18

Dynamics of quantum fields

In this chapter we describe how to quantize linear classical dynamics. The
starting point will be a dual phase space ) equipped with a dynamics — a
one-parameter group of linear transformations {r: }:+cg preserving the structure
of Y.

The most typical examples of ) are the space of solutions of the Klein—Gordon
equation and of the Dirac equation, possibly on a curved space-time and in the
presence of external potentials. We can also consider other systems, not neces-
sarily relativistic, e.g. motivated by condensed-matter physics.

We describe how to quantize (Y, {r¢};cr) obtaining a model of non-interacting
quantum field theory. We demand that quantum fields are represented on a
Hilbert space and that the dynamics is implemented by a unitary group gen-
erated by a positive Hamiltonian. In all the cases we consider, the first step of
quantization is the construction of the so-called one-particle space Z, equipped
with a dynamics generated by a positive one-particle Hamiltonian h. Then we
apply the usual procedure of the second quantization to obtain the Fock space
over Z equipped with the dynamics given by the second quantization of e''".

The positivity of the Hamiltonian of the quantum system means that we are
at the zero temperature. We will also consider briefly the case of positive temper-
atures, which involves the construction of a state satisfying the KMS condition.

The abstract procedure outlined above is used in concrete situations in quan-
tum field theory to construct free (i.e. non-interacting) quantum fields and many-
body quantum systems. In this chapter we will not discuss the construction of
interacting quantum fields, which is much more difficult. In the physical liter-
ature, one usually tries to construct interacting fields by perturbing free ones,
which is one of the reasons for the importance of free fields. We will describe
the diagrammatic aspects of the formal perturbation theory in Chap. 20. Some
mathematical tools involved in the rigorous construction of interacting fields are
described in Chap. 21 and will be applied to bosonic models in two space-time
dimensions in Chap. 22.

The space ) will always have an additional structure preserved by the dynam-
ics. We distinguish four kinds of such structures leading to four kinds of quanti-
zation formalisms:

(1) Neutral bosonic systems. The space Y is symplectic. This formalism is
used e.g. for real solutions of the Klein—-Gordon equation.
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476 Dynamics of quantum fields

(2) Neutral fermionic systems. The space Y is Euclidean. This formalism
can be used e.g. for Majorana spinors satisfying the Dirac equation.

(3) Charged bosonic systems. The space Y is charged symplectic (equipped
with a non-degenerate anti-Hermitian form). This formalism is used e.g. for
complex solutions of the Klein—Gordon equation.

(4) Charged fermionic systems. The space ) is unitary. This formalism is
used e.g. for Dirac spinors satisfying the Dirac equation.

Remark 18.1 In the most common physics applications we encounter the neu-
tral bosonic formalism (e.g. for photons) and the charged fermionic formalism
(e.g. for electrons). Charged bosons are also quite common, e.g. charged pions
or gluons in the standard model. On the other hand, until recently, the neutral
fermionic formalism had mostly theoretical interest. However, in the modern ver-
ston of the standard model involving massive neutrinos, Majorana spinors can
be useful.

Remark 18.2 To avoid possible confusion, let us discuss the distinction between
the notion of a “phase space” and of a “dual phase space”.

Possible states of a classical system are described by elements (points) of a
set V, called a phase space. V is typically a manifold, often equipped with an
additional structure, e.g. it is a symplectic manifold. The time evolution of a
classical system is given by a one-parameter group {r;}ier of isomorphisms of
V. Classical observables are described by (real- or complex-valued) functions
on V.

If V is in addition a vector space, we have in particular linear (i.e. “coordi-
nate”) functions ¥V 3 v v-y € R labeled y € V¥ =: Y. We will say that Y is
the dual phase space. After the bosonic resp. fermionic quantization, we obtain
a family of quantum observables ¢(y), y € Y, which are operators satisfying the
CCR, resp. the CAR and are called the bosonic, resp. fermionic fields. They are
labeled by elements of the dual phase space.

As we see from this discussion, in the quantum case it is the dual ) of the
phase space that has a more fundamental role than the phase space V itself.
Therefore, in our work the starting point is typically Y.

The distinction between the phase space and its dual is rather academic in the
fermionic case, where they can be naturally identified using the scalar product.
In the bosonic case, if the space V is symplectic (the form w is non-degenerate),
one can identify the phase space and its dual with help of this form.

The Hamiltonian, which generates a symplectic dynamics, is traditionally
defined as a function on the phase space. If the phase space is symplectic we
can transport the Hamiltonian by w from V to Y, so that it becomes a function
on Y. In this chapter, in the bosonic case the phase space will be always sym-
plectic and we will treat Hamiltonians as functions on the dual phase space, as
explained above.
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One can distinguish three stages of quantization.

(1) Classical system. We consider one of the four kinds of the dual phase space
Y, together with a one-parameter group of its automorphisms, R 3 ¢ — 7y,
which we view as a classical dynamics.

(2) Algebraic quantization. We choose an appropriate x-algebra 2, together
with a one-parameter group of *-automorphisms R > ¢ — 7. The algebra 2 is
sometimes called the field algebra of the quantum system. The commutation,
resp. anti-commutation relations satisfied by the appropriate distinguished
elements of 2 are governed by the (charged) symplectic form, resp. the scalar
product on the dual phase space. {f; };cr describes the quantum dynamics
in the Heisenberg picture. The algebra 2 contains operators that are useful
in the theoretical description of the system. However, we do not assume that
all of its elements are physically observable, even in principle. Therefore, we
also distinguish the algebra of observables. It is a certain x-sub-algebra of A,
invariant with respect to the dynamics, which consists of operators whose
measurement is theoretically possible.

(3) Hilbert space quantization. We represent the algebra 20 on a certain
Hilbert space H. Typically, the representation of the algebra 2l is faithful, so
that we can write A C B(H). We demand that the dynamics is implemented
by a one-parameter unitary group on H. In the case of a zero temperature,
we want this unitary group to be generated by a positive operator H, called
the Hamiltonian, so that

71 (A) = e Ae™1H (18.1)

In the case of a positive temperature, the space H should contain a cyclic vec-
tor satisfying the KMS condition with respect to the dynamics. Its generator
is called the Liouvillean and denoted L.

Note that, among the three stages of quantization described above, the most
important are the first and the third. The second stage — the algebraic quanti-
zation — can be skipped altogether. In the usual presentation, typical for physics
textbooks, it is limited to a formal level — one says that “commuting classi-
cal observables” are replaced by “non-commuting quantum observables” sat-
isfying the appropriate commutation, resp. anti-commutation relations. In our
presentation we have tried to interpret this statement in terms of well-defined
C*-algebras. This is quite easy in the case of fermions. Unfortunately, in the case
of bosons it leads to certain technical difficulties related to the unboundedness of
bosonic fields, and involves a considerable amount of arbitrariness in the choice
of a C*-algebra describing bosonic observables. To some extent, the algebraic
quantization is merely an exercise of academic interest. Nevertheless, in some
situations it sheds light on some conceptual aspects of quantum theory.

One of the confusing conceptual points that we believe our abstract approach
can explain is the difference between the dual phase space and the one-particle
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space. Throughout our work, the former is typically denoted by ) and the lat-
ter by Z. These two spaces are often identified. They have, however, different
physical meanings and are equipped with different algebraic structures.

We also discuss abstract properties of two commonly used discrete symmetries
of quantum systems: the time reversal and the charge reversals. Their properties
can be quite confusing. We believe that the precise language of linear algebra
is particularly adapted to explain their properties. Note, for instance, that the
charge reversal is anti-linear with respect to the complex structure on the phase
space and linear with respect to the complex structure on the one-particle space.
On the other hand, the (Wigner) time reversal is anti-linear with respect to both.

We will always assume that the time and charge reversals are involutions on
the observables. Only in the neutral bosonic case do they need to be involutive on
the fields as well. In the other three cases observables are even in fields; therefore
the time and charge reversals can be anti-involutive.

The first two sections of this chapter present the quantization in an abstract
way. In the next two sections, we specify it a little more, considering what we call
abstract Klein—-Gordon and abstract Dirac dynamics. This presentation allows us
to isolate the main features of various constructions used in quantum field theory
and many-body quantum physics.

Throughout the chapter, ¢ is the generic name of a real variable denoting the
time.

18.1 Neutral systems

This section is devoted to the neutral bosonic and fermionic formalism of quan-
tization.

In the neutral formalism the vector space ) is real and is equipped with
a symplectic form w in the bosonic case, resp. with a positive definite scalar
product v in the fermionic case. The dynamics describing the time evolution is
a one-parameter group {r;};er with values in Sp(Y), resp. O()). The problem
addressed in this section is to find a CCR, resp. CAR representation ) > y —
#(y) on a Hilbert space H and a self-adjoint operator H on H such that e#
implements ;. In the case of a zero temperature, usually one demands that the
Hamiltonian H is positive.

We will do this by finding a Ké&hler anti-involution that commutes with the
dynamics, and thus leads to a Fock representation in which the dynamics is
implementable.

It turns out that this is easy in the fermionic case. The bosonic case is more
technical. In particular, one needs to assume that the dynamics is stable, which
roughly means that the classical Hamiltonian is positive.

One often assumes that the dynamics {r;}:cg is a part of a larger group
of symmetries G. In other words, our starting point is a homomorphism of a
group G into Sp(Y), resp. O(Y). One often asks whether the action of G can be
implemented in the Hilbert space H by unitary operators.
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18.1 Neutral systems 479

A different kind of a symmetry is the time reversal. After quantization, the
time reversal is implemented by an anti-unitary operator.

Recall that if a is an operator on a real space ), then ac, resp. az denotes its
linear, resp. anti-linear extension to C).

18.1.1 Neutral bosonic systems

Let (,w) be a symplectic space. Let R 3t — r; € Sp(Y) be a one-parameter
group.

Algebraic quantization of a symplectic dynamics

It is easy to describe the quantum counterpart of the above classical dynamical
system. We take one of the CCR algebras over (Y,w), say CCRV*!()), and
equip it with the group of Bogoliubov automorphisms {#; };cr, defined by

#(W(y) =W(ry), yed.

Stable symplectic dynamics

Typical symplectic dynamics that appear in physics have positive Hamilton-
ians. We will call such dynamics stable. We will see that (under some technical
conditions) a stable dynamics leads to a uniquely defined Fock representation.

It is easy to make the concept of stability precise if dim ) < co. In this case
Y has a natural topology. Of course, we assume that the dynamics t +— r; is
continuous. Let a be its generator, so that r; = e'®. Clearly, the form 3 defined
by

Y1-By2 == y1-ways, Y1,y2 €Y, (18.2)
is symmetric.

Definition 18.3 We say that the group t — 1, € Sp()) is stable if 8 is positive
definite.

The definition of a stable dynamics in the case of infinite dimensions is more
complicated, because we need to equip (Y, w) with a topology. There are various
possibilities for doing this; let us consider the simplest one.

Definition 18.4 We say that (Y,w,3,{ri}tcr) is a weakly stable dynamics if
the following conditions are true:

(1) B is a positive definite symmetric form. We equip Y with the norm ||y|len :=
(y - By)z. We denote by Yen the completion of Y w.r.t. this norm.

(2) Rot— 1 € Sp(Y) is a strongly continuous group of bounded operators.
Thus, we can extend r; to a strongly continuous group on Ye, and define
its generator a, so that vy = e'®.

(3) Kera = {0}, or equivalently, () Ker(r; — 1) = {0}.

teR

(4) Y € Doma and y;-Bys = y1-ways, Yi,Ys € V.
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If, in addition, w is bounded for the topology given by (B, so that it can be
extended to the whole Ven, we will say that the dynamics is strongly stable. In
this case (Ven,w) is a symplectic space.

Note that ( has two roles: it endows ) with a topology and it is the
Hamiltonian for r;.

Theorem 18.5 Let ()&w,ﬁ, {rt}teR) be a weakly stable dynamics. Then

(1) r¢ are orthogonal transformations on the real Hilbert space Yo, .
(2) a is anti-self-adjoint and Kera = {0}.
(3) The polar decomposition

a =: lalj = jlal

defines a Kdhler anti-involution j and a self-adjoint operator |a] > 0 on Ve, .
(4) The dynamics is strongly stable iff |a| > C for some C > 0.

Recall that, given an operator |a| > 0 on ),,, we can define a scale of Hilbert
spaces |a|®Ven (see Subsect. 2.3.4). Then r; and j are bounded on Y., N |a|* Ve
for the norm of |a|*Ven. Let 75, and js denote their extensions. Similarly, a and
|a| are closable on Y., N |al* Ve, for the norm |a|*Ve,. Let as, |als denote their
closures. Clearly, for any s, a; = |a|sjs = js|als is the polar decomposition, js is an
orthogonal anti-involution and rs; = e’ is an orthogonal one-parameter group.

Let -4 denote the natural scalar product on |a|*Ve,. Let us express the scalar
product and the symplectic form in terms of 3:

Y1 s Yo = y1 Bla| Py = (|a|_28y1)'/8y27 (18.3)
y1-wyr = y1-Ba” s = (a”y1)-Bys.
Note that the symplectic form does not need to be defined everywhere.
Of particular interest for us is the case s = %, for which we introduce the

notation YVyn := |a|%ym. In what follows we drop the subscript s = % from rg 4,
sy s, as and |as.

Proposition 18.6 Yy, equipped with (-,w,j) is a complete Kdhler space.
Proof Setting s = § in (18.3), we obtain

y1 -y = y1-Blal e = yrwala| ' ye = y1-wiys. 0

Fock quantization of symplectic dynamics

Until the end of this subsection we drop the subscript dyn from Yiy,. Let Z be
the holomorphic subspace of C) for the Kahler anti-involution j constructed in
Thm. 18.5.

Clearly, |a| commutes with j, hence its complexification |a|¢ preserves Z. We

set h :=|a|c

h
’Z. Note that A > 0 and ac = i { 0] , if we use the identification

0 —h
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CY = Z @ Z. Likewise, ()¢ = (e4ll)¢ preserves Z, and we have
(Tt)(C|Z _ eith.

For y € Y, define the field operators
(1] 1-ij
</>(y)-—a< 5 y>+a( 5 y)

Yoy W eU(Ty(2)) (18.4)

Then,

is a Fock CCR representation. Introduce the positive operator H := dI'(h) on
Is(Z). We have

M o(y)e M = g(ry). (18.5)

Definition 18.7 (18.4) is called the positive energy Fock quantization of the
weakly stable dynamics {ri}+er. For any y € ), the corresponding time t phase
space field is defined as

b1 (y) = d(r-1y)-

Quantizing symplectic dynamics with the (classical) Hamiltonian that is not
bounded below is in general more difficult. Even if it is possible, the corres-
ponding quantum Hamiltonian will not be bounded from below. There are some
situations in physics when non-positive Hamiltonians arise. An example of such
situations is the Klein—Gordon field in the space-time describing a rotating black
hole, where the phenomenon of super-radiance appears; see Gibbons (1975).

Criterion for a weakly stable symplectic dynamics

In practice, our starting point for quantization of a symplectic dynamics can
be somewhat different from that described in Def. 18.4. In this subsection we
describe a more general framework that leads to a stable dynamics.

Suppose that the symplectic space ) is equipped with a Hilbertian topology
given by a norm | - || such that the symplectic form w is bounded. Let {r;}+er
be a strongly continuous symplectic dynamics. Again, we denote its generator
by a, so that r, = e'®. It is easy to see that

Y1 -ways = —(ay1) - wy2, Y1,y2 € Doma.
Hence,

y1 - By2 1= y1 - waya, Yi,Y2 € Doma.

defines a symmetric quadratic form. Let us assume that there exists ¢ > 0 such
that

y- By >clyl®*, y € Doma. (18.6)
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Lemma 18.8 Consider the Hilbert space Ve, obtained by completing Doma in
the norm ||yllen = (y - ﬁy)%. Then Yen can be viewed as a dense subspace of Y.
Moreover, r; preserves Ve, and is a strongly continuous isometric group on Ve -

Proof (18.6) guarantees that Y., can be considered as a subspace of V.
Let y € Doma. Then,

y-By = yway = (ry)wriay
= (ry)-waryy = (rey)-Brey.

Thus 7 is isometric in || - |len on Doma (and hence on Ve, ). Moreover,

(rey —y)-B(rey —y) = (ry — y)w(riay — ay) — 0.
Thus r; is strongly continuous in || - |len on Doma (and hence on Y, ). O
Let ae, denote the generator of the dynamics {r; }+cr restricted to Ve, . Clearly,

ten C a.
The following theorem is easy:

Theorem 18.9 Under the assumptions of this subsection, the space Dom aey
equipped with w, B and {r;}er restricted to Dom ae, satisfy the conditions of a
weakly stable dynamics of Def. 18.4.

18.1.2 Neutral fermionic systems

Let (),v) be a real Hilbert space. We think of it as the dual phase space of
a fermionic system. A strongly continuous one-parameter group R >t r; €
O(Y) will be called an orthogonal dynamics. We view it as a classical dynamical
system.

Algebraic quantization of an orthogonal dynamics

We choose CARC” () as the field algebra of our system. It is equipped with the
one-parameter group of Bogoliubov automorphisms {#; };cgr, defined by

P (o(y) = d(ry), yed.
In quantum physics only even fermionic operators are observable. Therefore,

it is natural to use the even sub-algebra CAR(?* (V) as the observable algebra.

Kahler structure for a non-degenerate orthogonal dynamics
Let a be the generator of r;, so that r; = e!® and a = —a*.
Definition 18.10 We say that the dynamics t — r; € O()) is non-degenerate
if

Kera = {0}, or equivalently ﬂ Ker(r; — 1) = {0}. (18.7)
teR
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Theorem 18.11 The polar decomposition
a =: |alj = jlal
defines an operator |a| > 0 and a Kdahler anti-involution j on Y.

Fock quantization of orthogonal dynamics
Let Z be the holomorphic subspace of C) for the Kéhler anti-involution j.

The operator |a| commutes with j. Hence, its complexification |a|c preserves

Z. We set h:= |a\<c‘z 0o _7

h
. Note that h > 0 and ac =i [ 0]. Likewise, (r¢)c =
(efilel)¢ preserves Z, and we have

(rt)(C|Z _ eith.

Consider the Fock representation associated with the Kéahler anti-involution j

1—ij 1—ij
Y3y dly) = a* ( . ‘]y) ta (2‘]y> € By (T (2)), (18.8)
and the positive operator H := dI'(h) on I',(Z). We have
" p(y)e ™ = o(ry). (18.9)

Definition 18.12 (18.8) is called the positive energy Fock quantization of the
dynamics {r }+er. For any y € Y, the corresponding time t field is defined as

ée(y) = d(r—1y).

18.1.3 Time reversal in neutral systems

Let (Y, w) be a symplectic space in the bosonic case, or let (), v) be a real Hilbert
space in the fermionic case.

Time reversal and its algebraic quantization

Definition 18.13 A map 7 € L(Y) is a time reversal if

(1) 7 is anti-symplectic and 7> = 1 in the bosonic case,

2

(2) 7 is orthogonal and 7 = 1 or 72 = —1 in the fermionic case.

Let us fix a time reversal 7. Let us quantize 7 on the algebraic level.

Proposition 18.14 (1) In the bosonic case, there exists a unique anti-linear
x-homomorphism 7 of the algebra CCRYY'()) such that F(W(y)) =
W (ry). 72 is the identity.

(2) In the fermionic case, there exists a unique anti-linear x-homomorphism 7
of the algebra CARC*()}) such that %(q&(y)) = ¢(1y). 72 is the identity on
CARS™ (V) (the even algebra).

Definition 18.15 7 defined in Prop. 18.14 is called the algebraic time reversal.

https://doi.org/10.1017/9781009290876.019 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.019

484 Dynamics of quantum fields

Suppose that {r; };cr is a dynamics, where r; € Sp()) in the bosonic case and
r¢ € O(Y) in the fermionic case.

Definition 18.16 We say that the dynamics {ri}1cr is time reversal invariant
if
Try =TT (18.10)

Clearly, on the algebraic level (18.10) implies 77 = 7_;7.

Fock quantization of time reversal

Let {r: }+er be a time reversal invariant dynamics. In the bosonic case we assume
that the dynamics is weakly stable; in the fermionic case we assume that it is
non-degenerate. In both cases we can introduce a, j, h. We have

Ta=—ar, Tj=—j1, Tla|=a|r.
Note that the anti-linear extension of 7, denoted 75, preserves Z.
Definition 18.17 We write 7z := T@|Z.

Clearly, 7z is anti-unitary and 7zh = h7z. Moreover,

(1) 72 = 1 in the bosonic case,
1

(2) 72 =T or 72 = —1 in the fermionic case.
Consider the positive energy quantization of the dynamics on the Fock space

Definition 18.18 The Fock quantization of time reversal is defined as the anti-
ungtary map T :=T'(1z).

We have THT ' = H, T T—1 = e7H T implements 7 and

Top(y) T~ =d(ry), y€Y.
Recall that I denotes the parity operator defined in (3.10). We have

(1) T? = 1 in the bosonic case,
(2) T? = 1 or T? = I in the fermionic case.

18.2 Charged systems

In the charged formalism, the classical system is described by a complex vector
space ).

In the bosonic case, it is equipped with an anti-Hermitian form (-|w-) — we say
that it is a charged symplectic space. The dynamics {r; };cr describing the time
evolution is assumed to preserve (-|w-) — we say that r; is charged symplectic.

In the fermionic case it is equipped with a positive scalar product (-|-). Without
decreasing the generality we can assume that it is complete — ) is a complex
Hilbert space. The dynamics {r; }:+cr preserves (:|-) — it is unitary.
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By a positive energy quantization of a charged classical system we mean a
charged CCR or CAR representation Y 3 y — 9*(y) on a Hilbert space H and
a positive self-adjoint operator H on H such that e!'/

The complex structure of ) is responsible for the action of a U(1) symmetry
{e”}yeo,24]- On the level of the Fock representation it is implemented by €@,
where @ is called the charge operator.

Recall that charged systems can be viewed as special cases of neutral sys-
tems equipped in addition with a certain symmetry. As discussed in Subsect.
1.3.11, a homomorphism U(1) 30— uy € L()) on a real space ) is called
a U(1) symmetry of charge 1 if there exists an anti-involution j., such that
ug = cos 01 + sin 0j.,. Assume that it preserves the symplectic, resp. Euclidean
form w, resp. v, which is equivalent to saying that j., is pseudo-Kahler, resp.
Kéhler. Assume also that the dynamics {r; };cg commutes with this symmetry,
which is equivalent to saying that j., commutes with 7. If we equip the space
with the complex structure given by j., then the symmetry uy becomes just the
multiplication by e'?. It is then natural to replace the real bilinear forms w, resp.
v by the closely related sesquilinear forms (-|w-), resp. (:|-). The invariance of
the dynamics w.r.t. the charge symmetry is now expressed by the fact that the
dynamics is complex linear. See Subsects. 8.2.5 and 12.1.7 for further details.

In this section we describe in abstract terms the charged formalism. At the end
of the section, we discuss the charge reversal and the time reversal for charged
systems.

We will use 0 as the generic variable in U(1) = R/27Z.

implements ;.

18.2.1 Charged bosonic systems

Let (Y, (-|w-)) be a charged symplectic space. Let R 3 ¢+ r; € ChSp(Y) be a
charged symplectic dynamics.

Algebraic quantization of a charged symplectic dynamics

By taking Re(y;|wys) we can view Vg as a real symplectic space. We choose
CCR™®()r) as the field algebra of our system. This algebra is generated (in
the sense described in Subsect. 8.3.4) by the Weyl elements el (#) ") 4 e Y,
satisfying the relations

eV (W) +10 " (y1) o1t (y2)+19 " (y2) — o—iRe(y1|wy2) Giv (y1+y2)+iv " (y1+y2)

We equip CCR™®(Yg) with the automorphism groups {6/‘15}96[](1) and {7 }ier
defined by

T30 (A ()it () _ v (el y) i (e’
eif (¥ (¥) (y))fe (e%y) (%y)

Fy (W) = GO )y ey,
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For the observable algebra it is natural to choose the so-called gauge-invariant
reqular CCR algebra CCR*(Y), which is defined as the set of elements of

—~

CCR'®()R) fixed by e'?. Note that CCR;g () is contained in the even alge-
bra CCR;™® (Vr) and is preserved by the dynamics 7;.

Remark 18.19 In this subsection, for the field algebra of our system we have
preferred to choose CCR™8(Vg) instead of CCRV™(Vg). This is motivated
by the fact that the only element left invariant by the gauge symmetry il in
CCRYY\ (V) is 1, whereas in the case of CCR™(Vr) we obtain a large gauge-
imvariant algebra.

Fock quantization of a charged symplectic dynamics

The concept of stability of dynamics in the charged case is analogous to the
neutral case.

Definition 18.20 We say that (Y, (-|w-), (-|8-),{r:}ier) is a weakly stable
dynamics if the following conditions are true:

(1) (-|8-) is a positive definite sesquilinear form. We equip ) with the norm
[yllen == (y|By)z. We denote by Ven the completion of Y w.r.t. this norm.

(2) We assume that {ri}icr s a strongly continuous group of bounded operators
on Y. Thus we can extend 1 to a strongly continuous group on Ye, and
define its generator ib, so that r; = e'*?.

(3) Kerb = {0}, or equivalently, [\ Ker(r; — 1) = {0}.
teR
(4) We assume that Y C Domb and

(11By2) = i(y1|wby2), y1,y2 € V. (18.11)

If in addition w is bounded for the topology given by (3, so that (|lw-) can be
extended to the whole Ve, , we will say that the dynamics is strongly stable.

Theorem 18.21 Let (Y, (:|lw), (-|3-),{ri}icr) be a weakly stable dynamics.
Then

(1) v are unitary transformations on the Hilbert space Vey,

(2) b is self-adjoint and Kerb = {0}.

Set q := sgn(b) and j := isgn(b). Clearly, |b| is positive and r; = e/l

Set Yayn = |b|5yen. As in Subsect. 18.1.1, we can view ¢, j, b and |b| as defined
on Yayn- In what follows we drop the subscript dyn from Yay,.

Let 1 := Tjg oop(£b) = Ny413(q), Y+ := Ranli. Let Z denote the space )
equipped with the complex structure given by j. (In other words, Z := )Y, @ Y_.)

The operators |b|, ¢ and b preserve )Jy. Hence, they can be viewed as com-
plex linear operators on Z as well, in which case they will be denoted h, gz
and bz.
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Consider the space I's(Z). For y € Y, let us introduce the charged fields on Y,
which are closed operators on I's(Z) defined by

P (y) = a” (Iiy) +a (1y),

P(y) = a(liy) +a* (Ty). (18.12)
We obtain a charged CCR representation
Y3y i(y) € Cl(Ts(2)). (18.13)

Define the self-adjoint operators on I'y(Z)
H :=dI'(h), Q:=dl'(gz).
Clearly,
Myl =u(ey), u(y)e™? =u(e’y), ye.

Definition 18.22 (18.13) is called the positive energy Fock quantization for the
dynamics {r; };er. For any y € Y, the corresponding time t field is defined as

)y (y) = 1/’(7’—f,y)-

18.2.2 Charged fermionic systems

Let (Y, (-|-)) be a complex Hilbert space describing a charged fermionic system.
A strongly continuous one-parameter group R > ¢ — r, € U(Y) will be called a
unitary dynamics.

Algebraic quantization of a unitary dynamics

Clearly, by taking the real scalar product y;-vys := 3Re(y1|y2) we can view
Yr as a real Hilbert space. We can associate with our system the field alge-
bra CAR®" (Vr) with distinguished elements t(y), y € Y. We equip it with the
automorphism group {e'? }ycy(1) and {7 };er defined by

e (v(y)) = v(y),

(YY) = d(rey), ye.

Similarly to the bosonic case, for the observable algebra we choose the so-

called gauge-invariant CAR algebra CARgi*(y)7 which is defined as the set of

elements of CARC” () fixed by ¢, Note that CARS* () is contained in the
even algebra CAROC* (Vr) and is preserved by the dynamics 7.

Fock quantization of a unitary dynamics
Let b be the self-adjoint generator of {r;};cr, so that r; = ei*’.
Definition 18.23 We say that the dynamics t — r, € U()) is non-degenerate
if

Kerb = {0}, or equivalently ﬂ Ker(r, — 1) = {0}. (18.14)
teR

https://doi.org/10.1017/9781009290876.019 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.019

488 Dynamics of quantum fields

Set ¢ :=sgn(b) and j:=isgn(b). Clearly, |b| is positive, and r; = e/l’l. Let
Iy = Tyo oo (£D) = Iy113(q), Y+ := Ran 1. Let Z denote the space ) equipped
with the complex structure given by j. (In other words, Z :=Y, ®Y_).

The operators |b|, ¢ and b preserve V.. Hence, they can also be viewed as
complex linear operators on Z as well, in which case they will be denoted h, gz
and bz.

Consider the space I', (Z). For y € ), let us introduce the charged fields on Y,
which are closed operators on I',(Z) defined by

V*(y) = a* (1iy) +a(1_y), (18.15)
) = a(liy) +a* (Tp). (18.16)

We obtain a charged CAR representation
Yoy (y) € B(Ta(2)). (18.17)
Define the self-adjoint operators on I'y (Z)
H = dr(h), Q:=dl(gz),
Clearly,

e Mop(y)e ™M = g(e"y), QP(y)e ™ = y(e’y), ye.

Definition 18.24 (18.17) is called the positive energy Fock quantization of the
dynamics {r; }ter. For any y € ), the corresponding time t phase space field is
defined as

Vi (y) == Y(r_y).

18.2.3 Charge reversal

Let (y, (|w)) be a charged symplectic space in the bosonic case, or let (y7 (|))
be a complex Hilbert space in the fermionic case.

Charge reversal and its algebraic quantization

Definition 18.25 y € L(Jg) is a charge reversal if x> = 1 or x> = —1, and

(1) (xy1lwxye) = (y1|lwye) (x is anti-charged symplectic) in the bosonic case;
(2) (xv1lxy2) = (y1ly2) (x is anti-unitary) in the fermionic case.

Let us fix a charge reversal x. Consider now its algebraic quantization.

Proposition 18.26 (1) In the bosonic case, there exists a wunique
x-automorphism X of CCR™®®(Jr) such that

X(eiw(y)ﬁb"*(y)) — P (xy) v (xy)
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(2) In the fermionic case, there exists a unique x-automorphism X of CARS’ (Or)
such that

X(¥*(y) = P (xy)-
In both the bosomnic and the fermionic case, X leaves invariant the gauge-
invariant algebra and is involutive on it.
Definition 18.27 x defined in Prop. 18.26 is called the algebraic charge reversal.

Let us remark that whereas x is anti-linear, x is linear.
Suppose that {r:}:cr is a charged symplectic or unitary dynamics.

Definition 18.28 We say that the dynamics is invariant under the charge rever-
sal x if
X7t = TrX- (18.18)

Similarly, if we have a group of symmetries {ry}seq we say that it is invariant
under the charge reversal x if ryx = x7y, g € G.

Clearly, on the algebraic level (18.18) implies x7; = 7 X.

Fock quantization of charge reversal

Let {r;};cr be a charge reversal invariant dynamics. In the bosonic case assume
that the dynamics is weakly stable. In the fermionic case assume it is non-
degenerate. Let b, h, g etc. be constructed as before. In both the bosonic and the
fermionic case it follows that

xbl = [blx,  xb=-bx, xq=-gx, xj=jx-
Definition 18.29 We denote xz the map x considered on Z.

Note that xz is unitary, unlike y.
Definition 18.30 The Fock quantization of the charge reversal is the unitary
C:=T(xz).

We have CHC~! = H, CQC~! = —Q. C implements ¥ and

CY* (y)O™" = d(xy)-
Note that C? = 1 or C? = I, where we recall that I is the parity operator.
Neutral subspace
Assume that x> = 1. Recall that we can define the spaces
Y i={yey : y=+xy}

The dynamics and the symmetry group restrict to VX and Y ~X.

Definition 18.31 We will call YX the neutral subspace of . (In the fermionic
case, we will also call it the Majorana subspace.)
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Note that Y = YX @ iYX, hence the system can be viewed as a couple of neutral
systems.

Let us describe the converse construction. Suppose that we have a neutral
system (), w) or (),v) equipped with the dynamics {r;};cg. We can extend it
to a charged system as follows. We consider the complexified space C)Y equipped
with the natural conjugation denoted by the “bar”. We equip it with the anti-
Hermitian form, resp. scalar product

(w1 |wws) := Wy wws,
or (wi|ws) := 2wW; vwy, wi,ws € CY.
We extend the dynamics 7; to (r)c on CY. Clearly, (r;)c¢ is a charged symplectic,
resp. unitary dynamics with the charge reversal given by yw :=w, w € CY. It

satisfies x> = 1. One gets back the original system by the restriction to the
neutral subspace.

18.2.4 Time reversal in charged systems
Let (Y, (|w-)) be a charged symplectic space in the bosonic case, or let (), (-|-))
be a complex Hilbert space in the fermionic case.

In the case of charged systems it is natural to consider two kinds of time
reversal. The standard choice is an anti-linear symmetry considered by Wigner.
The so-called Racah time reversal is actually historically older than the Wigner
time reversal. It is linear and from a purely mathematical point of view may
seem more natural.

Wigner time reversal and its algebraic quantization

Definition 18.32 7 € L(Jg) is a Wigner time reversal if 72 = 1 or 72 = —1,
and

(1) (ry1|lwty2) = —(y1|wy2) (7 is anti-charged anti-symplectic) in the bosonic
case;

(2) (ty1lmy2) = (y1ly2) (T is anti-unitary) in the fermionic case.

Let us fix a Wigner time reversal 7.

Proposition 18.33 (1) There exists a unique anti-linear x-automorphism 7 on
the algebra CCR™® (V) such that

%(ei’w(y)ﬁﬁ)*(y)) — o~ (Ty) =" (1Y)

(2) There exists a wunique anti-linear x-automorphism 7 of the algebra
CARY (Vr) such that

7(Y(y)) = ¢(1y).

In both the bosonic and the fermionic case, T leaves invariant the gauge-
tnvariant algebra and is involutive on it.
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Definition 18.34 7 defined in Prop. 18.33 is called the algebraic Wigner time
reversal.

Note that both 7 and 7 are anti-linear.
Suppose that {r; }:cr is a charged symplectic or unitary dynamics.

Definition 18.35 We say that the dynamics is invariant under the Wigner time
reversal 7 if

Tr = 7T_4T. (18.19)

Clearly, on the algebraic level (18.19) implies 77 = 7_;7.

Fock quantization of Wigner time reversal

Let {r: }+er be a Wigner time reversal dynamics. In the bosonic case assume that
the dynamics is weakly stable. In the fermionic case assume it is non-degenerate.
Let b, h, q etc. be constructed as before. In both the bosonic and the fermionic
case it follows that

Tlb| = [b|7, Tb=0br, TE=9¢qT1, Tj=—jT.

Thus TV = me V. =)_.
Definition 18.36 Let 7z denote T considered on Z.
Note that 7z is anti-unitary.

Definition 18.37 The Fock quantization of the Wigner time reversal is given
by the anti-unitary T :=T'(7z).

We have THT ! = H, TetHT—1 = et TQT-! = Q, T'9T~!1 = 190, T
implements 7 and

TY(y)T~" =p(ry), TY*(y)T~" =¢*(ry), ye.

Moreover, T2 =1 or T? = I.

Racah time reversal

Definition 18.38 x € L()) is a Racah time reversal if k> =1 or x? = —1,
and

(1) (ky1|wkys) = —(y1|lwy2) (k is charged anti-symplectic) in the bosonic case;
(2) (ky1lky2) = (W1ly2) (k is unitary) in the fermionic case.

Let us stress that the Racah time reversal is linear.
Let {r;};cr be a charged symplectic or unitary dynamics.

Definition 18.39 {r;};cr is invariant under the Racah time reversal if xry =
rtK.
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Suppose that y is charge reversal and 7 is a Wigner time reversal satisfying

TX = XT Or TXY = —XT.
Then it is easy to see that & := Tx is a Racah time reversal. In particular, x? = 1
or k2 = —1.
Note that we are free to multiply either y or 7 by i. Therefore, possibly after
a redefinition of y or 7, we can always assume that

TX = XT. (18.20)

Thus we have three commuting symmetries: x, 7 and x.

Consider in addition {r;}+cr, a charged dynamics invariant under Wigner’s
time reversal 7 and a charge reversal y. Let us recall the various commutation
properties:

Tlb| = [b|7, Tj=—jr, Ti=-ir, Tq¢=gqrT,
xpl=1olx, xi=ix, xi=-ix, x¢=-—ax

T, X, k and gk are all either involutions or anti-involutions. The following list
describes various possible behaviors of these four symmetries:

R (e
1 1 1 -1
1 -1 -1 1

-1 -1 1 -1

-1 1 -1 1

Note that both k and gk satisfy the conditions of the Racah time reversal. If
72 = x? = &1, we have x? = 1, whereas if 72 = —x? = %1, we have (¢r)? = 1.
Therefore, one of the operators x or gx is always an involution.

18.3 Abstract Klein—Gordon equation and its quantization

In Subsects. 18.1.1, resp. 18.2.1 we described how to quantize a symplectic,
resp. charged symplectic dynamics. The most important symplectic or charged
symplectic dynamics used in quantum field theory is associated with the wave
equation

(02 —A)X =0
or, more generally, to the closely related Klein—Gordon equation

(0} —A+m*) =0.

https://doi.org/10.1017/9781009290876.019 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.019

18.8 Abstract Klein—Gordon equation and its quantization 493

One of the characteristic features of the wave and Klein—-Gordon equation is the
second order of the time derivative. In this section we study an abstract version
of the wave or Klein—-Gordon equation. We forget about the spatial structure of
the system, but we keep the second-order temporal derivative. We describe the
corresponding symplectic dynamics and its quantization.

In the next chapter we will consider the true wave and Klein—-Gordon equa-
tion on the space-time and its quantization. We find it instructive and amusing,
however, that many of the constructions used in this context can be described
in a rather abstract fashion.

18.3.1 Splitting into configuration and momentum space
Suppose that ) is a symplectic space equipped with a time reversal 7. Recall
that it satisfies 72 = 1. Thus 7 is a conjugation on a real symplectic space. As
discussed in Subsect. 1.1.16, we can split the dual phase space into the direct sum
of Lagrangian subspaces ) =)™ & Y7, where YE = {yey : y==+try}.

Y7 has the interpretation of the dual of the configuration space, whereas Y7
has the interpretation of the dual of the momentum space.
Recall from Subsect. 1.1.16 that (Y7, Y~7) can be interpreted as a dual pair
so that the symplectic form can be written as
W,q)w@e, )=t - o—g - (W,a) ey &Y 7, i=1,2  (18.21)
The time reversal acts as

T(0,6) = (9,—<), (U,9) €Y Y. (18.22)

Let {r;};cr be a time reversal invariant dynamics. For (J,¢) € V" @Y7
write r(9,¢) = (¥(t),s(t)). Then there exist f e L(Y",Y7), g€ LY~ ",)7)
such that f = f*, g = ¢* and

Ors(t) = fO(t),  0id(t) = —gs(t).

The Hamiltonian of the dynamics is

1 1
519 -gU + 5 fs. (18.23)

18.3.2 Neutral Klein—Gordon equation

Let X be a real Hilbert space. Let € > 0 be a strictly positive self-adjoint operator
on X. (Recall that € > 0 means that € > 0 and Kere = {0}.)

Definition 18.40 The equation
FRC() + (1) =0, (18.24)

where ((t) is a function from R to X, will be called an abstract neutral Klein—
Gordon equation.
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Clearly, if ((t) is a solution, {(—t) is also a solution, so (18.24) is invariant
under time reversal.

Examples of (18.24) are the wave or Klein—-Gordon equations on static space-
times; see Chap. 19.

Let us reinterpret (18.24) as a first-order equation. To this end, we consider

the space of Cauchy data ) = X @ X, whose elements are denoted (¥, <) or {f] .
We equip it with the symplectic form
(h,61)w(la, ) =1 - 62 — V2 - <1, Wic)eXe X, i=1,2

Setting

we rewrite (18.24) as

4 [f((:))} :“{f((f))] [f((g” = m (18.25)

(Note that we put the time derivative first, since we are considering the dual
phase space.) We see that (18.25) is solved by

{ﬁ(t)} _ L cos(et) —GSin(Gt)] [;] _ e [19] _ (18.26)

(%) “Lsin(et)  cos(et) S

For bounded ¢, e/ is a symplectic dynamics on X & X with the Hamiltonian

1 1,
= - —G-€G. 18.2
21919+2§€§ (18.27)

For unbounded e, there is a problem, since X ® X is not preserved by e'*. In
this case, one can replace X ® X with ) = X @ Dom ¢, which is a symplectic
space preserved by the dynamics. The dynamics is weakly stable. If in addition
e >m > 0, then it is stable. The energy space Ve, is equal to X @ e ' X.

The Kéhler anti-involution of Thm. 18.5 takes the form

j= [691 _01 . (18.28)
The associated Hermitian product is
(91,6)|(92,6)) =01 € "o+ 61 € +i(V1 62 — V2 -c1).  (18.29)
The completion of the Kéhler space Ve, for (18.29) is
Vign =T X B e T X. (18.30)

In the standard way we introduce the space Z := %(]1 — 1j)CY4yn, which will
serve as the one-particle space for quantization.
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Note that the dual phase space and dynamics of an abstract Klein—-Gordon
equation belong to the class described in Subsect. 18.3.1. In particular, the time
reversal is given by (18.22).

It is natural to introduce the following identification:
1—ij 1 i

1 (0,0) = (519, 2?9) € ZC Clyn.  (18.31)

C(26)7X 59— U :=

Note that U is unitary.

Recall that the dynamics can be lifted to the space Z by e’y := el ~- We have
U*eltU = e''c.

Likewise, the time reversal can be lifted to Z by 7z := T@’Z. Now U*rzU
coincides with the usual canonical conjugation on (C(2e)‘]?X .

Note that Vayn is a complete Kéahler space with a conjugation 7. Recall that
we considered the CCR. over such spaces in Subsect. 8.2.7. The operator (2¢)~!
of Subsect. 8.2.7 can be identified with € of this subsection. The map U is the
same map as (8.32).

Remark 18.41 An abstract neutral Klein—Gordon equation describes the most
general stable dynamics invariant w.r.t. a time reversal. In fact, recall the Hamil-
tonian (18.23), discussed in Subsect. 18.1.3 about the time-reversal invariance,
and assume that it is strictly positive. Then it is easy to see that (18.23) can be
brought to the form (18.27).

18.3.3 Neutral Klein—Gordon equation in an external potential

We consider now the following modification of (18.24):

(0 +d)*¢(t) + €2¢(t) = 0, (18.32)
or  O7C(t) +2doiC(t) + (€ + d*)((t) =0,
where d = —d* is anti-self-adjoint on X. Note that this equation is no longer

invariant under time-reversal. Examples of (18.32) are wave or Klein-Gordon
equations on stationary space-times (see Example 19.43). Setting
—d —é
((t) = C(t)7 ﬁ(t) = atC(t) + dC(t)7 a = 1 —dl’
we can rewrite (18.32) as a first-order equation,

o] =]

with a Hamiltonian

(ds) - ds + 1(eg) - €.

%(ﬁ—dg)-w—dc) ,

1

2
If €2 4+ d? > 0, then the dynamics is weakly stable.

Note that the associated complex structure j does not have a simple expression
anymore.
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18.3.4 Splitting into complex configuration and momentum spaces

This subsection is the charged version of Subsect. 18.3.1. Suppose that (), w) is a
charged symplectic space equipped with a Racah time reversal satisfying x? = 1.
Again, we can split the dual phase space into the direct sum of Lagrangian
subspaces Y = Y @ Y, where Y** := {y € ¥ : y = +xy}. (Note that spaces
Y& and Y~" are both complex.)

V" has the interpretation of the dual configuration space and Y " of the dual
momentum space.

(V*,Y7") can be interpreted as an anti-dual pair, so that the charged sym-
plectic form can be written

(V1,61)w(@y, ) =01 - =51 -V2,  (Vi,5) €Y RV, i=1,2
The Racah time reversal acts as
w(0,¢) = (9, =), (J,) €V @Y~". (18.33)

Let {r;};cr be a dynamics invariant w.r.t the Racah time reversal. For
(9,6) € Y @Y7 write 1 (¥,<) = (9(t),<(t)). Then there exist f € L(Y", V"),
g € L(Y~%,Y") such that g = ¢g*, f = f* and

Ors(t) = fO(t),  0i9(t) = —gs(t)-
The Hamiltonian of the dynamics is

J-g9+73- fs.

18.3.5 Charged Klein—Gordon equation

Now we describe the charged version of Subsect. 18.3.2. Let X be a complex
Hilbert space. For (1, € X, the scalar product will be denoted by (; - (o. Con-
sider again a strictly positive self-adjoint operator ¢ on X and the equation
(18.24).

Definition 18.42 If the space X is complez, the equation (18.24) will be called
an abstract charged Klein-Gordon equation.

Thus the only difference between the charged and neutral Klein—Gordon equa-
tions is the presence of the U(1) symmetry given by the multiplication by e’,
6 € [0, 27].

The Racah time reversal consists in replacing ¢+ ((t) with ¢ — ((—t).
The charged Klein—Gordon equation is always invariant w.r.t. the Racah time
reversal.

Let us fix a complex conjugation on X, denoted by ¢ — ¢, which defines the
charge reversal. The Wigner time reversal involves replacing a function ¢t — ((t)
with t — ((—t). If € =€, then (18.24) is also invariant w.r.t. the charge and
Wigner time reversal.
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Consider the Cauchy problem (18.25). We introduce the space X @ X,
equipped with the charged symplectic form

(W1,61) w2, ) =01 -2 =51y,  (Vi,G)EX DX, i=12
The Hamiltonian is
90+ & - €.
Yens Ydyns j, a are given by the same expressions as in Subsect. 18.3.2. In
particular, it is natural to replace the original dual phase space X & X by
Vign = €T X B e T X,
In terms of the Cauchy data, the Racah time reversal is given by (18.33). The
charge reversal and the Wigner time reversal are given by
X(’ﬂ:g) = (Eaé)a T(197<) = (57 _?)
We can “diagonalize” the dynamics by introducing the map
W : Yayn = FTXDETX D (9,6) — (9 +ies,d +ie3) € (26)%.)(@ (26)%)(.
W is a unitary operator satisfying
Weltw =t =@ wiw ! =il @ (—il),
Wiw ! =il@il, WgW ! =1 (-1).
Thus if we interpret W as an operator on Z (which differs from Yy, only by
treating j as the basic complex structure), then W : Z — (26)2X & (2¢)7 X is

unitary.
After conjugation by W, the charge and Wigner time reversal become

x(hi,he) = (ha,h1), 7(hi,hy) = (=hi, hy).

Remark 18.43 This remark is analogous to Remark 18.41 from the neutral
case. A charged abstract Klein—-Gordon equation describes the most general stable
dynamics invariant w.r.t. the Racah time reversal.

18.3.6 Charged Klein—Gordon equation in an external potential
Again we can consider the complex analog of (18.32). It is more natural to write
it as

(@ +1V)*¢(t) + €¢(1)

=0, (18.34)
or JC(t) +2VaC(t) + (€€ = VZ)((t) = 0,

where V' = V*. An example is obtained by minimally coupling (18.24) to an
external electric field.
Setting

s(t) :==¢(t), I(t) := B ((t) +iV (D),
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we can rewrite (18.34) as
o[l =13 Sl

J-9+e-ec—id-Ve+ic- Vo

=W —iVq) - (I —iVs) = Vs - Ve + & - es.

with the Hamiltonian

If € — V? > 0, then the dynamics is weakly stable.
Note that if X is equipped with a conjugation such that V and € are real, then
(18.34) is invariant under the Wigner time reversal.

18.3.7 Quantization of the Klein—Gordon equation

Until the end of this section, we would like to treat the neutral and charged cases
together. We do this by embedding the neutral case in the charged case.

More precisely, until the end of the section X' is always a complex Hilbert
space with a positive self-adjoint operator e. We consider the abstract charged
Klein-Gordon equation for t — ((t) € A

FF¢(t) +€*¢(t) = 0. (18.35)

We consider the charged symplectic space of solutions of (18.35), denoted ).
Recall that every such solution can be parametrized by its Cauchy data (¢,¢).
The space Y is equipped with a charged symplectic dynamics r;.

If we want to consider the neutral case, we assume that there exists a
conjugation x on X that commutes with e. Thus we can restrict the abstract
Klein-Gordon equation to XX = {( € X : x(¢ = (}, obtaining the symplectic
space of solutions YX. The space VX is equipped with a symplectic dynamics
Ty ‘yx , which satisfies the abstract neutral Klein—-Gordon equation.

We apply the positive energy quantization described in Subsects. 18.1.1, resp.
18.2.1, obtaining operator-valued functions

VX3 (9,¢) — &(9,¢), in the neutral case,
Y3 (9,¢) — ¥(d,¢), in the charged case,

and the Hamiltonian H such that

7 (9, ¢)e HH = ¢(T‘t(’l9,§))7 (0,5) € Y*,
it H 1/1(197 g)e_itH = ’(/}(’l"t (19, §))> (79, §) SV

Definition 18.44 The time ¢ configuration space field is defined as

o1 (V) == ¢(T—t(19,0)), 9 e G%XX,
Ui (9) == (r(9,0)), 0 €T,
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18.3.8 Two-point functions for the Klein—Gordon equation

The remaining part of this section is devoted to various functions related to the
Klein—Gordon equation, which are often used in its quantization.
Consider the Klein—-Gordon equation (18.35), where ((t) € X is replaced with
an operator G(t) € B(X):
Gt + EG(t) =0. (18.36)
The functions b”l—“ and % solve (18.36) and appear naturally in the quantized

theory:

[or, (V1), 1, (02)] = i - sine(ty —t3)

1.
(Qepr, V1)1, (92)2) = 1 - Zelg(tl_m@%v V1,7 € XX,

99 1,

sin €(t1 — tg)

[r, (1), 0, (92)] = 10, -

_ 1 .
(e, (01)], (92)Q) =Ty - ?e*f“l*mﬁg, V1,9 € X.

€

192 ]15

€

Definition 18.45 b“i—“ is called the Pauli-Jordan or commutator function.

18.3.9 Green’s functions of the abstract Klein—Gordon equation

Let us now consider an inhomogeneous version of Eq. (18.36).
In what follows we will often use the Heaviside function 6(t) := 1o 4 o0( ().

Definition 18.46 R 5 ¢t — G(t) € B(X) is a Green’s function or a fundamental
solution of Eq. (18.35) if it solves

IG(t) +EG(t) = (). (18.37)

In particular, we introduce the following Green’s functions:

retarded G* () = 0(t) Shzd,
advanced G (t) := —0(—1) Sii et,
Feynman or causal Gr(t) := 2%6 (e0(t) + e " 0(—1)),
anti-Feynman or anti-causal Gy(t) = —Z%G(e_iteﬂ(t) +e"0(—1)),
principal value or Dirac Gpy (1) : sgr;(t) Snl <
Note the identities
LG -6,

Grlt) = 3 (G () + G (1),
G*(t) + G (t) = Ge(t) + Gg(2).
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The importance of the Feynman Green’s functions in the quantum theory
comes from the identities

(QUT (01, (W2)epr, (91)) Q) = iy - Gr(ty — 1)1, 1,02 € XX,
(Q|T (th (192)’1/11*1 (’191)) Q) = 1@2 -Gy (tz — tl)ﬁl, 191,192 € X,

where we have used the time-ordering operation

T(14,52 Atl) = 9(1&2 — tl)Atz At1 —|— 9(t1 — tQ)Atl Atz .

18.3.10 Green’s functions of the Klein—Gordon
equation as operators

Let X be as above. For simplicity, we assume that X" is separable. We will need
the space

L*R)® X ~ L*(R,X). (18.38)

Note that the unitary identification ~ in (18.38) is possible thanks to the fact
that X is separable. It means that we can represent elements of L?(R) ® X with
measurable a.e. defined functions, which e.g. in the temporal representation are
written as R 3 ¢t — ((¢) € X and satisty

/ 1Pt < oo.

Clearly, the subspace (L' N L?)(R, X) is dense in L*(R, X).

We will distinguish two physical meanings of the variable in R that appears
in (18.38). The first meaning is the time, and the corresponding generic variable
in R will be denoted t. We will then say that we use the temporal representa-
tion of the extended space. The second meaning will be the energy. Its generic
name will be 7 and we will speak about the energy representation. To pass from
one representation to the other we apply the Fourier transformation F, so that
FlrF=i"19,.

Green’s functions of the abstract Klein—-Gordon equation can be interpreted
as quadratic forms on (L' N L?)(R, X) given (in the temporal representation) by

¢, -GG = / Ci(t) - Gt — 5)G(s)dtds, (18.39)

for (1, ¢ € (L' N L?)(R, X). In the energy representation they are multiplication
operators. Here we list the most important Green’s functions in the momentum
representation:

e —7r2—i0)"t = (62 —(r*+ iOSgn(T))Z)fl,
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18.3.11 FEuclidean Green’s function of the Klein—Gordon equation

Let us introduce the imaginary time, that is, let us replace t € R with is € iR.
The abstract Klein—-Gordon equation is then transformed into

—02C+ ¢ =0. (18.40)
Definition 18.47 Equation (18.40) will be called the abstract Euclidean Klein—
Gordon equation.

The use of (18.40) instead of the Klein—Gordon equation is the main feature
of the so-called Euclidean approach to quantum field theory.

Definition 18.48 The Euclidean Green’s function of the abstract Klein—Gordon
equation is defined as

1
Gg(s) = > (e7*0(s) + e*b(—s)).
Clearly, Gg solves

—0?Gg(s) + €Gr(s) = 6(s)1. (18.41)

The function G (s) extends to a continuous function for complex s with Re s > 0,
holomorphic for Re s > 0. We have

$Gi(it) = Gr (), — Gre(~it) = Gr(t).
Consider the self-adjoint operator —9? + €2 on L*(R, X). Set

Gp = (-0 + )7L,

We then have
Gr((s) = /RGE(S — 51)C(s1)dsy

for ¢ € (L' N L?)(R, X). In the energy representation it is the operator of multi-
plication by

Gp(r) = (2 + &)L

Note that if € > m > 0, then Gg is bounded.

We will use the standard notation for operators on L?(R). In particular, the
operator of multiplication by ¢ in the temporal representation is denoted by ¢
and D; := —id;. A similar notation will be used for the energy representation,
with 7 replacing .

Introduce the following operator on L?(R) (where we give its form in both the
temporal and the energy representation):

1 1
A= _i(tDt + Dit) = §(TDT + D, 7). (18.42)

Clearly,

elGAteflﬁA _ ef(it’ i0A__ —i0A — o .
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Note that
R >0 — e?4Gpe 4 = G

extends to an analytic function in the strip —5 < Im @ < 7 given in the momen-
tum representation by

Gu(r) = (' + )7L

Its boundary values coincide with the Feynman and anti-Feynman Green’s func-
tions:

Gy =Gp, Gp7 =Gy

This is the famous Wick rotation.

18.3.12 Thermal Green’s function of the Klein—Gordon equation

Recall that one of the steps of the quantization of symplectic, resp. charged
symplectic dynamics is the construction of the one-particle space Z and the
one-particle Hamiltonian h, as described in Subsect. 18.1.1, resp. 18.2.1. For the
zero temperature, the main requirement is the positivity of the Hamiltonian,
and as the result of the quantization we obtain the Hilbert space I's(Z) and the
Hamiltonian dI'(h).

If we are interested in positive temperatures, we can apply the formalism
described in Subsect. 17.1.7, obtaining a $-KMS state wg and the corresponding
Araki-Woods CCR representation. In particular, we can apply this formalism to
the abstract Klein—-Gordon equation.

In this subsection we describe the 2-point correlation functions for the abstract
Klein—Gordon equation at positive temperatures.

Definition 18.49 The thermal Euclidean Green’s function at inverse tempera-
ture ( of the abstract Klein-Gordon equation is defined for s € [0, 5] as

e 5% o+ e(sfﬁ)e

Grp(s) = De(l—e 5) "
Note that Gg g is the unique solution of the problem

—83GE_ﬂ(s) + GQGE%{}(S) =0, S G]O,ﬁ[,
Grp(0) = Gep(B), 07 Grp(B)— 07 Grp(0) =1y,

where 0F denotes the derivative from the right, resp. from the left. In fact, we

have
1+ e P
Ges(B) = Grp(0) = Ze(l— e Py’
1
0, Go,5(B) = =0 Gr 5 (0) = Sl
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Let Sp:=10,0] (with the endpoints identified) be the circle of length .
Clearly, G 3 can be interpreted as a function on S3 that solves the equation

—agGE,[j(S) + EZGE%{;(S) =4d(s)1x, on S;.
We denote by Fjs : L?(S5) — I (%’YZ) the discrete Fourier transform
B

Follo) = / e (s)ds, € € L*(Ss).

0
Its inverse is given by

.7-"/)7111(3) =pt Z (o), we ZQ(%Z).
UE%’Z

If we denote by 0P°" the operator J, with periodic boundary conditions, defined

by
Dom 2" := {¢ € L*([0,8]), 05¢ € L*([0,4]), ¢(0) =<(B)},
then
Fpob =ioFp. (18.43)
Introduce the space
L*(S5) ® X ~ L*(S3,X). (18.44)

Consider the self-adjoint operator —(9P°")2 + €2 on L*(S3, X). Set

Gr = (—(OP)2 +¢2) "
We then have
GrpC(s) = [ Grg(s—s1)¢(s1)dsi, for € L*(Ss,X).
S
In the energy representation obtained by applying the discrete Fourier trans-

form Fj3, Gg 3 becomes the multiplication operator on /> (%”Z, X) by the Fourier
transform of s — Gg 3(s), the so-called Matsubara coefficients:

Grglo):=(*+)', o€ %TZ (18.45)

Let us now describe the role of thermal Green’s functions in the quantum
theory. The function s — Gg g(s) extends to a function continuous in the strip
Re s € [0, 8] and holomorphic inside this strip. Its boundary values express the 2-
point correlation functions for the state wg. More precisely, we have the following
identities (first in the neutral and then in the charged case):

wg (1 (V1) (V2)) = V1 - G g (it)da,
ws (o (P2)@r(Vh)) =01 - Geg(B+it)02, 01,0, € XY,
)

(e (
( 1) =
wg (Ve (9115 (92)) = U1 - G p(it)da,
(,{)ﬁ (wa( 192)#% 191 ) : GEﬁ(B—’_lt)ﬁZa 1917192 S X
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18.4 Abstract Dirac equation and its quantization

In Subsects. 18.1.2, resp. 18.2.2 we described how to quantize orthogonal, resp.
unitary dynamics. The most important orthogonal or unitary dynamics used in
quantum field theory is given by the Dirac equation. We will study this equation
and its quantization in the next chapter. In this section we describe various
constructions related to the quantization of the Dirac equation in an abstract
setting.

An orthogonal dynamics can be defined by an equation of the form

(O —a)((t) =0, (18.46)
with an anti-self-adjoint a. In the charged case (18.46) can be replaced with
(0 —ib)¢(t) =0, (18.47)

where b is self-adjoint. Many of the constructions of this section involve only a or
b. We choose, however, to use more structure in our presentation. In particular,
we multiply (18.46) and (18.47) from the left by an anti-self-adjoint operator
7o satisfying 43 = —1. This is used in the relativistic formulation of the Dirac
equation to make it covariant.

This section is parallel to Sect. 18.3 about the abstract Klein—-Gordon equa-
tion. We will see, in particular, that with every abstract Dirac equation we can
associate an abstract Klein—-Gordon equation. The knowledge of Green’s func-
tions for the abstract Klein-Gordon equation can be used to compute Green’s
functions of the abstract Dirac equation.

18.4.1 Abstract Dirac equation

Let Y be a real or complex Hilbert space, which will have the meaning of a
fermionic dual phase space. Let I' and vy be anti-self-adjoint operators on )
such that

v =-1, I +Iy=0. (18.48)
Let m > 0 be a number called the mass.
Definition 18.50 An equation of the form
(v0 +T — m1)((t) = 0, (18.49)

where ((t) is a function from R to Y, will be called an abstract Dirac
equation.

Multiplying (18.49) with —vy, we obtain the equation (18.46) with an anti-
self-adjoint operator

a:=vI—my.
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Introducing the Cauchy problem

{ (IYUat +T - mﬂ)C(t) = Oa
¢(0) =7,

we see that (18.49) is solved by ((t) = e'*.
Using (18.48), we obtain that a*a = I'*T' + m?1, so the dynamics r; = e'® is
non-degenerate if

(18.50)

KerT' = {0} or m # 0. (18.51)

18.4.2 Neutral Dirac equation

If Y is areal Hilbert space, (18.49) will be called a abstract neutral Dirac equation.
A time reversal for the neutral Dirac equation is 7 € O())) satisfying 72 = %1,

v = —YT, 7TL =TT, (18.52)
or, if m =0,
™0 =Y%T, TI'=-IT (18.53)

In both cases, Ta = —ar, hence if {(t) is a solution of (18.49), then so is 7¢(—t).

18.4.3 Charged Dirac equation

Assume now that ) is a (complex) Hilbert space. Thanks to the complex struc-
ture, we can introduce the self-adjoint operator

b:= —iy ' + im~yp.

The Cauchy problem (18.50) is solved by ((t) = e'**1.

A (Wigner) time reversal is an anti-unitary 7 on ) satisfying (18.52), or, if
m = 0, (18.53). In both cases, 7b = br, hence if {(¢) is a solution of (18.49), then
so is 7¢(—t).

A charge reversal is an anti-unitary y on ) such that x> = £1 and

XY =%x, xI'=I%x, (18.54)
or, if m =0,

X% ==X, xI'=-Tx. (18.55)

* is invariant under x.

In both cases by = —xb and the dynamics e
If x? = 1, then y is a conjugation on ) and by restriction to the real subspace

VX we obtain a neutral Dirac equation, as in Subsect. 18.4.2.
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18.4.4 Quantization of the Dirac equation

Until the end of this section we would like to treat the neutral and charged cases
together. We will treat the charged case as the basic one and Y will always be a
complex Hilbert space. ) is identified with the space of solutions of the abstract

Dirac equation by considering the initial conditions: ¢ = {(0). The space Y is

equipped with a unitary dynamics r, = el’.

If we want to consider the neutral case, we assume that there exists in ) a
conjugation x that anti-commutes with b. Thus we can restrict the Dirac equa-
tion to VX equipped with the Euclidean structure and an orthogonal dynamics

ibt __ nat
|yx =e

We apply the positive energy quantization described in Subsects. 18.1.2 and
18.2.2, obtaining operator-valued functions

VX359 ¢(¥), in the neutral case,
Y349 — ¢(d), in the complex case,
and the Hamiltonian H such that
M p( e = ¢(ry(9)), ¥ € PX,
Map(0)e T = (ry(0)), V€Y.
The fermionic fields satisfy the anti-commutation relations
[(01), p(F2)]+ = 201 - ¥2, 1,02 € VX,
[p(0h), " (92)]4 =01 - Uy, V1,92 €.

In the following part of the section, for simplicity we restrict ourselves to the
charged case.

18.4.5 Two-point functions for the Dirac equation

Consider the abstract Dirac equation (18.35), where ((t) € ) is replaced with an
operator S(t) € B()):
(700 +T —m1)S(t) = 0. (18.56)

Recall that 6 denotes the Heaviside function. The functions e’ and e!**(b) solve
(18.56) and appear naturally in the quantized theory:

[r, (V2), 07 (01)]5 = Dy - (2009, 1,
(Qehr, (92)97, (91)92) = 05 - M=t gm)Yy,  Dh,99 € V.

18.4.6 Green’s functions of the Dirac equation

Consider the abstract charged Dirac equation as in Subsect. 18.4.3.

Definition 18.51 We say that R 3t +— S(t) € B(Y) is a Green’s function or
fundamental solution of Eq. (18.49) if it solves

(900, +T —m1)S(t) = 3(t) ® 1y (18.57)
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We introduce in particular the following Green’s functions:

retarded ST(t) == —0(t)e!,

advanced S7(t) == —0(—t)el’y,

Feynman Sk (t) :== —c" (0(t)0(b) — 0(—1)0(—Db)) Y0,

anti-Feynman Se(t) == —e" (0(1)0(—b) — 6(—1)0(b)) Y0,
t) .

principal value Spy (t) := — sen( )eltb’yo.

Set
= |b| = VT*T + m?1.
We then have
(Y00 + T —m1)(790; + T +ml) = —(0} + €*).

Thus if G(t) is a Green’s function for 97 + €2, then —(y0; + T + m1)G(t) is a

Green’s function for the Dirac equation. In fact we have the identities

S*(t) = —(100, + T + mI)G* (1),
“(t) = —(100 + T + m1)G~(¢),

Sr(t) = —(v0 + T +ml)Gp
(t) = —( )
(t) = —( )

CJ)

S t 708t+F+m]1Gf
Spy(t Y0 + T +ml)Gp, (1),
which easily follow from
ith

e’ = cos(et) +isgn(b) sin(et), T 4+ ml = iby,.

The Feynman Green’s functions arise in the quantum theory in the following
way:

(QIT (1, (V2)0] (91))Q) = o - Se(t2 — t1)01, V1,92 €Y,

where we have used the fermionic time-ordering operation: if Ay, Ay are odd
fermionic operators, then

T (At2 Atl ) = 9(t2 - tl)Atz At1 - 9(1}1 - t2)At1 At2 . (1858)

18.4.7 Green’s functions of the Dirac equation as operators

Let Y be as above. For simplicity, we assume that ) is separable. Similarly to
Subsect. 18.3.10, we will use the space

L*R)®Y ~ L*(R,)). (18.59)

We will use both the temporal representation and the energy representation of
L?(R,Y). Green’s functions of the abstract Dirac equation can be interpreted
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as quadratic forms on (L' N L?)(R,Y), denoted S and given (in the temporal
representation) by

SCQ = /Cl t— S)CQ( )dtdS (1860)

In the energy representation they are multiplication operators. Here we list the
most important Green’s functions of the Dirac operator in the energy represen-

tation:
S (r) = (ino(r —i0) + T —m1) ",
S7(1) = (ivo(r +i0) + T — m1) t
Sp(7) = (i (7 —i0sgn(7)) +F—mll)_1,
Sp(r) = (o (7 + i0sgn(r)) + T —m1) ",
Spy(7) = Pv(ingr + T —m1) '

18.4.8 FEuclidean Green’s function of the Dirac equation

Definition 18.52 The Euclidean Green’s function for the abstract Dirac equa-
tion is defined as

Se(s) = (—0(s)0(b) + 0(—s)0(—b))e "ivy.
Note that Sg solves
(—iv0s + T — m1)Sg(s) = d(s)1y.
It is related to the Green’s function of the abstract Klein—-Gordon equation by
Se(s) = (=ivds + T + m1)Gg(s).
The function Sg(s) extends to an analytic function for complex s. We have
1., .. 1 .
T5E (it) = Se (1), *YSE(*lt) = Sg(1).
Consider the operator on L?(R,))
—iv0s + ' —mll.
In the energy representation, this becomes the operator of multiplication by
Yo7 + T —ml.
It is closed on its natural domain. Moreover, we have

T+ T —=mD)*(v7r+T —ml) = (o7 + T —ml)(y7 + T — mD)*
=7 +T'T +m*1 > 0,
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which implies that —iygds + T’ —m1 is invertible if (18.51) holds. If this is the
case, set Sg 1= (—iy0s + T — ml)~!. Then,

Se¢(s) = [ Sels—sClsds, (e (LN IR Y).
R
In the energy representation, this is the operator of multiplication by
Sg (1) = (3o +T —ml)~ L.

Using the notation in Subsect. 18.3.11, and in particular the generator of
dilations A, we see that

R>6— eiGASEe—iQA —. Sg

extends to an analytic function in the strip —5 < Im#6 < 7, given in the momen-
tum representation by

S8(1) = (el T+ T —mi)~L.
Its boundary values coincide with the Feynman and anti-Feynman propagators:
SiF =Sk, 857 =S

This is the Wick rotation in the fermionic case.

18.4.9 Thermal Green’s function for the abstract Dirac equation

Clearly, we can apply the positive temperature formalism of Subsect. 17.2.7 to a
system described by an abstract Dirac equation, obtaining a 8-KMS state wg and
the corresponding Araki-Wyss CAR representation. In this subsection, parallel
to Subsect. 18.3.12, we describe the 2-point functions given by this state.

Definition 18.53 The thermal Euclidean Green’s function at inverse tempera-
ture 3 of the abstract Dirac equation is defined for s € [0, ] as

e—sb

Sg.g(s) = —im%.
Note that Sg g is the unique solution of the problem
(=705 + T' = m1)Se 5(s) =0, s €]0,0],
—iySE 3(0) =iy Se 3(B) + Ly. (18.61)
(18.61) can be interpreted as
(—i700s + T' = m1)Sk 5(s) = 6(s)1y, on Sg,

where we look for functions with anti-periodic boundary conditions at § = 0.
More precisely, we consider functions ¢ on Sg such that {(5) = —((0), and the
Dirac delta function is defined as ng 0(s)¢(s)ds = ¢(0) = —¢(B) (the “right hand

side delta function”).
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Sg 3 s +— Sk 3(s) extends to a function continuous in the strip Res € [0, ]
and holomorphic inside this strip. If ws is the §-KMS state, then

wp (Y1 (91)15 (V) = U1 - Sg 5 (it) (—i0) D2,
wg (Y5 (D2)er (91)) =1 - Sk 5(B + it)(—in)d2, V1,02 € V.

Let 9™ denote the operator d; on the Hilbert space L?(S3) with the anti-
periodic boundary conditions. Its domain is given by

Dom gi™ := {¢ € L*(Sp), 0,¢ € L*(Sp), ¢(0) = —¢(B)}-

Note that 92" is anti-self-adjoint.
Define the anti-periodic discrete Fourier transform

Fi L2(sﬁ)—>12<6 <Z+;>>

B
Fato) = [ e eds, e LS.

Its inverse is
L 2T 1
(J:dnt) (8) — 671 Z elwv(a), ve 12 (6 <Z+ >)
(TEZT;'(Z‘F%)
Clearly, 2™ = (F5*) " (io) F5.
On the Hilbert space L?(S3) ® Y ~ L*(S3,Y), we define the closed operator
(—i700:™ + T —ml) = (=iv) (9™ + ).

Note that 92" + b is a normal operator on its natural domain. We set Sg g :=
(—iyp0™" + T — ml)~L. We then have

Sg.5¢(s) = g Sg.5(s1)¢(s —s1)ds1, (€ L*(S3,)).

In the energy representation, obtained by applying fgnt, this becomes the oper-
ator of multiplication by the fermionic Matsubara coefficients:

2 1
Spp(0)=(wo+T—m)™", o¢€ % (Z+ 2) .
Set
_e—s¢€ _|_e(sf/3)e
C2e(T 4 e Fe)
Note that G‘*E“fg is the unique solution of
GG (s) + O (s) = 0, s €0, 4],
G’Ln‘r( ) Gfmt (ﬁ), 8+G1nt( ) + a G‘m‘r (ﬁ) = 1. (18.62)

Gant ( )
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In fact, we have
-1+ e e
~ 2e(1 e Fe)’

- an 1
0} G (0) = 0 G (6) = 2.

Gil5(0) = —GE5(8)

Thus G§"} can be interpreted as the solution of the equation on S
—02GE(5) + GG (s) = 6(s) 1w,

with anti-periodic boundary conditions at § = 0 and the right hand side Dirac

delta function. Then we can express Sg s in terms of G'}; as

Se.5(s) = (—i0s + T +m1)G'5(s).

18.5 Notes

The topics discussed in this chapter in the context of concrete systems, usually
based on relativistic equations, can be found in every textbook on quantum
field theory, such as Jauch-Réhrlich (1976), Schweber (1962), Weinberg (1995)
and Srednicki (2007). The Racah and Wigner time reversals were introduced by
Racah (1927) and Wigner (1932a), respectively. Our presentation, in spite of its
abstract mathematical language, follows very closely the usual exposition; see in
particular Srednicki (2007), Sect. 22, for complex bosons and Srednicki (2007),
Sect. 49, for neutral fermions.

The idea of positive quantization of classical linear dynamics goes back to
the early days of the quantum field theory. In the fermionic case it was first
formulated in terms of the “Dirac sea”; see Dirac (1930). This approach hides
the particle-anti-particle symmetry. Its modern formulation is attributed to Fock
(1933) and Furry—Oppenheimer (1934).

In the case of bosons, the “Dirac sea” approach is not available. The bosonic
positive energy quantization was described by Pauli-Weisskopf (1934).

An interesting outline of the history of quantum field theory, which in
particular discusses the topic of the positive energy quantization, is contained in
the introduction to the monograph of Weinberg (1995).

The role of complex structures in positive energy quantization was emphasized
by Segal (1964) and Weinless (1969).

An abstract formulation of the positive energy quantization was given by Segal,
and can be found e.g. in Baez—Segal-Zhou (1991).

Positive temperature Green’s functions can be found e.g. in Fetter—Walecka
(1971), and from a more mathematical point of view in Birke-Frohlich (2002).
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