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Abstract

We investigate two mean—variance optimization problems for a single cohort of workers
in an accumulation phase of a defined benefit pension scheme. Since the mortality
intensity evolves as a general Markov diffusion process, the liability is random. The
fund manager aims to cover this uncertain liability via controlling the asset allocation
strategy and the contribution rate. In order to have a more realistic model, we study
the case when the risk aversion depends dynamically on current wealth. By solving
an extended Hamilton—Jacobi—Bellman system, we obtain analytical solutions for the
equilibrium strategies and value function which depend on both current wealth and
mortality intensity. Moreover, results for the constant risk aversion are presented as
special cases of our models.
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1. Introduction

The optimal management of dynamic pension schemes is becoming increasingly
important since pension funds currently play an influential role in financial markets
for their high capitalization, and participants are starting to pay more attention to the
security of promised benefits.

There are two major types of pension funds; defined contribution (DC) pension
plans and defined benefit (DB) pension plans. In a DC scheme contributions are fixed,
and benefits depend on the returns of the fund portfolio, so the participants bear the
financial risk. In a DB scheme benefits are fixed in advance by the sponsor, and
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contributions are set in order to maintain the fund in balance. Future benefits due to
the participants are, thus, a liability for the sponsor who bears the financial risk.

Our aim in this paper is to analyse a DB pension scheme which is a common
model in the employment system. DB pension funds have been extensively studied
in the literature. They have been generally modelled as linear quadratic (LQ) optimal
control problems, and the manager’s objectives are usually related to the minimization
of the risk of solvency and contribution. See, for instance, the work of Cairns [3],
Josa-Fombellida and Rincén-Zapatero [9-11], Ngwira and Gerrard [15] and
Delong et al. [4].

The mean—variance (MV) approach proposed by Markowitz [14] is well known
as the foundation of modern finance theory and a vast number of papers have been
published on this topic. Most of them deal with the single-period case, since the MV
criterion in the multiperiod framework lacks the iterated expectation property, which
results in inconsistency in MV problems in the sense that the Bellman optimality
principle does not hold, and consequently the traditional dynamic programming
approach cannot be directly applied.

In the literature, there are two basic ways of handling time-inconsistent problems.
One is to find the pre-committed strategies, where “optimal” is interpreted as “optimal
from the point of view of the initial time”. In the context of MV portfolio choice, the
traditional objective can be described as minimizing

Jo(0, x, ) = %Varo,x[xw)] — Bo[X™(T)]

over all admissible policies, where y is a pre-specified risk aversion coefficient.
The term ‘“pre-commitment” involves the target given implicitly by considering
the variance as the quadratic deviation from the target Eo . [X"(T)], that is, the
manager pre-commits to the target determined at time O but does not update the
target at subsequent dates. Li and Ng [12] and Zhou and Li [20] developed an
embedding technique to transform the original time-inconsistent problem into a
tractable stochastic LQ problem in discrete and continuous time settings, respectively.
In the pension fund literature, similar problems are investigated by Delong et al. [4]
and Josa-Fombellida and Rincén-Zapatero [10]. Note that all these works derived only
pre-committed strategies.

Another possibility for dealing with time-inconsistent problems is to study them
within a game-theoretic framework and seek the corresponding time-consistent
strategy (subgame perfect Nash equilibrium point), which means that the optimal
strategy derived at time ¢ will agree with that derived at time ¢ + At. Strotz [17] first
formally treated a deterministic Ramsay problem which was time inconsistent using
the game-theoretic approach. Bjork and Murgoci [1] considered a fairly general class
of time-inconsistent objective functions in a Markovian setting, derived an extended
Hamilton—Jacobi—Bellman (HJB) equation and provided a verification theorem. Bjork
et al. [2] further studied the time-consistent strategy for a continuous-time MV
portfolio problem where the risk aversion depends dynamically on current wealth.
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In addition, Hu et al. [7] investigated an equilibrium for a general time-inconsistent
stochastic LQ control problem within the class of open-loop controls. Zeng and Li [ 18]
explored time-consistent strategies for optimal investment and reinsurance problems
under an MV criterion in a Black—Scholes market. Zeng et al. [19] extended the model
to incorporate jumps, and Li and Li [13] focused on the case with state-dependent risk
aversion.

It seems very difficult to require investors not to deviate from the optimal strategy
chosen at the initial time during the entire investment horizon. A reasonable investor
sitting at time ¢ would consider starting from ¢ + Az, and would follow the policy
that would be optimal sitting at time ¢ + At. Therefore, in our paper, we take the
time-inconsistency seriously by updating the target to E, , 1[X™(T) — Da(A(T))] and
considering a state-dependent risk aversion. More explicitly, we consider an objective
function of the form

J(t,x,4,7) = 5Var,  A[X"(T) = Da(AUT))] = (1 x + f12)E; [ X"(T) = Da(A(T))],

where Da(A(T)) is the liability of the fund and y; x + u; represents the state-dependent
risk aversion.

To our knowledge, little work has been done in the pension fund literature on time-
consistent strategies for portfolio optimization problems, except for the work of He
and Liang [5] who studied the time-consistent investment strategy for a DC pension
plan. In this paper, we investigate the optimal time-consistent investment strategy and
supplementary contribution rate for a DB pension scheme under the MV criterion. The
evolution of the mortality intensity follows a general Markov diffusion process. We
solve two problems. The supplementary contribution rate in the first problem is set by
the spread method of the fund amortization, so that the control process depends only
on the investment strategy. In the second problem, the objective is to determine the
contribution rate and the investment strategy, minimizing both the contribution and the
solvency risk. Delong et al. [4] considered a similar model. However, they managed to
obtain the precommitted strategies for the optimization problems.

In this paper, we also study a state-dependent risk aversion, where the risk
aversion dynamically depends on current wealth. For a constant risk aversion,
the optimal amount invested in the risky asset is independent of current wealth,
which is economically unreasonable. We formulate our problem in a game-theoretic
framework and provide analytical solutions where the equilibrium investment strategy
and supplementary contribution rate are dependent on both the current wealth and
the mortality intensity. Moreover, results for constant risk aversion are derived as
comparisons with the general cases.

The outline of this paper is as follows. We introduce the model and basic
assumptions in Section 2. In Section 3, we formulate the MV optimization problem
within a game-theoretic framework and provide a verification theorem. An explicit
time-consistent strategy and an equilibrium value function are derived. In Section 4, a
generalized MV problem with the contribution risk is also considered and analytical
results are obtained. Finally, we give numerical examples to illustrate our results in
Section 5.
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2. Model and assumptions

We consider a complete probability space (Q, ¥, P) with a filtration F = (F;)o<<7
for a finite T’ which denotes the maximum future lifetime of the fund’s participants.
The filtration F consists of two subfiltrations: we set F =F v FM  where FF
contains information about the financial market and F” contains information about
the mortality intensity. Suppose that the subfiltrations F/ and FM are independent of
each other. Let E denote the expectation with respect to P.

2.1. The financial market In the financial market, there are one risk-free asset and
one risky asset. The price of the risk-free asset R(¢) is modelled by dR(r) = rR(¢) dt,
and the dynamics of the price of the risky asset follows a jump-diffusion process

as (1) = S(t—)[p dt + o dW(r) + f

>=

M, dz)],
1

where r, o, are positive constants and u > r. Here, {W(f)}o<<7 is a standard FF-
adapted Brownian motion and M(dt, dz) = M(dt, dz) — v(dz) dt is an FF-compensated
Poisson martingale measure, where M is a Poisson random measure, independent of
W, with the intensity measure v satisfying fR(z2 A 1v(dz) < oo and fz . Zv(dz) < oo,

ensuring that
4 _ 4
f f M(dr, dz) ] < o,
0 Jz>-1

2.2. The pension model Denote by A(7) the level of the mortality intensity of the
fund participants, ¢ years after they enter the plan. This evolves as a general Markov
diffusion process given by

dA(r) = 6(t, (1)) dt + n(t, A(1)) dW(2), (2.1)

where W(r) is an F”-adapted BM independent of W. Assume that the coefficients fulfil
the following regularity conditions to ensure the existence of a strictly positive solution
to (2.1).

(A1) The functions 6 : [0, T'] X (0, 00) — (0, 00) and 7 : [0, T’] X (0, c0) — (0, c0) are
continuous, locally Lipschitz continuous in A and uniformly continuous in .

(A2) There exists a sequence (D,),ey of bounded domains with closure D, C (0, o),
and (J,s1 D, = (0, 0), such that 6(¢t, 1) and n(z, 1) are uniformly Lipschitz
continuous on [0, 7’] X D,.

(A3) Forall (t,2) € [0,T’] X (0,00), P({s € [t,T"] | A(s) € (0, 00) and A(¥) = A}) = 1.

sup E[
1€[0,T']

In this paper, we analyse a DB pension fund during the accumulation phase [0, T,
where T < T’ denotes the retirement time of all participants. Then the liability of the
plan, also known as the expected discounted present value of future pension benefits to
the cohort of the participants conditioned on the given level of the mortality intensity
at time 7, is equal to

’

Da() = DEU[ f e 6= fr Awdu g ol 2.2)
T
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where D is the promised pension benefit, defined in advance, and the residual
probability of payments after time 7’ is set to zero.

Let X(7) be the value of the accumulated fund at time ¢, AL(¢) the actuarial liability,
and C(¢) the contribution rate which funds the liability and consists of two elements:
the normal cost rate NC(#) and the supplementary cost rate SC(#) amortizing the
unfunded actuarial liability, which is defined as UAL(f) = AL(t) — X(¢—). Then X(¢)
satisfies the stochastic differential equation (SDE)

dX"(r) = n(z—)(,u dt+odW(@) + f

>—1

ZM(dt, dz)) + (X™(1) - m()rdt + C(r) dt,

where 71(¢) is the amount invested in the risky asset.

Denote by M(¢) a distribution function on [0, 7], which represents the percentage
of the actuarial value of the future benefits (2.2) accumulated during the first ¢ years.
We assume that M : [0, T] — [0, 1] is absolutely continuous with respect to Lebesgue
measure, and its density function m(¢) is Lipschitz continuous on [0, 7']. The actuarial
liability and the normal cost can be defined as in the paper by Delong et al. [4]:

ALt A) = e PTOMOE, [Da(A(T))], 0<t<T, (2.3)
NC(t, 1) = e T Dm()E, 1 [Da(A(T))], 0<t<T, (2.4)

where p is the fund’s valuation rate. Moreover, we investigate two MV optimization
problems. In the first one, the supplementary contribution rate is set as

SC(t, 1) = k(AL(z, 1) — X" (t-)), (2.5)

where « is some predefined constant. The value of the fund process (X"(¢),0 <
t <T) depends only on the investment strategy m. In the second one, we add the
supplementary contribution rate into our optimization problem and minimize the MV
objective along with the expected value of squares of future supplementary costs.

3. Mean-variance optimization problem

In this section, we consider the optimal investment strategy for a DB pension
scheme where the supplementary contribution rate is predetermined as in (2.5). The
manager aims to manage the fund in order to cover the liability Da(A(T)) at the
retirement time 7. In this case, the dynamics of the fund process X”(¢) can be given by

dX"(t) = [r()(u — r) + (r — OX*(1) + NC(t, 1) + kAL(t, V)] dt
+on() dW() + n(t-) f ZM(dt, d7). (3.1)
7>—1

Moreover, an investment strategy m(f) is admissible if it satisfies the following
conditions:

(i) For all t € [0, T], n(¢) is a predictable mapping with respect to 7.
. (T o
(i1) fo 7“(t) dt < oo almost everywhere.
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(iii) The stochastic differential equation (3.1) has a unique solution X" on [0, T'].

The set of all admissible strategies is denoted by A.

In the literature, MV problems are usually transformed into LQ control problems,
which can be solved by standard methods. Contrary to the existing literature in this
field, our paper aims to obtain the optimal time-consistent policies instead of the pre-
committed policies.

Our main goal is to formalize the MV optimization problem without pre-
commitment, and consider a state-dependent risk aversion. Thus, the objective
function is of the form

J(t, x, 4,7) = 5Var, X (T) = Da(A(T))] = (X + 2)By [ X™(T) = Da(A(T))],
(3.2)
where u;, up are constants and the term pjx + u, represents the state-dependent risk
aversion. This problem can be viewed as a dynamic MV problem, we analyse it in a
game-theoretic framework which is developed by Bjork and Murgoci [1].

DeriniTioN 3.1. An admissible control 7 is an equilibrium control law if for any given
me€R,h>0and (tx,1)€[0,T] X R XR*,

J(t,x,/l,ﬁ)—J(t,x,/l,ﬂh) <0

lim sup

s

h—0 h
where the control law
( 2= Pis fort<s<t+h, yeR,A€ER",
TS, Y, A) = #A(s,y,A) fort+h<s<T, yeR,A1€R".

The corresponding equilibrium value function V is defined by
Vt,x, ) = J(t, x, A, 7).

We will now provide a verification theorem for the MV problem (3.2) without pre-
commitment. To generalize this theorem, we consider a general optimization problem
of the form

J(t,x, ,m) = f(t, x, 4,y"(t, x,2),7"(¢, x, D)),

where f is a function in C">2%2([0, T] x R*) (that is, f is continuous on [0; 7] x R?,
continuously differentiable with respect to the first variable, and has continuous
derivatives up to order 2 with other variables), and

Vit x, ) = B x al X(T) = Da(A(T))],
Z(t, %, 2) = By o al(X(T) = Da(A(T)))*].

In particular, if we set

Jx,2,y.2) = 3@ =) = i x + )y, (3.3)

then the problem reduces to our MV optimization problem without pre-commitment.
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TueorEM 3.2 (Verification theorem). Suppose that there exist three real-valued
functions W(t, x, 1), G(t, x, 1), H(t, x, 1) € C">2([0, T] X R x R") satisfying the
following extended HJB system such that, for all (t,x, ) € [0,T] X R X R*,

in£{ﬂ"W(t, x,A) = A f(t,x,4,G, H) + fi(t, x,4,G, HA"G(t, x, A)
e

+ fi(t, x, 4, G, H)AH(t, x, 1)} = 0, (3.4)
W(T,x,2) = f(T, x,1,G, H),
AG(t,x,A) =0, (3.5)
G(T,x, ) = x — Da(Q),
AH(@, x, 1) =0, (3.6)

H(T, x, 2) = (x — Da())*,
where
A H(t, x, A)
A e P |

zv(dz))ir +NC(t, 1) + KAL(L, /l)] + 6,01, )
>-1
1 1
+ _¢xx0-27rz + _¢/l/lr]2(t7 /1) + f
2 2 .
Af(t, x,A,G, H)

=ft+fx[(r—l<)x+(,u—r—f

>=

1
+ FAG(, %) + LAHE X, + S UG, H)o*n?

[o(t, x + mz, ) — ¢(t, x, D)|v(dz),
1

Zv(dz))n + NC(z, 1) + KAL(t, /l)] + [16(t, 1)
1

+ %Uz( f-G, (1, 2)

+ f ) l[ ft, x + 1z, 4, G(t, x + 7z, ), H(t, x + 7z, ) — f(t, x, A, G, H)]W(dz)
-f f ) I[G(t,x + 712, A) = G(1, x, )](dz)

- f. f I[H(t, x + 7z, ) — H(t, x, Dv(dz),

Ui(f, G, H) = fox + 2fGx + 2fiHy + 21, Ho G + f,(G)? + fio(HL),
Us(f, G, H) = fua + 2f,Ga + 2f.Ha + 2, HaG o + fir (GO + fr(HY)?,

with f = f(t,x,4,G,H),G = G(t, x, 1) and H = H(t, x, A) for simplicity, and

= arg inf (AW, x,2) = A (1%, 4, G, H) + LAGt, 3,0 + LA H(1, x, D).
TE. -
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Then

V(t,x,1) = W(t, x,A)

G(t,x,2) = Erca X"(T) = Da(A(T))],

H(t, %, 2) = B o al (X (T) = Da(A(T)))’]
and the equilibrium control law is given by 7.

Proor. The proof is analogous to that of Theorem 4.1 by Bjoérk and Murgoci [1]
(see Appendix). O

3.1. Solution to the optimization problem We derive the optimal time-consistent
investment strategy and the value function for problem (3.2). In this case, the function
f is given by (3.3), that is, f(¢,x,1,G,H) = %(H —G?) = (u1x + 12)G, hence,

Sy =-mG, fxy:_/vllv fyy:_l»
ftzfxx:fxzz]g'z:fzzzo’ fxl :f/bl:fxlz :f/ly =0.

Thus,
Ui(f,G, H) = -21,G, — (G,)*, Us(f,G,H) = —(G,)*.

According to Theorem 3.2, equation (3.4) can be rewritten as

inf
meR

W,+(Wx+,u1G){(r—K)x+(u—r—f

>=

Zv(dz))ﬂ + NC(t. 1) + KAL(, /l)}
1

1,5 2 1, 2
+ Wa6(t, 1) + ki 2t1Gx + (Gy)" + Wy} + X t, DWW + (G}

1
+ f mzG(t, x + miz, Yv(dz) + 3 f (G(t, x + 1z, A) = G(t, x, D)} v(dz)
>-1

>-1

+ f {(W(t,x +nz, 1) — W(t, x, /l)}v(dz)} =0. 3.7
z>—1

By the linear structure of the dynamics of X”(#) and the boundary conditions, it is
natural to guess that

W(t, x, 2) = A()x* + B(t, Dx + C(1, A) (3.8)
with A(T) = —uy, B(T, A) = —ptp + 1y Da(A), C(T, A) = uyDa(A);
G(t,x, ) = a(t)x + b(t, A)
with a(T) = 1, b(T, ) = —Da(1); and
H(t, x, ) = g()x> + I(t, Dx + d(1, 2)
with ¢(T) = 1, (T, 2) = =2Da(A), d(T, 1) = (Da(d))?.
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Substituting W(t, x, 1), G(¢, x, A) and their corresponding derivatives into (3.7) yields

inf|A,x*> + Bix + C,
neR

+{(2A®) + wa@®))x + B(t, ) + 1 b(t, HH(r — k)x + NC(t, 1) + kAL(t, 1)}

+(Bux + COt, D) + %{2A(t) + 2ualt) + &2(1‘)}(0'2 + f z2v(dz))7r2
>-1
+ %nz(t, D(Bax + Cag + b%)
+{QA) + p1a®)x + B(t, A) + 1 b(t, )} (u — r)ﬂ] =0. (3.9)

Differentiating with respect to 7 and setting the derivative to zero, we obtain the value
of the equilibrium control law

At ) = - QQA(t) + pya(t))x + B(t, A) + 1 b(t, 1)

e =p 2A(0) + 2uya(t) + a(t) :
H—=T

o+ J;>—1 2v(dz)

B =
Instead of analysing the above equality directly, we make the assumption that

at, x, D) = ki (H)x + ka(t, ), (3.10)

where
2A(1) + wa(r)
2A(1) + 2 alt) + a*(t)’
B(t, 1) + i1 b(t, 2)
2A(1) + 2 alt) + a*(t)’

with k{(T) = w13, ko(T, A) = u,B. Then, inserting (3.10) into (3.9), we obtain

k() =B (3.11)

ky(t,2) = =B (3.12)

Ax* +Bx+C,
+[QA®) + pa)x + B(t, A) + 1 b(t, V[(r — K)x + NC(1, A) + kAL(t, 1)]
+(Bax + CYO(t, D) + 3 (t, )Y(Bux + Cay + b3)
+ (1 = PIQA®) + ma(t)ki()x* + (B(t, A) + p1b(t, D)(2ki ()x + ka(t, )] = 0.
Equating coefficients of x?, x and constant terms to zero, we get
Ay + A0 + wad}r — k) + 3(u = N(2AQ) + man)lk (1) = 0, (3.13)
B; + {B(t, A) + 1 b(t, VY(r — &) + {2A(0) + m1a()}{NC(t, 1) + kKAL(t, )}
+B,0(t, D) + By (t, ) + (u — P{B(t, A) + u b(t, DIk () = 0, (3.14)
C, + {(B(1, ) + p1b(t, D}NC(1, 1) + KAL(t, )} + C,0(t, 2)
+3(Cop + DNt ) + 2w — B, D) + i b(t, D}ka(t, 1) = 0. (3.15)
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Similarly, substituting G(t, x, 4) and (3.10) into (3.5) leads to
ax + b, + a(®)[(r — k)x + NC(t, 1) + kAL(t, A) + (u — r)(k1()x + ky(2, )]
+b,0(t, ) + 2bum*(t, 1) = 0.

To ensure the above equality, we require

a; +at)(r—«)+at)(u—nrk @) =0 (3.16)
and
b; + a(t)(u — Nka(t, A) + a(t)[NC(t, 1) + kAL(t, V)] + b,0(t, 1) + %anz(t, ) =0.
(3.17)

From (3.16) and the boundary condition a(7T") = 1, we obtain

T
alt) = exp[f {r =K+ (1 = Pk ()} du]. (3.18)

In addition, inserting H(¢, x, 4) and (3.10) into (3.6) yields
th2 + Lx +d; + Qqgt)x + I(t, V))[(r — k)x + NC(t, 1) + kAL(t, 1) + (u — r)(k (£)x
+ ko (2, V)] + (Lux + d)O(t, A) + q(DBky (1)x + ka (2, 1))
+ 107 (t, D(lux + dy) =0,
where 8 = (u — r)/pB.

Combining the coefficients of x>, we get

qi +29()(r = ) + 2q(O@ = ki (1) + g(OBK; (1) = 0,
with the boundary condition ¢(7") = 1. Hence

T
q(t) = exp[f {2(r — k) + 2(u — )k (u) +ﬁk%(u)}du . 3.19)

On the other hand, from the fact that
W(t, x,A) = %{H(t, x, 1) = G*(t, x, 1)} — (u1x + )G (1, x, A)
= Ha(®) — 2ma() - @ (0)x* + 3{i(t, 1) = 2a(0)b(t, )
—2p1b(t, A) = 22a()}x + Hd(t, ) = b1, 2) = 221, D)),
and the conjecture (3.8), we obtain
2A(1) = q(t) — 2ua(t) — (o). (3.20)
Using (3.11) and (3.18)—(3.20), we find the integral equation

() — ma() - a (1)
ki(t)=-p 20

= —B[l - exp{— ftTﬂk%(u) du}

T
— i exp{— f [F = &+ (= Py (o) + W] du}]. 3.21)
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Next, we derive the expression for k, (¢, ). From (3.12) and (3.20), we get
1
B(t, 1) = -1 b(1, A) - Eq(t)kz(t, ).

The partial derivatives are

1 Ok (t, A

B, = b - 290" 2t ) | ﬁq(l)kz(l DI ) + 201 — k() + BRG],
1 k(1,4

By=—ub, - ECI(I) 26(; ),

1 (9/(2(1‘/1)
Bu = —mbu — =g 222
= —Hibn BCI() FYe

Substituting these into (3.14), collecting the similar terms and using (3.17) yields

Oka(t, /l) 6 ) (')kz(t /l) (. /1)6 kz(t A

— pOka(t, A) — [3[1 — expl- f B ) du}][NC(z, ) + KAL(L )] = 0,
where

p() = r— &+ (u— k() + Bk; (1)
T
oty (- r)BeXp{—f [F = &+ (= Pk () + BEW)] du}.

From the boundary condition k(T, A) = up8, we can state the Feynman—Kac

representation for k;(z, 1) as follows:

bt ) = By aBexp( - f Tp(u)du)— f TBexp(— f Sp(u)du)

X {l - exp(— fT ﬂk%(u) du)}{NC(s, A) + kAL(s, 1)} ds].

Combining (2.3) and (2.4), and applying Fubini’s theorem, the Markov property of the

mortality intensity and the law of iterated expectations lead to
T T X
ko(t, A) = pof exp(— f (1) du) B, [Da(A(T))] f Bexp(— f () dut — p(T — s))
t t t

x{1 —exp|— Tﬂkz(u)du {m(s) + kM(s)}ds. (3.22)
f1-esnl- | o o)

Remarxk 3.3. Denote a(t, 1) = E, ,[Da(A(T))]. Based on the Theorem 1 in Heath and

Schweizer [6], a(t, 2) on [0, T'] X R* satisfies the partial differential equation

2
da(t, A) oG, /l)aa(t/l/l) (. /1)8 gi{‘;/l) _

07
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with boundary condition
a(T, 2) = Da(A). o
We combine the above results in the following theorem.

TueoreM 3.4. For the mean—variance problem (3.2), the equilibrium control is
expressed as
ﬁ(t’ X, /l) = kl (t)X + k2(t9 /l),

where ki(t) and ky(t, 1) are given by (3.21) and (3.22), respectively. Moreover,
the corresponding equilibrium value function is expressed as V(t,x,1) = A()x> +
B(t, V)x + C(t, 1), where the functions A, B and C are given by the expressions
in (3.13)—(3.15), respectively.

Remark 3.5. From Bjork et al. [2], the above integral equation satisfied by k;(¢) admits
a unique solution. We can use the analogous recursive algorithm numerically for the
determination of k(7). Construct a sequence k(ll)(t) € C[0,T] as follows:

K2 =1,

T
K0 = 1ol [ gt

T
“exp= [0k = k0 + B0 @) |

n=1,2,.... This sequence converges to k;(¢) in C[0, T]. O

3.2. Special case We consider the case where u; = 0, that is, the risk aversion
coeflicient is constant.

By setting u; = 0, we see that k;(¢) = O is the root of the integral equation (3.21).
Simplifying the expression (3.22) for ky(t, 1), we get ky(t, 1) = uoBe~""T=D_ Hence,
the equilibrium control is given by

A(t, x, A) = pofe T,

Additionally, from (3.13), (3.14) and (3.16) and their corresponding boundary
conditions, we obtain

A(t) =0,
C_l(t) — e(rfk)(T*l)’
B, 2) = —uae T,

Substituting the values of a(¢) and k, (¢, A) into (3.17), and by applying the Feynman—
Kac formula, we get

T
b(t,2) = pa(u = r)(T = DB + By [Da(ﬁ(T))][ f P T  m(s) + kM(s)bds — 1.
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Moreover, integration by parts yields

bt ) = (i — 1T - DB + By [Dau(T»][K TP

+p—r_K+p—r

T

=P f TP T =) ds].
Kk+p-rJ,

Similarly, from (3.15) we get

M(t)e(r—K—p)(T—l)

T
C(t,/l):,qu,J[Da(/l(T))][l— f TP I=) (s) + kM(s)} dis

] =T - 1B
2

1 T
n 5JE,J[ f b3 (s, (s, V) ds
t

1 T Su—r)T - 1)
= 55| f b3 PG5, s — b, )+ FE DL
t
Hence,
V(t,x,2) = ="M x + C(1, ),
G(t,x,2) = " T x4 b(t, ),
and the variance is given by

Var;xa [X*(T) — Da(A(T))] = 2(V(1, x, 2) + 12G(t, x, 1))

T
- EM[ f bA(s, D (s, D ds| + 3 (u — r)(T - 1)B.

We observe that the optimal time-consistent investment strategy is independent of
the current wealth x and the current mortality intensity A. Therefore, from an economic
point of view, the equilibrium solution for the constant risk aversion is economically
unreasonable, as stated by Bjork et al. [2] and Li and Li [13].

4. Generalized mean—variance optimization problem

In this section, we solve a generalized problem which is to minimize the MV
objective of the terminal debt X*(T') — Da(A(T')) along with the contribution risk SC?
on the interval [0, T']. Minimization of the contribution risk has been explored, for
example, in Josa-Fombellida and Rincén-Zapatero [9—-11], Ngwira and Gerrard [15]
and Delong et al. [4]. Thus, we consider an optimization problem

T
J1(t,x, 4,7, SC) = E,M[ f SC2w) du] + %Vart,x,ﬂ[X”(T) — Da(A(T))]

t
= (1 x + u2)E; x A[X™(T) — Da(A(T))]. 4.1)

In this case, the wealth process X™5(¢) evolves as
AX™SC(1) = ﬂ(t—)(,u dt + o dW (D) + f

>=

+(NC(t, 1) + SC(1)) dt. 4.2)
Moreover, the admissible strategy 11 = {n(t), SC(t)}o<;<r 1s defined as follows:

ML, dz)) + (XSC(1) — () dt
1
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(i) For all t € [0, T'], m(¢) and SC(¢) are predictable mappings with respect to ;.
(ii) fOT(Jrz(t) + SC%(1)) dt < co almost everywhere.
(iii) The stochastic differential equation (4.2) has a unique solution X' on [0, T].

The set of all admissible strategies is denoted by 5.

As in the previous section, we define the equilibrium control law and
equilibrium value function similarly and provide a verification theorem including the
supplementary cost rate.

DeriniTioN 4.1. We say that an admissible control IT is an equilibrium control law if
for any fixed real numbers 7, SC, & > 0 and (¢, x, 1) € [0,T] X R X R,

t,x, 1D = Ji(t, x, A, 11
limsupJ](’x’ , )hfl(,X, , h)SO,
h—0

where the control law IT;, is given by

1, ( 2= (mr, SC) fort<s<t+h, yeR, A€R?,
S5 Y, 4) = [(s,y,A) fort+h<s<T, yeR, A€R".
The corresponding equilibrium value function, V1, is defined by
Vit x, ) = Ji(t, x, A, 1.

THEOREM 4.2. Suppose that there exist three real-valued functions ‘TV(I, x,),G*(t,x, ),
H*(t,x,1) € C'?%([0, T] X R X R") satisfying the following extended HIB system: for
all (t,x,) €[0,T] xR X R",

inf [sc2 + W, + (W, +,ulG*){rx + (;1 e f

zv(dz))ﬂ +NC(t ) + sc}
(1,5 C)eR? o1

~ 1 — 1 _
+ W,6(t, 1) + zcznz{ZMG; + (G + W) + Enz(t, DIWa + (G
1
+ - f [G*(t,x + iz, ) — G*(¢, x, /l)]zv(dz)
2 >-1
+ f mrzG*(t, x + nz, H)v(dz)
>—1

+ f (W(t, x + 1z, ) — W(t, x, )Iv(dz)| = 0, (4.3)
>-1

W(T, x,2) = —(u1x + 2)(x — Da(d)),
ALGH (1, x,) =0

G*(T, x, 1) = x — Da(Q), (4.4)
AVH (1, x, ) = 0,
H*(T, x, ) = (x — Da())?, (4.5)
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where

AY(t,x, 1) = ¢ + ¢x[rx + (/1 - f

>=

Zv(dz))ﬂ +NC(1, 1) + SC| + 6,260, 2)
1

1 1
+ §¢xx0'27fz + 5¢M’72(L A+ f

>=

[¢(t’ X+ gz, /1) - ¢(t’ X, /l)]V(dZ),
1
and

7t = arg inlg{(VT/x +,ulG*)(u -r- f
e

>

1 —
Zv(dz))n + 3G, + (G + W]
1
+ f nzG*(t, x + nz, Av(dz)
>-1

1
+ 3 f [G*(t, x + nz, A) — G*(t, x, V)*v(dz)
>—1

+ f (Wt + 72,2) = Wt x, D)), (4.6)
>-1
SC = arg sié‘efR{SCZ + (W, + 11;G*)SC}. .7

Then Vi(t, x, 1) = W(t, x, A), G*(t,x, ) = E,,x’/,[Xﬁ(T) — Da(A(T))] and H*(t, x, ) =
E,’X,A[(XH(T) — Da(A(T)))*1, and the equilibrium control law is given by IL
Proor. The proof is similar to that of Theorem 3.2. O

4.1. Solution to the generalized optimization problem In this subsection, we
try to find the time-consistent strategies and the value function for the generalized
problem (4.1). Similarly to Section 3, we guess that

W(t, x, 1) = A()x* + B(t, Dx + C(t, D) (4.8)
with A(T) = —u1, B(T, A) = —p + pr1Da(), C(T, ) = paDa();
G*(t,x, 1) = a(t)x + b(t, 1)

with &(T) = 1, (T, 2) = =Da(d); and H*(t, x,A) = §()x* + l(t, )x + d(t, ) with
g(T) = 1,I(T, 2) = =2Da(A),d(T, 2) = (Da(d))*.
Substituting W(t, x, 1), G*(t, x, 1) and their corresponding derivatives into (4.6)
and (4.7), we obtain the values of the equilibrium control law 7 and SC as follows:
_(2A(t a(n)x + B(t, A b(t, A
ﬁ'(t,x,/l)=—,3( ()+ﬁla())x+ (9 )+#] (a )
2A() + 2uia(r) + a3(r)
_ QAWM + ma)x + B, ) + b, )

SC(t,x,2) = 5
Instead of analysing the above equalities directly, we make the following assumptions:
At x, ) = ki(t)x + ka(t, A), (4.9)
SC(t, x,2) = ¢1(D)x + ex(t, ), (4.10)
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where

2A(0) + pia(t)

2A() + qna(t) + @t

B(t, ) + w1 b(t, )
2A(t) + 2na(t) + @t
240 + ma(t)

—
_B(t, ) + mb(t, )
5 ,

with k1(T) = 1B, ko(T, A) = o3, 1(T) = 1 /2 and ¢x(T, A) = pp /2.

Then, by substitution of (4.8)—(4.10) into (4.3), we obtain

ki(t) = -B

@.11)

ka(1,2) = -B (4.12)

() = (4.13)

CZ(t’ /l) =

(4.14)

A + Bux + C, + [QA®) + pia(®))x + B(t, A) + b(t, D)][rx + NC(t, )]
+(Bax + CO(t, D) + 1 (1, )(Baax + Caa + b3)
+ 5= DIQAWD + pad)ka ()<
+(B(t, D) + mib(t, D) 2kr () + ka1, )] = [e1(Dx + €22, DT = 0.
Equating coefficients of x?, x and constant terms to zero, we get
A, = 2¢1(0r = (= Pky()er (1) - () =0, (4.15)
B+ By8(t, ) + 1 Ban*(1, ) = 2¢1()NC(t, )
=2[r + (u— k(@) + c1(D]ea(r, ) = 0, (4.16)
C,+ Ca0(1, 1) + %(@u + D), )
— [2NC(t, 2) + (u — ka(t, Dea(t, D) — e5(t, ) = 0. 4.17)
Similarly, we plug G*(t, x, 2), (4.9) and (4.10) into (4.4), thereby obtaining

ax + by + a()[rx + NC(1, 1) + c1(D)x + c2(t, A) + (u — r)(k1(Dx + ka(2, D)]
+D0,0(t, ) + 1bun*(t,2) = 0.

To ensure the above equality, we require

a + a(t)yr + a(t)(u — Nk () + aei (1) = 0, (4.18)
b+ a()[(u — Nka(t, D) + NC(t, A) + c2(t, D] + bab(t, D)
+ 3D’ (t, 1) = 0. (4.19)

From (4.18) and the boundary condition a(7") = 1, we obtain

T
a) = exp( f {r+ (U = Pk () + () du). (4.20)
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Then, inserting H*(¢, x, 1), (4.9) and (4.10) into (4.5) yields
Gix* + Lx + d, + 2g(0)x + I(t, ))[rx + NC(z, 2)
+e1(t)x + cat, ) + (u = )k (D)x + ka(t, V)] + (Lx + d)o(t, A)
+BAD K (Dx + ka8, D) + 5771, D(Tax + dw) = 0.
Collecting the coefficients of x2, we see that
@i+ 24(0)[r + (u — k() + c1 (D] + BGDkG (1) = 0
with the boundary condition g(7") = 1. Hence, g(t) = exp( ft r ¥(u) du), where
W(u) = 2r + 2(u — r)k () + 2¢1(u) + Bki(w).

On the other hand, the dynamics of the fund process X* SC under the optimal strategy
satisfies the SDE

dXFSC = [rXPSC 4 (1 — Pk ()XFSC + ko(2, D)) + NC(t, ) + 1 (DX + ea(t, V)] dt
+ otk (OXTSC + ko(t, D] AW, + Ty (X5 + ka(2, D] f ZM(dt, d).
Therefore, o
d(X;?S?:)z = 2r + (U — Pk () + Cl(t)](Xﬁ,S’E,)Zdt+2Xf"SAC[(;1—r)k2(t,/l)+NC(t,/l)
+ea(t, D] dt + Blky ()X + ke, V1Pt + 20X [k (0 X7SC
+ka(t, )] dW, + 2X5C [y ()X75C + (2, 1)) f | 2M(dt, dz)
.

+ T (0X5C + ke, D f 2M(dt, d7).
>-1
Hence, by rearranging the terms we obtain

(X*SCy2 = exp( f A W(u) du)(xffsa)2 +2 f el YO XESCL0L Py (u, 1) + NC(u, )

+ ea(ut, ) + By (ka(ue, A)] dlu + f L8 4, 1)

t

+2 f el VORI o1k () XESC + ky(u, D] AW,
t

o f f e v X 7SC L (1) XESC 4 ky(u, A)]2M (du, d2)
t >-1

" f | f el VOB (0XESC + ko, P M(du, d2)
t >—1

for all s > ¢. Following the similar derivation of Lemma 4.2 by Delong et al. [4], we
conclude that the above three local martingales are in fact martingales. Therefore,

Bl (ES0R] = el g 428, f el HOBXESC 4 = Py, 2) + NC(w, 2)

t

+a(u, A) + Bk (W (u, V)] du} + E,,x,ﬂ{ f el @Bl (u, ) du}.

t
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Moreover, from
— T 1 2
W(t,x,A) = Et,x,/l[f SC (s) dS] + E(H*(t, x, ) =G (t, x, 1) — (u1x + )G (t, x, 1)
t

T _
= Ew[ f (c1()X™SC 4 ¢5(s, Ay))? ds] + %(E](t)xz + 11, Vx + d(1, )

— @ (0)x* = 2a0)b(t, V)x — b1, 1) — (U1 x + o) @0)x + b(t, 1))
and equation (4.8), by comparing the coefficients of x>, we get
. T T s
2A(6) + 2uya(t) + @2(0) = exp( f w(u) du) +2 f A(s) exp( f W) du) ds. (4.21)

Hence, combining (4.11), (4.13), (4.20) and (4.21), we obtain the following integral
equation system:

ki (1) = —B[l - ({ exp(flT 2Ur + (1 — Pk (u) + cl(u)}du)

T
i exp(f {r+ (U — Pky () + cl(u)}du)}

X{exp( f, " du)+2 f, ' A(s) exp( f, o du) ds}_l)], 4.22)

er(t) = k;—g)[exp( ft " ) du) 12 ft ' A(s) exp( ft ) du)ds]. (4.23)

Next, we will calculate the values of k,(¢, 1) and c;(¢, A) provided that k;(¢) and ¢ ()
are known. Equations (4.11)—(4.14) imply

ka(t, A) = 1 (ki (D)ea(t, A) (4.24)

and E(t, A) = =2¢5(t, 1) — w1 b(t, 1). The partial derivatives corresponding to E(t, A) are

—~ 66‘2 ~
B, = -2—(t, 1) — 1 b;,
t 6t( ) — pb;

-~ 8C2 ~
By =-2—(t,1) — u1b,,
A 6/1( ) — tiba
-~ 326'2 ~
By = -2——=(t, 1) — u1by,.
a0 8/12(’ ) = b
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Substituting these into (4.16) and using (4.19), we get

—(r Q) + 6, /l) (z ) + A, /1) 20

012
+ {cl - Eé(t)}NC(t, )+ a(t)cy(t, ) =0,

where a(f) = r + (u — Nk (t) + c1(¢) — pa()/2 — {1 (u — r)Ez(t)cl‘l(t)kl(t)}/Z. Hence,
by the Feynman—Kac formula and assumption (2.4), we arrive at

co(t, ) == exp(fT a(u) a’u)
'
+ fT(cl(s) - %&(s)) exp(fs a(u) du)
—p(tT — s)m(s) dsEt,/l[Da(/l(Yi))]. (4.25)
We summarize the above results in the following theorem.

Tueorem 4.3. For the generalized optimization problem (4.1), the equilibrium
strategies are given by

A(t, x, A) = ki ()x + ko1, ),
SC(t, x, D) = c1()x + (1, D),

where ki(t) and c((t) satisfy the integral equation system (4.22) and (4.23), and
the values of ky(t, ) and cy(t, A) are given by (4.24) and (4.25). Moreover, the
corresponding equilibrium value function is given by V\(t, x, 1) = A2 + B(t, Dx +
C(t, 1), where the functions A, B and C are given by the expressions in (4.15)—(4.17),
respectively.

4.2. Special case We now investigate the case of the generalized optimization
problem (4.1) with constant risk aversion. By setting u; = 0, we get k() = 0 and
c1(f) = 0 as the roots of the integral equation system derived in Theorem 4.3. Moreover,
from (4.14)—(4.16), (4.18) and their corresponding boundary conditions, we obtain

AN =0, B(t.A)=—ue "™, a@ =7
Furthermore, equations (4.12) and (4.14) respectively simplify to
a0 = 2T, ot = pae T,
so the optimal time-consistent strategies are given by
(1) = uoPe™ ™, SC(1) = “ 211

which are independent of the current wealth x and the current mortality intensity A.
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Substituting the values of a(r), c;(¢) and k,(¢) into (4.17) and (4.19), and by applying
the Feynman—Kac formula, we get

T
b(t, ) = Em[Da(ﬂ(T))]{ f P TIm(s)ds - 1} + o = r)(T — DB

t
+ &(62}’(T—t) _ 1)
4r

and
— 1 T
Ct, ) = EEM[ f BA(s, (s, A) ds]
t
- 2(u— (T — 1B 2
—uob(t, 1) + M + lﬁ(eMT—t) - 1.
2 8r
Hence,

Vi(t, x, ) = —pae T 0x + C(t, ),
Gt x, ) =" T Dx +b(t, 1),

and the variance is given by

T
Var, X' (T) - Da(A(T))] = 2[\/1(:, %) + G (1, x, ) — f 5C(s) ds]
T
_ E,J[ f (s, (s, ) ds] + 12— (T - 1.

5. Numerical results

In this section, we provide numerical examples to illustrate our results. We consider
the cohort of workers who join the plan at the age of 45 and retire at the age of 65, so
that r = 0, 7 = 20. The maximum future lifetime is taken to be 100 years, and 7’ = 55.
We assume that the mortality intensity follows the Vasicek model

dA(1) = 0.078 282(¢) dt + 0.001 606 dW (%),

which has been considered by Jalen and Mamon [8] and Qian et al. [16]. The financial
market parameters are r = 0.05,u = 0.1, 0 = 0.2, D = 1000, p = 0.08, m(¢) = 1/20,
k=0andv=0.

Figures 1-5 show the graphical results of the optimal investment strategy in
Theorem 3.4. In Figure 1 we observe that k;(¢) is increasing with ¢, and for a fixed
t, the value of k;(f) when y; = 0.6 is larger than that when u; = 0.3. We plot the
function k; (¢, 2) for p; = 0.3 and p, = 0.5 in Figure 2. The changes in ky(¢, 2) with
respect to ¢ and A are illustrated in Figures 3 and 4, respectively. In Figure 5 we show
the relationship between the optimal investment amount and the wealth level, when
t=0and A =0.001217.
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—u1 =03
0.7 - - u =0.6 5

k(@)

0 5 10 15 20
Time
FiGure 1. ky(¢) for p; = 0.3,0.6.
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FIGURE 2. ky(t, ) for p; = 0.3, = 0.5.
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FiGURE 3. Variation of k» (¢, A) with # for 1 = 0.001 217.
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FIGURE 4. Variation of k> (¢, A) with A for ¢t = 0.
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FiGure 5. Relationship between the optimal investment amount and wealth X, for r = 0,4 = 0.001 217.
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Appendix

Proor or THEOREM 3.2. (i) We first show that W(z, x, A) = J(¢, x, A, 7).
In light of (3.4), we see that

AW, x, ) = A f(t,x,4,G, H) + f(t, x, 1, G, HYA'G(t, x, 1)
+ fi(t, x, A, G, H)A H(t, x, 2) = 0.
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Since G and H satisfy (3.5) and (3.6), the above equation can be rewritten as
AW, x, ) — A f(t,x,4,G, H) =
Hence, from the boundary condition and Dynkin’s theorem,

Wt x, ) = f(t,x,4,G, H).

[23]

(A1)

Again, from (3.5) and (3.6) and the boundary conditions, we know that G(t, x, 1)

and H(t, x, 1) are martingales, and consequently

G(t, x,2) = B, . A[X*(T) — Da(A(T))],
H(t, x,2) = B, [(X(T) = Da(A(T)))*].

Inserting the above results into (A.1), we obtain

Wi, x, ) = J(t, x, A, 7T).

(A.2)

(i) We now show that 7 is indeed an equilibrium control law. For any ~ > 0 and an
arbitrary 7 € A, we construct a control law 7, as in Definition 3.1. From the fact that

J(t, x, A, ) = f(t,x, 4, y™ (¢, x, ), 7 (¢, x, A)),

J(t, X, 19 7Th)
=B alJ(t + 1, X;T:h, Arins Th)]
=Bl f(+h, X7 A, Y (E+ h, X

t+h’ z+h’

+ f (X A By aly™ (8 + 1y X7 A ] B al2™ (2 + B X A

With the help of the definition of 7, the above equation can be rewritten as

J(t, x, A, )
=E AWt + h, X7, Arn)]
—Boalf(t+h, X7, ), A, Gt + b, X
+ [, %, LB AlGQ + by XT s Asn) ) B aAlH(E + by X7 Aren)]).

In addition, according to the extended HJB system, we have

AW, x, ) = A" f(t,x,4,G,H) + f,(t, x,4,G, HA'G(t, x, 1)
+ f(t,x, 4, G, H)AH(t,x, ) >0, forallwe A

Discretizing the above inequality, we obtain

By aAlW( + h, X7y Asn)] = W(E, x, 2)
—{Bial f(t + 7, X7, An, Gt + B, X
- f(t, x,4,G(t, x, ), H(t, x, 1))}
H{f@ %, LB alG@ + by X,y Ain) ) B alH(E + B, X5 Aen)])
- f(t,x,4,G(t, x, 1), H(t, x, 1))} > o(h).

t+h’ /lz+h) H(t + h t+h’ /lt+h))]
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l+h’ /lt+h) H(t + h H—h’ /lH-h))]

An), 7t + by X;:’_]h7 Aren))]

(A.3)
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After simplification, it can be transformed to
wi(t, x, )
S B a[W(t+ h, X7, ), Aen)]
=B lf(t+h, X7 Apen, G+ B, X7, Aren), H(E+ X7, Agin)]
+ [, x, LB AlG(t + b, X7, AL B alH (2 + 1, X7y, An)]) + o(h).
Combining the results of (A.2) and the expression for J(¢, x, 4, ;) in (A.3), we obtain
J(t, x, A, 7) < J(t, x, A, mp) + o(h).

Hence,
J t, ) A, T) — J t, s /19
lim sup %47 = x5 A ) <0.
h—0 h
This completes the proof of Theorem 3.2. O
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