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Abstract

1t is shown that the necessary and sufficient condition for the transposi-
tion invariance of the field equations derivable from an Einstein-Kaufman
variational action principle is the vanishing of the vector I',. When this
condition is satisfied, the field equations become the so-called strong field
equations of Einstein. In this sense, the latter can be claimed to follow from
the same action principle.

1. Introduction

The purpose of this note is to show that the strong field equations (ref. 1)
of Einstein’s non-symmetric unified field theory can be derived from a
variational action principle under the condition of general transposition
invariance.

The strong field equations are, in Einstein’s notation,

gg;r.'\ = 07 rA = 07 Ruv = 07 (1)

Greek indices going from one to four.

The problem of their compatibility has been discussed in detail by Mme
Tonnelat (ref. 2) and by Hlavaty (ref. 3). However, their results are inconclu-
sive. Hlavaty, for example, shows that given a particular solution of the
system (1), further solutions can be constructed (loc. cit.,, Theorem 1V, 8.2, p.
150 and others). Such solutions have been found (e.g., ref. 4) but only under
severe symmetry restrictions which reduce the number of the equations to be
solved but lack the generality of the variational methods. Mme Tonnelat
remarks outright (p. 303 of her book) that the equations (1) cannot be derived
by variational methods.
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At first sight the field described by the above equations appears to be
over-determined since there are eighty four equations (64 + 4 + 16) for only
eighty unknowns, namely sixty four I',.,’s which can be found by algebraic
means (as Tonnelat has shown) and the sixteen components g,., of the
fundamental tensor. For the latter, the equations

R.. =0,

that is the vanishing of the non-symmetric Ricci tensor, form a set of partial
differential equations.

The equations (1) exhibit a well-known symmetry (transposition in-
variance, v. section 3) but it is uncertain a priori whether this reduces their
number suitably (i.e. by 4) to make them formally compatible. At first,
Einstein announced (loc. cit.) discovery of four identities among his equa-
tions. Later, however (ref. 5), he withdrew his conclusion, apparently based
on a mistake, and, together with Straus, modified the non-symmetric theory
(“‘the weak field equations”).

It is shown below that a further version of the unified field theory (ref. 6)
can be formulated in such a way that the desired identities reappear in a
self-evident manner. Also, a necessary and sufficient conditions that the new
field equations should be transposition invariant is

r,=0, 2

when they collapse into the set (1). Since the former equations are derived
from a variational action principle, it follows that the strong field equations
are also derived from it.

The mathematical calculations relevant to the present work are con-
tained in the above-mentioned publication (ref. 6). We shall omit repeating
them here, merely stating the relevant results.

We should like to express our gratitude to the Referee for pointing out
serious deficiencies in an earlier version of this work written by one of us, and
also to the late Professor C. Lanczos of the Dublin Institute for Advanced
Studies and to our colleagues, Drs. P. W. Buchen and W. B. Fraser for helpful
comments.

2. The variational principle

Let, as usual,

G =V -gg",

where g*” is the tensorial inverse of the fundamental tensor:
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g8, =65=8"gun,
and

g = det(g..)<0.
Let us adopt also the variational principle of Einstein and Kaufman (ref. 7):
5[ ®*'R,.dr =0. 3)

The variation is to be carried out with respect to the parameters $** and U’}.,,
the latter being related to the components I';, of the non-symmetric affine
connection by the equation

.=U.+Qa+3)8lUL+Bai+1)8.U%
+(Ba,+2a,+1)6.U.. “)
As in Einstein’s work, a line under a pair of indices denotes the symmetric
part of the indexed quantity, a hook, its skew symmetric part, and
U.=Uj,.
A"

a; and a. are numerical parameters which play no part in the variation. The
only restriction on these parameters is the condition of solvability of the
equation (4), for UL, in terms of '},

(15a, +4)(9a, + 6a,+2) # 0. 5)

The result of carrying out the variation (3) may be written in the form
[(Rus68 + wi5ULIar =0, ©)

so that the field equations become
R..=0 and WN%=0. (7)
It has been shown (ref. 6) that under the condition
9a,+6a,+2#0,

which, of course, is automatically satisfied because of the condition (5), the
second of the equations (7) implies the four identities

Gx., =0. ®

Moreover, solving the equation (4) for U},, and substituting into
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N‘A‘V = 07

the latter becomes
g,:V;A - % (FAg,w + rvgu)\) =0, (9)

independently of a, and a.. These are algebraic equations which should define
the components I's, of the affine connection in terms of the fundamental
tensor g,, and its first derivatives g.... In a separate note we show that they
are of rank 60 (instead of 64) and fail to determine T,. In particular, they are
not transposition invariant.

3. The condition of transposition invariance
The transposition conjugate of a covariant tensor

AMV = AuV(gﬂﬂv FZG), (10)

of rank 2, constructed from the fundamental tensor and the affine connection
(and their derivatives) is defined (ref. 7) as

A:u»: Awt (g&n rzu) (],)

Clearly, any such tensor can be split invariantly into a sum of transposition
symmetric (or invariant) and transposition anti-symmetric parts:

A=1A+ANY+1(A-AY (12)

(In the original version (ref. 1) of the non-symmetric theory, Einstein
employed complex g,.. and I';., and transposition invariance was equivalent to
Hermitian symmetry of the equations.) In dealing with non-symmetric
quantities, the condition of transposition invariance ensures that we should
not get more equations than those obtained by separating their symmetric and
anti-symmetric parts.

Let us now return to the equation (9). Its transposition conjugate is

e +3(Magur + Tgr) = 0. (13)
Hence, subtracting equation (9) from (13)
2g.Ta + gl +8all =0. (14)
Contracting equation (14) with g**, we get
8+ 83, +8:r. = 10T, =0.
Thus
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r,=0 2

is the necessary and sufficient condition for the transposition invariance of the
field equations with respect to g,. and ;.. Under condition (2), the field
equations become the strong field equations (1). The process is, of course,
compatible with the condition (8) since the first of the equations (1) implies
G, =V -—gg=T,. (15)

We have thus shown that, given the variational principle (3) on which the
condition of Transposition Invariance with respect to 3** and I'.,, is imposed,
the only set of field laws is the strong field equations system (I).

4. Concluding remarks
It follows immediately from the relation (4) that
.= ~109a,+6a,+2)U, +¥15a,+4)U . (16)
The condition (2) therefore implies that .

_9a1+6a2+2

U= "54,+4 U»

when the second set of the field equations (7) becomes (ref. 6)

gua(U)— CKg. U + (K + 1)gaU, +(K+1)g.U.,)=0, (17)

where g...(U) denotes the usual expression with U}, replacing I'.,, and

_1(6a:+1)%a, + 6a.+2)

k=3 (15a, + 4)

We can verify as in the last section that the condition of transposition
invariance of the equation (17) but with respect to U, is

KU, =0. (18)

Thus, we again obtain strong field equations except when
a=-% and a# -, (19)
when K =0. As shown in (ref. 6), we can regard

GU, - (20)
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as the current density vector for this particular version of the theory though,
of course,

&=T,
suggested therein vanishes. The vector U, satisfies the identity
gul, =g U, =0 21)

which does not entail vanishing of U..
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