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ABSTRACT

In this paper, we develop machinery to solve ternary Diophantine equations of the shape
Az™ + By™ = C23 for various choices of coefficients (A, B, C'). As a byproduct of this, we
show, if p is prime, that the equation 2™ + y™ = pz® has no solutions in coprime integers
x and y with |xy| > 1 and prime n > p4p2. The techniques employed enable us to classify
all elliptic curves over Q with a rational 3-torsion point and good reduction outside the
set {3,p}, for a fixed prime p.

1. Introduction

After the ground-breaking work of Wiles [Wil95] and subsequent full proof of the Shimura—
Taniyama—Weil conjecture by Breuil, Conrad, Diamond and Taylor [BCDTO01], there has been much
interest in exploring the applications of techniques from Galois representations and modular forms
to Diophantine equations (see e.g. [Dar93a, Dar93b, DG95, DM97, Ell03, Ivo03, Kra96, Krad7b,
Kra98, Kra99, Mer99, Ser87]), centering on ternary equations of the shape

Ax? + By?! = CZ"

for p, ¢ and r positive integers with 1/p + 1/q¢ + 1/r < 1. We will refer to the triple (p,q,r) as
the signature of the corresponding equation. In the case of signatures (p,p,2) and (p,p,3), work
of Darmon [Dar93a] and Darmon and Merel [DM97] provides a comprehensive analysis, provided
ABC = 1. In [BS04], the first author of the present paper, together with Chris Skinner, extended the
techniques of [DM97] to apply to equations of signature (p, p,2) with arbitrary coefficients A, B, C'.
This paper is intended to be a companion piece to [BS04], where we apply these techniques in the
case of signature (p,p, 3), that is to equations of the form

Az™ + By" = C2°. (1)

Our object is to provide sufficient criteria for (A, B,C') to guarantee that such an equation is
insoluble in coprime nonzero integers (z,y,z) with xy # +1. In contrast to [BS04], applying an
idea used by Kraus [Kra97b] for signature (p,p,p), and W. Ivorra (personal communication) for
signature (p,p,2), we are able to derive results for infinite families of coefficients (A, B,C'). As an
offshoot of our approach, in § 6 we will completely classify elliptic curves over Q with a rational
3-torsion point and conductor 37p* (where p is prime and 7, w are nonnegative integers). This
generalizes work of Hadano [Had82].

Our main results from the standpoint of Diophantine equations are as follows. The proof of these
theorems are given in later sections.
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THEOREM 1.1. If p and n are prime, and « is a nonnegative integer, then the Diophantine equation
2" + yn — paz3
has no solutions in coprime integers x,y and z with |xy| > 1 and n > p4p2.

A novel feature of this theorem is its uniformity in the prime p, without additional hypotheses;
this is not the case for analogous results on equations of signature (p, p,p) or (p,p,2) (see [Kra97b]
and from Ivorra (personal communication). A corollary is the following.

COROLLARY 1.2. If p is prime, then the Diophantine equation
" + yn — paz3

has at most finitely many solutions in integers x,y, z, « and n with  and y coprime, |zy| > 1 and
n > 4.

For AB # 1 in (1), we have the subsequent theorem.

THEOREM 1.3. Ifp and n are prime such that p # s> + 3! for any integers s and t with t # 1, and
« is a nonnegative integer, then the Diophantine equation

" +payn — 2’3
has no solutions in coprime integers x,y and z with |zy| > 1 and n > p?.

THEOREM 1.4. If p and n are prime such that p ¢ {5,3s>+1,9s>+1: s € N}, and a, 3 are positive
integers with 3 coprime to 3, then the Diophantine equation

" 4 pyt = 3723

has no solutions in coprime integers x,y and z with |zy| > 1 and n > p*°P.

For small values of A, B,C in (1), we can be rather more precise.
THEOREM 1.5. If C € {1,2,3,5,7,11,13,15,17,19}, n is prime satisfying
n > max{C,4},
and « and 3 are nonnegative integers, then the Diophantine equation
2"+ 3%y = CP23
has no solutions in coprime integers x,y and z with |xy| > 1, unless
(x|, ly|, a,n, |CP23)) = (2,1,1,7,125)
or, possibly, (C,n) = (7,11), (C,n) = (11,13) or (o,C) = (1,p) withp =2 or p > 11.
THEOREM 1.6. If n > 11 is prime,
p € {5,11,13,23,29,31,41,43,47,53,59,61,67,71,79, 83,97}
and « is a positive integer, then the Diophantine equation
a4 pyt =20
has no solutions in coprime integers x,y and z with |xy| > 1, unless, possibly, n divides p* — 1, or
(p,n) € {(13,19),(29,11), (43,13), (47,13), (59, 11), (61,61), (67,73), (79,97), (97,13), (97,79) }.
THEOREM 1.7. If n > 7 is prime,
pe{7,11,13}
1400
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and «, B are positive integers with 3 coprime to 3, then the Diophantine equation
a" + poy" = 3723

has no solutions in coprime integers xz,y and z with |xy| > 1, unless, possibly, (p,n) = (7,13) or
(p,n) = (13,7).

2. Elliptic curves

Let us suppose that a,b,c, A, B and C' are nonzero integers such that
Ad™ + BV = Cc?

for some prime integer n > 5. Assume Aa, Bb, and Cc¢ are pairwise coprime, and, without loss of
generality, that Aa # 0 (mod 3) and Bb" # 2 (mod 3). Further, suppose that C' is cube free and
that A and B are nth power free. Following [DG95] and [DM97], we consider the elliptic curve

E = E(a,b,¢) : y*> 4+ 3Ccxy + C?Bb"y = 2. (2)

In what follows, we will denote by ord,(m) the largest nonnegative integer k such that p* divides a
given integer m. With the above assumptions, we have our next lemma.

LEMMA 2.1. Let E be defined as in (2).
i) The discriminant A(E) of the curve E is given by
A(E) = 3°AB*C®(ab®)",

while the j-invariant j(F) satisfies

Cc3(9Aa™ + Bb™)3
ST _ a3
IE) =3 — Bty
ii) The conductor N(E) of the curve E is
N(E) = Rad*(ABab) Rad*(C)?e3,

where
Rad*(M)= [ »
p|M,p#3
and
(32 if9|(2+ C?Bb" — 3C¢),
33 if3 | (2+ C?Bb" - 3Cc)
3% if ordg(Bb") =1,

€3 =< 3% if ordz(Bb") =2
if ords(Bb™) = 3,
3 ifords(Bb") > 3,

3% if3|C.

In particular, E has split multiplicative reduction at each prime p # 3 dividing Bb, split multi-
plicative reduction at each prime dividing Aa congruent to 1, 4, 5, 7, 16, 17 or 20 modulo 21,
and nonsplit multiplicative reduction at all other primes dividing Aa, except 3. Also, E has
split multiplicative reduction at 3 if ordz(Bb™) > 3, and good reduction if ordz(Bb™) = 3.

iii) The curve E has a Q-rational point of order 3.
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Proof. Part i of the lemma is a routine calculation, while part iii follows from the fact that
(0,0) is a rational point of order 3 on E. To deduce part ii, we will employ Tate’s algorithm, as
explained in [Sil94]. We carry out this calculation in some detail as the actual reduction types of
the elliptic curves under consideration will be of later use. We have (in the notation of [Sil94])

a1 =3Cec, a3 =C?Bb", by=9C?*?, by=3C3Bcb", bs=C*B**"

and bg = 0. Let us fix a prime 7 | A. We consider the cases 7 | Bb, 7 | Aa, 7 | C and m = 3 separately
(this last situation may be simplified through application of work of Papadopoulos [Pap93]). By a; ;
or b; j, we will mean a;m~J or byt 7, respectively. Notice that

ged(a, B) = ged(a, C) = ged(b, A) = ged(b,C) = 1.
Case 1: w | Bb, ™ # 3. Observe that 7 | a3, a4, as while 7 { by = a?. We thus have the following
reduction type and associated quantities:
Type I,, ord;(A)=3nord;(b)+3ord,(B)=n, m=mn, f=1,

while ord;(j) = —n = —3nord,(b) — 3ord,(B). We have split multiplicative reduction at 7, since
T? + ;T factors.

Case 2: w | Aa, m # 3. In this case, we change variables, taking y =Y + a3 and z = X — a%/3 and
consider the elliptic curve

E Y2 +d\ XY 4+ ayY = X? + ab X2 + a} X* + af,

where
27a3 — a —a? a1(27a3 — a3)
/ ! 1 I 1 e 1
al — a]_7 CL3 — 9 3 a2 —3 3 a4 —27
and
, (27a3 — a})(54as — a})
a6 = — 36 .
Since 27a3 — a3 = 27C%?Aa™, 7 | a}, a}y, and afj. Also note that by = (a})? + 4a, = —3C?c?, whence

7 1 b5. We thus have
Type I,, ord;(A) =nord;(a)+ord;(A)=n, m=n, f=1

and ord, (j) = —n = —nord,(a)—ord,(A). The reduction at 7 is split precisely when T?+a;T —a?/3
splits (mod 7). Note that for 7 = 2 we have nonsplit reduction. For 7 > 2 we have

2 1\ /1 1
T2+a1T—ﬂE<T+W+ a1> —(——i——)a% (mod )

3 2 173
o T+ 1 2 aq 2
= <T+ . a1> —91 (E> (mod 7).

It follows that we have split multiplicative reduction if 21 is a quadratic residue (mod ) (this in-
cludes m = 7), and we have nonsplit multiplicative reduction if 21 is a quadratic nonresidue (mod 7).
By quadratic reciprocity, we thus have split reduction when 7 =7 or 7 = 1,4,5,16,17,20 (mod 21)
and nonsplit reduction otherwise.

Case 3: w | C, m # 3. In this case, we have two possibilities to consider. Either ord,(C) = 1, or
ord,(C) = 2. In the first case,

T | as,as, by, 7 |ag, 7 |bg,bs

and, since the polynomial Y2 + a3 Y splits and has distinct roots (since 7 { Bb" and 72 || C), we
have the following reduction type:

Type IV*, m=7 f=ord;(A)—6=2, c=3.
1402
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If, however, ord, (C) = 2, then our elliptic curve is not minimal. Applying the substitution z = 72X
and y = 1Y leads us to

E :Y?+a11XY +a33Y = X3
Since
7| ass, asa boo, T |age, T |bss,
but 73 1 bg 6 (since ord,(bss) = 20rd,(ag3) = 2), we have
Type IV, m=3, f=ord;(A13)—2=2, c=3.
Next, we calculate the conductor at m = 3. Here, we may directly apply work of Papadopoulos
[Pap93].
Case 4: 3 | Bb™. If ords(Bb™) = 1 or 2, then we have reduction types
Type IV, m=3, f=ord3(A)—2=4, c¢=3
and
Type IV, m=7 f=ord3(A)—6=3, c=3,
respectively. The latter statement follows from the fact that the polynomial Y2 + a3 2Y splits and

has distinct roots modulo 3 (since 31 C and 9 || Bb™). If ords(Bb™) > 3, then E is not minimal at
3 and hence, after substituting x = 9X and y = 27Y, we consider

E :Y?+a11XY +a33Y = X3

If ords3(Bb") = 3, the discriminant of £’ has no 3-part, and hence f = 0. If ord3(Bb™) > 3, since
the prime 3 divides a3 3, as4 and ag6, but fails to divide by 2, we have reduction type

Type I,,, n=ord3(Aj2) =ord3(Bb")—9, m=n, f=1
Case 5:3 | C. If 3 || C, then
3] as,as,ba, 9|as, 27|bg,bs

and, since the polynomial Y2 + a3,Y splits and has distinct roots (from 3 { Bb" and 9 || C), we
have

Type IV, m=7 f=ord3(A)—6=5, c=3.

If, however, ords(C') = 2, then applying the substitution x = 9X and y = 27Y leads, as previously,
to

E :Y?+a11XY +a33Y = X3
Since
3] ass,as4,b22, 9|ass, 27|bgs,
but 27 1 bs 6 (ords(be,e) = 2 ords(as3) = 2), we have reduction type

Type IV, m=3, f=ord3(A1p)—2=5, c=3.

Case 6: 3  a3. Since we assume that ag Z —1 (mod 3), we may conclude that ag = 1 (mod 3).
Writing y =Y + 1 and x = X — 1, our elliptic curve becomes

E Y4+ a XY +2+a3—a1)Y =X3—3X?+(3—a1))X — (2+a3—ay)
and we have 3 | b, = a? — 12. If 94 (2 + a3 — a1), then we conclude that
TypeIl, m=1, f=ord3(A)=3, c=1.
If9|(2+ a3 — ay), then note that 3 | a; for i = 1,2,3,4, and 6 whereby
bs = —(a})> =9(1 — Cc)?  (mod 27).
1403
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Note that if 3 divides ¢ then 27 fails to divide bg. If 3 is coprime to ¢, then since Cc® = Aa™ + Bb",
Bb" =1 (mod 3) and 3 fails to divide Aa™, we conclude that ¢ = —1 (mod 3), whence 27 { bg.
It follows that, in this case, we obtain reduction type

Type III, m =2, f=ord3g(A)—1=2, c=2.

This concludes the proof of Lemma 2.1. O

Immediately from Lemma 2.1, we have the following corollary.

COROLLARY 2.2. If n > 5 is prime and abAB is divisible by a prime p # 3, then
ord,(j(£)) < 0.
In particular, if ab # +1 then E does not have complex multiplication (CM).

Proof. The first part follows directly from part i of Lemma 2.1 and the fact that Aa, Bb and Cc are
coprime. If 3 | ab, then since n > 5, we have that ords(j(E)) < 0. Therefore if ab # +1, j(E) cannot
be a rational integer. The desired result then is a consequence of the fact that the j-invariant of an
elliptic curve with complex multiplication is an algebraic integer. ]

3. Galois representations

Let E = E(a,b,c) for some primitive solution (a, b, c) to (1). We associate to the elliptic curve E a
Galois representation

PEn : Gal(Q/Q) — GLa(Fy,),
the representation of Gal(Q/Q) on the n-torsion points E[n] of the elliptic curve E. Recall that
Aa, Bb, and Cc are pairwise coprime, and that C' is cube free. Without loss of generality we may
assume that A and B are nth power free.

LEMMA 3.1. If n > 5 is a prime and if ab # £1, then pg , is absolutely irreducible, unless ab = +2
and (|AB|,|Cc®|,n) = (27,5,5) or (3,125,7).

Proof. Since both the representation pg, and n are odd, pg, is absolutely irreducible precisely
when it is irreducible. If pg ,, is reducible, then E has a Q-rational subgroup of order n, whereby,
from part iii of Lemma 2.1, F has a Q-rational subgroup of order 3n. By the work of Kubert
[Kub76], Mazur [Maz78] and Kenku [Ken79], the rational points on X (3n) are cuspidal for n > 11,
a contradiction. In the case n = 5, the four noncuspidal rational points on X((15) correspond to
twists of curves of conductor 50, whereby E necessarily has one of the following four j-invariants:
25 522413 5-293 52113

o T T 98 0 T T 95 and 915

Similarly, if n = 7, the four noncuspidal rational points on X(21) correspond to twists of the curve
of conductor 162 denoted 162C in Cremona’s tables [Cre92]|. Therefore E has one of the following
four j-invariants:

33. 53 32.56 33.5%.3833 32.5%.1013
, - , = and ———.
2 23 27 221
Applying the formula for j(F) in part i of Lemma 2.1 and using the coprimality of Aa, Bb and Cc,
together with the fact that Aa is coprime to 3, leads to the conclusion that the only curves E(a, b, c)
with these j-invariants correspond to the equations

2-1°427-(-1)°=25-(—-1)3 and 1-2°427-(-1)°=5-13
1404
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in the case n = 5, and to
21743 (=1)"=(=1)? and 1-27+3-(-1)" =15
in the case n = 7. This completes the proof of Lemma 3.1. ]

Here, the presence of noncuspidal, non-CM rational points on Xo(N) for N € {15,21} leads
to some minor complications. Corresponding issues are overlooked in the proofs of Theorem 2.2 of
[DM97] and Corollary 3.1 of [BS04] (which require correction to account for ‘nontrivial’ rational
points on X(14) and X((21), and on X((14), respectively). These difficulties do not significantly
affect the main results of either paper.

Following Serre [Ser87], we can associate to each representation pg , an Artin conductor Nf .
Work of Kraus enables us to calculate N exactly (here, we write f, as shorthand for ord, (N (E))).

THEOREM 3.2 (Kraus [Kra97al). If n > 5 is prime, the Artin conductor of pg , is equal to
NE =T[5,
pF#EN
where fz/> is calculated as follows:
i) If E has good or additive reduction at p, then fz/> = 0.
ii) If E has multiplicative reduction at p, then

. 0 ifn does not divide v,(A(E)),
P11 ifn divides up(A(E)).

Here A(FE) is the minimal discriminant of E. Combining this with the proof of Lemma 2.1 (where
we explicitly describe the relevant reduction types) yields the following corollary.

COROLLARY 3.3. The Artin conductor of pg,, is
NE = Rad*(AB)Rad*(C)?%é;,

where
.

32 if9|(2+ C*Bb" — 3Cc),
33 if3 | (2+ C*Bb" — 3Cc),
3% if ordz(Bb") =1,
€5 =< 3% if ordz(Bb") = 2,
if ordz(B) = 3,
3 ifords(Bb™) > 3 and ordz(B) # 3,
3 if3|C.

Let F,, be an algebraic closure of the finite field F,, and v be any prime of Q extending n.
To a holomorphic newform f of weight £ > 1 and level N, we associate a continuous, semisimple
representation

pru s Gal(@/Q) — GLa(Fy)
unramified outside of Nn and satisfying, if f(2) = > 00 | ¢,q" for q := *™%,

trace pg,(Frob,) = ¢, (mod v)

for all p coprime to Nn. Here, Frob, is a Frobenius element at the prime p.

If the representation pg ,, after extending scalars to F,,, is equivalent to p v, for some newform f,
then we say that pg , is modular, arising from f.
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LEMMA 3.4. Suppose that n > 5 is a prime and that pg, is associated to a primitive solution
(a,b,c) with ab # +1. Put

NE ifn{ ABC,
N,(E) =< nNF ifn| AB,
n?NE ifn|C.
Then the representation pg,y arises from a cuspidal newform of weight 2, level Ny,(E) and trivial
Nebentypus character, unless E' corresponds to one of the equations

1-25427-(=1)°=5-1° or 1-2743-(-1)"=1-5%

Proof. By the recent proof of the Shimura-Taniyama—Weil conjecture [BCDTO01], we have that E,
and hence the representation pg ,, is modular. Since Lemma 3.1 implies, with the noted exceptions,
that pg, is absolutely irreducible, it is therefore a consequence of a theorem of Ribet [Rib90] that
pE,n arises from a cuspidal newform with weight 2, level IV, (E) and trivial Nebentypus character. [

4. Some useful propositions

In this section, we will collect a variety of results that enable us, under certain assumptions, to
discount the possibility of pg , arising from a particular newform of level N,,(E). These correspond
to Propositions 4.1, 4.3 and 4.6 of Bennett and Skinner [BS04], respectively, and possess very similar
proofs. We will therefore, for the most part, only indicate where significant changes to the arguments
of [BS04] are required.

PROPOSITION 4.1. Suppose n > 5 is a prime and that E is the curve associated to a primitive
solution (a, b, c). If

N, (F) €{1,2,3,4,5,6,7,8,9,10,12,13, 16, 18,22, 25, 28,60},
then ab = £1, unless E corresponds to one of the equations
1-22427-(-1)°=5-1% or 1-2743-(-1)"=1-5%

Proof. This is immediate from Lemma 3.4 and the fact that there are no weight-2 cuspidal newforms
at these levels. O

PROPOSITION 4.2. Supposen > 5 is a prime and that E is a curve associated to a primitive solution
(a,b,c) with ab # +1 which does not correspond to one of the equations

1-25427-(=1)°=5-1° or 1-2743-(-1)"=1-5%

Suppose further that f =Y " | ¢,q™ is a newform of weight 2 and level N, (E) giving rise to ok
and that Ky is a number field containing the Fourier coefficients of f. If p is a prime, coprime to
nNF, then n divides

Norme/Q(cp —ap)
where a,, € S, with

Sy =A{x:|z|<2yp, z=p+1 (mod 3)}U{p+ 1},
ifp=1,4,5,7,16,17,20 (mod 21), and
Sp={z:|z|] <2yp, z=p+1 (mod 3)} U{p+1,—p—1},
otherwise.

Proof. This follows, essentially, from the fact that, via part iii of Lemma 2.1, the curves E(a, b, ¢) all
have rational 3-torsion. This enables us to restrict the Fourier coefficients of a newform that can give
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rise to pZ. To be precise, suppose that p is a prime of good reduction for E. Since E has a rational
3-torsion point, it follows that 3 | #E(p), where #E(p) is the number of points on E over [, and
so the pth Fourier coefficient of E satisfies a, = p+ 1 (mod 3). If f is a newform giving rise to .
with pth Fourier coefficient c,, then we have ¢, = a, (mod v) for a prime v lying above n, and hence
n divides Normpg, /q(cp — ap). By the Weil bounds, |ap| < 2,/p. If, on the other hand, p | ab, then
trace pL (Frob,) = p+1, if E has split multiplicative reduction at p, and trace pZ (Frob,) = —(p+1),
if F has nonsplit multiplicative reduction at p. An application of Lemma 2.1 thus completes the
proof. O

PROPOSITION 4.3. Suppose n > 5 is a prime and E is a curve associated to a primitive solution
with ab # +1. Suppose that pZ arises from a newform having CM by an order in an imaginary
quadratic field K. Then one of the following holds:

a) ab==+2",r >0, 21 ABC, and 2 splits in K.

b) n=5,7 or 13, n splits in K, and either the modular Jacobian Jy(3n) has no quotient of rank 0
over K, or ab = 4+2"3° with s > 0 and 3 ramifies in the field K.

Proof. This follows from a combination of the arguments leading to Proposition 4.6 of [BS04] and
Proposition 4.2 of [DM97], themselves dependent upon Corollary 4.3 of [Maz78|. O

Analogously to Proposition 4.4 of [BS04], we can in fact deduce the following result, though we
will not have need for it in our deliberations; the proof depends upon somewhat careful consideration
of potential reduction types.

PROPOSITION 4.4. Suppose n > 5 is a prime and E is a curve associated to a primitive solution
(a,b, c). Suppose also that E' is another elliptic curve defined over Q such that pf & pgl. Then the
denominator of the j-invariant j(E’) is not divisible by any odd prime p # n dividing C'.

5. Proofs of Theorems 1.5, 1.6 and 1.7

We will begin by proving Theorems 1.5, 1.6 and 1.7. The first of these is necessary for the subsequent
proofs of Theorems 1.1, 1.3 and 1.4. To prove Theorem 1.5, we are led to consideration of modular
forms of level N, in the following set:

{27, 36,49, 75,81, 108, 121, 147,169, 225, 243, 289, 361, 363, 441, 507, 588, 675, 867,
1083, 1089, 1323, 1521, 2025, 2601, 3249, 3267, 3969, 4563, 7803, 9747}

(from Proposition 4.1, we may immediately suppose that N # 1,3,4,9,12 and 25). To analyse forms
at these levels, we utilize Stein’s modular forms database [Ste03], together with some auxiliary
computations (for levels 4563, 7803 and 9747). Details for these latter calculations are available
in [BVYO03]. We find that the forms in Table 1 have CM by an order of an imaginary quadratic
field (here, we employ Stein’s numbering conventions, though there may be some minor variation
at levels 4563, 7803 and 9747).

Applying Proposition 2.1 of Kamienny [Kam90], we may conclude that Jy(39) has a finite quo-
tient over both Q(v/—3) and Q(v/—51). Further, since both the elliptic curve over Q denoted 214
in Cremona [Cre92] together with its Q(v/—3)-quadratic twist (denoted 63A) have rank 0 over Q,
it follows that this curve has rank 0 over Q(v/—3). This ensures that Jy(21) has a finite quotient
over Q(v/=3). Similarly, both the elliptic curve over Q denoted 154 in Cremona [Cre92] together
with its Q(v/—19)-quadratic twist (denoted 5415K) have rank 0 over Q and hence Jy(15) has a
finite quotient over Q(1/—19). Checking the splitting of the primes n = 5, 7 and 13 in the fields
represented in Table 1, it follows that the forms tabulated cannot give rise to pZ unless one of the
following occurs:
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TABLE 1.

Newform CM field Newform CM field
27(1) Q(vV=3) 1089(5) Q(v-11)
36(1) Q(vV=3) 1323(1,2,13) Q(vV=3)
49(1) Q(v=T) 1521(1,2,7) Q(v=3)
108(1) Q(v/=3) 1521(21) Q(v/=39)
121(1) Q(v/—11) 2601(21,22) Q(V=3)
225(1,2) Q(v/=3) 3249(19, 20) Q(v=3)
225(6) Q(v/~—15) 3267(1,2,4,12,17) Q(V=3)
243(1,2) Q(v-3) 3969(7,8, 24) Q(V=17)
361(1) Q(v/—19) 4563(3,6,9,12,17) Q(v/=3)
441(1,2) Q(V-3) 4563(4,5) Q(v-39)
441(5,7) Q(v/=T7) 7803(3, 10 13,20,23,32,33) Q(v/—3)
675(1,3,5)  Q(vV=3) 7803(11,12) Q(v/=51)
675(17) Q(v/—15) 9747(2,5 15,21,22,35,36)  Q(v/—3)
1089(1,2,12) Q(v/-3)

i) ab=£2",7 > 0 and the newform is one of 49(1), 225(6), 441(5,7), 675(17) or 3969(7, 8, 24).
n =17, ab= £2"3° with s > 0 and the newform has CM by Z[v/—3].

n =13, ab = £2"3° with s > 0 and the newform has CM by Z[/—3] or Z[/—51].

iv) n =5 and the newform is one of 121(1), 1089(5), 1521(21), 4563(4,5) or 7803(11, 12).

)
ii)
iii)
)
In case i (or in cases ii and iii, if, additionally, » > 0) our Frey curve F = FE(a,b,c) has
multiplicative reduction at 2. It follows that n divides Normy, so(ca £ 3) and since, for the forms
under consideration, excepting only 675(17) and the forms at level 3969, we have

o € {0,41,£V5, £V7},

this contradicts n > 5 prime. In the case of form 675(17), we have c¢; = (=3 £ +/5)/2 and so n
dividing Norm g ; o(cg £ 3) implies n = 19. Similarly, for the level 3969 forms, consideration of c;
leads to the conclusion that n € {7,37}. On the other hand, in every case ¢; = 0 and the fact that
a7 € {—4,—1,2,5} together imply that n = 5, a contradiction.

If we are in situation ii or iii with r = 0, then ab = £3° with s > 0 and we necessarily have
ord3(NF) =1, a contradiction.

Finally, in case iv, if E(a, b, ¢) gives rise to the newform denoted 121(1) in Stein’s tables [Ste03],
then there exist integers a, b and ¢ for which a® 4+ 27b° = 11¢?, a contradiction modulo 11. Similarly,
form 1089(5) leads to a® 4+ 3°0° = 11¢3, with § € {0,2}, a contradiction unless § = 0. In the case
of form 1521(21), we have c; = 6 where §* — 802 + 3 = 0 and so none of Normg, jg(c2 £ 3) and

Normp, g(c2) are divisible by 5. Forms 4563(4) and 4563(5) have c; = 6 where 0t — 116> +27=0
and 0% — 502 + 3 = 0, respectively, and so, once again, Normy ; so(ca £3) and Normp ; /o(c) are
coprime to 5. Forms 7803(11) and 7803(12) have c¢1; = £v/17 and so, since a1; € {0, £3, £6, £12},

NOI‘IIle/Q (611 — all) S {—17, -8, 19, 127}

In conclusion, the only newform listed in Table 1 that can give rise to our representation is 1089(5),
in which case we have A =B =1, C' =11 and n = 5.

To complete the proof of Theorem 1.5 for the forms that do not have complex multiplication,
we appeal to Proposition 4.2. In each case, we obtain a result at least as strong as that stated in
Theorem 1.5. For example, in the case C' = 11 we consider forms at levels N € {121, 363, 1089, 3267}
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TABLE 2.
P a as N
any 0 p, a€{1,2} 3t-p? te{2,3}
any 0 3tpe, t,a € {1,2} 3° - p?
5 —18 9 3°.5
5 18 225 3.5
7 6 1 33.7
7 6 7 3.7
19 2 1 19
37 4 1 37
3211, seN +9s 9 3 .p
9511, seN +9s 3 3 .p
3sF1, seN 9s 9p 3°.p
95211, seN 9s 3p 3°-p
2L L 3L 41 te N 3£30F2 1 32.p
s3F3, seN +3s 3 3t.p
s2F9, seN +3s 9 33.p
s2F3, seN 3s p 3t.p
s3F9, seN 3s P 3%.p
s$>F3t scZ, t>4 +s 3t=3 3-p
sS3F3, s€Z, t>4 3s P 32.p

and find that Proposition 4.2 yields a contradiction for all prime n > 7, except for forms
1089(5,13,14) and 3267(1) (with n = 7), forms 363(8,9,10), 1089(17,19,21,23) and 3267(33)
(with n = 11), and form 3267(25) (with n = 13). A similar analysis for the other values of C
completes the proof of Theorem 1.5. Details are again available in [BVY03]. We note that our tech-
niques do not prove decisive in the cases C = 6, 10 or 14. This reflects the fact that while, as we shall
observe in § 6, there are no elliptic curves over Q with a rational 3-torsion point, conductor 37p?
and lacking complex multiplication, the same is no longer true if we consider conductors of the form
2037 p2.

Finally, to prove Theorems 1.6 and 1.7, we are led to consider newforms at level N = 3%p (with
d€{1,2,3},if =0, and § =5 if § > 0), for small prime p. Our argument is essentially identical
to that described in the preceding paragraph; i.e. we appeal to Proposition 4.2. Again, details are
available in [BVY03].

6. Elliptic curves with rational 3-torsion

In this section, we will apply Theorem 1.5 to completely characterize elliptic curves over QQ that
possess both a rational 3-torsion point and conductor 3"p“ for nonnegative integers 7 and w, and p
prime. Since curves of conductor 237 have been classified by Coghlan [Cog67] (see also [CS71] and
[BK75, Table 4a]), we will henceforth assume that p > 3 and w > 0. We note that the special case
p =5 was considered previously by Hadano [Had82]. We have the following proposition.

PROPOSITION 6.1. Suppose that p > 3 is prime and that E/Q is an elliptic curve with a rational
3-torsion point and conductor 3"p* (where T is a nonnegative integer and w € {1,2}). Then E is
isogenous over QQ to a curve of the form

v’ + a1y + azy = 2
with coefficients given in Table 2.
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Proof. We begin our deliberations by supposing that E is an elliptic curve over (Q with a rational
3-torsion point and conductor 37p“. Thus F is isomorphic to a curve of the form

F: y2 + a12y + azy = 333,

where a; and ag are integers (with, say, az > 0). We further suppose that if ¢ | a; then ¢ fails
to divide ag, since otherwise we may consider the isomorphic elliptic curve F’ : y? + (a1/q)zy +
(a3/q®)y = 3. Tt follows that the discriminant of F' satisfies

A(F) = a3(a3 — 27a3) = £3%p°,

whereby we can write ag = 3%p® for nonnegative integers x and §. Here § > 0 since the same is
true for w. If a1 = 0, then the above assumptions imply that £ € {0,1,2} and § € {1,2}. In this
case, E has CM by an order in Q(v/—3) and, via an application of Tate’s algorithm, corresponding
conductor 37p? where 7 =2 or 3 (if « = 0) and 7 =5 (if a > 0).
For the remainder of this section, we will suppose that a; # 0. We have
ail’» _ 33+np6 € 3a—3/~cpﬂ—36'

We will proceed by separating the proof into two cases, depending on whether or not p divides a.
If p t a1, then there exists a nonzero integer x and a nonnegative integer m such that one of the
following occurs:
(i) a3 =p"+3™,
(i) 3mz3 =pr+1,
(iil) 2% =3mp" + 1,

where
B {5 if p | as,
B ifpfas.

Applying Theorem 1.5, we conclude immediately that the largest prime factor of n is at most 3.
We first suppose that n > 2. If we have a solution to (i) with n even, then we have an integral
solution to the equation Y? = X3 4 3™ with Y a power of p (for p > 3). Work of Coghlan [Cog67]
(see also [BKT75, Table 4al]) implies that this cannot occur. If, on the other hand, 3 | n in (i), then
there exist nonzero integers X and Y such that X3 — Y3 = 3™ and p | XY . Factoring the left-hand
side of this equation enables us to conclude that XY = —2, contradicting the fact that p | XY

If we have (ii) and n is even, then, since p is odd, we necessarily have 3™2% = y? — 1 for some
odd integer y. Applying techniques based upon lower bounds for linear forms in elliptic logarithms

(as implemented, say, in [Sim98]; see [ST94] for a good exposition of this method), we find that the
only such integers (x,y, m) are given by

(z,y,m) € {(2,£3,0), (2,45,1), (0, £1,m)}.

It follows that the only solution to our original problem corresponds to 3 - 2% = 52 — 1. In this case,

it is easy to see that necessarily either a; = —18 and ag = 9, or a; = 18 and a3 = 225. In each case,
E has conductor 3°-5. If 3 | n in (ii), then there exist positive integers x and y with p | y for which
y? — 33 = £1. (3)

The inequality

u® = 30°| > max{[ul, [v]}**,
valid for all integers u,v (see [Ben97, Theorem 6.1]), implies that (x,y,m) = (1,2,2), again
contradicting p | y for p > 3.
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Finally, if we have a solution to (iii) with n even, then, if m is even, we deduce the existence
of a positive integer y > 3 such that 2% — 42> = £1. An old result of Euler [Eul38] thus implies a
contradiction. If n is even and m is odd, then 3y? = 2%+ 1, whereby, via [Sim98], we find that there
are no solutions with y # 0. If 3 | n, then we again obtain a positive solution to (3), contrary to
ply p>3.

Next, suppose we have a solution to one of (i)—(iii) with n = 1. The corresponding conductors
again may be computed via Tate’s algorithm, as in § 2. We need to consider § = 0 and § # 0
separately. In case (i), we have p = 23 F 3™. If m = 0, necessarily p = 7 (with (a1,a3) = (6,1) or
(6,7) and N = 33-7). If m € {1,2}, then (ay,a3) = (£32,3™) or (3z,p) and N =3 .p. If 3 | m
for m > 0, say m = 3t, it follows that p = 3% + 3+ + 1. We thus have either a; = 3/ + 1 and
az = 3373, or a1 = 3£ 3! and a3 = p. For the first pair (a1, a3), we find that, if m = 3 (so that
p =19 or p = 37), then N = p, while m > 3 a multiple of 3 yields conductor N = 3 - p. For the
second pair, we have N = 32 - p in all cases. Lastly, if m = 41 (mod 3) and m > 3, we have either
a1 = +2 and a3 = 3™ 3, or again a; = 3z and az = p. In the first case, we have N = 3 - p, while
the second yields N = 32 - p.

In case (ii), we have p = 3™z3 F 1. If 3 | m, we again find that p = 7, with a; = 6, a3 = 1,
or aj = 6, a3 = 7 (so that N = 33 7). Otherwise, if m = 1 (mod 3), we can write p = 353 + 1
(for s € N) with (a1,a3) = (¥9s,9) or (9s,9p) and N = 3° - p. If m = —1 (mod 3), we can write
p =95+ 1 with (a1,a3) = (79s,3) or (9s,3p), and, again, N = 3° - p.

If we have a solution to (iii) with n = 1, then 23 = 3™p £ 1. The case m = 0 leads to the

previously considered curves with p = 7, of conductor 33 - 7. If m > 0, after factoring x> T 1, we find
that m > 2 and

If m = 2, then p = 7 and so (ay,a3) = (12,1) or (12,63). These curves are isogenous to those
previously encountered with (aj,a3) = (6,7) and (6,1), respectively. If m > 3, then (a;,a3) =
(3£3™ 1) or (3141, 33m=6 4 32m=4 4 3m=3) The first case leads to N = 32 - p, while the
second gives N = 19 or 37 (if m = 3) and N = 3 - p (if m > 3). The curves with conductor 32 - p
are isogenous to those with (aj,a3) = (3 £ 3™, 1). The curves with conductor dividing 3 - p may
be readily shown to be isogenous to those with (a1,a3) = (372 £ 1, 3>™79). This completes our
classification in case ptaj.

If, on the other hand, p divides a; # 0 (so that, additionally, p | a3), then
a-‘{) — 3R+3p5 + 30&—3/{1,),3—35’

where § € {1,2} (whence 8 = 40). Since a1 # 0, dividing the above equation by p° and a suitable
power of 3 implies the existence of positive integers x and m such that

p> 03 =3m 4 1.

Since the right-hand side of this equation is even, x is necessarily even and hence 8 | 3™+1. It follows
that p*>~923 = 3™ — 1, where m = 2m for some nonnegative integer m;. We thus have

p3—5$3 _ (3m1 _ 1)(3m1 + 1)

and, since gcd(3™ — 1, 3™ + 1) = 2, either 3™ — 1 = 2¢a3 or 3™ + 1 = 254> for some positive
integer a and ¢ € {1,2}. In either case, applying Theorem 1.5, we find that there are no solutions
if my is divisible by a prime exceeding 3. If m; is even, then again applying [Sim98] to the elliptic
curves

Y2=2X34+1, Y?=2X3-1, Y?2=4X%+1 and Y2=4X3-1,
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we conclude that the only positive integers (X, Y") satisfying any of these equations are given by
(X, Y) €{(1,1),(2,2),(5,11)}.
None of these provide solutions to our original problem. If m; is divisible by 3, we are led to consider

equations of the shape b3 — 2¢a® = +1. The inequality

[ — 20°| > maxc{ul, [0},

valid for all integers w,v (again, see [Ben97, Theorem 6.1]) thus implies that (a,b,{) = (1,1,1),
contradicting the fact that, in our situation, 3 divides b. It follows, since we have assumed a; # 0,
that mq = 1, whereby m = 2, a contradiction. This completes our classification. ]

7. Proofs of Theorems 1.1, 1.3 and 1.4

To prove Theorems 1.1, 1.3 and 1.4, we will combine Proposition 6.1 with a result of Kraus [Kra97b,
Lemme 1], and the Proposition of Appendice II of Kraus and Oesterlé [KO92| (regarding this last
assertion, note the comments in the Appendice of [Krad7b]). We define

u(N):NH<1+%>,

IIN
where the product is over prime [.
PROPOSITION 7.1 (Kraus). Let N be a positive integer and f =}, - caq" be a weight-2, level-N

newform, normalized so that ¢; = 1. Suppose that for every prime p with p < u(N)/6 we have
¢p € Z. Then we may conclude that c,, € Z for all n > 1.

ProproOsSITION 7.2 (Kraus and Oesterlé). Let k be a positive integer, x a Dirichlet character of
conductor N and f =3 -, cnq" a modular form of weight k, character x for I'o(N), with ¢, € Z.
Let p be a rational prime. If ¢,, = 0 (mod p) for all n < u(N)k/12, then ¢, = 0 (mod p) for all n.

We now proceed with the proofs of Theorems 1.1, 1.3 and 1.4; in each case, from Lemma 3.4, we
may assume the existence of a weight-2, level-N cuspidal newform f (with trivial character), where

N € {p,3p,9p, 27p, 243p, 3p*, 9p?, 27p*}.
If f has at least one Fourier coefficient that is not a rational integer, then, from Proposition 7.1,
there is a prime [ with
6p(p+1) if N € {3p? 9p%,27p°},
[<<6(p+1) if Ne{p, 3p,9p, 27p}, (4)
54(p+1) if N = 243p,
such that ¢; € Z. It follows from Proposition 4.2 that n divides Norm ; /Q(cl — a;), where q; is the

Ith Fourier coefficient corresponding to the Frey curve E(a,b,c). Since a; € Z (whereby a; # ¢;), if
[ is coprime to 3p, the Weil bounds imply that

n < (1414 2V)Er = (Vi 4 1)2K50, (5)

where, as previously, Ky denotes the field of definition for the Fourier coefficients of the form f.
Similarly, if [ = 3, we have n < 857U while | = p implies that n < (2(p + 1))[Kf:(@}. Next, we
note that [K; : Q] < gj (N) where g7 (N) denotes the dimension (as a C-vector space) of the
space of cuspidal, weight-2, level-N newforms. Applying Propositions 1.40 and 1.43 of Shimura
[Shi71], together with the Théoréme of Appendice I of [Kra97b|, we find, if p = py (mod 12) with
0 < pg < 12, that
PP-p—T+po _p*—p+4

6 h 6 )

1412

g5 3p*) =

https://doi.org/10.1112/50010437X04000983 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X04000983

TERNARY DIOPHANTINE EQUATIONS OF SIGNATURE (p,p, 3)

Similarly
5p? — 11p + 14 Ap* —4p — 3 p+1
9 (") < ————, g ) < ———, 9f () < —-,
12 3 12
p+5 op+1 4p —
9 (3p) < ==, 93 (9p) < =5 40 (27p) < and gf (243p) = 12p — 12.

Combining these with inequalities (4) and (5), we may therefore conclude that
(V6p(p + 1) + )& =8-6/3 i N ¢ {3p? 9p%, 27p?},
n < (V6(p+1)+1)E—4/3 if N € {p,3p,9p, 27p}, (6)
(VBA(p + 1) + 1)%p—24 if N =243p.

It follows, after routine calculation, that

p*’ it N € {3p%,9p?,27p%},
n<{p® if N €{p,3p,9p,27p},
p?P if N = 243p,

where these inequalities are a consequence of (6) for p > 5 (in the case when N is one of 3p?, 9p?
or 27p?), p = 43 (if N is p, 3p, 9p or 27p) and p > 17 (if N = 243p). For smaller values of p,
examination of Theorems 1.5, 1.6 and 1.7 completes our analysis.

It remains, then, to consider the case when the form f has rational integer Fourier coefficients
cn, for all n > 1. In such a situation, f corresponds to an isogeny class of elliptic curves over Q with
conductor N. Define

ff= Z cng" and g¢" = Z o1(n)q",
n>=1,(n,3p)=1 n>=1,(n,6p)=1
where o1(n) is the usual sum-of-divisors function; i.e. o1(n) = >_4, d. Lemma 4.6.5 of Miyake

[Miy88] ensures that f* and g* are weight-2 modular forms of level dividing 972p%. Applying Propo-
sition 7.2 to f* — ¢* and using the fact that ¢; =1+ 1 (mod 3), for all primes [, coprime to 3p, one
of the following necessarily occurs:

i) there exists a prime I, coprime to 3p and satisfying [ < 324p?(p + 1) and ¢; # [ + 1 (mod 3).
ii) ¢ =141 (mod 3) for all prime [ coprime to 3p.

In the former case, since n divides the (nonzero) integer ¢; — a;, we obtain the inequality
n<l+1+2VI<324p°(p+1) + 1+ 18py/p+ 1 < p”, )

where the last inequality is valid for p > 5. In the latter situation, there necessarily exists a curve, say
F, in the given isogeny class, with a rational 3-torsion point. Proposition 6.1 therefore immediately
implies Theorems 1.3 and 1.4. Regarding Theorem 1.1, where N € {3p?, 9p?,27p?}, we may apply
Proposition 6.1 to conclude that F has CM by an order in Q(v/—3). From Proposition 4.3, it follows
that n < 13. Combining this observation with (7) and the inequalities following (6) completes the
proofs of Theorems 1.1, 1.3 and 1.4.

Corollary 1.2 is an easy consequence of Theorem 1.1, after applying a result of Darmon and
Granville [DG95] (which implies, for fixed values of n > 4 and «, that the equation 2" + y" = p®23
has at most finitely many solutions in coprime, nonzero integers x, y and z; note that there is no loss
of generality in assuming 0 < a < n—1). Analogous corollaries may be obtained in a straightforward
fashion for Theorems 1.4 and 1.5.
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8. Concluding remarks

Techniques are available to treat Equation (1) for small values of the exponent n. In the case
of signatures (n,n,2) or (n,n,3), the paper of Poonen [Poo98| provides a good overview of such
approaches (the reader may also profit from considering explicit Chabauty methods, as described in
Bruin [Bru99)). In the case n = 3, the existence of infinitely many nontrivial solutions to (1) (if there
are indeed any) is a classical problem, equivalent to a related elliptic curve having nonzero Mordell-
Weil rank over Q. Many papers on this subject exist, including comprehensive work, for small values
of A,B,C, of Selmer (see e.g. [Sel51]). Combining these results with those of § 1 enables one to
derive slightly stronger versions of our theorems; by way of example, we can show the following.

THEOREM 8.1. If C and n are integers with 1 < C' < 5 and n > 3, then the Diophantine equation
2" 4+ y" = Cz3 has no solutions in coprime nonzero integers x, y and z with |zy| > 1.

In general, as the case of p a Mersenne prime attests, the lower bound for n in Theorem 1.1
cannot be reduced to n = o (log p). Presumably a uniform bound of order log p is the true state of
affairs, though a long way from being provable, with current techniques. In practice, as one may
observe from the proofs of Theorems 1.5, 1.6 and 1.7, the methods of this paper yield bounds of
much smaller order than those stated in Theorems 1.1, 1.3 and 1.4, at least provided we have at
our disposal a set of basis elements for the Galois conjugacy classes of weight-2 newforms, at the
levels of interest.
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