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Abstract. The existence of multiple positive solutions is presented for the singular
Dirichlet boundary value problems

X"+ &) f(¢, x(2), |x'(1)]) =0,
x(0)=0, x(1)=0,

using the fixed point index; here f/ may be singular at x = 0 and x’ = 0.

1. Introduction. In[11], S. Stanék considered

X"+ pg(0) f(2, x, x') =0,
x(0) = 0, x(T) =0,

where ¢(t) > 0 for 1 € [0, T], A4 > 0 is a constant and f(z, x, x’) > 0 is continuous on
[0, T] x (0, +00) x [—%, 0) U (0, ZTA] and may be singular at x = 0, x = 4 and x’ = 0.
Now x is a solution of the above equation if x(0) = x(7") = 0 and x satisfies x"(¢) +
nq(0) f(t, x(¢), x'(t)) = 0forallt € {r € (0, T) : X'(¢) # 0}. Existence of one solution was
established in [11] using regularity and sequential techniques. In [1] existence of the
above equation was established when f was singular at x = 0 but not at x’ = 0. However
in [1] f was allowed to change sign. Various other existence results for x” + f(¢, x, x') =
0 were established [7, 9-11] when f is singular at x’ = 0. If f(¢, x, x") = f(¢, x) is singular
at x = 0 there are many results on the existence of multiple positive solutions to
x" 4+ f(t, x) = 0 (see [2-4], [11]). However to date there are only a few results [6, 12]
on the existence of multiple solutions to x” + f(z, x, |x’'|) = 0 when f has a derivative
dependence. The goal of this paper is to attempt to fill this gap in the literature.

* The project is supported by the fund of National Nature Science (10571111) and the fund of Natural
Science of Shandong Province (Y2005A07).
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In this paper we consider the singular Dirichlet boundary value problems

X'+ O)f(t, x, |X']) =0, (1

x(0) =0, x(1) =0, ’
where / may be singular at x = 0 and x’ = 0. The definition of a solution to (1.1)
is as above (as in [11]). There are main three sections in our paper. In Section 2, we
define a special Banach space, construct a special cone in it and give its properties. In
Section 3, using the theory of fixed point index, we present a new result on the existence
of multiple solutions to (1.1) when f"is singular at x’ = 0 and not singular at x = 0. In
Section 4 when £ is singular at x = 0 and x’ = 0 we establish the existence of multiple
positive solutions to (1.1).

2. Preliminaries. Letg(t) = #(1 —¢),¢ € [0, 1]and C;[O, 1]={x:[0,1] > R| xis
continuous on [0, 1] and continuously differentiable on (0, 1) with sup, 1) g(1)x'(1)| =
sup,c .1y {1 = DIX'(#)| < +o0}. For x € C(}[O, 1], define || x|| = max{]| x|, || x]l»}, where
x[l1 = maxepo, 1y [x(1)] and || x[l2 = sup,¢( 1) {1 — DIX'(D)I.

LEMMA 2.1. qu[O, 1] is a Banach space. For any x € C;[O, 1], X0 < % te
0, 1).

Proof- Clearly C‘} [0, 1]1s a linear space with zero element 6(¢) = O for ¢ € [0, 1] and
it is also easy to check that ||-|| is a norm on C,}[O, 1].

We show that C; [0, 1]is complete. Assume {x,}32, < C(} [0, 1]is a Cauchy sequence,
i.e., forany ¢ > 0, there exists an N > 0 such that || x, — x,,|| < eforalln > N,m > N.
Since ||x, — Xmll1 < X0 — Xmll, {xx} € C[0, 1]1is a Cauchy sequence with

lim ||xn — X0||1 = 0, X0 € C[O, 1] (21)
n——+00
Also for any given § > 0, one has

8(1 =8) max |x, () — x,()] < max_#(1 — 1)|x, (1) — x,,(1)]
tels,1-6] te[s,1-6]

= sup t(l - t)|x;z(t) - X;n(l‘)| = ”xn - xm”Z = ”xn - xm||,
te(0,1)

which means max,ejs, 1—s |x,(£) — x,,,()] < ﬁ”xn — Xpll, Yn > N,m > N.

Consequently, xj is continuously differentiable on [§, 1 — 8] with lim,,_, 1o X, () =
x(#) uniformly on [8,1 — §]. Since 8 is arbitrary, xo is continuously differentiable
on (0, 1). Now sup, 1) (1 — )|, (1) — x,,(D] < l|lxp — x|l < &, so letting m — +o0
yields

sup 1(1 = DIX,(1) — xp(D)] < e. (22)
1€(0,1)

Also from (2.1) and (2.2), one has lim,,_, ; o || X, — xo|| = 0.
Finally from (2.2), it is easy to see that xy € C(}[O, 1]. Hence, C;[O, 1]is a Banach
space. If x € C(}[O, 1], then sup, (o 1) 2(1 = DIX' ()] = [Ix[l2 < [|x]l, which means [X'(7)] <

,(“IX_"” for all 7 € (0, 1). 0O
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Let

Gt 5) — 1-0s,0<s=<t<l1 23
(t:5) = (l—s),0<t<s<l 23

and
P={xeCo0.1]: x(t) = (1 = nllx|l1.Vr € [0, 1]and x(3) = JlIx]}. (2.4)

The following lemmas are needed in Section 3 and Section 4.

LEMMA 2.2 (see [5]). Let Q be a bounded open set in real Banach space E, P
be a cone of E, 0 € Q and A : QN P — P be continuous and compact. Suppose that
Ax # x,Vx € 0QN P, A €(0,1]. Then

(4, QNP P)=1. 2.5)

LEMMA 2.3 (see [S]). Let Q be a bounded open set in real Banach space E, P
be a cone of E, 0 € Q and A : QN P — P be continuous and compact. Suppose that
Ax £ x,Yx € 02N P. Then

(4, QN P, P)=0. 2.6)

LEMMA 2.4. If x € P (defined as in (2.4)), then || x| < 4| x||;.
Proof. If x € P, one has x|} = max{|x(r)| : t € [0, 1]} = x(3) = §l|x[>. Then
]l = max{llx|l1, lxll2} < max{[lx[l, 4x(3)} < max{l|x[l1, 4llx[li} = 4]|x]1. U
LEMMA 2.5. Assume that ® € C((0, 1), R) with fol (1) dt < oo and let F(t) =
fol G(1, s)®(s)ds. Then
F(t) = 1(1 = ymaxepo,1) F(s) = (Ol Flly, Vi e€l0,1]
112 < [IF ]l (2.7)
1 Fll2 = sup,c(,1) ¢DIF'(1)] < 4F(%),
ie, FeP.
Proof. Assume that F(t) = max, 11 F(¢) = | Fll;. For ¢ € [0, 1], we have

i(l=s) _ (-9 1
= = == 21 =0, t1<s=<t

(1-0)s __ s 1
Gt,s) _ Jrag =M =07y =1 -0, TESSt 40, 10.1]
(1—-s) __ 1 ’ o
G(‘L’, S) (=s) — [(1 — t)m > l(l — t), LTS
d=ns _ 1
=05 — t(l — t)m > l(l — t), L, T>s

Then, for ¢ € [0, 1], we have

(! — (TG _
F(t)—/0 G(1, s)<I>(s)ds—/0 G(I,S)G(T’ $)D(s) ds

1
> (1 - 1) /0 G(r. )B(s) ds = (1 — HF(x) = (1 — DFl1,
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which implies that

1 1 1 1 1
F\ = 1 == )IFllh=-IFlh, ie, |Flh<4F(=).
(2> > 2( 2)II = ZIFlh, e [IF]h = (2>

Moreover, since F'(1) = — [ s®(s)ds+ ['(1 — 5)®(s)ds for all r€[0,1] and
F(¢) > 0, one has

‘ 1
(1 =0|F () <1 - l)/ sO(s)ds + (1 — t)t/ (1 — 5)®(s)ds
0 !
o 1 B
<(1- t)/ s®(s)ds + t/ (1 —s5)®(s)ds (2.8)
0 t
1
= [ G.omeas < ir1y < 4r(h). re.)
0
which means that |[[Fll2 = sup,cq ) (1 — DIF' () < [[Fll; < 4F(%). Consequently,

FeP 0
Now we list some conditions which will be needed in Sections 3 and 4:
d € ([0, 1] with ®(¢) > 0 on (0, 1), (2.9)
and
£ :10, 1] x [0, 400) x [0, 4+00) — [0, +00) is continuous with

f(t,x,y) >0 for (¢, x,y) € [0, 1] x [0, +00) x [0, +00)

St x, ) = [h(x) + w)llgW) + r()]

on [0, 1] x [0, +00) x [0, +00) with w > 0,g >0 (2.10)
continuous and nonincreasing on [0, +00),

Jo ®©)r(kos=) ds < +00, forall ko > 0, and

h >0, r>0 continuous and nondecreasing on [0, 00).

For x € P, define an operator by

1
(Ax)(1r) = /0 G(t, $)D(s) f (s, x(s), |X' () ds, t€][0,]1]. (2.1

LEMMA 2.6. Assume that (2.9) and (2.10) hold. Then A : P — P is continuous and
completely continuous. Moreover, for every x € P, Ax € C'[0, 1].

Proof. First, we show that 4 : P — P is well defined and 4Ax € C![0, 1] for each
x € P. For x € P, Lemma 2.1 yields |X'(?)| < t("llet), t € (0,1). Then, from (2.9) and
(2.10), we have that for ¢ € [0, 1],

1
[(Ax)(?)| = ‘ /0 G(t, 5)@(s) f (s, x(s), |X'(s)]) ds

1
=< fo G(t, )P()[A(x(5)) + wx(NIE(xX'()) + r(1x'(s)D] ds

1
< / G, s)cl>(s)[h(||x||>+w<0>][g<0>+r( I )}ds < +o0
0 s(1 =)
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and
t 1
(A0 ()] = ‘— fo $(5)/ (5. x(5), [ () s + / (1 — D) (s, x(s). [ ()]) ds

1
< /0 O(s)|f (s, x(5). [ ()] ds

Byl
s(1 —s)

1
< /0 D[] xI) + w(0)] |:g(0) + r< )i| ds < 400, te€]0,1],

which means that 4 is well defined. From Lemma 2.5, for every x € P, we have Ax € P,
which implies that 4P C P. Moreover, since

|(4x) (1) = (4x)'(22)]
1 1
(1 = $)P(s) (s, X(s), [ (s)]) ds —/ (1 = $)P(s) /s, X(s), [x'(s)]) ds

=

t

+ ‘—/ 1 sD(s) (s, x(s), |X'(s)]) ds + / 2SCID(s)f(s, x(s), |X'(s)|) ds
0 0

/ 2<1>(s)[h(||x||)+w(0)][g(0>+r( I )} ds‘,
i s(1—3s)

<2

we see that lim,_, o (Ax)'(¢) exists and lim,_,;_(Ax)'(¢) exists, which means that Ax €
C'lo, 1].

Now we show that 4 : P — P is continuous. Assume that {x,,}>>_; € P and x €
P with lim,,_, ;o X, = Xxo. Then, there exists an M > 0 such that ||x,,|| < M for all

m € {1, 2, ...} (note that Lemma 2.1 guarantees that |x/, (¢)| < t(l—]‘ft), vt € (0, 1)). Thus,

s o0 /(2 Xim(0), 1X,(D]) = £ (2, x0(0), [xp(D]), 1 € (0,1) and

L/ (2, Xim(2), 12, (DD] < [H(M) + w(0)] [g(o) +r (t(lﬁ/—l t)>] :

The Lebesgue Dominated Convergence Theorem guarantees that

| Ax, — Axoll1
1

/0 G(1, )P()LS (s, xm(s), [, ()) — 1 (5. x0(s), [Xo(s)D] ds

= max
1€[0,1]

1
< /0 D)L/, Xim(s), 1X,,()]) — [ (s, Xo(9), [xp(s)D ds — 0, as m — +o0

and
| Ax, — AXxoll2 r
= t:(l(l)ﬁ) (1 —1)| —/0 SO/ (s, Xim(8), 133, ()) =[5, Xo(5), |X(s)D] ds
+ /tl(l — )DL (5, Xim(5), 133,()) — £ (5, %0(5), [x(5))] ds|
< /01 DS (5, Xm(5), X, (D) — £ (s, x0(5), [x()DI ds — 0, as m — o0,

which implies that lim,,,_, ; « || 4X,,, — Ax¢|| = 0. Hence, A : P — P is continuous.
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Finally we show for any bounded D C P, A(D) is relatively compact. Since D is
bounded, there exists an M > 0 such that ||x|| < M for all x € D (note that Lemma 2.1
guarantees that |x'(7)] < -, Vt € (0, 1) ). Now (2.9) and (2.10) yield

= -

[[Ax]; = max
t€[0,1]

1
/0 (s)[h(x(5)) + wx(NIE(x' () + r(1x' ()] ds

1
/0 G(1, 5)®(s) /5, x(s), [X(5)]) s

IA

1 M
< /0 O(s)[A(M) + w(0)] [g(0)+r ( s(1 —s)>] ds

which implies that the functions belonging to {(AD)(z)} are uniformly bounded on
[0, 1], and

sup [(4x)'(9)]
1(0,1)

= sup
te[0,1]

1
[0 D($)[A(x(s)) + wx(NLIX($)]) + r(1x ()] ds

t 1
- /0 $(5) /(5. x(5). [X () ds + / (1 — $)(s) (s, x(5). ¥ (5)]) ds

IA

! M
< / D(s)[M(M) + w(0)] |:g(0) +r ( )] ds.
0 s(1 —s)

which implies that the functions belonging to {(4D)(#)} are uniformly bounded on
[0, 1] and the functions belonging to {(4D)(¢)} are equicontinuous on [0, 1].
For any ¢, t; € [0, 1], x € D, we have

(A0 (1) — (A (1)
- ' - /0 " S@(5) (s, x(s). [X($)]) s + /0 " 5®($) £ (5. x(5), [ () ds

1 1
+ | (1 =9P(s)f (s, x(5), [X'()]) ds —/ (1 = $)P(s) (s, X(5), [x'(s)]) ds

/[2 D(s)[M(M) + w(0)] |:g(0) + r( M )] ds’ .
n s(1 =)

Therefore, for any e > 0, there exists a § > 0 such that [(4Ax)'(#;)) — (Ax)'(r2)] <
e, Y|t — | <8, x € D, which means that the functions from {(4x)'(¢), x € D} are
equicontinuous on [0, 1].

By the Arzela-Ascoli theorem, A(D) is relatively compact under the ordinary
norm || Ax|lp = max{max{|(4Ax)(?)|, t € [0, 1]}, max{|(4Ax)'(¢)|, ¢t € [0, 1]}}. Since the
new norm ||Ax|| is less than the ordinary norm || Ax||g, we know that 4D is relatively
compact under the new norm ||-|.

Hence, A : P — P is continuous and completely continuous. ]

<2

3. Multiple positive solutions to (1.1) with singularity at x’ = Obutnotat x = 0. In
this section our nonlinearity f may be singular at x’ = 0 but not at x = 0. Throughout
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this section we will assume that the following conditions hold:

® € ([0, 1] with ®() > 0 on (0, 1), 3.1)

£ :10,1] x [0, +00) x (0, +00) — (0, +00) is continuous with
f(t, x,y) >0 for (¢, x,y) € [0, 1] x [0, +00) x (0, +00),

f(t,x,y) < h(x)[g(y) + r(»)] on [0, 1] x [0, +00) x (0, +00) with
Jo ®©)r(kosrs;) ds < +o00, forall ko > 0, and

h >0, r>0 continuous and nondecreasing on [0, c0)

(3.2)

g > 0 continuous and nonincreasing on (0, 00),

¢
isup66(07+oo) 1-1(h(e) f, @(s)ds) > 1, 3.3)

— [Z 1
where I(z) = [; s A, 2 € (0, +00),
for constants H, H' > 0 there exists a function ¥y g
continuous on [0, 1] and positive on (0, 1)

and a positive constant 0 <y < 1 such that
St x,y) = Yu()x” on [0, 1] x [0, H] x (0, H'],

(3.4)

and

there exists a g; € C([0, +00) x (0, +00), (0, +00)) with
f(t, x,y) > gi1(x, ), V(, x,y) €0, 1] x [0, +00) x (0, +00) such that (3.5)

lim,_, o0 M = +o0o uniformly for y € (0, +00).

THEOREM 3.1. Suppose that (3.1)—(3.5) hold. Then (1.1) has at least two nonnegative
solutions xo.1, X0, € C'[0, 11N C?(0, 1) with xo.1(t) > 0 and x¢ »(t) > 0 on (0, 1).

Proof. From (3.3) and the continuity of /~! and &, choose an R; > 0,and a e > 0
with ¢ < % and

Ry
I-1(I(e) + h(R, + ¢) [, D(s)ds)

1. (3.6)

Let ny € {1, 2, ...} be chosen so that % < ¢, and let Ny = {ng,ny + 1, ...}. For each
n € Ny, for x € P, define

1
(A,x)(t) = /0 G(t, s)D(s) f (s, x(s) + %s, |xX'(s)| + %) ds, te€]0,]1]. 3.7

It is easy to see that f(z, x + %t, |x'| + %) < h(x+ %)[g(%) + (x| + %)], (t,x,x) e
[0, 1] x [0, +00) x [0, 400). Now (3.2) implies that (2.10) is true for each n € Ny. Then,
Lemma 2.6 guarantees that 4, : P — P is continuous and completely continuous with
A,P € C'[0, 1] for each n € Ny.

Let

Q ={xe C0.1]: x|l < Ri}.
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Choose 0 < a* < b* < 1 and let

1 » o
N*:(a*(l—b*)— min / G(l,s)d)(s)ds) +1. (3.8)

4 re[a*,b*] J
Now from (3.5), there exists an R, > R; such that
gi1(x,y) = N*x, Vx> Ry, y € (0, +00). (3.9)

Let

4R
_ 1 . o

Then, for each n € Ny, we claim that
uAnx #x, Yue(0,1], xe PNaQy, (3.10)
and
Apx £ x, Yx e PNo2,. (3.11)

First we show that (3.10) is true. Suppose there exists an xo € PN 92, and a
1o € (0, 1] such that xg = woA,xo. Then

xo(1) + o ®@(2) f (l, xo(1) + %t, Ixo(0)] + %) =0, 7€(0,1), and x0(0) =0, xo(1) =0,

which means that xo(f) > 0 on (0, 1) with x(0) = xo(1) = 0 and x;(¢) is decreasing on
(0, 1). Thus, there exists a unique #y € (0, 1) with x((#) = 0, x;(f) > 0 on (0, t0) and
x(1) < 0on (%9, 1) and ||xol1 = xo(t). From (3.2), we have

—xo(1) < ®(0)h <xo(l) + %l) |:g (xé)(l) + %) +r (x()(t) + %):| ,Vi € (0, 1),

which means that

—xj(0)
g™+ 3) +r(

~ <h (xo(t) + 1t) ®(1), Vi€ (0, t). (3.12)
X0 +3) n

Integration from ¢ to 7y yields I(x;(r) + %) — I(xy(t0) + %) = I(xy(1) + %) - I(%) <
h(xo(to) + 1) [} @(s)ds, ie., I(x)(1) + 1) < I(e) + h(R, + ¢) [} ®(s)ds. Then,

1
xp(f) < xp(f) + % <I1! (1(8) + (R + 8)/0 D(s) ds) , Vi € (0, 1]. (3.13)

Now integrate from 0 to £ to obtain

1
101l = xo(t0) = Xo(t0) — x0(0) < I~ <I(€) + h(R, + 8)/0 D(s) dS) N C A
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Similarly, if ¢ > ¢y, we have
—x(0)
g(=xo + 1)+ r(=xp( + 1

<h (xo(t) + lt) (), (3.15)
) n

and  1(=xj(1) + 1y = I(=x}(10) + 1y = I(=xp(t) + 1) = 1(}) < [ ©(s)ds h(Ry + ),
which implies

1
—xp(t) < 17! (I(s) + h(R, + 8)/ D(s) ds) , te(to, 1). (3.16)
0
Now (3.13) and (3.16) guarantee that
1
Ixoll2 = sup (1 — )X () <17} (I(a) + h(R, +e)f D(s) ds) . (3.17)
1€(0,1) 0

Combining with (3.14) one has Ry = max{||xoll1, [|xoll2} < I~ '(I(e) + (R, +
g) fol ®(s) ds), which means

R,
<1
IV (I(e) + IRy +¢) [} D(s)ds) ~

a contradiction to (3.6). Then, (3.10) is true.

Next we show that (3.11) is true. Suppose that there is an xy € P N 92, with x¢ >
Apxo. By the definition of the cone and Lemma 2.4, one has xy(¢) > #(1 — t)||xoll1 >
a*(1 — b*)Hlxoll = a*(1 — b*)}‘% =R,, Vtela*, b*]. Clearly for t e [a*, b*],
xo(t) + };t > Ry, Vit e [a*, b*]. Then, for ¢ € [a*, b*], from (3.9), one has

S
500 = o0 = [ G990k (300 + s o)+ ) ds

b* 1 b

> f G(t, $)P(s)N* (xo(s) + Zs) ds > / G(t, $)®(s) dsN* R,
1 b 4R, 4R,

>a'(l1-»b )4 min G(t, s)D(s)ds (=) > (1= b

tefa*,b*] J o4

which implies that || xo| > |[xoll1 > %, a contradiction to xo € PN 3,. Thus,
(3.11) is true.
From Lemma 2.2 and Lemma 2.3, for each n € N, we have

i(A4,, PNy, P)=1, and i(4,, PN, P)=0,
which implies that
i(A,, PN (Q —Q)),P)=—1, neN,. (3.18)

As a result, for each n € Ny, there exist x,,; € PN Q2 and x,2 € PN (2, — Q1) such
that x,,; = 4,x,1 and x,2 = A,X, 2.

Now we consider {x, 1}nen, and {x,2}nen,. First we show that {x, } is relatively
compact in C'[0, 1]. Clearly the functions belonging to {x,,1(#)} are uniformly bounded
with max;e[o, 1] [Xn1(0)] < Ry, n € Ny.
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For each n € Ny, one has

1 1
X () +@(0) f (t, Xn,1(1) + 1, 1, 1 (D] + ;) =0, te(0,1), and
xnﬁl(o) = 07 xn,l(l) = O’

which means that x,,1(7) > 0on (0, 1) with x,,,1(0) = x,,1(1) = Oand x ,(¢) is decreasing
on (0, 1). Thus, there exists a unique #, € (0, 1) with x;, ,(7,) = 0, x,, ,(z,) > 0 on (0, z,)
and x;, (1) < 0 on (#,, 1) and [x, 1]l1 = x,,1(z4). Following the argument used to prove
(3.12) and (3.15) yields

3,0
gl 01+ 1) + (1, 01+ )

<h (xn,l(t) + %t) ®(1), Ve (0,1,)U(t,,1).

(3.19)
A similar argument to that used to prove (3.13) and (3.16) yields

1
X1 (1) < X1 (0) + % <I! ([(S) + (R, + ¢) /0 B(s) ds) Ve 0, 6], (3.20)

and
1
—x;yl(t) <I! (l(a) + h(Ry + 8)/ d)(s)ds) , te(ty, ). (3.21)
0

Now (3.20) and (3.21) guarantee that

1
sup sup |x, ()] < I~ <I(s)+h(R1 +e) / d(s) ds>. (3.22)
0

n=ng te(0,1)

Consequently, the functions belonging to {x; (1)} are uniformly bounded on [0, 1],
which implies that the functions belonging to {x, 1(¢)} are equicontinuous on [0, 1].
Now (3.19) yields

, 1 , 1 ~
‘1 <|xn,1(t2)| + Z) —1 <|xn,1(11)| + r_z> < / [®l1ARy + &) ds
4
= [| @1 /(R + &)ty — 2], (3.23)
iftp >t > t, and
, 1 , 1 &
F(1al+ 5 ) =1 (1) < | [ 10lbR +e)ds
51
= [|®[l1A(R + &)ty — 2], (3.24)

ift, <t <t
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From (3.23) and (3.24), one has

(10,121 + 5) = I(1x, (1)1 + 3|
< [1(1), )1+ ) =1 () (6)+3) [+ (1), (001 +5) = 1 (x4 (1) +3) |
S @IARy + &)1 — tal + |12 — ta]) = @1 ARy + &)|t1 — 1],
ift >t, >t or
|I(|x;,1(12)| + %) - 1(|x:1,1(t1)| + 711)|
< [1(1x, () +3) =13, 1 @)+ ) [+ 113, (D14 3) = 1(x, 1 () +3)|
< @WARy + &)1 — tal + 112 — 1)) = [P A(R + &)|11 — 2],
ift, <t, <t.

(3.25)

Thus, for any ¢ > 0, there is a 8’ > 0 such that

1 1
’I <|x,/1,1(12)| + ;) -1 (|x;,1(11)| + ;)

which means that the functions belonging to {I(|x; ()| + %)} are equicontinuous on
[0, 1]. By the continuity of /~(z), we know that the functions belonging to {Ix, (D] + %}
are equicontinuous on [0, 1], which implies the functions belonging to { |x;,’1(t)|}
are equicontinuous on [0,1]. Then, for any & > 0, there is a § >0 such
that |lx) ((1)] — Ix, ()] < &', VIty — 12| < 8,11, 1 € [0, 1], which implies |x; ,(#1) —
X, (@)= llx, ()] = |x, ()| < & VI — 0] <8,0,06 <1, €[0,1], |, 1 (71) —
x;1,1(12)| = ||x/nyl(t1)| — |x;1’1(12)|| < 8/,V|l‘1 —Bhl<é,t, >t € [O, 1] and (l’lOtiCC
x;, 1(tn) = 0)

< 8,, Vit, — ] < 5/, t, 1 € [O, 1],

1,1 (t1) = X, 1 ()] < [x7, 1 (21) = x5, 1 ()] + X7, 1 (20) — X, 1 (22)]
= [lx;, 1 (¢ =[x, (@) + 11X, (8] = 1x), 1 (2]
<2 V1 — | <8, 1 <t, <t el0,1], or 1 <1, <1 €]0,1],

which means that the functions belonging to {x] (1)} are equicontinuous on [0, 1].

Consequently, the Arzela-Ascoli Theorem guarantees that {x,} is relatively
compact in C'[0, 1], which means that there is a convergent subsequence {Xn.1}
of {x,,1} such that lim;_, ;o X1 = X0,1 € C'[0, 1] (under the ordinary norm |x|jo =
max{max;eo, 1] [x(£)|, max;epo, 17 1x'(£)[}). Also recall that x;,-,l(’n_/) =0 and x;%](t) #0if
t # ty,. Without loss of generality, we assume that 7,, — 1o € [0, 1]. Clearly x; (7)) = 0
(keep also inmind that {x;_,}converges to x; ; uniformly on [0, 1]and x{ ; is continuous
on [0, 1]).

We now show that

fo € (0,1) and x),(1) # 0 if 7 # 1. (3.26)

Suppose that #p = 0. Let R’ = I"'(I(¢) + h(R; + ¢) fol d(s)ds) + 1. >From (3.4),
thereis a Wg, 1. r € C[0, 1] with Wg, 1. g () > Oforallz € (0, 1) such that £(¢, x,,1(¢) +
L1 O+ 1) > W e w061 () + 17 > Wepse w(D(6n1()Y, 1€ [0, 1]. Thus
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(note x,,; € P and Lemma 2.5),

1
() = /0 61, $)D(S)W R, 2. (5) (o 1(5))" dis
1
> /0 G(1, )(5) Wi, 4.2 ()51 — )Y dsllxsll]
1
> (1 - 1) max / G(1, )OS W R, o (5)(s(1 — ) dsllxan ], V1€ [0, 1],
0.1 Jo

which implies that

1
bl = (1m0 =) (mas [ 60,900 Wi GXo01 =) il 1)

1€[0,1] Jo

1 1
= 4 max / G, ()W, s ()51 — )Y dsllx]l]
A1 Jo

1 def.
and so  [x,1lli = (4 maxep,y fol G(2, )P()WR, 1e.r (S)(s(1 — ) ds)™ Y 4y > 0.
Consequently,

Xn,1(2) = (1 = Dllxp1 i = #(1 = Dao, 1 €0, 1]. (3.27)
Now (3.27) implies that for each n € Ny,
X1 (1) = BOWR e (DL = D) a1 € (0, 1), (3.28)

and so x, ,(ty) —x, (1) = ftt,, D)W R, 1o, R (5)(s(1 — ) af) ds, t>t,. Letting
J = +oc, one has xj (1) — X, (1) = S @)V R e r ()1 = )7 al ds, 1> 19=0,
ie., x;hl(l) < - fol D()WR, 16, r (5)(s(1 — 5))a} ds <0, ¢> 0, which means x(7) is
decreasing on [0, 1], a contradiction to xp 1(0) = x¢,1(1). Thus, #, > 0. Similarly, we
get 1y < 1. Hence, 75 € (0, 1).

From (3.28), we have

t
X, 1 (1) = X (1) / DS)Wr e (V51— ) af ds. 1> 1,
1,

nj

t;
, J

X 1(0) = x4 (ty) = / D()WR 1e.r ()1 = ) ag ds, 1 < ty,.
’ t

Letting j — 400, one has

t
=x0.1(8) = xg,1(t0) — x, (1) = / ()R e, R ()s(1 = 5)ag ds, > 1o,

to

500 = X540 = %, 0) = [ OOV GNo(l ~ ) ds. 1< o

Consequently, one has x;, ;(#) # 0, if 7 # 1. Therefore, (3.26) is true, which implies
min{z,1—1)}

that, for any 5

> ¢’ > 0, there exists an N > 0 such that 7,, € [1 — % to + %]

https://doi.org/10.1017/50017089506003089 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089506003089

SINGULAR POSITONE DIRICHLET PROBLEMS 321

(notice that x;j,l(t,,/) = 0) for all j > N. Of course

min {inf inf |x, (#)|,inf inf |xX ()|} =8y > O,
{j>Nte[O,tos’]| ”/( ) jZNte[toJrs/,l]l ”f( ) 0

and so,

o)

: 1 1
f <t7 xﬂ/,l(t) + _t7 |‘x;1/,1(l)| + _>’
n; n;

<h(Ry + ¢)[g(80) + r(R)]®(1), t€ (0,20 —€TU[to+ ¢, 1).
The Lebesgue Dominated Convergence Theorem guarantees that

Xo(0) = X1 (to + &) = lim [¥, (1) = x}, (0 + &)
J—+oo
t

1 1
= lim O(s) f <s, X 1(8) + =5, |, ()] + —) ds
. Al n;

J=400 Jigter n; J

= f D(s)f (s, x0,1(5), |x0, () ds, t€[tg+¢,1)

0+e&’

and similarly

xo.1(1) = x (1o — &) = /_ / D(s) f (s, x0,1(5), 1x0, () ds, 1€ (0,10 —&'],

fo

which implies that —xg ,(£) = @(2) f(¢, x0.1(1), |4, (D), 1€ (0,20 —TU[to + &', 1).
Since ¢’ is arbitrary, we have —xg (1) = ®(2)f (¢, x0.1(), 1x4 (D)), 1 € (0, 19) U (0, 1).
In addition x¢ 1(0) = x¢,1(1) = 0, and x¢ ; is a solution of (1.1) with x¢ ;(#) > Oon (0, 1)
and ||xo,1]l < Ry. .

For the set {x,a2}lnen, € (22 — Q)N P, a similar proof yields a convergent
subsequence {x,, 2} of {x,2} with lim; o Xy 2= X02 € C'[0,1]. Also Xo2 1S a
nonnegative solution of (1.1) with xp2(f) > 0 on (0, 1) and R; < ||x02| < %.

Consequently, (1.1) has at least two different nonnegative solutions x¢ ; and xg >
with [|lxo,1]l < Ry < [|x0.2]. 0

ExAMPLE 3.1. Consider the boundary value problems

(3.29)

X 4 pn(P +yH(1 4 XY =0
x(0) =0, x(1) =0,

withO0<a,b>1,1>d>0and u > 0. If

1 1+a
C
sup ———— |, (3.30)
l+a ((7E(O,+oo) [Cd + Cb]ﬁ )

then (3.29) has at least two nonnegative solutions.

To see that (3.29) has at least two nonnegative solutions, we will apply
Theorem 3.1 with ®(r) =1, (¢, x, [y]) = w(x? + x)(A + |y|79), h(x) = u(x? + x),
gy =1+ ™% r(ly]) = 0, g1(x, ¥) = u(x?) and Wy (1) = . It is easy to see that

u<
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(3.1), (3.2), (3.4) and (3.5) hold. Since /() = [; 1= du < rzu'™ = I)(2), notice

c Cc
sup 1 > sup ﬁ,
ce(0,+00) I-! (/’Z(C) _/0 q)(S) dS) ce(0,+00) Il ([L(C‘ +c ))

s0 (3.30) guarantees that (3.3) holds.

REMARK 3.1. Notice that (3.1)-(3.4) are only needed to guarantee the existence of
Xo,1 In Theorem 3.1.

4. Multiple positive solutions to (1.1) with singularity at x = 0 and x' = 0. In this
section our nonlinearity f may be singular at x = 0 and x’ = 0. Throughout this section
we will assume that the following conditions hold:

® ¢ ([0, 1] with ®(¢) > 0 on (0, 1) 4.1)
f:10, 1] x (0, 4+00) x (0, +00) — (0, +00) is continuous with
f(t, x,y) >0 for (¢, x, ) € [0, 1] x (0, +00) x (0, +00),
S x,p) < [(x) + w)]lg(yD) + r(yD] on [0, 1] x (0, +00) x (0, +-00) with
w > 0, g > 0 continuous and nonincreasing on (0, +00),
Jo ®©)r(kosr=) ds < +00, [y w(s)ds < +oo, forall ko > 0, and

h >0, r>0 continuous and nondecreasing on [0, c0) 42)

> 1,

C
SUPce(0.+00) FT(ch(@ @ +1PTr Iy w(s) ds)

: 4.
where I(z) = [ it du, z € (0, +00), “3)

for constants H > 0, H' > 0 there exists a function ¥y g
continuous on [0, 1] and positive on (0, 1) such that (4.4)
S, x,y) = Y (1) on [0, 1] x (0, H] x (0, H']

and
there exists a g1 € C((0, +00) x (0, +00), (0, +00)) with

[t x,y) > g1(x, ), V(, x,y) €0, 1] x (0, +00) x (0, +00) such that (4.5)

lim,_, 4 oo M = 400 uniformly for y € (0, +00).

THEOREM 4.1. Suppose that (4.1)—(4.5) hold. Then (1.1) has at least two nonnegative
solutions xg 1, X0, € C'[0, 110 C?(0, 1) with xo.1(t) > 0 and x »(t) > 0 on (0, 1).

Proof. From (4.3) and the continuity of /~! and &, choose an R; > 0,and a & > 0
with & < min{%, 1} and

R,
1 Ri+e = 1
IR+ oh(Rr + )@ + 1@l fy 7 wls)ds)

(4.6)

Let ny € {1, 2, ...} be chosen so that % < ¢, and let Ny = {ng, no + 1, ...}. For each
n € Ny, for x € P, define

1
(Anx)(2) = /(; G(t, 5)P(s)f (s, x(s) + %s + % Ix'(s)] 4+ %) ds, tel0,1]. (4.7
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Now (4.2) yields f(r,x+ 1+ 1 X+ 1) <[h(x+ 2)+ wDleg) + r(x'| + D],
which implies that (2.10) is true. The Lemma 2.6 guarantees that 4, : P — P is
continuous and completely continuous with 4,P € C!'[0, 1] for each n € Nj.

Let

Q= {xeC0.1]: |Ix]| < R}.

Choose 0 < a* < b* < 1 and N* as in (3.8). From (4.5), there exists an Ry > Ry
such that

g1(x,») = N*x, Vx> Ry, y € (0, +00). (4.8)

Let

4R
1 : R
Qz = {x S Cq[o, 1] . ||X|| < Cl*(l _ b*)} '

Then, for each n € Ny, we claim that
uAdpx £x, VYue(0,1, xe PN, 4.9
and
Auyx £x, Vxe PNo. (4.10)

First we show that (4.9) is true. Suppose that there exists an xo € PN 9Q; and a
1o € (0, 1] such that xo = poA,xo. Then

X500+ 1o®(0)f (z, X0+ 114 15401+ %) =0, 1€ (0.1). x0(0) = 0, xo(1) = 0,

which means that xo(f) > 0 on (0, 1) with x¢(0) = xo(1) = 0 and x;(¢) is decreasing on
(0, 1). Thus, there exists a unique fy € (0, 1) with x((#) = 0, x;(f) > 0 on (0, #9) and
xo(1) < 0 on (%, 1) and [Ixoll1 = Xo(%). As a result (follow the argument used to prove
(3.12), (3.13), (3.14), (3.15) and (3.16))

—(xp(0) + 3)x5(0)
g(xp( + 1)+ r(xp() + 1)

< [h (Xo(t) bl }1) tw (xo(z> oy %)} (xgm + %) 100, Vi e (O, 1),
@.11)

Ri+e
(1) < I (1(8) +IDIA(Ry + ) (R1 + &)+ [0 fo w(s) ds) L @12

10/l = xo(t0) — x0(0) <1~ (1(8) + I PIA(R, + e)(Ri + &) + |9 /ORIH w(s) dS) :
4.13)
—(=xp(t)+ Hxp0)
g(=xp(+ 1) + r(=xp(n + 1)

< [h(Rl +8) + w(xo(t) — %l‘-l— ;l>i| (—XO([) + %t - l) D, Vte [l(), 1), (414)

n
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Ri+e
—xy(0) < 1! <1(8) + 1P AR, + )Ry +¢) + ||P] /0 w(s) ds> ,Vt € [ty, 1)

(4.15)
and

sup (1 = )lxo(0] < I7'(I(e) + 1P 1Ry + e)(R1 + ¢)
te(0,1)
Ri+e
+ 1@ / w(s)ds), Vt € (0, 1). (4.16)
0
Now (4.16) and (4.13) guarantee that

Ri+e
Ry = max{[|xoll1, Ixoll2} <77 (1(8)+ I@1/A(R +e) (R +¢)+ ||‘D||1/ w(s) dS) ,
0

which means that

R
<1
171 (1() + @11 ARy + &)(R1 + &) + 11 [ w(s) ds)

a contradiction to (4.6). Then, (4.9) is true.

Next we show that (4.10) is true. Suppose that there is an xo € PN 9, with
Xxo > A,xo. Then by the definition of the cone and Lemma 2.4, one has x((7) > #(1 —
Hllxoll; = a*(1 — b*)}l||x0|| =a*(l — b*)%#lizb*) =Ry, Vtela*, b*]. Clearly for ¢t €
[a*, b*], xo(F) + %t + % > Ry, Vit e [a*, b*]. Then, for ¢ € [a*, b*], from (4.8), one has

b 11, 1
500 = A0 = [ 69000 (0004 54 1 1550001+ ) s

> / G(t, s)D(s)N* (xo(s) + —s+ —) ds > / G(t, s)®(s) dsN*R,
- n o n "
| 4R, 4R,
=a*(1 — b~ t, $)®(s) dsN*
a(l=bH7 min / Gt 9P AN 08 > = by

which implies that ||xo] > [|xoll1 > %, a contradiction to xo € PN 0$2,. Then,
(4.10) is true.
Lemma 2.2 and Lemma 2.3 guarantee that

i(4,,PNQ,P)=1, i(4,, PN, P)=0. (4.17)
Thus
i(An,Pﬂ(Qz—ﬁl), P)y=—-1, neN,. (4.18)
As a result, for each n € Ny, there exist x,,; € PN Q2 and x,2 € PN (2 — Q1) such
that x,,; = A4,x,1 and x,2 = A, X, 2.
Now we consider {x,1}nen, and {x,2}sen,. It is easy to see that the functions

belonging to {x,(#)} are uniformly bounded on [0, 1] with maxo,1j |x4,1(£)| < Ry,
n € Ny.
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For each n € Ny one has

1 1 1
xi,’,l(t)+<l>(t)f<t, ()4 =14, |x:,,1(t)|+;)=o, 1€ (0, 1), %,1(0)=0, x,1(1)=0,
(4.19)

which means that x,,1(7) > 0on (0, 1) with x,,,1(0) = x,,1(1) = Oand x ,(?) is decreasing
on (0, 1) and there exists a unique #, € (0, 1) with x; ,(z,) = 0, x], 1(tn) > 0 on (0, t,)

and x, (1) <0 on (#,, 1) and [[x, 111 = Xxn,1(Zn1). Followmg the ideas used to prove
(4.11) and (4.14) yields

— (1, (O] + 1) ()
g(lx, (01 + %) + r(|x, ()] + %)

< [h(xn,l(o by %) + w(xn,l(t) bt %)] <|x;,1(z>| + %)ncbnl,

Vi e (0,2,)U(t,, 1). (4.20)

A similar argument to that used to prove (4.12) and (4.15) yields

Ri+e
sup sup |x;, (2] < 1! <I(8) + 1 PIAR + &)(Ri +¢) + D] / w(s) dS) ,
n=no 1e(0,1) 0
ie., the functions belonging to {x) ,(#)} are uniformly bounded on [0, 1], which
guarantees that the functions belonging to {x,, ;(¢)} are equicontinuous on [0, 1].

Next we show that the functions belonging to {x; (1)} are equicontinuous on [0, 1].
For any 1, t; € [0, 1], (4.20) yields

1 1
‘I (|X;1,1(52)| + ;) -1 <|X;,1(11)| + ;)‘

xu1(t)— i+
<@l | ARy + e)(|xn,1(21) — X1 (22)] + |11 — 12]) + / w(s)ds
X,

Xt =L +1

ift, >t > t, and

1 1
‘1 <|x;,,1(t2)| + ;) -1 <|x;1,1(f1)| + ;)‘

Xu()+ L+t
<@l | ARy + &)(xn,1(21) — Xp1(22)] + 101 — 12]) + / w(s)ds
ht

X1 (t)+ 5041

if &, < t; < t,, which guarantee that
1 , 1
‘1<|x:1,1(12)| + Z) - I(|xn,1(t1)| + Z)‘
/ l / 1 J 1 / 1
< 1x, 1@+ = )= I{ |x, (@)l + = ||+ | X )L+ = ) = I{ |x, (@) + =
n n n n

xu1(1)=Lir+1
/ w(s) ds
X,

<[Pl |:h(Rl + &)(1x;,1(12) — X, 1 (1] + 112 — 1) +

n, l(tn) trz
xn,l(f1)+;f1+%
/ w(s)ds
X

X1 (t)+ 10,41

+ (|| |:h(R1 +e)(|x,, 1 (1) — X3, 1 ()] + |61 — ta]) +
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ift, >t, >t or

1 1
‘1 <|x;,$1(12)| + ;) -1 <|x;1,1(f1)| + Z)‘

«Yn,l(t2)+7l,t2+%
<1 | AR+ )1, 1 (12) — X,y ()] + 112 — 1) + f w(s) ds

w1 () + 16,41

|

xaa(t)—1n+1
/ w(s)ds
X,

1 1
n,l(fn)_ n tn+;

+ 1@l |:h(R1 + &)1, (1) — X, () + |11 = 1) +

ift, < t, <1.
The uniform continuity of foz w(s)ds on bounded interval implies that for any

g’ >0, thereis a § > 0 such that |fZZ]2 w(s)ds| < grgys |21 — 221 <8, 21,22 € [0, Ry + ¢].

. . . . . . . 5 /
Also the equicontinuity of {x, 1(¢)} implies that there is a min{3, m} >8>0

P

such that |x,1(f1) — x,1(02)| < min{%, W(RH-E)}’ Yne Ny, |h—t|<8,t,t¢€
[0, 1]. Consequently,

/ 1 / 1
'1(|xn,1(zz)| + —) - 1(|xn,1(z1)| + —)‘
n n

<o [h(R + )( ¢ + ¢ )+ e } ¢

I < =,

= 81D 1R, +¢)  SIDILAR +¢)) 4D ] 2

ift, > 1 > t, and

1 1
'1<|x;,1(t2)| + —) - 1(|X;1,1(l1)| + —>‘
n n
<|o| [h(R + )( ¢ + ¢ )+ € } ¢
& < —,
SRR R 81D 1R, +¢)  SIDILAR +¢))  4|®] 2

if t, < t; < t,, which guarantee that

1 1
‘1<|x;,1(f2)| + —) - 1(|X;1.1(l1)| + —)’
n n
g g g
<||® h(Ry +¢ + +
| ”"[( : )<8||<1>||1h(R1+e) 8||<I>||1h(R1+s)> 4||<1>||1}

+ @] |[h(R + )< ¢ + ¢ >+ ¢ } ’
& <é&,
N 8I®11A(R, +¢)  SIPILAR +¢)) " 4D,

ift, > t, >t or

1 1
‘I(IXZ,l(fz)l + —> - 1<|X:1,1(11)| + —)'
n n
<|o| |[h(R + )( ¢ + ¢ )+ ¢ }
£
R R 8I®[1h(R +¢) = SIPIAR +¢)) " 4],

s g’ &'
DI IR, + e ( + >+ ] <é,
PR, + ¢) SI®L AR, +¢) ' 8I®IAR +¢)) " 4o,
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if 15 < 1, < 11, which means that the functions belonging to {/(|x, ,(7)| + %)} are equi-
continuous on [0, 1]. By the continuity of I~!(z), we know that the functions
belonging to {|x; (1| + %} are equicontinuous on [0, 1], which implies the functions
belonging to {|x; ,(1)|} are equicontinuous on [0, 1]. Then, for any &’ > 0, there is a
§ > 0 such that ||x;1!1(tl)| — |x;1’1(t2)|| < ¢, V|t; — | <8, t1, 1, € [0, 1], which implies
lx), 1 (1) = x;, ()] = lx;,  (tD = |x), ()| <€, V| —0] <8, 1, h<t,€[0, 1], |x, (1)) —
X, (@) = llx, (1) = |x, ()] < &', Y|t —n| <80, > 1, €[0,1]and

1), 1 (1) = X, ()] < 1%, (1) = X, 1 (8] + 1x7, 1 (£) — X, 1 (22)]
= |1, (¢ = %, @I+ 11X, ()] = X, ()]
< 2¢’, Vit, -t <8, 1 <t,<t,€l0,1], or t,h <t, <t €[0,1],

which means that the functions belonging to {x] (1)} are equicontinuous on [0, 1].
The Arzela-Ascoli Theorem guarantees that {x, 1} is relatively compact in C'[0, 1],
i.e., that there is a convergence subsequence {x,, 1} of {x, 1} such that lim;, ;o X, 1 =
Xo.1 € C'[0, 1] with x;qu(t,,j) = 0. Without loss of generality, we assume that z,, - ty €
[0, 1] as j — +o0. Clearly x; (o) = 0 (keep also in mind that {x;i’l} converges to x; |
uniformly on [0, 1] and x;, is continuous on [0, 1]). '
Now we show that

10 €(0,1), and xg,(r)# 0 forallze (0, )\{t)}. 4.21)

Suppose to=0. Let R =I7'(I(e) + || ®||1A(R; +&)(R; +&)+ || || OR‘+£ w(s)ds)+1.
From (4.4), there is a Wg, 4. r € C[0, 1] with Wg 4. »(?) > O for all # € (0, 1) such that

, 11, 1
(1) = @(r)f(z, St 4~ (0] + —)
n; n; n;
> O(OWR4er(?), te(0,1). (4.22)
Then x;l’l(t,,j) — x;fﬁl(l) > fti O(S)WR,te,r(5)ds, 1 € (tn;, 1). Letting j — +00, we have

t

—x0.1(0) Z/ ()P R, 46,1 (5) dS:/ D(S)Pr 1er(s)ds, t€(0,1),

to 0

which means x¢(z) is decreasing on (0, 1), a contradiction to xp (0) = x¢.1(1).
Similarly, we get 7y < 1.
Moreover, (4.22) implies that

t
x;,-,l(tn,') - x;,qu(t) = / (b(s)lIJRl+g’R’(S) ds, t € ([nj, l),
’ t

y
Iy:
, J
x;,-,l(t) _ xnqu([nj_) > / D(S)WR,1er(s)ds, t € (0, tn,-).
¢ t
Letting j — +o00, one gets
!
—xp,1(0) = / Q(S)WR, e, R (s)ds, t € (19, 1), and xq,(7)
4]

t
> / S Wr e p(s)ds, 1 (0. 1)
t

which implies that x; | (7) # 0 for all 7 # 7. Hence, (4.21) is true.
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Consequently, for any w > ¢ > 0, there exists an N > 0 such that 7, €

[to — 5, fo + 5] for all j > N, which guarantees that

min{inf inf |x, (t)| 1nf inf |x (l)l} =3y > 0.

ij )‘6(0,[()76/] [E[f(] e,

On the other hand, Lemma 2.5 yields

1
Xy = f G(1, 5)(5) W 4.2 (5) ds
0
1
>tl—1 Irhz)a.)f]/ G(t, $)P(S)VR, 4 r(5) ds
0

> m[glx/ G(t, )P(S)VR,+er(s)ds, tele',1—2¢.
te

Let §) = &' max,co.1) fol G(t, $)®(s)WR, +e.r(5)ds. Then,

(1)

f(t Xn, 1(1)+l,+ X3, 1 (D] + 1)
./

nj
<R +1)+ w(80)][g(80) +r(R)]®(1), tele,to—€1Ulto+6,1—¢

Hence, the Lebesgue Dominated Convergence Theorem guarantees that

xé),l([) - XE]’I(IO + 8/) - j—ljg—noo [xl/1/'71(l) - x;f,l(to + 8/)]

1

= lim dJ(s)f(s X, 1(8) + lS-|- : |x 1)+ 1>d5
n

J=+00 J g ter n;

_ f B(5)/ (5. x0.1(5), [xp () s, 1 € [+ ', 1 — ]

o+e’

and similarly

t
x0,1(0) = X, (10 — &) = / D(s5)f (s, X0,1(8), [x0 () dds, 1 €[e, tg—¢].
to—¢’
Consequently, —xg (1) = @(t)f(t x0,1(2), [xo 1 (D), 1€ (e, t0—e)U(th+¢,1—¢).
Since ¢’ is arbltrary, we have —xg (1) = d>(t)f(t x0,1(8), [x0.1(DN), 1 € (0, 10) U (70, 1). In
addition x¢1(0) = x0,1(1) = 0, and Xo.1 1s a solution of (1. 1) with x¢ 1(¢) > 0 on (0, 1).
For the set {x,2}nen, C (22 — Q)N P, a similar proof yields a convergent sub-
sequence {x,, »} of {x,, 2} with lim;_, {0 Xp,2 = X022 € C'[0, 1]. Also xo » is a nonnegative
solution of (1.1) with x¢»(f) > 0 on (0, 1) and R; < [|x02] < %fb*).
Consequently, (1.1) has at least two different nonnegative solutions xy ; and x>
with [[xo.1]] < Ry < [[x0.2]l. O

ExXAMPLE 4.1. Consider the boundary value problems

X pll+ 1V DD+ 4+ 1 =0, 1€(0,1)
{x(O) =0, x(1)=0 (4.23)
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with0<a,0<e<1,b>1,0<d<landu > 0.1If

1 2+a
c

< sup : (4.24)

2+a <ce(o,+oo> [c + P14 =4 /(1 — d)]77a )

then (4.23) has at least two nonnegative solutions.

REMARK 4.1. Notice that (4.1)-(4.4) are only needed to guarantee the existence of
Xo.1 in Theorem 4.1.
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