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Abstract

A left ideal P in a ring is weakly prime if L, K 2 P and LK C P for left-ideals L and K imply L = P
or K = P. A prime left ideal is weakly prime but the converse is false. Characterizations of weakly
prime left ideals as well as a number of their properties are obtained. The intersection of all the weakly
prime left ideals in a ring is a left ideal which in general is contained in (but not equal to) the prime
radical.
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As in the case of a two-sided ideal, a left ideal L in a ring A is called prime if its
complement A \ L is an m-system. (See for example Dauns [1] for an extensive
bibliography about prime one-sided ideals.) However, unlike in the two-sided
case, if M is an m-system in A and P is a left ideal which is maximal with respect
to the property of not meeting M, then P need not be prime. This is not to say
that such a left ideal has no special properties; indeed, it has the very special
property that if L, and L, are left ideals properly containing P, then L,L, is not
contained in P. It is the purpose of this paper to explore some properties of left
ideals characterized by this condition, and which we call weakly prime.

In Section 1 we present a number of characterizations of weakly prime left
ideals. Since a two-sided ideal is weakly prime if and only if it is prime, those
conditions that characterize left ideals which are not two-sided are of most
interest. One such is that P is weakly prime if and only if it is the largest left ideal
of the ring contained in its idealizer I( P). Also, we introduce the concept of a
weak m-system which plays the same part in relation to weakly prime left ideals as
the concept of an m-system plays in relation to prime ideals.
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Section 2 is devoted to some miscellaneous results about weakly prime left
ideals. The main result here is that a ring in which every left ideal is weakly prime
is simple, which improves a result of Koh [2].

In Section 3 we define the left weak radical w( A) of the ring A. We show that, if
A is left noetherian, then w(4) is not only nilpotent, but that is possesses a much
stronger type of nilpotence: If K is any left ideal of A, then there is an integer n
such that (w(A4) + K)" C K.

1. Definition and some characterizations

Let 4 be a ring with identity.

1.1 PROPOSITION. The following are equivalent for a left ideal P:
(@L,L,2PandL,L,C PimplyL, = PorL,=P.
®)Y(P + LXP+ L,)C PimplieslL, C PorL,C P.
(c)L,2PandL,L,C PimplyL, = PorL,C P.
(d)(P+ L,)L,C PimpliesL, C PorL,C P.
(e) (a+ P)A(b+ P)C P impliesac Porb € P.

Here L, L, denote left ideals and a, b elements of A.

PRrROOF. The implications (a) = (b) = (c) = (d) are immediate. So suppose (d)
holds and let us prove (e). If (a + P)A(b + P) C P, then adb C P which implies
PAb C P. Also, AaAb c P. It follows that (Aa + P)(Ab) C P, and so, by (d),
a € Por b € P. To conclude the proof, suppose (¢) holds and let L,, L, 2 P and
L, L,c P If L,# P, choose ae€ L,\ P. Then (Aa + P} Ab + P)C P for
every b € L,. This means that (a + P)A(b + P) C P, whence by (¢), b € P. So
L,cP

We shall call a proper left ideal P characterized by Proposition 1.1 weakly
prime. It is easily seen that a prime left ideal is weakly prime. Moreover, a
(two-sided) ideal is prime if and only if it is weakly prime, which means that in
commutative rings this concept offers nothing new. On the other hand, in a
noncommutative ring there are in general weakly prime left ideals which are not
prime:

1.2 ExaMPLE. Let R be any ring with identity which is not a prime ring, and set

A = M,(R), the ring of all 2 X 2 matrices over R. Then the left ideal P = Re,; +
Re,, is weakly prime. Indeed, since PA = A, if L,, L, 2 P, then L,L, = L,.

https://doi.org/10.1017/5144678870002262X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870002262X

86 Andries P. J. Van Der Walt (3]

However, P is not prime because, as is well known, in that case the largest
two-sided ideal in P, namely 0, would have to be prime, which it is not.

In view of the above remarks it is of interest to have characterizations of
weakly prime left ideals which are not two-sided.

1.3 PROPOSITION. For a left ideal P which is not two-sided the following are
equivalent:

(a) P is weakly prime.

(b) PL C P for aleft ideal L implies L C P.

(c) PAb C P impliesb € P.

(d) P is the largest left ideal of A which is contained in the idealizer of P.

PROOF. (a) = (b): Suppose P is weakly prime and let PL C P.then(PA)L C P,
and, since P is properly contained in P4 because it is not two-sided, L € P
follows from 1.1(c).

(b) = (c). Ths is clear.

(¢)=(d): If Pc L c I(P), where L is a left ideal of A and I(P) is the
idealizer of P, then PAb C P for every b € L, so L € P. Therefore P is maximal
in I(P). But, of course, the sum of all the left ideals of A which are contained in
I(P) is also in I( P). This establishes (d).

(d) = (a): Assume (d) and suppose (P + L,)L, C P for left ideals L, and L,.
Then PL, < P, so L, € I(P), which implies P + L, C I(P). Therefore L, C P
and P is weakly prime by 1.1(d).

We next turn to the relation between weakly prime ideals and m-systems.
Recall that an m-system is a nonempty subset M of A such that for any
m,, m, € M thereis an x € 4 with m;xm, € M.

1.4 PROPOSITION. Suppose L is a left ideal and M is an m-system such that
LN M= @. Then L is contained in a weakly prime left ideal P such that
PNM=ga.

PrOOF. In fact, if P is a maximal left ideal containing L and not meeting M,
then P is weakly prime: If L,, L, properly contain P, then therearem, € M N L,,
i=1,2 and x € A suchthatmxm, € LyL,N M,soL,L, & P.

1.5 ExaMPLE. Take, in Example 1.2, R to be the ring of integers modulo 9. Put
M = {e,; + 3e,,}. Then M is multiplicatively closed, hence an m-system. The
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left ideal P of 1.2 is then a maximal left ideal containing P and not meeting M,
but, as was remarked, it is not prime.

Our next result gives necessary and sufficient conditions for the procedure of
Proposition 1.4 to produce not only a weakly prime, but, in fact, a prime left
ideal. Let us agree to denote by (L) the largest two-sided ideal contained in the
left ideal L, thatis, B(L) = {x € L: x4 € L}.

1.6 PROPOSITION. A left ideal P is prime if and only if there is an m-system M
such that P is a maximal left ideal not meeting M and B(P) is a maximal two-sided
ideal not meeting M.

PROOF. Suppose P is prime. Then M = 4\ L is an m-system and clearly P is a
maximal left ideal not meeting M and B(P) is a maximal two-sided ideal not
meeting M.

Conversely, let M be any m-system, let P be a maximal left ideal not meeting M
and let B(P) be a maximal two-sided ideal not meeting M. We show that P is
prime. Suppose L,L, ¢ P with L, ¢ P, L, ¢ P, L, and L, left ideals. Then we
have (LA + B(P))A(P + L,) C P. Now LA + B(P) is a two-sided ideal
properly containing B(P), so there is m; € (L,4 + B(P)) N M. Also, by the
maximality of P, there is m, € (P + L,) " M. However, this implies (L4 +
B(P))A(P + L,) ¢ P, a contradiction; therefore L,L, ¢ P and P is prime.

Results analogous to the interplay between m-systems and prime ideals [3] can
be obtained by introducing the concept of a weak m-system: a pair (L, M), where
L is a left ideal, M is a non-empty subset of A and L N M = &, is called a weak
m-system if [(m + LYA(n + L)]NM * & forallm,n € M.

Observe that if M is an m-system, then (L, M) is a weak m-system for every
left ideal L such that L " M = @. Also, if (L, M) is any weak m-system, then so
is (L', M) for any left ideal L’ such that L’ 2 L and L’ N M = &. Moreover, as
a direct consequence of 1.1(e) we have the following:

1.7 PROPOSITION. A left ideal P is weakly prime if and only if (P, A\ P) is a
weak m-system.

1.8 PROPOSITION. Let (L, M) be a weak m-system. If P is a left ideal which is
maximal with respect to containing L and not meeting M, then P is weakly prime.

ProOF. If L, and L, are left ideals properly containing P, then there are

m,eL,NM, i=12 Now (LiL)NMD[(m + LYA(m, + L)IN M+ @
since (L, M) is a weak m-system. Therefore L,L, ¢ P, and P is weakly prime.
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2. Some results involving weak primality

In Proposition 1.3(d) a condition for weak primality involving the idealizer is
given. The next result shows another relationship between a weakly prime ideal P
and its idealizer, I( P).

2.1 PROPOSITION. If P is a weakly prime left ideal, then I(P) = I(P") for all
n>1

PrOOF. If P is two-sided there is nothing to prove, so assume P is not
two-sided. Suppose it is known that I(P) = I(P*) for some k > 1, and let
a & I(P). Then Pa ¢ P, and therefore Pa ¢ I(P), by 1.3(d). Then P¥*lg =
P¥*(Pa) ¢ P*, and since P¥*! c P, it follows that I(P**!) c I(P). This con-
cludes the proof, the other inclusion being true for any left ideal P.

2.2 COROLLARY. If the weakly prime left ideal P is not two-sided, then P" is not
two-sided for any n.

Recall that if P is a prime left ideal which is not two-sided then B( P) is a prime
ideal. Therefore P ¢ S(P) for all n > 1. The following proposition shows that

this is actually a consequence of P being weakly prime, and not so much of 8(P)
being prime.

2.3 PROPOSITION. If P is a weakly prime left ideal which is not two-sided, then P
is not nilpotent modulo B(P).

PROOF. Let y € I(P). An induction argument shows that P"y ¢ P for all n,
since if P"y C P, n > 2, then P(P""'y) C P, which would mean P""ly C P,
because P is weakly prime. But then P"y ¢ B(P), and hence P" ¢ B(P).

2.4 COROLLARY. A weakly prime left ideal which is not two-sided is not nilpotent.

In [2] it was proved that a ring 4 is simple if and only if every left ideal of A is
prime. Our next result strengthens this theorem in one direction.

2.5 PROPOSITION. If every proper left ideal of A is weakly prime, then A is simple.

PrROOF. We need two preliminary observations. Firstly, if B is any two-sided
ideal and L is any left ideal, then either L € B or B C L, since, otherwise,
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BL ¢ B n L would imply that B N L is not weakly prime. Secondly, if B D L,
then BL = L, because BL is weakly prime. Now suppose B is any proper nonzero
two-sided ideal of 4, and let x € B be nonzero. Consider the left ideal Bx. There
are two possibilities:

(i) x € Bx. In this case there is b € B such that x = bx, that is, (1 — b)x = 0,
so I(x), the left annihilator of x, is nonzero. But /(x) ¢ B, because 1 — b & B,
and therefore, by the first observation above, B C /(x), a contradiction.

(il) x € Bx. Put L = Ax. Then L C B, and, by the second observation, BL = L.
But this is again a contradiction, since BL = B(Ax) € Bx # L because x € L.

The net result of all this is that there is no proper nonzero ideal in 4, so A4 is
simple.

3. The left weak radical

In this section we consider some properties of the left weak radical w( A) of the
ring A, which is defined to be the intersection of all the weakly prime left ideals in
A.

3.1. PROPOSITION. w( A) is the set of all a € A such that for every weak m-system
(L,M),ae& M

PROOF. This follows easily from 1.7 and 1.8.

Another characterization of w(A4) employs a concept which is a variant of
strong nilpotence: An element a € A is called strongly nilpotent with respect to a
left ideal L provided every sequence a, a,, @,,... such thata, = a, a,,, € (a, +
L)A(a; + L) contains an element of L.

3.2 PROPOSITION. w( A) is the set of all a € A such that a is strongly nilpotent
with respect to every left ideal in A.

PROOF. Suppose a & w( A). Then there is a weakly prime left ideal P such that
a & P.Set a, = a; then (a, + P)A(a, + P) ¢ P, and therefore there is a, € (a,
+ P)A(ay + P) such that a; ¢ P. Carrying on in this way we find a,,,, € (a, +
P)A(a, + P)such thata,,, & P for all n > 0. This means that a is not strongly
nilpotent with respect to P.

Conversely, suppose a is not strongly nilpotent with respect to some left ideal
L. Then there is a sequence a, gy, a@,,... such that ay=a, a,,, € (a, +
L)A(a, + L) witha, & L for all n > 0. Let P be a maximal left ideal containing
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L and not meeting M = {a,}; we shall prove that P is weakly prime. Indeed,
suppose L; and L, are left ideals which properly contain P. Then there are
a; € LN M,j=1,2 Letm = max(iy, i,). Thena, € L, and a,, € L,, because
1f a, € K for some left ideal K 2 L, then also q, . ; € K. Therefore a,,1 €L,L,
and so L,L, N M # @. This means that L,L, ¢ P, and P is weakly prime, so
that a & w(A).

The left weak radical is certainly not a radical in the usual sense of the word.
For one thing, it need not be a two-sided ideal, as the following example due to
Schultz [4] shows.

3.3 ExaMPLE. Let F be a field and consider the ring 4 of all matrices of the

form
fi 00
L oa f,
i 0 «¢

where f,, f,, f3, f, and a are arbitrary elements of F. It is not too difficult to show
that w(A) = Fe,,, which is not two-sided.

This example also shows that w(A) may be properly contained in the prime
radical rad(4) of 4. Of course, every prime ideal being weakly prime, w(A) C
rad(4) is always true.

3.4 PROPOSITION. Suppose A is left noetherian. If K is any left ideal of A, then
there exists n > 0 such that (w(A) + K)" C K. Moreover, w( A) contains every left
ideal with this property.

PrOOF. We prove the last assertion first. Suppose L is a left ideal with the
property that, given a left ideal K, there exists an integer » such that (L + K)" C
K. Let P be any weakly prime left ideal. If L ¢ P, then (L + P) properly
contains P, and therefore (L + P)" ¢ P. So L € P and hence L C w(A). To
prove the first assertion, suppose there is a left ideal X such that (w(4) + K)" ¢ K
for all n > 0. Let X, be a maximal such left ideal. Then certainly w(A) ¢ K, and
we shall show that this is a contradiction by proving that K, is weakly prime.
Indeed, if L,, L, are left ideals properly containing K, then, by the maximality
of K, there are m; such that (w(A4)+ L,)™ C L, i = 1,2. But then (w(A4) +
Ko)™™™ C (w(A) + L)™(w(A4) + Ly)™ € L,L,, so L,L, ¢ K,, and K, is
weakly prime.
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Exactly what the structural significance of w( A) is, remains to be seen. A first
result in this connection is the following.

3.5 PROPOSITION. Suppose A = L, ® L, ® --- @ L, where the L, are left ideals
suchthat LA =A,i=1,...,n. Then w(A) = 0.

PROOF. If LA = A for a left ideal L, then L is weakly prime.

3.6 COROLLARY. Let R be any ring with identity, and let A = M, (R) be the ring
of n X n matrices over R. Then w(A) = 0.
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