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ON THE GENERA OF SYMMETRIC UNIONS OF KNOTS

MICHEL BOILEAU, TERUAKI KITANO, AND YUTA NOZAKI

ABSTRACT. In the study of ribbon knots, Lamm introduced symmetric
unions inspired by earlier work of Kinoshita and Terasaka. We show
an identity between the twisted Alexander polynomials of a symmet-
ric union and its partial knot. As a corollary, we obtain an inequality
concerning their genera. It is known that there exists an epimorphism
between their knot groups, and thus our inequality provides a positive
answer to an old problem of Jonathan Simon in this case. Our formula
also offers a useful condition to constrain possible symmetric union pre-
sentations of a given ribbon knot. It is an open question whether every
ribbon knot is a symmetric union.
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1. INTRODUCTION

Let K be a knot in the 3-sphere S® and let E(K) denote the exterior
S$3\ Int N(K) of K, where N(K) is a tubular neighborhood of K. We write
G(K) for the knot group of K, that is, the fundamental group 71 (E(K)).
For two knots K and K’, if there exists an epimorphism G(K) — G(K'),
then it is natural to expect that K is more complicated than K’ in some
sense. Let g(K) denote the genus of K. In Kirby’s list [1], Jonathan Simon
posed the following long standing problem.
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Problem 1.1 ([1, Problem 1.12(B)]). If there is an epimorphism ¢: G(K) —»
G(K'), does it imply that g(K) > g(K')?

Note that Simon mentioned Problem 1.1 in [45, p. 410] as well. A positive
answer to this problem is known when deg Ag/(t) = 2¢9(K’) (e.g., K’ is
fibered or alternating), where Ag(t) denotes the Alexander polynomial.
Indeed, the existence of epimorphisms implies that Ag(t) is divisible by
Ak (t) (see [12, Exercise 9 in Chapter VII]). In [20, Corollary 6.22] and [22,
Theorem 8.8], Gabai gave an affirmative answer when the epimorphism is
induced by a proper map of non-zero degree between the knot exteriors.
Also, Friedl and Liick [16] solved Problem 1.1 when the knot group G(K)
is residually locally indicable elementary amenable (e.g., K’ is fibered).

Moreover, we observe that when the epimorphism ¢ is meridian-preserving
and K’ is prime then g(K) > g(K’) if ¢(Ak) # 1 in Corollary A.4. This
suggests that it is hard to analyze the case ¢p(Ax) = 1, which happens,
for instance, when K is the connected sum of K’ and its mirror image.
Indeed, we have a map f: F(K'§(—K"*)) — E(K') of degree zero such
that f is orientation-preserving on F(K') C E(K'#(—K"™)) and not on
E(-K"™) Cc E(K't(—K")).

In this paper, we focuses on a symmetric union of a knot with its mir-
ror image introduced by Kinoshita and Terasaka [30] and generalized by
Lamm [37] as illustrated in Figure 1.

)
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FIGURE 1. Symmetric union (DUD*)(oco,ny,...,nk) and its

partial knot.

Definition 1.2. Let D be an unoriented planar diagram of a knot Kp and

let D* be the diagram obtained from D by reflecting D across an axis in the

plane. Let By, B, ..., B be balls along the axis, each of which is invariant

by the reflection and intersects D in a trivial arc. One replaces the trivial

tangle (Bo, Bo N (D U D*)) by a co-tangle to get the connected sum of the

diagrams D and —D*. For ¢ = 1,...,k, one replaces each trivial tangle
2
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(Bi, B; N (D4D*)) by an n;-tangle, where n; € Z. The knot diagram (D U

D*)(oc0,n1,...,ny) obtained from D U D* in this way is called a symmetric
union of the diagram D and D*. A knot which admits a diagram (D U
D*)(oc0,m1,...,nk) is said to admit a symmetric union presentation with

partial knot Kp, where Kp corresponds to the closure of the diagram D
such that (DU D*)(0,0,...,0) = Kp U K75,

When there is a single tangle replacement, the construction is due to
Kinoshita and Terasaka [30]. The extension to multiple symmetric tangle
replacements is due to Lamm [37]. The symmetric union construction is not
unique and the isotopy type of the knot K = DUD*(o0,n1,...,nk) depends
on both the diagram D and the location of the tangle replacements. When
the partial knot Kp is oriented and all the twist numbers nq,...,n; are
even, the symmetric union D U D*(co,nq,...,n) inherits an orientation
from the connected sum Df(—D*), but when some twists n; are odd, the
orientation of DU D*(oco,ny,...,nk) is not well-defined. A symmetric union
D U D*(co,nq,...,nk) is said to be even if all the n; are even, and then we
denote it by D U (—D*)(oco,ny,...,nk). Otherwise the symmetric union is
said to be skew.

The even symmetric union construction, which is a generalization of the
connected sum of a knot with its mirror image, provides plenty of examples
of pairs of knots K and K’ with an epimorphism ¢: G(K) — G(K') satis-
tying ¢(Ax) = 1 (see Propositionl.5). However, the genus of a symmetric
union was not being much studied. Our result on the twisted Alexander
polynomials of even symmetric unions allows to get a lower bound on the
genus of an even symmetric union and to give a positive answer to Jonathan
Simon’s problem in this case.

The symmetric union construction always produces ribbon knots and the
following problem is still open.

Problem 1.3 ([37], [9]). Does every ribbon knot admit a symmetric union
presentation?

Prime ribbon knots up to 10 crossings and ribbon 2-bridge knots admit
symmetric union presentations due to Lamm [37, 39]. This is true also for
all but 15 prime ribbon knots with 11 and 12 crossings by Seeliger [46] (see
[38]). In fact, there is no obstruction known for a ribbon knot to be a
symmetric union. Moreover there is no a priori upper bound for the number
of required twist regions. However, our result gives some useful conditions
to restrain possible even symmetric union presentations of a given knot in
Section 5.

Despite the dependence on the diagram, a classical fact about symmetric
unions is that the Alexander polynomial of it depends only on the parity of
the twist numbers as shown in [37, Theorem 2.4]. In particular, for an even
symmetric union one has the following property.

3
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Proposition 1.4. Let K be a knot admitting an even symmetric union
presentation with partial knot Kp. Then Ak (t) = Ak, (t)?, up to multipli-
cation by a unit in Z[t, t71].

Another useful property relating an even symmetric union presentation
to its partial knot is given by the following proposition, which is due to
Michael Eisermann.

Proposition 1.5 ([37, Theorem 3.3]). Let K be a knot admitting an even
symmetric union presentation with partial knot Kp. Then there is an epi-
morphism ¢p: G(K) - G(Kp) which sends a meridian of K to a meridian
of Kp and which kills the longitude.

The epimorphism ¢p is defined in [37, Figure 11] by mapping the genera-

tors of the Wirtinger presentation of the oriented diagram DU(—D*) (o0, n1, . ..

of the even symmetric union K to the corresponding Wirtinger generators
of the oriented diagram D of the partial knot Kp, according to the Figure 2.
The Wirtinger relations are clearly satisfied, and thus this map induces a
well-defined epimorphism between the knot groups.

D ]

)

FiGURE 2. Wirtinger generators x,y,z,x*,y*, z*, satisfy
yr = xz and y*z* = 2*2*, and ¢p(w;) = w when ny > 0.

In this article we use the epimorphism ¢p given by Proposition 1.5 to
generalize Proposition 1.4 in the setting of twisted Alexander polynomials.
A representation pp: G(Kp) — GL(d,F) over a field F, induces a repre-
sentation pp o yp: G(K) — GL(d,F). We write up € G(Kp) for a fixed
meridian element and prove the following formula.

Theorem 1.6. Let K be a knot admitting an even symmetric union presen-
tation with partial knot Kp. Let op: G(K) — G(Kp) be the epimorphism
given by Proposition 1.5. For a representation pp: G(Kp) — GL(d,TF), the
twisted Alerander polynomials satisfy the equality

AK,PDWJD (t) = AKDJ)D (t)2 det(pD (:uD)t - Id)
4
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up to multiplication by a unit in F[t,t1].
In particular, deg Ak ppopp, (t) = 2deg Axp pp (1) +d, where deg is defined
to be the degree of a numerator minus that of a denominator.

Remark 1.7. While the twisted Alexander polynomial is not symmetric in
general, we get A, ,,(t)% since Ag,, (1) = A_kz pp(t) up to multipli-
cation by a unit in F[¢,¢7!]. Indeed, the Wirtinger presentation of —D* is
completely the same as that of D and we consider the common representa-
tion pp (see Figure 2).

Remark 1.8. Theorem 1.6 is an extension of Proposition 1.4 since Ag ,(t) =
A(t)/(t — 1) for the trivial representation p: G(K) — GL(1,F) (see Sec-
tion 2).

Combining with [17] or [18], we obtain the following inequality which
implies an affirmative answer to Simon’s Problem 1.1 for an even symmetric
union.

Corollary 1.9. For a knot K admitting an even symmetric union presen-
tation with partial knot Kp, it holds that g(K) > 29(Kp).

This corollary extends a result by Moore [41] to any even symmetric union,
where her result is for an even symmetric union with a single twist region
and “symmetric fusion number one” by using Heegaard-Floer theory.

Kose [35, Theorem E| showed that the ribbon Montesinos knot 11agy; =
K(1/3,2/3,4/5) does not admit a symmetric union presentation with a sin-
gle twist region. The next result imposes some strong restrictions on any
possible symmetric union presentation of this knot.

Proposition 1.10. If the ribbon Montesinos knot 11lasy = K(%, %, %) ad-
mits a symmetric union presentation, it must be a skew one with partial knot
61 or 97.

It is worth mentioning that the (original) Alexander polynomial does not
rule out the possibility of 11asg; being an even symmetric union of 6; since
A11(1201 (t) = (2 — ot + 2t2)2 = A61 (t)Q'

In a forthcoming paper [4], we study the relationship between the knot
type of a symmetric union and the knot type of the associated partial knot.
In particular, we study whether only finitely many distinct knots can occur
as partial knots for a symmetric union presentation of a given knot.

Finally, in Appendix A, we address Simon’s problem in the case where an
epimorphism does not kill the longitude. In contrast, Appendix B is devoted
to discussing epimorphisms which kill the longitude. Using the Alexander
modules, we will prove that, for some pairs of knots, epimorphisms between
their knot groups can be realized only by a degree-zero map.
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2. TWISTED ALEXANDER POLYNOMIALS

Here we give a quick review of the twisted Alexander polynomial. In gen-
eral, it is an invariant for a finitely presentable group with an epimorphism
onto a free abelian group. Here we define it for a Wirtinger presentation of
a knot group for simplicity. Let K be an oriented knot in S3. By taking a
regular diagram D with N crossings, a Wirtinger presentation of G(K) is
given as

GK)=(x1,...,xN | r1,...,"N),
where each generator corresponds to an arc in the diagram D and each
relator comes from a crossing in D. Here it is known that any one relator,
for example rpy, can be removed and hence:

GK)=(x1,...,eN | 1y, "N=-1)-
The abelianization homomorphism
a:GK)— Hi(E(K);Z) =7 = (t)
is given by assigning to each generator x; the meridian element t € Hy(E(K);Z).
Here we consider a representation
p: G(K) — GL(d,TF),

where F is a field. The maps p and « naturally induce two ring homomor-
phisms
p: Z|G(K)] — M(d,T)
and
a: ZIG(K)] = Z[(t)] = Z[t,t™"],

where Z[I'] denotes the integral group ring of a group I' and M (d,F) is the
algebra of d x d matrices over F.

Then f® & defines a ring homomorphism Z[G(K)] — M (d,F[t,t!]). Let
F denote the free group on generators x1,...,zy and let

®: Z[Fy] — M(d,F[t,t71])

be the composition of the surjection ¢: Z[Fy] — Z[G(K)] induced by the
presentation of G(K) and the map p® a: Z[G(K)] — M(d,F[t,t~1]).

Let us consider the (N — 1) x N matrix A whose (4, j)-entry is the d x d
matrix

o (g”) e M (d,F[t,+71]),

Zj
where % Z|FNn] — Z[Fy] (j = 1,...,N) denotes Fox’s free differential
J

(see, e.g., [48, Section 2]). We call A the twisted Alezander matriz of G(K)
6
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associated to p. For 1 < j < N, let us denote by A, the (N —1) x (N —1)

Ox;
corresponding to z;. We regard A;; as a d(N — 1) x d(N — 1) matrix with
coefficients in F[t,¢71].

Then Wada’s twisted Alexander polynomial [48] of a knot K associated to
a representation p: G(K) — GL(d,F) is defined to be the rational expression

A = det Az,
Kot = 3t O(z; — 1)

T
matrix obtained from A by removing the jth column (@(g%;) o D( Oy ))

This is well-defined up to multiplication by a unit in F[t,¢~!]. In particu-
lar, it does not depend on the choice of a presentation of G(K) under this
equivalence. It can also be proved by taking the greatest common divisor of
the numerators when the deficiency is not equal to one.

Remark 2.1. The denominator det ®(x;—1) can be expressed as det(p(z;)a(x;)—
Iy) = det(p(p)t — Ig).

3. PROOF OF THEOREM 1.6

This section is devoted to proving our main theorem. A key of the proof
is to choose a suitable Wirtinger presentation of a given even symmetric
union. In this section, we use = for the equality up to multiplication by a
unit in F[t, 1.

FicUrRE 3. Generators for the knot groups of a symmetric
union and a partial knot when k = 1.
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Proof of Theorem 1.6. We first show the case K = D U (—D*)(c0,2m),
where m is non-negative. Using the Reidemeister moves, we may assume K
is drawn as Figure 3 and there are ¢ (> 3) crossings and ¢ — 2 arcs in D.
Then we have a Wirtinger presentation such that generators are

ULy ooy Uem2y, UTy e vy U,
V1,02, B1, L] 5 - -+ s Tl Ty 15
ylayiy?ay;? 21, ZT: 22, Z;

and relators are

* k
Tlyev s TeyTlyeeosToy

17 xixgl(lé)ilx?v T 7$mx:¢ ;li-l(le)ia m:nxm{i-l (x;knJrl)ilxm-i-h
Jtly;l, ‘TT(yT)_la :L‘erly;lv :L'in—i—l(y;)_l? Ulzfla Ul(zf)_la U2Z51a UQ(Z;)_I‘

yxyry ' (27)”

Let us drop the last relator. Then the corresponding Alexander matrix A is

U
U
I X-1 -X
I X t—-1 —Xx-1
I X-—-1T - X
I X117 —x-1
I
I
I
I
I
I
I
Y Y A Zo
Yy Yy A Z3
-1
-1
-1
-1
-1
-1
-1
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(91' _ _ ai — ai
WMMU:@(%J1g8,X_éwm%—@(éagﬁg&—QC%%g@

1<j<c—2
for [ = 1,2. Note here that, by the definition of ¢p in [37, Theorem 3.3],
we have pp(u;) = ¢p(u)) = u; for i =1,...,¢— 2, pp(z;) = ¢p(z]) =
ep(yj) = goD(y]*) =yjfori=1,...,m+1and j = 1,2. Therefore, U =
or; . or’
¢ (37:;}‘) 1<i<c ’ X = 0(z;) = &(27) = D(y;) = @(y;), =2 (BZT)KKC’
1<j<c—2 S

and Z; = @ (g;&)
1/ 1<i<c

polynomial, we remove the last column corresponding to 25 and compute the

determinant of the resulting square matrix A.;. Using elementary column

operations, we eliminate the seven I’s above in the last seven rows (at the

level of blocks). We get an upper triangular block matrix with a lower 7 x 7

diagonal block of —I entries. Then the determinant is equal to that of the

. To compute the numerator of the twisted Alexander

matrix
U VA 1 VA 2 Y1 Y2
U | Z 1 Y1 YQ

I X-1I -X
I X117 —Xx!

I X-1 -X
1 xXt-1 —Xx-1

up to sign. By adding the jth column to the (j + 1)st column (at the
level of blocks) for j = 5,6,...,2m + 5 in this order, the rightmost part is
transformed into

Yi i 1N YI i+Y, V1+Y,
i Y e Y; Y; Yi+Ys
I X O
I X' O
I X O
I x! O

For the resulting entire matrix, we add the second row multiplied by —1
to the first row and then add the first column to the second column. The
resulting matrix is

U Zy YT O O O Y
U\ Zy Y1 1 Y Y7 Yi+Y,
I X 0]
I X' O
I X 0]
I X! @)
9
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Since (U Z; Y1 + Y3) is a ¢ X ¢ matrix and the rows of the three columns
containing U, Z1, Y71 + Y5 are zero except the second row, after successively
permuting the last column with each of the previous 2m + 2 columns, the
determinant of the above matrix is the product of det(U Z; Y; + Y3) and
that of

Ul Zy |7 O 0O Y,
I X O
I X1 o
I X O
I x!

up to sign. Adding the (25 — 1)st column multiplied by —X to the 2jth
column and adding the 2jth column multiplied by —X ! to the (25 + 1)st

column for j =2,3,...,m + 1, we transform the above matrix into
U|Z|Yy "X T s -Y1X Y1+Y,
1 0] 0
1 O O
1 0] @)
1 @)

whose determinant is det(U Z Y1+Y5) det(12™) up to sign, after successively
permuting the last column with each of the previous 2m columns. Then,

det A,z = det(U Z1 Y1 + Y2)det(U Z3 Y1 + Y2). (1)
Now, in the case £k =1 and m > 0, the desired equality
A () det(p()t — L) = (Axcp o (8) det(pp (up)t — 1))’
follows from (1) and Claim 3.1 whose proof is written after the current proof.
Claim 3.1. For the above matrices U, Y1, Ys, Z1, and Zs,
det(U Z1 Y1 +Ya) =det(U Zo Y1 + Ya) = Agp, pp (1) det(pp(pp)t — 1g).
If m is negative, we use a Wirtinger presentation such that generators are
Ulyeony Uem2, Uy oo vy U o,
V1L, V2, T, L1 -+ oy Ly 1 Tt 15
Y1, Y15 Y2, Yas 215 215 22, 2

and relators are

(S T O G
ey (o) ey a (08) ey ey, ah (o, ) T ey xm(x:n#l)ilm;iklx:rwrl?
xlyl_lvx;(yr)_lvmerlyQ_l’xin—i—l(y;)_l?Ulzl_lﬂjl(zr)_lv’UQzQ_la UQ(Z;)_l'

10
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Note that the order of generators x; and x; is changed. Then, the left half
of the matrix A above is changed to

U
U

I X-—1 X
I X117 —x-1

I Xt—-71 —Xx-1

~

~

I

and the same elementary row and column operations as in the case m > 0
give the desired equality.

>0

)
E
O O

>N

S
v o
OO0 Q0
OO0 00
ORI L o

|

3

S

FIGURE 4. Generators for the knot groups of a symmetric
union and a partial knot.

Next, we consider the case of K = D U (—D*)(c0,2my,...,2my). For
simplicity, we assume m; are non-negative, but the proof in the negative
case is almost the same as mentioned before. We use a diagram of K as

11
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illustrated in Figure 4 and a Wirtinger presentation such that generators

are
ULy vy U o1 ULy e vy Up o1
U1,V2,T1,1, xil? sy Tlmy 1, ximﬁrl? REEE N .IZJ, o Thymp+1s xlt:,mk—&-l
YLL YL Y2 UL s s Ykl Uk 1o Yk 20 Ui 215 21 22, 25
and relators are
(71 ey ey Ty ey Ty
21127 127 5(270) T 2] 127 2(270) T2 T T, Ty 1 () T BTy Ty 1 (T 1) T g1,
wk,ﬂz,wﬁ(fﬁz,ﬂ_l, xz,ll'i;é(iﬁz,z)_lﬂck,m o ,xk,mkxz,mkxﬁnwl(ﬁ,mk)_1’ xl’;mk"’:l;inﬁl(xz’mkﬂ)_lxk’m”l’
361,1?41_&7 o (i) $1,m1+1y1_,%v 2y (W) 7 7wk’1yk_&’ SISV xk’m’“ﬂyk_’%’ Thmen1Wha) ™
\vlzfl,vl(zf)_1,022517U2(Z;)_1

Let us drop the same relator va(23)~! as in the case k = 1. Then the cor-

responding Alexander matrix is divided into blocks similar to the matrix A
above. After removing the column corresponding to 23, we apply elementary
column operations and obtain the matrix

U v Zy | Wi |- | Wy
U\ Z, Wil | W,
W = wy ,
w)!
where
W=, O --- O Y O0), W/=(0 Y,; O --- O Y,
I X, -1 -X
I x7t-1 -xt
‘/I/l//: c. t.

I x,—-1 -X
I Xt-1 o -xt

and X; = @(x1;) = @(z],) = yy) = @y,) for I = 1,....k 1 =

1,...,my+ 1 and j = 1,2. Now, the precess of elementary row and col-
umn operations in the case k = 1 can be applied to the matrix W and we
deduce

det W =det(U Zy Y11+Y12 -+ Vi1 +Yeo)det(U Zo Yi1+Y12 -+ Yi14+Y52).

A computation analogous to the one given in the proof of Claim 3.1 shows
that

Akppp(t)det(pp(up)t — 1) =det(U Zy Yig+Yia - Y1+ Yi2)
12

https://doi.org/10.4153/S0008414X25101740 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101740

=det(U Za Y11+ Y12 -+ Y1+ Yio).
This completes the proof. O

Proof of Claim 3.1. We focus on a Wirtinger presentation of Kp with gen-
erators ui, ..., Uc—2, Y1, Y2, 21, 22 and relators ri,..., 7, ylygl, zlzgl. After
dropping the last relation, the corresponding Alexander matrix is

U ‘ Y1 Yo Z1 Zs
‘ I I '

By removing the last column corresponding to zo and adding the third col-

umn to the second one (at the level of blocks), we obtain

UlMi+Y, Yo Z)
| I '
After permuting the last two columns, its determinant is det(U Y7 + Yy Z7)
up to sign.
In the same way, by first removing the fourth column corresponding to
21, the determinant is also equal to det(U Y + Y2 Z3) up to sign. O

Proof of Corollary 1.9. By [19, Theorem 1.2] or [17, Theorem 1.3], there
exists a representation p: G(Kp) — GL(d,F) such that degAg ,(t) =
d(2g(Kp) — 1). Then, we have:

d(29(K) —1) > deg Ak popp (t) = 2deg Ak, »(t) +d = 2d(29(Kp) — 1) +d.
It follows that 2¢g(K) — 1 > 4¢9(Kp) — 2+ 1, and thus g(K) > 2g(Kp). O
Remark 3.2. The gap g(K) — 2g(Kp) can be arbitrarily large. In fact, the
knot KT, ,, in [21, Figure 5.10] admits an even symmetric union presentation
whose partial knot is the unknot U (see [37, Figure 15(right)]), and we have
g(KT, ) —2g(U) = r by [21, Theorem 5.7]. Moreover, the family of knots

KT, , implies that there is no upper bound for ¢(K) in terms of g(Kp) and
the integers k,n1,...,ng.

Remark 3.3. We cannot expect a simple relationship between the twisted
Alexander polynomial of a symmetric union which is not necessarily even
and that of the associated partial knot (see Section 4).

The next result follows from Proposition 1.4 together with Corollary 1.9.
It puts a big restriction on the genus of a partial knot for an even symmetric
union presentation of a given alternating or fibered knot.

Corollary 3.4. Let K be a knot admitting an even symmetric union presen-
tation with partial knot Kp. If deg Ak (t) = 2g(K), then g(K) = 29(Kp).
In particular if K is homologically fibered, then so is Kp.

Here, a knot K is said to be homologically fibered if Ak (t) is monic and
deg Ag(t) = 2g(K) (see [24, Definition 3.1]). Recall from [33, Proposi-
tion 5.2] that if there is an epimorphism G(K) — G(K’) and K is fibered,
then K’ is also fibered. Hence, in Corollary 3.4, if K is fibered, then so is
Kp.

13

https://doi.org/10.4153/S0008414X25101740 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101740

Proof of Corollary 3.4. It follows from Proposition 1.4 that A () = Ag, ()2
Thus g(K) = deg Ak, (t) by the assumption. Combining this equality with
Corollary 1.9, we have

29(Kp) > deg Mg,y (1) = 9(K) > 29(Kp).
Hence we conclude that g(K) = 2g(Kp). O

Remark 3.5. If a knot K admits an even symmetric union presentation, it
follows from Proposition 1.4 that the degree of its Alexander polynomial is
divisible by 4. For example the knot 61 is represented as a skew-symmetric
union (see [37]), but cannot be represented as any even symmetric union be-
cause its Alexander polynomial Ag, (t) = 2t~ 1 —5+2t = (2t 71 —1)(2t—1) has
degree 2. Furthermore if K admits an even symmetric union presentation
and deg Ak (t) = 2¢g(K), it already follows from the Alexander polynomial
that g(K) is even.

4. SKEW-SYMMETRIC UNIONS

This section shows that the inequality obtained in Corollary 1.9 drastically
fails for a skew-symmetric union.

Proposition 4.1. The genus of a partial knot associated to a skew-symmetric
union presentation of a knot K can be arbitrarily larger than the genus of
K.

Proof. Let n be a positive odd integer and let K be a knot defined as a skew-
symmetric union presentation illustrated in Figure 5, where the associated
partial knot is the torus knot 7'(2,2n+1). On the other hand, K is isotopic
to the connected sum of the twist knots J(2, —n)* = J(2,n—1) and J(2, —n)
(see Figure 6 for the notation J(2,n)). Here, the facts g(T(2,2n+ 1)) =n

and ¢g(J(2, —n)*4J(2, —n)) = 2 complete the proof. O
X)) B 0
[;;\/\é;j \/;;j X

FIGURE 5. A skew-symmetric union presentation which is
isotopic to a connected sum, and the associated partial knot.

It is worth mentioning here that skew-symmetric unions in Proposition 4.1
can be taken to be hyperbolic. Indeed, for positive odd integer n, let us
consider the skew-symmetric union K, on the left in Figure 7 whose partial
knot is again 7°(2,2n + 1), and the knot admits a Seifert surface of genus 2.
Let L be the 3-component link L14nj};y,, drawn on the right in Figure 7,
which is hyperbolic according to SnapPy. Then the knot obtained from L

14
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@D @

FIGURE 6. The twist knot J(2,n) for n € Z and J(2,—2) = 4;.

by Dehn surgery on U; and Us with slopes 1/n and —1/n, respectively, is
K,. By Thurston’s Dehn surgery theorem (see [5] for instance), K, are
hyperbolic for n large enough.

FIGURE 7. Knot K, its Seifert surface, and the link L14n};9.

5. THE MONTESINOS KNOT 1lasg;

In this section, we prove Proposition 1.10. We begin by recalling from
[10, Chapter 12.D] some notations about Montesinos knots and their Seifert
fibered 2-fold branched coverings. Let K = K (%, RN 5—:) be a Montesinos
knot with r > 3 rational tangles of slopes f;/a; € Q with a; > 1 and ; # 0
coprime with ;. It has been shown by Montesinos [40] (see also [10, Chap-
ter 12.D]) that the 2-fold branched cover of K is the closed orientable Seifert
fibered 3-manifold ¥o(K) = V/(0; eo; %, cee g—:) with base S?(a1,...,q;) a
2-dimensional orientable orbifold with underlying space S? and r singular
points with branching indices «; corresponding to the r exceptional fibers
of types (v, i), where a; > 2. Its rational Euler number ey = Y, % eQ
verifies that |Ax(—1)| = [Hi(22(K);Z)| = |eo|[[;—; i (see [29, Corol-
lary 6.2]). The Seifert fibered manifold ¥a(K) = V(0je0;2,...,2) is
determined, up to orientation-preserving homeomorphism, by the ratio-
nal Euler number eg € Q and the set of fractions {%, e g—:} in Q/Z
up to permutations (see [43], [29, Theorem 1.5]), while the Montesinos
knot K (%, ey g—:) is determined, up to orientation-preserving homeomor-

phism of S3, by the rational Euler number eg € Q and the set of fractions

{%, ce g—:} in Q/Z up to dihedral permutations (see [10, Theorem 12.26]).

We first determine the only possible partial knots for a symmetric union
L2 4y

presentation of the ribbon Montesinos knot 11azo1 = K (3, 5, 5
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Proposition 5.1. The only possible partial knots, up to mirror image, for
a symmetric union presentation of the Montesinos knot 11lasg; = K (%, 2,%)

3235
are the (2,9)-torus knot or the 2-bridge knot 61.

Before starting the proof, we need to recall some definitions and re-
sult from [37]. One can associate to a knot K C S the w-orbifold group
GP(K) = G(K)/N, where N is the subgroup of 71(S% \ K) normally gen-
erated by the square of a meridian (see [8]). Let Yo(K) denote the 2-fold
cover of S3 branched along K. Then the following exact sequence holds:

1= m(22(K)) = GoP(K) — 727 — 1.

Proposition 5.2 ([37, Theorem 3.3]). Let K be a symmetric union with
partial knot Kp. Then there is an epimorphism p%P: GO (K) — G (Kp)
which sends the image of a meridian of K to that of Kp and which kills the
image of the preferred longitude of K.

The epimorphism ¢3P: GO (K) — G°™(Kp) sends the image of a merid-
ian of K to the image of a meridian of Kp. In particular, go%b sends the
subgroup 71 (X2(K)) of index 2 onto the subgroup m(X2(Kp)) of index 2
since it preserves the images of the meridians. Therefore ngDrb induces an
epimorphism @p: 71 (32(K)) — m(X2(Kp)). Here let us consider the knot
K= K(L2.0)

Lemma 5.3. The 2-fold branched cover ¥2(Kp) is a small 3-manifold.
Proof. First recall that a closed 3-manifold is said to be small if it is irre-
ducible and does not contain any orientable closed incompressible surface.
Assume that Y9(Kp) is not small and contains an orientable closed incom-
pressible surface F'. Then its fundamental group m(X2(Kp)) splits along
the fundamental group 7;(F') as an amalgamated free product or a HNN
extension. In particular, m (X2(Kp)) acts non-trivially, without edge inver-
sions, on the Bass-Serre tree T associated to this algebraic decomposition.
The epimorphism @¢p: 71 (32(K)) — m1(X2(Kp)) induces a non-trivial ac-
tion, without edge inversions, of the group m1(22(K)) on the Bass-Serre tree
T. It follows from [13] that the manifold ¥o(K) splits along some closed
orientable incompressible surface.

The 3-manifold ¥5(K) = V(0;2; %, 2, 3) is Seifert fibered with base the
hyperbolic 2-dimensional orbifold S2(3,3,5) with underlying space S? and
three singular points with branching indices {3,3,5}. By Waldhausen [49],
a closed incompressible surface in Yo(K) is either a vertical torus which is
a union of fibers or a horizontal surface transverse to the fibers. In the
first case, the projection of the incompressible vertical torus on the base
S2(3,3,5) would be an essential simple closed curve, which does not exist
on such an orbifold. In the second case, since the base of the Seifert fibration
is orientable, the horizontal surface would be non-separating in the ratio-
nal homology sphere ¥o(K') which is impossible. Therefore ¥9(K) cannot
split along some closed incompressible surface and Yo(Kp) is a small closed
orientable 3-manifold. (|

16

https://doi.org/10.4153/S0008414X25101740 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101740

Lemma 5.4. The 2-fold branched cover ¥o(Kp) is a lens space or a Seifert
fibered 3-manifold with three exceptional fibers and a base orbifold S? (a1, aa, a3)
with underlying space S? and three singular points with branching indices
{a1, a9, a3}. Moreover, at most one of a1, as, a3 can be even.

Proof. 1f m1(X2(Kp)) is finite, then by the orbifold theorem (see [5]) the 2-
fold branched cover ¥9(Kp) carries an elliptic geometry, that is to say it is
either a lens space or an elliptic Seifert fibered 3-manifold with three excep-
tional fibers and finite fundamental group. In this last case, the base orbifold
S?(a1,az,a3) has a finite fundamental group and the triple (v, az,as) is
one of the platonic triples (2,3,3), (2,3,4), (2,3,5) or (2,2,n) for n > 2.

Assume now that 1 (32(Kp)) is infinite. The 3-manifold $o(K) = V(0; 2; £, 2, 1)
is Seifert fibered with base the hyperbolic 2-dimensional orbifold S?(3,3,5).

Its fundamental group 71 (32(K)) is infinite and contains a center Z which is
infinite cyclic generated by a regular fiber. The quotient I'x = m1(22(K))/Z

is the orbifold fundamental group of the base S2(3,3,5). It is the hyperbolic
triangle group 7'(3, 3, 5) which is a discrete subgroup of PSL(2,R) generated

by rotations of angles {%“, 2{, %’T} around the vertices of a hyperbolic tri-

angle of angles {%, %, T} (see [34]). Therefore the group I' is generated by
torsion elements.

If m1(X2(Kp)) is centerless, then ¢p(Z) = {1} and @p induces an epi-
morphism from the orbifold group I'x = 71 (22(K))/Z onto m (X2(Kp)).
By Lemma 5.3, the 3-manifold ¥5(Kp) is small, hence it is aspherical since
7m1(X2(K p)) is infinite by assumption. Therefore m (X2(Kp)) is torsion-free.
On the other hand, I'k is generated by torsion elements. Thus, the image
&p (k) must be trivial and this is impossible. Therefore, m(22(Kp)) has a
non-trivial center. It follows from [11] and [23] that X2 (K p) is Seifert fibered.
Since ¥3(Kp) is a rational homology sphere, it is a Seifert fibered manifold
with base S? and 7 exceptional fibers with r — 1 = rank(m(X2(Kp))) by
[7, Theorem 1.1(ii)]. Moreover rank(m(32(Kp))) < rank(m(22(K))) = 2.
Since X9(Kp) is aspherical, it cannot be a lens space nor S x S2, and thus
Y9 (Kp) must have > 3 exceptional fibers. Therefore rank(m(X2(Kp))) > 2,
and hence rank(71(X2(Kp))) = 2. It follows that ¥Xo(Kp) is a Seifert fibered
manifold with r» = 3 exceptional fibers and a base with underlying space S?
and three singular points with branching indices {aq, g, a3}.

Since Kp is a knot,

|H1(32(Kp); Z)| = leg|laranasz = |Brasas + a1 a3 + arasB3]

is odd. This implies that at most one of the a; can be even ([

Proof of Proposition 5.1. If the Montesinos knot K = K(%, %, %) is a sym-
metric union with partial knot Kp, then, by Lemma 5.4, ¥9(Kp) is a lens
space or a Seifert fibered 3-manifold with three exceptional fibers and a base
orbifold S?(ay, az, as).
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If ¥5(Kp) is a lens space, then, by the orbifold theorem, Kp is a 2-bridge
knot. Since |H1(2X2(Kp);Z)| = det Kp = Vdet K =9, Kp is the torus knot
91 of type (2,9) or the 2-bridge knot K (3) = 61 up to reversal of orientation.

If ¥9(Kp) is a Seifert fibered 3-manifold with three exceptional fibers, the
base orbifold S?(a1, az, a3) can be elliptic, euclidean or hyperbolic. Since at
most one of g, ag, a3 can be even, in the elliptic case the triple (a1, ag, as)
can be only one of the platonic triples (2,3,3) or (2,3,5), while in the eu-
clidean case it can be only (3,3,3). In the hyperbolic case the orbifold
group 7™ (S2(ay, g, a3)) is the hyperbolic triangle group T'(a1, g, a3) with
a% + a% + C%S < 1 which is a discrete subgroup of PSL(2,R) (see [34]). It
follows that in all the cases the orbifold group m§™*(S?(a1, az2,a3)) has no
center. Let mp: m(X2(Kp)) — m*P(S?(aq, az, a3)) be the quotient epimor-
phism by the center. Since 7™ (S%(ay, ao, a3)) has no center, the epimor-

phism
mp o @p: m(Sa(K)) = m(S2(Kp)) - 7P (S (an, az, a3))

kills the center of 711 (¥2(K)) and induces an epimorphism @p: 797 (52(3,3,5)) —»
79 (S2% (a1, a2, a3)) between the orbifold groups of the bases. Given the pre-
sentation of the group

mP(8%(3,3,5)) = (z,y,2 | 2® =y® =2 =ayz =1),
the image ¢p(z) is not trivial, otherwise
PP (S (a1, a2, a3)) = @p(n9™(5%(3,3,5))) = Z/3Z,

which is not possible. Therefore ¢p(z) must be of order 5 in 7™ (52 (a1, g, a3)).
This means that the group 7™ (S2(ay, g, 3)) must contain an element of
order 5. This is not possible for the finite group ©$**(S%(2,3,3)) which is

of order 12 nor the euclidean group 7§™*(S52(3,3,3)) since the elements of
finite order in this group have order 3. Therefore either the orbifold group
7P (S2%(ay, a2, a3)) is the (finite) icosahedral group I = T(2,3,5) or it is a
hyperbolic triangle group T'(aq, ag, ag).

If 79"P(S?(a1, a9,03)) is the icosahedral group, Yo(Kp) is an elliptic
Seifert fibered 3-manifold V(0; ep; %, %, %), and then ey = % + % + %3
and |H1(X2(Kp);Z)| = 30|eg| = |15 + 1052 + 6/3|. Since B2 is coprime
with 3, |H1(X2(Kp);Z)| = det Kp = v/det K is coprime with 3 and can-
not be equal to 9. Therefore the orbifold group m§**(S?(a1, a2, a3)) is the
hyperbolic triangle group T'(a1, g, ag).

Let us consider the induced epimorphism

pp: 1™ (5%(3,3,5)) = T(3,3,5) — 79" (S% (o, ag, a3)) = T(a1, a2, a3)
between the orbifold fundamental groups of the bases. The presentation
of the triangle group T'(3,3,5) = (z,y,z | 2 = y3 = 2° = ayz = 1)
shows that each image ¢p(x), ¢p(y) and @¢p(z) is not trivial otherwise
T(a1,az,a3) = pp(T(3,3,5)) would be trivial or Z/3Z which is not possible.

Therefore ¢p(z) and ¢p(y) are of order 3 while ¢p(z) is of order 5. Thus,
18
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the two elliptic elements a = ¢p(y) and b = @p(z) generate the discrete
non-abelian group T'(aq, ag, a3) C PSL(2,R). Up to taking suitable powers
u = a* and v = b’ to normalize the matrix representatives of v and v in
SL(2,R), it follows that at least one of Cases (I)~(VII) in [34, Theorem 2.3]
holds true. Since the triangle group T'(aq, ag, arg) is co-compact, Case (I1) is
impossible by [34, Figures 2 and 3| which exhibit non-compact fundamental
domains in this case. Cases (III) and (VI) do not hold because the generators
u and v do not have the same order. Case (IV) is not possible because none
of the generators u or v has order 2. Cases (V) and (VII) are not possible
either because the generator v is of order 5 < 7. Therefore, only Case (I)
can be true, and thus, by [34, Proposition 2.2, u and v generate a triangle
group T'(3,5,n) with n > 3 since the group 7'(3,5,n) is infinite. Since we
have the epimorphism

@p: mo™(52%(3,3,5)) = T(3,3,5) — 79™P(S% (a1, az, a3)) = T(3,3,n),

[44, Lemma 2.5] implies —x(52(3,3,5)) > —x(5%(3,3,n)). So, 1 — (3 + + +
) >1—(5+1+1), and hence n < 3. It follows that n = 3. Therefore,
T(a1,az,a3) =T(3,5,3) and the induced epimorphism

@p: m(5%(3,3,5)) = T(3,3,5) — 77™(S?(, an, a3)) = T(3,3,5)

must be an isomorphism because triangle groups are hopfian. In particular,
(a1, a2, a3) = (3,3,5) up to permutations. We have the two exact sequences:

1= Z 27— m(32(K)) = T(3,3,5) — 1,
1 3p(Z2) 27 — m(S2(Kp)) — T(3,3,5) — 1.

The epimorphism ¢p: m1(22(K)) — m1(X2(Kp)) induces injective homo-
morphisms both on the center Z and on the base 7'(3,3,5). Hence it in-
duces an injective homomorphism on 71 (X2 (K)). Therefore ¢p is an iso-
morphism which induces an isomorphism between the first homology groups
Hy(X2(K);Z) and H1(X2(Kp);Z). Then the orders of the first homology
groups must be the same. This is not the case since

‘Hl(EQ(KD);Z)’ =det Kp =9 and |H1(22(K),Z)| = det K = 81.

It follows that Yo(Kp) cannot be a Seifert fibered 3-manifold with three
exceptional fibers and hence it can only be a lens space. Therefore the only
possibilities for Kp are the (2,9)-torus knot or the 2-bridge knot 6. O

Corollary 5.5. The Montesinos knot K(%, %, 1) cannot be an even sym-

5
metric union.

Proof. Assume that the Montesinos knot K = K (%, %, %) admits an even
symmetric union presentation with partial knot Kp. By Corollary 1.9, 2 =
g(K) > 2g(Kp), hence g(Kp) < 1. By Proposition 1.10, Kp can be only
the 2-bridge knot 6; since the torus knot 9; of type (2,9) has genus 4.
To rule out the possibility of K being an even symmetric union with
partial knot 61, one cannot use the genuine Alexander polynomial since
19
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A11ag0, (1) = (2 — 5t + 2t2)2 = Ag, (t)2. However this can be done by using
twisted Alexander polynomials and Theorem 1.6.

Let G(61) = (z,y | w(z,y) = 1) be the standard one-relator presen-
tation of the group of the 2-bridge knot 6;. Consider the representation

' 0 1 0 2
po: G(61) — SL(2,F7) given by po(x) = <6 4> ) = <3 4)'

Then the associated twisted Alexander polynomial is Ag, ,,(t) = 1 up to
multiplication by units in Fr[t*1].

If K is an even symmetric union with partial knot 61, then, by Theo-
rem 1.6,

AK7900<PD (t) = Aﬁl,po (t)z det(pO(UD)t - I2) =1+3t+ t2

up to multiplication by units in F7[t*!]. Using Mathematica, we can check
that for the 33 representations p: G(K) — SL(2,F7), Ak ,(t) # 1+ 3t + ¢
holds up to multiplication by units in Fr[t*1]. O

Now, Proposition 1.10 follows from Proposition 5.1 together with Corol-
lary 5.5.

Remark 5.6. The fact that the torus knot 97 cannot be a partial knot for an
even symmetric union presentation of the Montesinos knot K (%, %, %) can be
deduced also from the fact that the degree of the Alexander polynomial of the
Montesinos knot K (%, %, %) is twice the degree of the Alexander polynomial
of a partial knot: deg A (t) =4 < 2deg Ay, (t) = 16.

Remark 5.7. The property that Ag 0, (t) is divisible by Ag, ,,(t) is not
sufficient to get a contradiction since A ,(¢) has 1 + 3t + ¢? as a factor for

some representations p.

Remark 5.8. In [25], SL(2,F;;)-representations were already used to show
that there is no epimorphism from G(K) onto G(61) sending a meridian
of K to a meridian of 61, but Theorem 1.6 allows us to do that by using
SL(2,F7)-representations.

APPENDIX A. EPIMORPHISMS WHICH DO NOT KILL THE LONGITUDE

Jonathan Simon’s question remains open even when the epimorphism
¢: G(K) - G(K') is not killing the preferred longitude Ax of the knot K.
In this appendix we give some conditions on the target knot K’ which are
sufficient to get a positive answer when p(Ag) # 1.

Proposition A.1. Let K and K’ be two knots in S and p: G(K) - G(K')
be an epimorphism such that p(Ai) # 1. If K' is not a satellite knot with
winding number 1 nor a cable knot, then g(K) > g(K'). In particular, it is
true if K' is a hyperbolic knot.

The following lemma must be known. We give a proof for completeness.

Lemma A.2. Let K and K' be two knots in S® and ¢: G(K) - G(K') be
an epimorphism. If o(Ak) € m(OE(K')) \ {1}, then g(K) > g(K').
20
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Proof. We can assume that the two knots are non-trivial since the lemma is
obvious when K or K’ is a trivial knot. Since ¢(Ag) € m(OE(K")) \ {1},
it follows from [6, Lemma 6.9] that the epimorphism ¢ can be realized by
a proper map f: E(K) — E(K') of non-zero degree. Then the inequality
g(K) > g(K') follows from [20, Corollary 6.22] and [22, Theorem 8.8]. [

Lemma A.3. Let ¢: G(K) - G(K') be an epimorphism. If p(Ar) # 1,
then o(m (0E(K))) 2 Z & Z.

Proof. Since G(K') is torsion-free, (71 (0FE(K))) is isomorphic to Z or Z&Z.
If o(m1(0E(K))) = Z, there is a non-trivial element ph-\% € 71 (0E(K))
such that ¢(ph-A%) = 1. Taking the abelianization leads to plo(uk)] =0 €
H,(E(K');Z). Since [¢(urk)] generates Hy(E(K');Z) = Z, we have p = 0
and ¢ # 0. Hence p(Ag)? = ¢(A%) = 1. This contradicts the hypothesis
©(Ak) # 1 since G(K') is torsion-free. O

Proof of Proposition A.1. By Lemma A.3, p(m (0FE(K))) = Z @ Z. Then,
by the enclosing property of the JSJ decomposition of E(K’), the image
o(m (OF(K))) is conjugated to the fundamental group 71 (W) of some geo-
metric piece W of the JSJ decomposition of F(K’). So, after conjugation,
one can assume that o(m (OE(K))) C w1 (W).

E(K")

E(K7)

FIGURE 8. JSJ decomposition of E(K’) when 0FE(K') does
not belong to OW.

If OF(K') does not belong to OW, then there exists a JSJ torus T' C
OW C 83 such that T bounds the exterior E(K7%) of a knot K/ and W C
E(K}) C E(K') (see Figure 8). That is, K’ is a satellite of the companion
K. The composite map ¢(m1(0E(K))) — G(K5)* — G(K')* induced
by the inclusions is surjective because ¢(ux) generates G(K')*> = Z. Tt
follows that the morphism G(K})* — G(K')? is surjective. The winding
number of K’ with respect to its companion K. is the index of the image
of G(K4)* in G(K')*", and thus it is equal to 1.

So the hypothesis on K’ implies that dFE(K') belongs to OW. If W is
Seifert fibered, then W is a torus knot exterior, a cable space or a com-
posing space by [27, Lemma IX.22], where a composing space is a compact
3-manifold homeomorphic to an S'-bundle over a disk with holes.

If W is a torus knot exterior, K’ is a torus knot. In this case, the inequality
g(K) > g(K') holds since deg Ag/(t) = 2g(K') (see the argument after
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Problem 1.1). The JSJ piece W cannot be a cable space since K’ is not a
cable knot. If W is a composing space, then K’ is a composite knot by [47,
Theorem 1], which contradicts the hypothesis that K’ is not a satellite knot
of winding number 1.
Hence W must be a hyperbolic piece. Since W is atoroidal, p(m (0E(K))) =

Z ®Z is conjugated into a peripheral subgroup of 71 (W), which corresponds
to a torus 77 C OW. If T" # OE(K’), it corresponds to 0E(K.,) for a
companion K7, and K’ is a satellite knot with winding number 1 since
(T (0B(K))) C m1(0E(K/,)) generates G(K')?". This contradicts the hy-
pothesis on K’. Hence, we conclude that 77 = 9E(K') and ¢(\g) is a
non-trivial peripheral element of G(K’). It follows from Lemma A.2 that
9(K) > g(K"). O

Another consequence of Lemma A.2 concerns the case of meridian-preserving
epimorphisms.

Corollary A.4. Let K and K' be two knots in S* and ¢: G(K) - G(K')
be an epimorphism such that o(A\i) # 1. If p(ux) € m(OE(K")) and K' is
prime, then g(K) > g(K').

Proof. The surjectivity implies that ¢(ug) € m(0E(K')) is primitive, and
thus it is represented by a simple closed curve on JF(K’). Since ¢(uk)
normally generates the knot group G(K'), Property P for knots (see [36,
Theorem 1]) implies that ¢(ux) = pir. Then, Lemma A.5 below shows
that o(Ag) € m(OE(K')) \ {1} since it lies in the centralizer of ¢(uk).
Hence, Lemma A.2 completes the proof. [l

Lemma A.5. Let K' C S® be a prime knot. The centralizer C(ug:) of the
meridian element g in G(K') is the peripheral subgroup m (0E(K")).

Proof. By [47, Theorem 1], if there is an element v € G(K') \ m (0E(K"))
which commutes with pg, then K’ must be a composite or a torus knot,
or a cable knot. Since K’ is prime, it is a torus knot or a cable knot. The
centralizer C'(ug) contains the peripheral subgroup m (0E(K')) and hence
it is not cyclic. By [28, Theorem VI.1.6(i)] (see also [15]), up to conjugation,
C(ug) coincides with the centralizer of g either in the fundamental group
of the torus knot exterior K’ or in that of the cable piece of E(K') containing
OFE(K'). Since in each case pg is not the center of the fundamental group
of the torus knot exterior or of the cable piece, the centralizer C(u /) must
be abelian by [28, Addendum VI.1.8(iia’)]. Hence C(ug:) = m(0E(K’))
because the peripheral subgroup 71 (9F(K’)) is a maximal abelian subgroup
of the knot group (see [14, Corollary 1]). O

Since the exterior of a composite knot admits a degree-one proper map
to the exterior of any of its factor, the following is a straightforward conse-
quence of Corollary A.4.
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Corollary A.6. Let K and K' be two knots in S* and p: G(K) — G(K') be
an epimorphism such that p(Ag) # 1. If p(uk) is conjugated to ,uf(} and K'
has a prime factorization K{§--- 4K/, then g(K) > max{g(K}),...,9(K})}.

APPENDIX B. LONGITUDE-KILLING EPIMORPHISMS

We write K1 > Ky if there exists a meridian-preserving epimorphism
from G(K1) onto G(K3). In [32], it is shown that the following pair can be
realized by a degree-zero map, that is, by a longitude-killing epimorphism.

Proposition B.1. Any pair of the list
810, 820, 924, 1062, 1065, 1077, 1082, 1087, 1099, 10140, 10143 > 31, 1059, 10137 > 41

can be realized by a degree-zero map.

The twisted homology H1(E(K); Q[t,t!],) of E(K) by the abelianization
a: G(K) — (t) € GL(1,Q][t,t71]) is called the Alezander module over Q. Tt
is seen that an epimorphism between knot groups induces an epimorphism
between Alexander modules. The following proposition is useful to see that
an epimorphism can be induced by a non-zero degree map. It can be proved
by the argument similar to [50, Lemma 2.2] (see also [3, Proposition 15]).

Proposition B.2. If an epimorphism ¢: G(K) — G(K') is induced by a
non-zero degree map (E(K),0E(K)) — (E(K'),0E(K")), then the induced
map

oot Hi(B(K); Qltt"]0) = Hy(E(K):; QI 10
on the Alezander modules over Q[t,t~] splits. Furthermore, if ¢ is induced
by a degree-one map, then the induced map

w.: H(BE(K);Z[t,t ') = H(E(K'); Z[t,t7]a)
on the Alexander modules over Z[t,t~] splits.

By computing the second Alexander polynomial Ag) (t), we can see the

non-existence of a splitting on Alexander modules. For example, for the
pair 819 > 31, since Ag,,(t) = Az, (1)3 = (1> —t + 1)? and Ag?} (t) =1, we
have H1(E(810); Q[t,t 1) = Q[t,t71]/(As,(t)?). Recall here that the ring
Q[t,t71] is a PID. Similarly, H1(E(31); Q[t,t 1)) 2 Q[t,t71]/(t? —t+1) by

AZ(321) (t) = 1. Hence there is no section for an epimorphism

Hi(E(810); Q[t,t o) = Hi(E(31); Qlt, ta)

and it is induced only by a degree-zero map.
Similarly, because the second Alexander polynomials of

810, 820, 924, 10621065, 1077, 1032, 1087, 10140, 10143, 1059, 10137

are trivial, these Alexander modules can be determined by the Alexander

polynomials only. Hence, it is easy to see that there exist no sections for

the pairs of the above with 31 or 4;. For 1099, since Ajqy, (t) = (t2 —t +1)4,
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A%)gg (t) = (#* —t+ 1) and Ag%)gg (t) = 1 by the Mathematica package
KnotTheory", it is also seen that

Hy(B(1009; QI o)) = Q7 1/((2 = £+ 1)%) @ Qlt, 1]/ (12 — ¢+ 1)2)

and then there exists no section for 1099 > 31. In summary, we have the
following.

Proposition B.3. Any pair of
810, 924, 1062, 1065, 1077, 1082, 1087, 1099, 10143 > 31 1059, 10137 > 41

can be realized only by a degree-zero map.

Although a symmetric union of even type admits a longitude killing epi-
morphism, the converse is not true in general. More precisely, we can prove
the following. Here, the realization is proved in [37].

Proposition B.4. Any pair of
810,924, 1062, 1065, 1077, 1082, 1087, 1099, 10143 > 31 1059 > 41
cannot be realized by a symmetric union of even type. On the other hand,
820, 10140 > 31, 10137 > 44

can be realized by a symmetric union of even type.

It is natural to ask whether every longitude-killing epimorphism ¢: G(K) —
G(K') factors through an epimorphism onto G(K") for some even symmet-
ric union K” with partial knot K’. However the following example shows
that it is not the case.

Proposition B.5. No longitude-killing epimorphism G(924) — G(31) can
factorize through an epimorphism onto G(K) for any even symmetric union
K with partial knot 3.

Proposition B.5 follows from the following lemma.

Lemma B.6. There is no epimorphism ¢: G(924) — G(K) for any even
symmetric union K with partial knot 3.

Proof. Assume that there is an epimorphism ¢: G(924) — G(K) for some
even symmetric union K with partial knot 3;. Since the knot 994 is fibered
with genus 3, by [33, Proposition 5.2], the knot K must be fibered with
genus < 3. Since K is an even symmetric union with partial knot 31, its
Alexander polynomial equals Ag, (t)? and hence its degree is 4. It follows
that K is fibered with genus 2.

It follows from the proof of [33, Proposition 5.2] that the epimorphism
¢: G(924) — G(K) induces an epimorphism from the fundamental group of
the fiber surface of the knot 924 onto that of the knot K. If ¢ is a longitude-
killing epimorphism, then ¢ induces an epimorphism from the fundamental
group of a closed orientable surface of genus 3 onto the free group of rank 4.
This is not possible since there is an epimorphism of the fundamental group
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of a closed, orientable surface of genus 3 onto a free group of rank £ if and
only if £ < 3 by [26, Corollary 3.3]. Therefore ¢(\g) # 1 for the preferred
longitude Ay of the knot 994.

The knot 994 is the Montesinos knot K(%,2,3). It is a small knot by
[42, Corollary 4(a)]. Since the knot 934 is small and the epimorphism
¢: G(924) — G(K) is not killing the longitude, the knot K cannot be a
satellite knot by [2, Proposition 1.6]. Therefore K is either a torus knot or
a hyperbolic knot. Since K is an even symmetric union, it is a ribbon knot
and K cannot be a torus knot.

Therefore K is a fibered hyperbolic knot of genus 2. Moreover, |H (22(K);Z)]
det K = (det3;)? = 9. If K is a 2-bridge knot, then K is the (2,9)-torus
knot or the knot K (%) = 61 up to reversal of orientation. This is not possi-
ble since the torus knot of type (2,9) has genus 4 and the knot 6; has genus
1. Therefore K must have > 3 bridges.

Let {uo, Ao} be a pair of meridian and preferred longitude on the boundary
OF(924) of the exterior of the knot 994. Since p(Ag) # 1, @(m1(0E(924))) =
Z ® Z by Lemma A.3. Then ¢(m(0E(924))) is conjugate to a subgroup of
JE(K) since E(K) is a hyperbolic manifold. Therefore, after conjugation
in m(F(K)) one can assume that ¢(ug) belongs to m (OE(K)). Then the
argument of the beginning of the proof of Corollary A.4 shows that ¢(ug) =
ui@l and so the epimorphism ¢ is meridian-preserving. Therefore it induces
an epimorphism @: ¥2(924) — X2(K) between the 2-fold branched covers of
the knots 994 and K.

The 2-fold branched cover 39(924) = V(0; %; %, %, %) is a Seifert fibered
3-manifold with finite fundamental group (see [43, Section 6.2]). It fol-
lows that Yo(K) has a finite fundamental group. By the orbifold theorem,

S9(K) is a Seifert fibered 3-manifold V(0;ep; 2, 22 53 with (ay, ag, a3) €

) a17 a27 s
{(2,3,3), (2,3,5)} and ¢y = % + % + % € Q. These are the only platonic
triples with at most one of a1, as, a3 even by Lemma 5.4.

If (041,()(2,043) = (2,3,5), then |H1(22(KD);Z)‘ = 30|€0‘ = ‘15 + 108y +
63|. Since P2 is coprime with 3, so is |[H1(X2(Kp);Z)|. This is not possible
since |H1(X2(K);Z)| = det K = (det 31)% = 9 is not coprime with 3.

Therefore (a1, a9, as) = (2,3,3) and eg = ’%1 + % + % Since |eg| =
|H1 (32(K)sZ)| _ 1

anas = % = 5, up to reversal of orientation, the only possibility is

So(K) =V (0;1; -1, %, %) which corresponds to the Montesinos knot 829 =
K (—%, %, %) In [31, 32], the partial order induced by meridian-preserving
epimorphism between prime knot groups is completely determined for the
Rolfsen table of knots up to 10 crossings. It shows that there is no meridian-
preserving epimorphism between G(924) and G(829). This finishes the proof

of the lemma. O
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