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Abstract

This paper deals the global existence and blow-up properties of the following non-
Newton polytropic filtration system with nonlocal source,

u,—Am,pu:a/Qv“(x,t)dx, v,—An,qv:b[Quﬂ(x,t)dxA

Under appropriate hypotheses, we prove that the solution either exists globally or
blows up in finite time depending on the initial data and the relations between o8 and
mn(p — 1)(g — 1). In the special case, « =n(g — 1), B=m(p — 1), we also give a
criteria for the solution to exist globally or blow up in finite time, which depends on
a, b and ¢(x), ¥ (x) as defined in our main results.
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35B33.
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1. Introduction

In this paper, we consider the following doubly degenerate parabolic system with
nonlocal source,

u,—Am,puza/ v¥(x, t) dx, v,—An,qub/ uP(x, 1) dx,
Q Q

(x,) e 2x(0,T], (1.1)
u(x,t)=0, v(x, 1) =0, (x,t) e 02 x (0, T,
u(x,0)=up(x), vx,0) =v9x), xe8,
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14 J. Zhou and C. Mu 2]
where fork >0,y >2and N > 1,
Ary®=V.(VOr2.veh, ver=ret 1@, ..., 0,,),

QCc RV (N > 1) is a bounded domain with smooth boundary 02; m, n > 1, p, g > 2,
a, B > 0 are parameters; and a and b are positive constants.

Throughout this paper, we use the notation Q7 = 2 x (0, T'], St =9Q x [0, T,
T > 0, and make the following assumption on initial data.

ASSUMPTION 1.1. The nonnegative initial data satisfies compatibility conditions and
ul(x) € C(Q) N Wy (Q), vfi(x) € C(Q) N Wy (Q), and Vull -v <0, Vol -v <0
on the boundary 0K2, where v is unit outer normal vector on 052.

Parabolic systems such as (1.1) appear in population dynamics, chemical reactions,
heat transfer equations and so on. In particular, Equations (1.1) may be used
to describe the nonstationary flows in a porous medium of fluids with a power
dependence of the tangential stress on the velocity of displacement under polytropic
conditions. In this case, Equations (1.1) are called the non-Newtonian polytropic
filtration equations (see [16, 25, 27] and references therein). The problems with
the nonlinear reaction term and nonlinear diffusion include blow-up and global
existence conditions of solutions, blow-up rates and blow-up sets, efc. (see the
surveys [4, 14, 17, 22]). Here, we say that a solution blows up in finite time if the
solution becomes unbounded (in the sense of maximum norm) at that time.

System (1.1) has been studied by many authors. For p =¢ =2, this system
is known as the porous medium equations (see [6, 21, 29] for nonlinear boundary
conditions, see [3, 11, 12] for local nonlinear reaction terms and see [1, 5, 9, 10, 20]
for nonlocal nonlinear reaction terms).

In [20], Li and Xie considered the following problem,

ut—Aumza/updx, (x,) e x (0, T],
Q

u(x,1) =0, xedx(0,T],
u(x, 0) = up(x), xeQ,

(1.2)

and obtained that the solution either exists globally or blows up in finite time under
appropriate assumptions. Furthermore, if p > m, they also obtained the blow-up rate.

Recently, in [9], Du generalized (1.2) to a system, and studied the following
problem,

ut—Au’”=/v1’dx, v,—Av":/uqu, (x,1) e Q2 x (0, T],
Q

u(x,t) =0, v(x,t) = O,Q (x,t) €02 x (0, 1],
u(x, 0) =ug(x), v(x, 0) = vo(x), x € Q.

(1.3)
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[3] Non-Newton polytropic filtration system with nonlocal source 15

Similar to [20], he also obtained the criteria for a solution to exist globally or blow up
in finite time. Moreover, if p > n, ¢ > m, he also obtained the blow-up rates under the
monotone assumption for initial data.

When m =n =1, problem (1.1) is called the Laplace equations (see [13, 30] for
nonlinear boundary conditions, see [15, 18, 24, 28] for local nonlinear reaction terms
and see [19] for nonlocal nonlinear reaction terms).

In [19], Li and Xie considered the following problem,

u,—V-(|Vu|p2):/ uldx, (x,t)eQx(0,T],
Q

u(x,1) =0, xe€ead2x (0, T],
u(x, 0) = up(x), x €L,

(1.4)

and they obtained that the solution u exists globally if ¢ < p — 1; u blows up in finite
time if ¢ > p — 1 and ug(x) is large enough.

For general m,n>1, p,q > 2, o, B >0, problem (1.1) is called non-Newton
polytropic filtration system, and only the case of nonlinear boundary condition has
been considered extensively (see [23, 26, 31]). However, it seems that the case of local
(nonlocal) nonlinear reaction terms is less studied.

In [23], Sun and Wang considered the following doubly degenerate equation,

(um)l = A],pua (X, t) € Q2 x (Oa T]’
[VulP=2Vu - v =u®, x €3 x (0, T, (1.5)
u(x,0) =uo(x), xe,

by using upper and lower solution methods, they proved that all positive solutions
of (1.5) exist globally if and only if ¢ <m whenm <p — l,ora <(p — D)(m+ 1)/p
whenm > p — 1.

In [26], Wang considered the system of (1.5) in one dimension,

@™y = (Juel?2ue) o @)= (Inl? ), . (1) €(0,1) x 0, T,
ur (0, 1) =0, uy(1, 1) =au®v"(1,1), t€(0,T],
v (0, 1) =0, ve(l, 1) =buPvS(1, 1), te(0,T],
u(x,0) =upx), v(x, 0) = vo(x), x e (0,1).
(1.6)

He obtained that all positive solutions of (1.6) exist globally if and only if

{ m m—i—l} { n n+l}
o < min , —— ¢, §<min , ,
p—1 p g—1 ¢

,Brf(min{ m ,—m+1}—a)(min{ " ,—n+1}—s>.
p—1 p g—1 q

Motivated by the references cited above, in this paper we investigate the blow-up
properties of solutions to the problem (1.1) and extend the results of [9, 19, 20] to more
generalized cases. Our main results are stated as follows.
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16 J. Zhou and C. Mu [4]

THEOREM 1.2. Suppose that the initial data (uo(x), vo(x)) satisfies the Assump-
tion 1.1, then the solution of Problem (1.1) exists globally if one of the following
conditions holds:

@) af <mn(p —1)(g - 1);
(i) B =mn(p — 1)(g — 1) and ||2|| is sufficiently small, where ||2|| is the measure
of Q;
(i) @B > mn(p — 1)(q — 1) and the initial value is sufficiently small.

THEOREM 1.3. Suppose that the initial data (uo(x), vo(x)) satisfies the Assump-
tion 1.1, then the solution of Problem (1.1) blows up in finite time if one of the following
conditions holds:

(1) af > mn(p — 1)(q — 1) and the initial is sufficiently large;
(1) B =mn(p — 1)(qg — 1) and 2 contains a sufficiently large ball.

Next, we consider a special case « =n(g — 1), B =m(p — 1).

THEOREM 1.4. Suppose that the initial data (uo(x), vo(x)) satisfies the Assump-
tion 1.1, and that a = n(q — 1), B =m(p — 1).

) If ap < (ab)™1, then the solution of Problem (1.1) exists globally.
(i) If A > (ab)™', then the solution of Problem (1.1) blows up in finite time, where

A= / (P () dx, p= / 9"V (x) dx,
Q Q

and ¢(x), 9(x) are the unique solution of the following elliptic equation
(see [2,7]),

—Appt =1, xeQ, Ay =1, x€Q,
=0, X €09, U =0, x € 0.

This paper is organized as follows. In Section 2, we give some preliminaries, which
form the basis of the proof of our theorems. The proof of Theorem 1.2 is the subject
of Section 3. In Section 4, we consider the blow-up properties of Problem (1.1) and
give the proof of Theorem 1.3. Finally, in Section 5, we consider a special case of
Problem (1.1) and give the proof of Theorem 1.4.

2. Preliminaries

As it is well known that degenerate equations need not have classical solutions, we
give a precise definition of a weak solution for Problem (1.1).
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[5] Non-Newton polytropic filtration system with nonlocal source 17

DEFINITION 2.1. A pair of functions (u(x, f), v(x, t)) is called an upper (lower)
solution of Problem (1.1) in Q7 x Q7 if and only if

W (x, 1) € C(0, T; L)) N LP(0, T; W, (),
v (x, 1) € C(0, T; L=(R)) N LI(0, T; W, (),
up € L*(0, T; L*(Q)), v, € L*(0, T; L)),
u(x, 0) =uo(x), v(x,0)=wvo(x),

and the following inequalities

/ u(lx, L) (x, n)dx — / u(x, t)w(x, t1) dx
Q

Q
12} [5)
2(5)/ /uwtdxdt—/ /|Vu’”|p_2Vu’”~dexdt
1 Q 131 Q

'
+a/2/ W(x,t)</ v“(x,t)dx) dx dt,
51 Q Q

/ vix, )¥(x, i) dx — / vix, )Y (x, 1) dx
Q Q

15 15
z(s)/ /m//, dx dt—/ / Vo972V - Vi dx dit
131 Q 131 Q

r
+b/2/ Iﬂ(x,t)(/ uﬁ(x,t)dx> dx dt,
11 Q Q

hold for all 0 <y <t < T, where ¥ (x, 1) >0e C"'(Q7) such that ¥(x, T) =0
and ¥ (x,t) =0 on S7. In particular, (u(x,t), v(x, t)) is called a weak solution
of (1.1) if it is both a weak upper and a weak lower solution.

The local existence of weak solutions to Problem (1.1) under Assumption 1.1 and
the following comparison principle is standard (see [8, 16, 25, 27]).

COMPARISON PRINCIPLE. Suppose that (u(x,t), v(x, 1)) and (u(x, t), v(x, t)) are
the lower and upper solution of Problem (1.1) on Qr x Qr, respectively. Then
(u(x, t), v(x, 1)) < (u(x, t), v(x, t)) almost everywhere on Q1 x Qr.

In order to study the globally existing solutions to Problem (1.1), we need to study
the following elliptic system

—Ar,yO=1, xeQ,

0=1, x € 0%, .1y

where Ay ), ® is defined in (1.1), and we obtain the following lemma.
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LEMMA 2.2. Problem (2.1) has a unique solution ©(x), and satisfies the following
relations,

Ox)>1inQ2, VO-v<0 ondQ, sup®=M <+o0,

xeQ
where M is a positive constant.

PROOF. Set @ = @, then ® satisfies the following equation

—V- (VO 2ve) =1, xeQ,

d=1, x € 092 (2.2)
Next, let ¥ = @ — 1, then the following equation reads
v y=2 =
V- (IVUP==V¥) =1, xeL, 2.3)

v =0, x € 082.

Then from [2, 7], we obtain that Problem (2.3) has a unique solution W (x), and satisfies
the following relations,

Y(x)>0inQ, VV¥V.-v<00nd, sup¥ =M <+oco,

xeQ

where M’ is a positive constant. Since © = (¥ + 1)k, the conclusion of Lemma 2.2
follows directly. O

3. Global existence of a solution

In this section, we investigate the global existence property of the solutions to
Problem (1.1) and prove Theorem 1.2. The main method is constructing a globally
upper solution and using comparison principle to achieve our purpose.

PROOF OF THEOREM 1.2. Let ¢(x) and v (x) be the unique solution of the following
elliptic problem

—Am,p Q= 1, xeQ, —An’qv/ =1, xeq,
p=1, x €09, v=1, x €9Q.

Then from Lemma 2.2, we obtain the following relations

ex), ¥(x)>1inQ, Ve -v,Viy-v<0ona, 3.1
sup ¢ = M| < 400, sup ¥ = My < +o00, (3.2)
xe2 xe2

where M1, M, are positive constants.
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[7] Non-Newton polytropic filtration system with nonlocal source 19

Let u(x,t) = A1p(x), v(x, t) = Arr(x), where A1, Ay > 0 will be determined
later. Then with a direct computation we obtain

iy — A pi=ATPTY 5 A= AR,

and
a/ ¢ dxfallQllM‘z" ‘3‘ b/ i dxfbllQlleA’f.
Q Q

So, (u(x, t), v(x, t)) is an upper solution of Problem (1.1), if

APV s qmgag, ALV = b mMP AP
i(x, Dl =0, B(x, Hlpe =0, @(x,0) > uo(x), b(x,0) > vo(x).

Next we prove (3.1) in three cases.
(1) When o < mn(p — 1)(g — 1), if we choose A1, A» large enough such that

o ng—Dia _GB ma(p=1)(g—D—ap
Ay > maxymax ug(x), { ab™@= ||Q| @D M "™ M3 ,

xeQ
G tigh=ap
mn(p q «
Ay > max{ma_x vo(x), (a'"(!’ 1>b||Q|| Ry Mﬁ m(” l)) },
xeQ

then (3.1) holds.
(i) When o8 = mn(p — 1)(q¢ — 1), we can choose A, A, large enough such that

A1 > max up(x), Az > maxvg(x),
xeQ xXEQ

and ||2]| small enough such that

n(l—q) m(1—p)
T nq—Dta 5 N\ w3
1] < min] | ab™a=D MV MY = "0 bMP M m(p j ’

then (3.1) holds.
(iii)) When o > mn(p — 1)(q¢ — 1), we can take A1, A small enough such that

—D+ op aB=mn(p=D)(g=T)
Ar < (abmD Q) e M pg :

ap m(lill)) T
p—D+ = — =
Ay < (am(l’ e G Mﬁ o “)aﬂ ey

Furthermore, if the initial data is sufficiently small such that ug(x) < A; and
vo(x) < A», then (3.1) holds. The proof of Theorem 1.2 is complete. O
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4. Blow-up of a solution

In this section, we investigate the blow-up property of the solutions to Problem (1.1)
and prove Theorem 1.2. The main method is constructing a blowing-up lower solution
and using the comparison principle to achieve our purpose.

PROOF OF THEOREM 1.3. (i) When a8 > mn(p — 1)(¢ — 1) and the initial data is
large enough, set

N

1/m
u(x, )= (T - NViE), &=x|(t -4, Vl(5)=(1+%—§2) ’

+

D>

1/n
vx, )= —0)""Vam), n=Ixl(t -2, Vo) = (1 +4 - "—) .
+
where y;,£; >0 (i=1,2), A>1 and 0 < v < 1 are parameters to be determined.
It is easy to see that u(x, t), v(x, t) blow up at time t, so it enough to prove that
(u(x, t), v(x, t)) is a lower solution of Problem (1.1). If we choose T small enough
such that

suppu(-, t) = B0, R(t — H4) c B(0, Rth) C Q,
suppv(-, t) = B(0, R(t — t)©2) C B(0, Rt%2) C Q,

where R = (A2 + A))/2, then u(x, 1)]sq = 0, v(x, 1)|sq = 0. Next if we choose the
initial data large enough such that

|x| 1 |x|
Mo(x)>T—V1< ) v =—Val ),

then (u(x, ), v(x, t)) is a lower solution of Problem (1.1) if

Zz_Am,pﬂfa/s;Qa(xat)dx: Qt_An,qQSbLEﬂ(X,t)dX,
(x,1) e 2 x (0, 7]. 4.1)

After a direct computation, we obtain

Vi) +aévie) y2Va(n) + €2nV;(n)
u, = ) v =
(t —tyntl (t — l‘)V2+1
m __ X _ m __ N I,
Vi = A(r — pymn+2t° Aut = A(r — pymn+2t’ 4.2)
VT — A= — N
V= A — O T AG — e

and

A pit = VU™ P2 Au™ + (p — 2)|Vu™ P4 (Vu™)" - (H @™) - vu™

" 9ru™ 9
= [Vu" P2 Au" + (p — 2)|Vu" P 422 w43
j=1i=

0x; Ox;x; O0x;
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[9] Non-Newton polytropic filtration system with nonlocal source 21

Anqv = [VV"[972A0" + (g — 2)|V" |74V - (He (1)) - V"
N " 82211 "

0x; 0x;xj 0x;

N
= [Vo" 1172 A0" + (g — 2|V |77 Y
j=1i=1

4.4)

where H, (™), H,(v") denote the Hessian matrix of u” (x, 1), v"* (x, ), respectively.
Use the notation d(£2) = diam(£2), then from (4.2) and (4.3), we obtain

p—2
A N ( d(2) >

<
m.plt| = At — tym+26\ (¢ — rymn+26

, d(Q) p—4 d(Q) : N

_ N@p-Dhu@)r?
T A(r — 200 (-1

4.5)

Similarly, from (4.2) and (4.4) we obtain

d(Q) )‘12

vl <
n#‘l—l — A(T _ t)ny2+2[2 <(T _ t)ny2+2€2

d(Q q—4 d(Q 2 N
+<q—z>( “) )( “) )

(t — t)ny2+2£2 (t — t)ny2+2£2 AT — t)ny2+2£2

|A

N(g — 1)(d(Q))42

T A@ — @D (4.6)
Next, we compute the nonlocal term of (4.1)
a [x| aM,
Ed s dx = —— Va dx = )
a/QQ (x,1)dx (‘E _ t)ay2 /;?(O,R(r—z)ZZ) 2 (('L' _t)éz) X (T _t)ayszlz
b [x| bM,
b | uPx.t)dx=—"~ vP dx = 4.7
fszE (x, ) dx (r —)fn /;S(O,R(rft)ll) ! ((T—l)€‘> g (r —t)pn—NG “.7)

where

M1=/ VE (D do, M2=/ v e de.
B(O,R) B(0,R)

If0<& n<A, then 1 <Vi(§) <1+ A/2)Y", 1<Va(p) <1+ A/2)Y/" and
Vl/ (&) <0, Vz/(n) < 0. Combining the above inequalities and the definition of M| and
M>, we obtain

M =/ V() dnzf VE(nD) dn = 1B, Al
B(0,R) B(0,A) (48)

M2=/ vE(&)) d z/ VB () d& = B, A)].
B(0,R) B(0,A)
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22 J. Zhou and C. Mu [10]

Then from (4.2)—(4.8) we obtain
u, — Ay pu—a / v*(x, 1) dx
Q

A 1/m
- Vl(” 7) N(p—DE@)P>  a|BO, A

(r —nyn+l At — t)mn+200(p=1) (g — pyer—-Nb&’ 4.9
V= Angl — b/gﬂﬁ(X, t)dx
1/n
A
r\lt2 — D@@)7? bIBO, A
< ( 2) N(g — D(d(2)) 180, A)ll 4.10)

(t — t)yr2tl A(T — )20 (z — )fn-Nbr*

If &, n> A, since m,n>1, we obtain Vi(§) <1, Vo(n) <1 and V]’(S) <—1/m,
Vz’(n) < —1/n. Combining the above inequalities (4.2)—(4.7), and M1 >0, M> > 0,

we obtain
1 -2
o M= tA - N(p— D)’
Et - Am,pﬁ_ aLQ (xa t) d-x 5 ('E _ t)Vl'H A('L' — t)(m]/]"l‘zgl)(p_l)’ (411)
1 -2
— —{A N(g — DH(d())4
_ _ B 2=t q
Y, An,qy b L u (x, 1) dx < (r — l‘)}’Z‘H A(t — t)(ny2+2€2)(q_1) . (4.12)

IfO0<& <Aandn > A, we have that (4.9) and (4.12) hold. If £ > Aand0 < n < A,
we have that (4.11) and (4.10) hold.

So, from the above discussions, (4.1) holds if the right-hand sides of (4.9)—(4.12)
are nonpositive.

Since p,g >2,m,n>1 and af > mn(p — 1)(g — 1) > mn > 1, we can choose
two constants £1, £5 > 0 small enough such that

l+a+ Nl +al)) 1-264(p—-1)

of —1 S Tmp—1)—1"
L+ B+ N +pt) _1-26 -1
aff — 1 ng—1-1"

Then we can choose two constants yp, 3> such that

l4+oa+ N+ aly) 1-2¢(p—1)
<V <"~ 1

aff — 1 m(p—1)—1

1+ B+ N + Bbo) 1 —26(q —1)
<< —,

aff — 1 nig—1)—1

that is

(my1 +2e)(p—1) <y1 + 1 <ay, — Niy,
(ny2 +28)(g —1) <y +1 < By1 — Nty.
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[11] Non-Newton polytropic filtration system with nonlocal source 23

Furthermore, if we choose A > max{l, my;/€1,nyy/€2}, then for 7 >0
sufficiently small, the right-hand sides of (4.9)—(4.12) ar nonpositive, so (4.1) holds,
and we obtain Theorem 1.3(i).

(i) When o = mn(p — 1)(¢ — 1) and €2 contains a sufficiently large ball, we assume
that 0 € 2 and a ball B(0, R) CC 2. Then we only need to show that the radial
solution of problem (1.1) on (B(0, R) x [0, T]) x B(0, R) x [0, T]) blows up in

finite time.
Since p, g > 2 and «f =mn(p — 1)(q¢ — 1), we can choose two constants £, £,
such that
_e b _ =D s, e =mp — 1), €18 =n(g — D,
m(p—1) & B
Firstly, let us consider the following elliptic problem on (0, R),
_fi(rN—lgff_p_2€£i>::rN—l _ji(rN—1éﬂﬁiq_zdwn)::rw—1
dr dr dr ’ dr dr dr ’
9'(0)=0, ¢(R)=0, ¥'(0)=0, ¥(R)=0.

Then it is easy to show

_ 1/m 1/m(p—1)
p(r) = (_p 1) (l) (RP/(P—l) _ rp/(p—l))l/m’
p N

I/n I/n(g—=1)
q—1 1 - N
Y(r) = (T) (N) (R7/@=D _ pa/la=D)y n

By Assumption 1.1 on initial data, we can choose sg > 0 small enough that

uo(r) = s5'9(r),  vo(r) = s*Y(r),  Vrelo, R).
Next, let us consider the following Cauchy problem with s(0) = s,
—1 bey—1
S0 =min] L= T2 LTy,
LM, 2y.76)
Y =min{fm(p — 1)l — €1+ 1, n(g — 1), —r + 1},

where for R large enough and w(N) is the volume of the unit ball in N-dimensional
space

¢ = f Ve (Ix]) dx
B(0O,R)

R
=/ dr/ Y (r)do
0 dB(0,r)

R
= / No(N)Y*(r)rN='dr
0

()@
=Nw(N)| — — / (R
q N 0

ik
!
!
Ik
N———"
|
-
=
&
v
I
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¢ = / 0P (Ix]) dx
B(0,R)

R
=/ dr/ (pﬁ(r) do
0 dB(0,r)

R
= f No(N)ef (r)yrV =1 dr
0

B B

—I\m /1 \moD R/ » 5 1
ZNG)(N)(—p ) (—) / <RP—1 —rp—l) Nl dr > -,

p N 0 b

1 1 1 1
p— 1\m 1\ m(p—D P q— 1\~ 1 n(g—T1) q
Ml = _— —_ Rm(P*l) y M2 = —_— —_ R”(‘[*l) .
p N q N

Since YT > 1, then there exists a constant t* such that lim,_, ;+ s(¢) = +o00.

Finally, we construct u(r, t) = szl(p(r) and v(r, 1) = s©2¢ (r), then (u(r, t), v(r, 1))
blows up in finite time. So it is enough to prove that (u(r, t), v(r, t)) is a lower
solution of Problem (1.1) on (B(0, R) x [0, T]) x (B(0, R) x [0, t]). Let us make
some simple computations:

Am,Pﬂ =V <|(Zm)r|p2(ﬂm)r;>

Il
.MZ

<|<g"’>r|f’—2(g'")rﬁ)
r

i=1 Xj

2 N 2 2
) X; 2 re — X:
(11 (g"1>r)rr—;+;|(g’">r|f’ W), —5-

I
M=

Il
_

N -1

I
/N

(@ P2W™,) 1w,
=N (W, W) =S,

Angr=r'"N (V@ 12,) =S,

Then Problem (1.1) becomes the following equations,

u, — 3w —a v (Ix]) dx
B(0,R)

= K1<ps€171y(;) + Sm(Pfl)El(t) _ (lclsab(t)

_ cps€1’1<£]s’(t) + (pflsm(pfl)elfiﬁrl(t) _ acl(pflsaezfiﬁrl(t))
_ (ps€‘_1<ﬁls/(t) — (ac| — 1)¢—1sm(1’—1)€1—@1+1(t))

=57 (015'() = (ae) = HMT I PTIAZ0F ()
<0, V(0 eBO R) x 0,1,

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.153, on 14 Jul 2025 at 18:25:47, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/51446181108000242


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1446181108000242
https://www.cambridge.org/core

[13] Non-Newton polytropic filtration system with nonlocal source 25

v, — (W) — bf WP (1x)) dx
B(0,R)

=LyYs27 s (1) + "9V 1) — beasPh (1)
— wséz—l (EZS/(I) + w—]sn(q—l)ZQ—fz-‘r](t) _ bc21/,—1s,3Z1—£2+1(t)>

— ]/fséz—l (EZS/(Z) _ (bC2 _ ])]//—lsn(q—l)éz—éz-‘rl (t))

= P57 (05(0) = (bey — M 5" ITDEET (1))

<0, V(rt)e B, R)x(0,1),
V@™, P2 W) =0 = 0, rNTH@Y9T2 W), =0 =0, VE €0, ],
u(R, 1) =s"¢(R) =0, v(R, 1) =s2¢(R) =0, vt €0, 7],
u(r, 0) =sg'@(r) <uo(r),  u(r,0)=s> W) <vo(r), Vrelo, Rl

So, (u(r,t), v(r,t)) is a lower solution of Problem (1.1) on (B(0, R) x [0, ])
x (B(0, R) x [0, ]), we obtain Theorem 1.3(ii). The proof of Theorem 1.3 is
complete.

5. The special case « =n(qg — 1), B=m(p — 1)

In this section we consider Problem (1.1) for a special case o =n(qg — 1),
B =m(p — 1), similar to Sections 3 and 4, we prove Theorem 1.4 by constructing
special upper and lower solutions.

5.1. Global existence In this section we prove the conclusion (i) of Theorem 1.4.
Since Au < (ab)~!, we can take two positive constants A, Aj large enough such that

m(p—1)

an < ey SOV AL 2@, A () = u).
2

Set u(x,t) = A1¢(x), v(x,t) = AP (x), then we show that (u(x, t), v(x,t)) is a

upper solution of Problem (1.1), which exists globally. After a simple computation,
we obtain

’Zl‘ - Am,pﬁ —a L ﬁn(q_l) dx = A’in(pil) — aMAg(qil) > O,
O — Ap g —b /Q @" P dx = ATV — TP > 0.

Noting that u(x, t) = v(x, t) =0 on 92 x [0, +00), we obtain that (u(x, ), v(x, t))
is an upper solution of Problem (1.1). Then conclusion (i) of Theorem 1.4 holds.

5.2. Blow-up In this section we prove conclusion (ii) of Theorem 1.4. First, we
introduce the following useful lemma.
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LEMMA 5.1. Suppose that the initial data (uo(x), vo(x)) satisfies the Assumption 1.1
and A > (ab)~", then there exist two positive constants oy, oy such that

u(x, 1) > 018(x), vx, 1) =0dx), VY, 1)eQr.

PROOF. Since Au > (ab)~!, we can take two appropriate o, o positive constants
such that

m(p—1)
—ay 2 OMT o1t@) SuoW). 029 () < wo(x).
)

ap =

Letu(x, t) =01 (x), v(x, t) = 020 (x), then we will show (u(x, ), v(x, t)) is alower
solution of Problem (1.1). After a simple computation, we obtain

U, — A ptt — a/ V0D gy = M) _gugh@D <
Q

v, = Angv — b/ WP gy = 674D gD <
Q

Noting that u(x, t) = v(x, t) = 0, we obtain that (u(x, t), v(x, t)) is a lower solution
of Problem (1.1). The proof of Lemma 5.1 is complete. O

Now we can prove Theorem 1.4(ii). For Q| CC €2, let us consider the following
elliptic equation,

_Am,pé-l = 17 X € Qla _An,qﬁ] = 1, X € Q],
¢1 =0, x €0Qy, 01 =0, X €09Q.

Then the comparison principle asserts that { (x)|q, > ¢1(x), ¥ (x)|o, = ?1(x). Take
Al :/ C;n(p_l)(x) dx, :/ z?f(q_l)(x) dx.
Q Q

Since Au > (ab)~! and ¢ (x)|3q =0, 9 (x)|sq = 0, we can choose some Q; such that
Ay > (ab)~!. From Lemma 5.1, we can see u(x, Dlg, = 0181(x), v(x, Hlg, =
o (x).

Next let us take a domain 25 CC €2 and use the notation

8=min{ inf o1¢1(x), inf 02191()6)} > 0.

xe2n xe2n

Then,

ux, g, Zo151(0)lg, =z¢&,  vx, Nlg, =0d1(x)lg, = ¢.
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So, the above discussion ensures that the solution_ (u(x, 1), vix, t)) of Problem (1.1)
is an upper solution of the following problem in (£2; x [0, T']) x (22 x [0, T]),

H[_Am,pﬂ=a/2a(x’ t)dx’ (x7t)EQZX(0a T]7

Q

v, — An,qyzb\/‘ uP(x, ) dx, (x,1) e x (0, T], (5.1)
Q

ulx,t)y=e, v(x,t)=¢, (x,1) € 02 x (0, T1,

ulx,0)=¢, vx,0) =e¢, x € Q.

Denote o = max{sup, e, 1 (x), sup, e, P¥1(x)}, and consider the following Cauchy
problem,
-1 -1
o510 +57'" —ams, V0 =0, si0)=¢/p
0530 + 55970 = b PV (0) =0, 5,0) =e/p.
Multiplying the first equation of (5.2) by bA; 4 1, the second equation of (5.2) by
apy + 1 and combining them together, we obtain

(5.2)

9 (br1 + Ds|(t) + o (apr + Dsh(t) = (abrpg — 1) (s’{’(”‘” + s;’(q‘])).

Since m(p—1)>m>1,n(qg — 1) >n>1 and abru; > 1, there exists a constant
T’ < 400 such that

Tim (51(1) +2(0)) = +oe.

Set u(x, 1) =s1(1)1(x), V(x, 1) =s2(0)P (x), then (@(x, t), v(x, t)) blows up in
finite time. So, the solution of Problem (5.1) blows up in finite time if (& (x, 1), V(x, 1))
is a lower solution of Problem (5.1). After a simple computation, we obtain

U — Am’pﬁ—a/ v*(x, t) dx
Q

)

—1 —1
=00)s] (0 + 5777 —ausi V@)

<psi(0) + 57"V —auisy V@0 =0, V(x, 1) € Q2 x (0, T,
U — Ap gl — b/ P (x, 1) dx
Q

= 9105 (0) + 559D —bas] PV )

< psh(0) +55 77" —brysy PV () =0, ¥(x,1) €2 x (0, T,
ux, ) =510 (x) =0,  V(x, 1) =s2()1(x) =0, V(x, 1) € 32 x [0, T],
u(x,0)=s1(0)51(x) <&, V(x,0)=s2(00)01(x) <¢, Vx € Q.

So, u(x,t), V(x, t)) is a lower solution of Problem (5.1). Then the conclusion of
Theorem 1.4(ii) holds. The proof of Theorem 1.4 is complete. O
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