my(L)-(vg —2)- (m - 1) = (vg — 2)(a — ma(L)).

Rearranging the above inequality, we obtain

ex - (m;zL) - 1) — vk =2 — 1) < (1 — my(L)(vg —2) + (%(L) - 1)

1 <X,

< _
ma(L) -
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where the penultimate inequality uses the assumption that vg > 2.

4. Proof of the probabilistic lemma

In this section, we prove Theorem 1-10. We in fact prove the following more precise
statement.

LEMMA 4-1 (Theorem 1-10, rephrased). Let (H, L) be a strictly balanced pair of finite
Sfamilies of graphs satisfying my(H) > my(L). There exists a constant ¢ > 0 such that the fol-
lowing holds. If p < cn™1/ mHD then a.a.s. every G C Gy, which supports a core satisfies

m(G) < my(H, L).

Note that this immediately implies the difficult direction in Theorem 1-10. Indeed, given a
tuple (Hi, ..., H,), we first define a family £ by replacing each graph in H, with a strictly
2-balanced subgraph of maximal 2-density. We then likewise define H by replacing every
graph in H; with a strictly balanced subgraph with respect to m(-, £) which achieves the
maximum. Note that (H, £) is a strictly balanced pair and that my(H, L) = ma(Hi, H>).

Now, any graph that is Ramsey for (1, ..., H,) must also be Ramsey for (#, £), and
must therefore contain a minimal (H, £)-Ramsey graph G. The graph G will then have two
properties. First, by Lemma 3-2 it supports an (H, £)-core. Second, by the deterministic
lemma (i.e., the assumption of Theorem 1-10) we have that m(G) > my(H, L). However,
Lemma 4-1 asserts that when p < cn~V/mHLHY) then a.a.s. G,p does not contain sub-
graphs G with both these properties, implying that a.a.s. G, is not Ramsey for the tuple
(‘Hy, ..., H).

Our proof of Lemma 4-1 follows closely the proof of the probabilistic lemma in recent
work of the first two authors [17]. Fix a strictly balanced pair (H, £) of families satisfying
my(H) > mo(L), and let o := my(H, L). Let Gp,q denote the set of graphs G C K;, which
support a core and satisfy m(G) > my(H, £). The key lemma, which implies Lemma 4-1, is
as follows.

LEMMA 4-2. There exist constants A, K >0 and a collection S of subgraphs of K,
satisfying the following properties:

(a) every element of Gyaq contains some S € S as a subgraph;

(b) every S € S satisfies at least one of the following three conditions:

(i) vs>lognandes >« - (vs —2);
(ii) vs<lognandes> o -vs+ 1;
(iti) vs < K and m(S) > «.

(c) for every k € [n], there are at most (An) graphs S € S with vs = k.

Before we prove Lemma 4-2, let us see why it implies Lemma 4-1.

Proof of Lemma 4-1. Recall that p < cn™ /% for a small constant ¢ = ¢(, £) to be chosen
later. We wish to prove that a.a.s. G, contains no element of Gy,q. By Lemma 4-2(a), it
suffices to prove that a.a.s. G, contains no element of S. By (b), the elements of S are of
three types, each of which we deal with separately. First, recall that for any fixed graph S
with m(S) > o, we have that Pr(S C G, ,) = o(1) (see e.g. [14, Theorem 3-4]). As there are
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only a constant number of graphs on at most K vertices, we may apply the union bound and
conclude that a.a.s. no graph § satisfying vs < K and m(S) > o appears in Gy, . This deals
with the elements of S corresponding to case (iii).

Let S’ C S be the set of S € S which lie in cases (i) or (ii). We have that

Pr(S € G, forsome S€ §) < Z pes

Ses
[logn]—1 o0
< Z (An)kpak-i-l + Z (An)kpa(k—Z)
k=1 k=[log n]
00 00
<p (Aca)k+c—2an2 Z (Aca)k.
k=1 k=[log n]

We now choose ¢ so that Ac* = e~3. Then the first sum above can be bounded by p, which
tends to 0 as n — 0o. The second term can be bounded by 2¢~>*n~!, which also tends to 0

as n — oo. All in all, we find that a.a.s. G, , does not contain any graph in S, as claimed.

4-1. The exploration process and the proof of Lemma 4-2

In this section, we prove Lemma 4-2. We will construct the family S by considering an
exploration process on the set G of graphs G € K, which support a core. For each such G €
G, let us arbitrarily choose collections ¥4y € F[G] and Fr < F [ G] such that (G, Fg, Fr)
is a core. From now on, by copies of graphs from H, £ in G, we mean only those copies
that belong to the families ¢, ¥, respectively. This subtlety will be extremely important
in parts of the analysis.

We first fix arbitrary orderings on the graphs in H and £. Additionally, we fix a labeling of
the vertices of K,,, which induces an ordering of all subgraphs according to the lexicographic
order. Together with the ordering on H, £, we obtain a lexicographic ordering on all copies
in K, of graphs in H, L. Now, given a G € G, we build a sequence Go C G; T --- C G of
graphs with no isolated edges as follows. We start with Gg being the graph comprising only
the smallest edge of G and no further vertices. As long as G; # G, do the following: Since
G # G; and (G, Fgy, Fr) is a core, there must be some copy of a graph from H U £ which
belongs to F¢; U ¥, that intersects G; in at least one edge but is not fully contained in G;.
Call such an overlapping copy regular if it intersects Gj; in exactly one edge (and thus exactly
two vertices), called its root; otherwise, call the copy degenerate. We form Giy from G; as
follows:

(1) Suppose first that there is an overlapping copy of some graph in H (be it regu-
lar or degenerate). We form G;;; by adding to G; the smallest (according to the
lexicographic order) such copy. We call G; — G4 a degenerate H-step.

(2) Otherwise, there must be an overlapping copy L of some L € £. Note that, for every
edge e ef\ G;, there must be a copy of some H € H that meets L only at e, as
(G, T4, Fr) is a core. Note further that this copy of H does not intersect G;, as oth-
erwise we would perform a degenerate H-step. We pick the smallest such copy for
every e ef\ G, and call it I/-I; (note that the graphs H, € H such that H, = E may
be different for different choices of ¢). We say that Lis pristine if it is regular and
the graphs {FI; Yeel\q; are all vertex-disjoint (apart from the intersections that they are
forced to have in V(Z)).
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(2-1) If there is a pristine copy of some graph in £, we pick the smallest one in the
following sense: First, among all edges of G; that are roots of a pristine copy of
some graph in £, we choose the one that arrived to G; earliest. Second, among all
pristine copies that are rooted at this edge, we pick the smallest (according to the
lexicographic order). We then form G;; by adding to G; this smallest copy L as
well as all I/iz where e € f\ G;. We call G; — Gjy a pristine step.

(2-2) If there are no pristine copies of any graph in £, we pick the smallest (according to
the lexicographic order) overlapplng copy L. Lofa graph in £ and we still form G4
by adding to G; the union of L and all its H, withe € L \ G;. We call G; — Giy1 a
degenerate L-step.

We define the balance of G; to be
b(G)) = eG;, — VG,

where we recall that « = my(H, L). The key result we will need in order to prove (b) is the
following lemma. We remark that a similar result was proved by Hyde [13, Claims 6-2 and
6-3]; it plays an integral role in his approach to the Kohayakawa—Kreuter conjecture.

LEMMA 4-3. For every i, we have that b(Giy+1) > b(G;). Moreover, there exists some § =
8(H, L) > 0 such that b(Gi1+1) > b(G;) + 8 if Gix1 was obtained from G; by a degenerate
step.

As the proof of Lemma 4-3 is somewhat technical, we defer it to Section 4.2. For the
moment, we assume the result and continue the discussion of how we construct the family
S. We now let I" := [2a/8], where § is the constant from Lemma 4-3. For G € G, let

7(G) := min{i : vg, > log n or G; = G or G;—1 — G; is the I"'th degenerate step}
and let

S:= {G6): G € Gpad}- )]

Having defined the family S, we are ready to prove Lemma 4-2. Since the definition of S
clearly guarantees property (a), it remains to establish properties (b) and (c). We begin by
showing that, if K is sufficiently large (depending only on H and £), then (b) holds.

Proof of Lemma 4-2(b). Let é be the constant from Lemma 4-3,let M := max{e;, - vy : H €
H,Le L}, and let K := 2M2F; note that each of these parameters depends only on / and
L

Every S € S is of the form G.(g) for some G € Gpog. We split into cases depending on
which of the three conditions defining 7(G) caused us to stop the exploration. Suppose first
that we stopped the exploration because vs > log n. By Lemma 4-3, we have that

es —a - vs =Db(S) = b(G) = b(Gy) =1 - 2a,

and therefore eg > « - (vs — 2). This yields case 4.2.
Next, suppose we stopped the exploration because step G(G)—1 — Gr(G) was the I'th
degenerate step. As we are not in the previous case, we may assume that vs < logn. By
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Lemma 4-3 and our choice of I', we have that
es — o - vs =b(S) =b(Gy) = b(Go)+T6>1—-20+ 20 =1.

Rearranging, we see that es > « - vg + 1, yielding case (ii).

The remaining case is when we stop because S = G € Gy,q. Since the definition of Gp,q
implies that m(G) > «, in order to establish (iii), we only need to show that vg < K. For this
proof, we need to keep track of another parameter during the exploration process, which we
term the pristine boundary. Recall that at every pristine step, we add to G; a copy L of some
L € L that intersects G; in a single edge (the root), and then add copies I’-E of graphs H, € H,
one for every edge of L apart from the root. Let us say that the boundary of this step is the
set of all newly added vertices that are not in 7:, that is, the set V(Giy1) \ (V(G) U V(z)) =
(Ueer\g; V(He)) \ V(L). Note that the size of the boundary is equal to

> w2

ec\G;

indeed, by the definition of pristine steps, the copies H, are vertex-disjoint outside of V(D).

We claim that Y; > 3. To see this, note first that L has at least three edges, as it is not a
forest. Similarly, each H, has at least three vertices. Putting these together, we see that there
are at least two terms in the sum, and every term in the sum is at least one. Thus, ¥; > 3
unless e; = 3 and vy, = 3 for all e. But in this case, L = K3 = H, € H for all e, which means
that L should have been added to G; as a degenerate H-step.

We now inductively define the pristine boundary dG; of G; as follows. We set dGg := &.
If G; — Gj4 is a pristine step, then we delete from dG; the two endpoints of the root and add
to dG; the boundary of this pristine step. Note that |0G;11| > |0G;| + ¥Y; —2 > |9G;| + 1. On
the other hand, if G; — G;4 is a degenerate step, then we only remove vertices from 9Gj,
without adding any new vertices. Namely, we remove from dG; all the vertices which are
included in the newly added graphs. In other words, if we performed a degenerate H-step
by adding a copy H of some graph in H, we set 8Gl+1 = JG; \V(H) Similarly, if we
performed a degenerate L-step by adding a copy L of some graph in £ along with the
graphs H, for all e € L\ G;, we set 8G;,1 := 8G; \ (V(L) U, V(H,)). Note that in either
case |0Gj11| > |0Gi| — M, as the union of all graphs added in each degenerate step can have
at most M vertices.

We now argue that dG(g) = . Indeed, suppose we had some vertex v € 0G(g). By def-
inition, v was added during a pristine step, as a vertex of a copy H, of some graph H, € H,
and was never touched again. Observe that v is incident to some edge uv of H, that was
not touched by any later step of the exploration. However, as (G, Fo, Fr)is a core and
H € ¥4, there must be some Lm, € ¥ that intersects H only at uv. Moreover, as Lm, has
minimum degree at least two (by the strict 2-balancedness assumption), there is some edge
YW e Ij,;v \ uv that is incident to v. Since we assumed that G;(G) = G, the edge vw must have
been added at some point, a contradiction to the assumption that v was never touched again.

Finally, since |dG;| increases by at least one during every pristine step and decreases by
at most M during each of the at most I" degenerate steps, in order to achieve 0G(G) = <
there can be at most MT pristine steps. In particular, the total number of exploration steps is
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at most MI" + I'. As each exploration step adds at most M vertices to G;, we conclude that
vg < M(MT +T') + 2 < K. This completes the proof of (iii).

Proof of Lemma 4-2(c). Suppose $ has k vertices and let G € Gy,q be such that § = G (c).
We consider the exploration process on G. Note that in every step we add an overlapping
copy of a graph from a finite family ¥ that comprises all graphs in H (for the cases where
we made a degenerate H-step) and graphs in £ that have graphs from HH glued on subsets of
their edges, with all intersection patterns (for the pristine and degenerate £-steps). Let ¥~
denote the graphs in ¥ that correspond to a pristine step.

Now, every degenerate step can be described by specifying the graph F € ¥ whose copy
F we are adding, the subgraph F’ C F and the embedding ¢: V(F') — V(G;) that describe
the intersection F N G;, and the sequence of vp — vpr vertices of K, that complete ¢ to an
embedding of F into Kj,. Every pristine step is uniquely described by the root edge in G;,
the graph F € F*, the edge of F corresponding to the root, and the (ordered sequence of)
vr — 2 vertices of K, that complete the root edge to a copy of F in K,,. There are at most n*
ways to choose the sequence of vertices that were added through this exploration process,
in the order that they are introduced to G. Each pristine step adds at least one new vertex, so
there are at most k pristine steps. Furthermore, there are always at most I' degenerate steps,
meaning that 7(G) <k + I'. In particular, there are at most (k+I') - k4T ways to choose
7(G) and to specify which steps were pristine.

For every degenerate step, there are at most

Zi(vj)k‘sm-(kww"

FeF (=2

ways of choosing F' € ¥ and describing the intersection of its copy F with G; (the set V(F') C
V(F) and the embedding ¢ above), where M, := max{vr: F € F}. As for the pristine steps,
note that, in the course of our exploration, the sequence of the arrival times of the roots
to G(G) must be non-decreasing. This is because as soon as an edge appears in some G;,
every pristine step that includes it as a root at any later step is already available, and we
always choose the one rooted at the edge that arrived to G the earliest. Therefore, there are
at most (esljk) possible sequences of root edges, since this is the number of non-decreasing
sequences of length k in [es]. To supplement this bound, remember that every step increases

the number of edges in G; by at most M, := max{ef : F € ¥}, which means that
es<1+1(G) - M, <1+ (k+T)-M,.
To summarise, the number of § € S with k vertices is at most

k+T) M, +k+1

nk~(k+1")-2k+r-(|7-‘]-(k—|—1)M“)F-( L

) (1F] - M)k

Every term in this product, apart from the first, is bounded by an exponential function of k,
since T, |F], M,,, and M, are all constants. Therefore, if we choose A = A(H, L) sufficiently
large, we find that the number of S € S with vg =k is at most (An)k, as claimed.

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.162, on 30 Jul 2025 at 09:12:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004125000143


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004125000143
https://www.cambridge.org/core

310 EDEN KUPERWASSER, WOJCIECH SAMOTIJ AND YUVAL WIGDERSON
4.2. Proof of Lemma 4-3

In this section, we prove Lemma 4-3. The proof is divided into a number of claims. Recall
Lemma 3-5, which asserts that

eg —ep>m(H, L) (vg —vp)=0o - (vg — VF)

for all H € H and all F C H. This implies that we can choose some §; = §1(H, £) > 0 so
that

eq —er>o - (vg —Vvr) + 8 2

for all H € H and all F C H; we henceforth fix such a §; > 0.
Our first claim deals with the (easy) case that G; — G;1 is a degenerate H-step.

CLAIM 4-4 If G; — Gj+ is a degenerate H-step, then b(Giy1) > b(G;) + 1.

Proof. Suppose we add to G; a copy of some H € H that intersects G; on a subgraph F C H.
This means that

eGH_] = eG[ + (eH - €F) and VGi+| = VG,' + (VH - VF)

and thus

b(Giz1) — b(Gi) =(ey —ep) — o - (vg — vF) = 61,

where the inequality follows from (2), as F must be a proper subgraph of H.

Now, suppose that G; — Gj1 is an L-step, either degenerate or pristine, which means
that we add a copy L of some L € £ and then add, for every edge e € L\Gj a copy H, of
some H, € H. Let G; = G; UZ and let J := G; ﬂf, so that J = J for some J C L with at
least one edge. Note that

b(G) —b(G)) = (e, —ey) —a - (vp. —V)), 3)

as we add ey, — ey edges and vy — vy vertices to G; when forming G;.

In order to analyse b(Gjt+1) — b(G}), we now define an auxiliary graph I as follows. Its
vertices are the edges of /L\\/J\ Recall that, for every such edge e, the graph H, = H, inter-
sects the edges of G/ only in the edge e. A pair e, f of edges of L \7will be adjacent in 7 if
and only if their corresponding graphs H, and I/-I} share at least one edge (equivalently, the
graphs H, \ e and f—I} \ f share an edge).

Denote the connected components of 7 by Ki,...,K, and note that each of them
corresponds to a subgraph of 2\7 For each j € [m], let

U= He\o.

eck;
Note that the graphs G} and Uy, .. ., U, are pairwise edge-disjoint and that each U; shares
at least v; vertices (the endpoints of all the edges of Kj) with G.. It follows that
m m
b(Gir1) = b(G) = ) (ey; — - vy, = v ) = D (B(U)) +a - V). )
j=1 j=1
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Finally, as in the statement of Lemma 3-7, define
X:=min{(eg — 1) —a-(vyg —2): H € H}.
The following claim lies at the heart of the matter.
CLAIM 4-5. For every j € [m], we have
b(Uj) = X — 2o — (vg; — 2) + min{éy, 1} - IVK,->2'

Proof. Since K; is connected in 7, we may order its edges as ey, ..., e so that, for each
r € [€ — 1], the edge e, is J-adjacent to {ey, . . ., e,}. We define, foreach r € {0, . . ., £},

,
U= (He, \ ey),
s=1

sothat @ = U C - C Uf = U;. Observe that
b(UJI) = erl —o - VU_,'I = (E‘He1 - 1—a- VH,, > X — 2a,

where the inequality follows from the definition of X.
Suppose now that » > 1 and let F be the intersection of H,_, \ e,+1 with U jr ; note that this
intersection is non-empty as e, is Z-adjacent to {eq, . . ., e,}. We have

b(UJH‘]) — b(U;) = (eHEH_1 —1l—ep)—a- (VH@H—I —VE).

Let 7,41 be the number of endpoints of e, that are not in U;. Suppose first that 7,11 =0,
that is, both endpoints of e, are already in U;. In this case, both endpoints of e, also
belong to F and thus F U e, is isomorphic to a subgraph F* C H,,
and vg vertices, which means that

with er + 1 edges

+1

b([j]r+1) — b(UJr) = (eHer+l — €F+) — o (VHEr_H _ VFJF) > 0’

by Lemma 3-5. In case 41 > 0, F is a proper subgraph of H,, ,, and thus we have

r+1
bU) = bU) = 81 — 1= 81 — tr41,
see (2). We may thus conclude that

—1 —1
bU) =bUN + 3" (U = bUN) =X 20 =3 tr1 +81 - Lyt 0-

r=1 r=1

The desired inequality follows as 1, +---+1, =|V(K)) \ V(Ujl)| <Vk; — 2 and, further,
vk; > 2 implies that the sum 7, + - - - + 7 is either positive or at most vg; — 3.
We are now ready to show that the balance never decreases when we perform an £-step.

CLAIM 4-6. If G; — Giy is an L-step, then b(Giy1) > b(G;). Moreover, if this L-step is
degenerate, then b(Gix1) > b(G;) + 8, for some 8, > 0 that depends only on H and L.
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Proof. By (3), (4) and Claim 4-6, we have

b(Gis1) = b(Gi) = b(G)) — b(G) + b(Giy1) — b(G)
>(eL—en—a-(vp—v)+ Y (bU)+a-vg)
j=1

>(eL—en—a-(p—v)+ Y (X+ g — 22— 1) +min{s, 1} - 1740,
j=1

since 7 is nonempty only if one of its components has more than two vertices. We now apply
Lemma 3.7 to each component Kj to conclude that

m m o
;(X+(v1<j—2)(a—1))zzel<j'(ﬁ—l>=(a—eﬂ (o5 1)

Therefore,

b(Giy1) — D(Gi) = (e —ey) - ﬁ —a-(vp—vy)+min{dy, 1} - 1744

>min{dy, 1} - 1740,

where the last inequality follows from Lemma 3-6. This implies the desired result if the £-
step is pristine. If the L-step is not pristine but 7 has no edges, it means that some vertex was
repeated between different H,. In that case, the first inequality in (4) is strict (we assumed
there that the graphs U; share no vertices outside of V(K})). All in all, we obtain the desired
boost in the degenerate case.

Combining Claims 4-4 and 4-6, we obtain Lemma 4-3. This completes the proof of the
probabilistic lemma.

5. Proof of the deterministic lemma

Given the probabilistic lemma and the work of the first two authors on the symmetric
case [17], in order to prove Conjecture 1-9, which generalises the Kohayakawa—Kreuter
conjecture, we only need to show the following. For every strictly balanced pair (H, £) of
finite families of graphs with my(H) > my(L) > 1, we can two-colour the edges of every
graph G satistying m(G) < mp(H, L) so that there are neither red monochromatic copies of
any H € H nor blue monochromatic copies of any L € £. As discussed in the introduction,
we do not know how to do this in all cases. However, the following proposition lists a number
of extra assumptions under which we are able to find such a colouring. We recall the notion
of the I-density (or fractional arboricity) of a graph L, defined by

mi(L):= max{ :J§L,VJZ2}.

vy —
We also make the following definition.
Definition 5-1. Given positive integers s <¢, we say that a graph is an (s,t)-graph if its

minimum degree is at least s, and every edge contains a vertex of degree at least t. We
say that a graph is (s,¢)-avoiding if none of its subgraphs is an (s, #)-graph.
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PROPOSITION 5-2. Let (H, L) be a strictly balanced pair of finite families of graphs
satisfying my(H) > mo(L) and suppose that at least one of the following conditions holds:

(@) x(Ly=3 forall Le L;

(b) x(H)>my(H, L)+ 1 forevery H € ‘H,

(c) m(L)>2forall Le L;

(d) every H € H contains an (s,t)-graph as a subgraph, for some integers s < t satisfying

1 1 1
+ 5
s+ 1 t—|—1<m2(7'(,£)

(e) [ma(H, L)] <ma(H);
Then any graph G with m(G) < my(H, L) is not Ramsey for (H, L).

Cases (a)—(c) all follow fairly easily from known colouring techniques; we supply the
details in the remainder of this section. Case (d) is proved by a short inductive argument,
see below. Case (e) follows from our partial progress on Conjecture 1-5, namely, that we are
able to prove it when m(G) is an integer; we present the proof of this result in Appendix B.
We end this section with short derivations of Theorems 1-4 and 1.7 from the proposition.

Proof of Theorem 1-4. Assume that my(L) > 11/5. By passing to a subgraph with the
same 2-density, we may assume that L is strictly 2-balanced. Thanks to cases (a) and (c) of
Proposition 5-2, we are done unless m(L) <2 and L is bipartite. The bounds on m;(L) and
my(L) imply that 2vy — 2 > ¢; > (11/5)(vp — 2) + 1, which yields v; < 7. However, as L is
bipartite on at most six vertices, we have ma(L) < my(K33) =2, a contradiction.

Proof of Theorem 1-7. Cases (a), (b), (c), and (f) follow immediately7 from
Proposition 5-2. For Theorem 1-7(d), note that a graph with minimum degree d is a (d,
d)-graph. Thus, if H; has degeneracy at least d, then it contains some (d, d)-graph as a sub-
graph. Similarly, Theorem 1-7(e) follows, since if s < ¢, then K is an (s, #)-graph satisfying
1/my(Ksp) =(s+1—=2)/(st = 1) =1/(s+ D+ 1/t +1).

5-1. Auxiliary results.

We start with a helpful observation relating m(G) and the degeneracy of G. We say that a
graph is d-degenerate if its degeneracy is at most d.

LEMMA 5-3. Every graph G is |2m(G) |-degenerate.

Proof. For every G’ C G, we have

5(G) < f‘ij < 2m(G)],

14¢4

where §(G’) is the minimum degree of G

" Proposition 5-2(c) implies Theorem 1-7(b) thanks to Nash-Williams’s theorem (Theorem 5-7 below).
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Our second lemma allows us to compare between the various densities.
LEMMA 5-4. For every graph H, we have my(H) <mi(H) + 1/2 <m(H) + 1.

Proof. Notice that both (e —1)/(v—2)<e/(v—1)+1/2 and e/(v—1)<e/v+ 1/2 are
equivalent to e < (;), so both inequalities hold whenever v, e are the numbers of vertices and
edges, respectively, of any graph. In particular, if v, e correspond to the subgraph of H that
achieves my(H), we find that my(H)=(e—1)/(v—=2)<e/(v—1)4+1/2 <mi(H)+ 1/2.
The second inequality follows in the same way, now passing to the subgraph that achieves

mi(H).

Our next lemma gives a lower bound on the average degree of an (s, )-graph. We remark
that this inequality is tight for K ; and that it can be restated as exy /vy > m(Kj ).
LEMMA 5-5. If H is an (s,t)-graph, then
Ll
K t eH

Proof. The assumption that H is an (s, t)-graph implies that, for every uv € E(H), we have
1/deg (u) + 1/deg (v) < 1/s+ 1/t. This means that

( 1 N 1 ) - Z ( 1 N 1 )
eg-|\—-+-)=> =vy.
st wveE D) deg (u) deg(v)

The next lemma supplies a decomposition of a graph of bounded degeneracy.

LEMMA 5-6. Ifa graph G is (dk — 1)-degenerate, for some positive integers d,k, then there
is a partition V(G) =V U - - -U Vi such that the graphs G[V1], ..., G[Vy] are all (d — 1)-
degenerate.

Proof. We may construct the desired partition in the following way. Initialise Vi =--- =
Vi=@ and let vy, . .., v, be an ordering of the vertices of G such that every v; has at most
dk — 1 neighbors preceding it. We distribute the vertices one-by-one, each time putting v;
in a set V; where, at the time, v; has the smallest number of neighbors. By the pigeonhole
principle, this number is at most [(dk — 1)/k] =d — 1.

Finally, we quote Nash-Williams’s theorem on partitions of graphs into forests.

THEOREM 5-7 (Nash-Williams [21]). A graph G can be partitioned into t forests if and only
if Tm(G)] <t.

5-2. Proof of Proposition 5-2
We are now ready to prove Proposition 5-2. Denote « := my(H, £) and let G be an arbi-
trary graph satisfying m(G) < «. We will argue that (the edge set of) G can be partitioned

into an H-free graph and an L-free graph. We split into cases, depending on which condition
is satisfied by the pair (H, £).

Cases (a) and (b). Letk:= |o] + 1, so that m(G) < « < k, and note that Lemma 5-3 implies
that G is (2k — 1)-degenerate. Consequently, Lemma 5-6 yields two partitions of the edges
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of G: a partition into a 1-degenerate graph and a k-colourable graph; and a partition into a
(k — 1)-degenerate graph and a bipartite graph. The existence of the first partition proves (b),
as every l-degenerate graph is £-free whereas the assumption on # implies that x (H) > k
for every H € H. We now argue that the existence of the second partition proves (a). To
this end, note that the assumption there implies that every bipartite graph is L-free, so it
is enough to show that §(H) > k for every H € H and thus every (k — 1)-degenerate graph
is H-free. To see that this is the case, consider an arbitrary H € H and let v € V(H) be its
vertex with smallest degree. As H is strictly my(-, £)-balanced, Lemma 3-5 gives 6(H) =
ey —ep\y > a, unless vy = 3, in which case H = K3 and we still have §(H) > 2 =my(H) >
my(H) > «. Since §(H) is an integer, we actually have §(H) > |«] + 1 =k, as needed.

Case (c). It is enough to show that G can be partitioned into an H-free graph and a union
of two forests; indeed, if m(L) > 2 for all L € £, then no union of two forests can con-
tain a member of L as a subgraph, by (the easy direction of) Theorem 5-7. Let m(H) :=
min{m(H): H € H}. By Lemma 5-4 and the assumption m(G) < my(H, L) < my(H), we
find that

m1(G) <m(G) + % < mo(H) + % <my(H) + 1.

As aresult, if we let r:= [m(H)], we find that [m(G)] <t + 1 and therefore Theorem 5-7
supplies a partition G into ¢+ 1 forests Gy, ..., Gry1. Taking G’ := G; U...UG;_1, we
arrive at a partition G = G’ U (G; U G¢11). By (the easy direction of) Theorem 5-7, we know
that m((G') <t — 1 <m(H), so G is H-free. As G; and G, are forests, we get the desired
decomposition.

Case (d). It is enough to show that G can be decomposed into a forest and an (s, #)-avoiding
graph. Assume that this is not the case and let G be a smallest counterexample with m(G) <
«. It is enough to show that G is an (s + 1, # + 1)-graph, as then Lemma 5-5 gives

1 1 VG 1

4> > >
s+1 t+17"eg™ m(G) —

>

Q|+~

a contradiction.

Suppose first that G has a vertex v of degree at most s. By minimality of G, we can
decompose the edges of G\ v into an (s, f)-avoiding graph K and a forest F. Adding an
arbitrary edge incident with v to F and the remaining edges to K maintains F being a forest
and K being (s, t)-avoiding, as any (s, #)-subgraph of K would have to use v, which has
degree at most s — 1 in K. This contradicts our assumption on indecomposability of G.

Second, suppose that G contains an edge uv with deg (1), deg (v) < t. By minimality of G,
we can decompose G’ := G \ uv into a forest F and an (s, r)-avoiding graph K. Adding uv
to F must close a cycle, meaning that both u and v are incident to at least one F-edge of G’
and thus the K-degrees of # and v in G’ are at most 7 — 2. This means, however, that we can
add uv to K while still keeping the degrees of both its endpoints strictly below z. Again, we
find that K contains no (s, f)-subgraph, a contradiction.

Case (e). Let k:= [ma(H, L)]. Since we assume that my(H) > k, it is enough to decom-
pose G into a forest and a graph K with m(K) < k. The following theorem, which implies
Conjecture 1-5 in the case that m(G) is an integer, supplies such a decomposition.
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THEOREM 5-8. Let k be an integer, and let G be a graph with m(G) < k. Then there exists a
forest F C G such that my(G\ F) <k.

The proof of Theorem 5-8 is substantially more involved, as it relies on techniques from
matroid theory. We are hopeful that similar techniques may be used to prove Conjecture 1-5
in its entirety. We defer the proof of Theorem 5-8 to Appendix B.
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Appendix A. The three-colour setting

In this section, we explain what about the proof needs to change to handle the case r > 3,
and prove Theorem 1-6. As many of these results are essentially identical to the results
discussed previously, we omit or shorten several of the proofs. We begin by defining a natural
three-colour analogue of cores.

Definition A-1. Let Hy, H,, H3 be three finite families of graphs. A tuple (G, 1, F2, F3) is
an (H, Ha, H3)-core if G is a graph and F; C F¢(,[G] for all i € [3] are families satisfying
the following properties:

(1) the hypergraph 71 U %, U F3 is connected and spans E(G);

(i1) for every i € [3], every FI, € ¥, every edge e € I/-I\i, and every j € [3] \ {i}, there is
some H; € F; with H; N H; = {e}.

We say that G supports a core if there exists a core (G, 1, 72, F3).
The following simple lemma is a straightforward generalisation of Lemma 3-2, so we
omit the proof.

LEMMA A-2. Let G be a graph that is minimally Ramsey for (Hy, Ha, H3), in the sense
that any proper subgraph G' C G is not Ramsey for (Hy, Hy, H3). Then G supports a core.

It would be very convenient if every (H|, H>, H3)-core were also an (Hj, H>)-core. At
first glance this seems true, since the intersection property in Definition A-1 core easily
implies the intersection property in Definition 3-1. Unfortunately, it may be the case that
the hypergraph 1 U > U 73 is connected, but that the hypergraph #; U ¥ is disconnected.
Nonetheless, this is the only obstruction, and the following result is true.
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LEMMA A-3. Let (G, F1,%2,%3) be (Hi, Ho, H3)-core for some families of graphs
Hi, Ho, Hz. Then (G, F1, Fo U F3) is an (H1, Hy U H3z)-core.

Proof. First note that the hypergraph 77 U (2 U F3) is simply the same as the hypergraph
F1UF2UTF3, so it is connected and spans E(G) by assumption. For every I/{\l € ¥1 and
every edge e € Hy, we may apply Definition A-1 with j =2 to see that there exists some
I/{E ceFrCFrUF3 such that Ifl\l N Ifl\z = {e}. Similarly, applymg Deﬁnltlon A-1 withj=1,

we see th that for every H23 € 2 UF3 and every edge e € H23, there is some H; 1 € F1 such that
H) N Haz = {e}. Thus, (G, F1, F> U F3) is an (H;, Ha U Hz)-core.

The key (trivial) observation is that if my(H>) = my(H3), then my(Hr U H3) is also
equal to both these numbers, as my(Hr U H3z) = min{my(H>), my(H3)}. Now, suppose we
are given families Hy, Ho, Hz with my(Hy) > mo(Hy) = mo(H3). By passing to families
of subgraphs, we may assume that Hy, H3 are strictly 2-balanced and that H; is strictly
my (-, H)-balanced. We now define H = H, and L = H, U Hs. By Lemma 4-1, we know
that there exists some ¢ > 0 such that if p < cn_l/mZ(W’L), then a.a.s. G, contains no
subgraph G which supports an (H, £)-core and satisfies m(G) > mo(H, L).

On the other hand, if G, is Ramsey for (H, H>, H3), then it must contain some mini-
mally Ramsey subgraph G. By Lemmas A-2 and A-3, G supports an (H, £)-core. Moreover,
by the above, we must have m(G) < my(H, L) = ma(H,, H>), for otherwise G € G, a.a.s.
Given this, the following deterministic lemma concludes the proof.

LEMMA A-4. Let Hi, Ho, H3 satisfy m(Hy) > m(Ho) > m(H3) > 1. If G is Ramsey for
(H, Ha, H3), then m(G) > ma(Hy, Ha).

Proof. We will actually prove that m(G) > my(H,), which implies the desired result since
my(H1) = ma(Hi, H>). Suppose for contradiction that m(G) < my(H;). By Theorem 5-7 (cf.
the proof of Proposition 5-2(c)), we know that G is the union of an Hj-free graph and two
forests. As my(Hy) > my(H3) > 1, every graph in H> U H3 contains a cycle, and hence each
of these forests is H U H3-free. Using one colour for the H;-free graph and one colour for
each of the two forests, we see that G is not Ramsey for (Hi, Hy, H3).

Appendix B. Proof of Conjecture 1-5 in the integer case

In this section, we present the proof of Theorem 5-8, which implies Conjecture 1-5 in the
case that m(G) is an integer. We will use some well-known results from matroid theory; all
definitions and proofs can be found in any standard reference on matroid theory, such as
Oxley’s book [23].

The main result we will need is the following matroid partitioning theorem, originally
due to Edmonds [5]. We remark that this theorem easily implies Nash—Williams’s theorem
(Theorem 5-7), which was used in the proof of Proposition 5-2(c).

THEOREM B-1. Let M, My be matroids on the same ground set E, with rank functions

r1, r2, respectively. Then E can be partitioned as E = I} U I, with I; independent in M; for
i=1,2, if and only if

rnX) + r(X) > [X|
for every X CE.
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A slightly weaker statement appears as [23, Theorem 11-3-12], where the result is
only stated when M| = M;. However, it is clear and well known that the same proof
proves Theorem B-1, using the formula for the rank of a matroid union, as given in [23,
Theorem 11-3-1].

In our application, we will set E = E(G) and let M; be the graphic matroid of G, whose
independent sets are precisely the acyclic subgraphs of G. We may view any subset of E(G)
as a subgraph J of G; we then use ey rather than |J| to denote the size of this subset of E(G).
Additionally, we use v; to denote the number of vertices incident to any edge of J, and wy
to denote the number of connected components of J. It is well-known (e.g. [23, equation
1-3-8]) that the rank function of M is given by r1(J) =v; — wy for all J C E(G).

The second matroid we use will be one whose independent sets are precisely those sub-
graphs K C G with my(K) <k. The fact that this is a matroid is the content of the next
lemma.

LEMMA B-2. Let G be a graph and let k be a positive integer. Then the family of subgraphs
K C G with my(K) < k is the collection of independent sets of a matroid.

Proof. Define a function f: 289 — 7 by f(J) = k(v; — 2) + 1, for every J C E(G). Note
that this function is integer-valued since k € Z. Additionally, it is clear that f is increas-
ing, in the sense that f(J) <f(J') whenever J CJ'. Finally, we claim that f is submodular.
This is easiest to see by recalling that the function g(J) =v; is submodular (see e.g. [23,
Proposition 11-1-6]); as f is obtained from g by multiplying by a positive constant and adding
a constant, we find that f is submodular as well.

Now, by [23, Corollary 11-1-2], we find that there exists a matroid M(f) on E(G) whose
independent sets are precisely those K C E(G) with the property that e; < f(J) for all non-
empty J C K. Note that, for a graph J with at least three vertices, the inequality ey <f(J)
is equivalent to d»(J) < k, where d>(J) = (ej — 1)/(vy — 2). If J is non-empty and has only
two vertices, then it must have one edge and e; < f(J) always holds. Thus, we see that K is
independent in M(f) if and only if max{(e; — 1)/(v; — 2) : J € K, v; > 3} < k. This condition
is precisely the condition that my(K) < k.

In order to apply Theorem B-1 to the matroids M, M,, we need a way of lower-bounding
the rank function of M;. This is achieved by the following lemma.

LEMMA B-3. Let k be a positive integer. If J is a graph with m(J) <k, then there is a
subgraph J' CJ withmy(J')<kand ey <ey +vy— 1.

Proof. A well-known theorem of Hakimi [10], which is itself a simple consequence of
Theorem B-1, implies that since m(J) <k, we can partition J into graphs Ji, ..., J, with
m(J;) <1 for all i (i.e. every component of every J; has at most one cycle). We may
assume without loss of generality that J; is non-empty. Let e be an edge of J; and define
J=J1U---UJi_1 U{e}. Weclaim that my(J') <k and ey <ey +v; — 1.
The second claim is fairly easy to see, as
k—1
€J/:1+Z€Ji:1+(ej—61k)z1+eJ—VJkZ€J—VJ+1,
i=1

where the second equality uses the fact that Jy, . . ., Ji partition J, and the two inequalities
follow from e;, <v;, <vy, since m(Jr) <1 and J;y CJ.
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So it remains to prove that my(J') <k, i.e. that dp(L) < kforall LC J'. If vy <2k — 1, then

(VZL)—I . 1 v%—vL—Z

vp—2 2 vp—2

1
(L) = =50+ D)<k,

as claimed. So we may assume that vy > 2k. As m(J;) <1 for all i, we see that e; < (k —
1)vy + 1. Therefore,
-1 k—1 kv — 2k
dz(L):eL S( )VLS L _
v —2 v —2 v —2

k.

With all of these preliminaries, we are ready to prove Theorem 5-8.

Proof of Theorem 5-8. Let G be a graph with m(G) <k and let E = E(G). Let M be
the graphic matroid on the ground set £ and let M, be the matroid given by Lemma
B-2, whose independent sets are those K C G with my(K) < k. We wish to prove that E
can be partitioned into an independent set from M| and an independent set from M»; by
Theorem B-1, it suffices to prove that r{(J) + ro(J) > ¢; forall J C G.

So fix some J C G, and let its connected components be Ji,...,J;. We then have that
ri(J)=vy —wy=vy; —t. As m(G) <k, we certainly have that m(J;) < k for all i, and hence
Lemma B-3 implies that there exist J/ C J; with ma(J}) <k and ej; < ey +vj; — 1. Let J =
JiU---UJ; If J is a matching, then my(J') <1 <k. If not, then its maximal 2-density is
attained on some connected component, hence my(J') = max; mz(Jlf) < k. Therefore, J' is
independent in M3, which implies that

t t
R =nU)=er=Y ep>=> (e, — vy — 1) =es— (v —1).

i=1 i=1

Recalling that r1(J) = vy — t, we conclude that r;(J) + r2(J) > ey, as claimed.

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.162, on 30 Jul 2025 at 09:12:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004125000143


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004125000143
https://www.cambridge.org/core

	Introduction
	Symmetric Ramsey properties of random graphs
	Asymmetric Ramsey properties of random graphs
	New results
	Ramsey properties of graph families
	Organisation
	Additional note


	Proof outline
	Preliminaries
	Ramsey graphs and cores
	Numerical lemmas

	Proof of the probabilistic lemma
	The exploration process and the proof of Lemma 4.2
	Proof of Lemma 4.3

	Proof of the deterministic lemma
	Auxiliary results.
	Proof of Proposition 5.2


