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Local Convergence and Stability of Tight
Bridge-addable Classes

G. Chapuy and G. Perarnau

Abstract. A class of graphs is bridge-addable if given a graph G in the class, any graph obtained by
adding an edge between two connected components of G is also in the class. The authors recently
proved a conjecture of McDiarmid, Steger, and Welsh stating that if G is bridge-addable and G, is a
uniform n-vertex graph from G, then G, is connected with probability at least (1 + 0, (1))e~'/2. The
constant e~1/2 is best possible, since it is reached for the class of all forests.

In this paper, we prove a form of uniqueness in this statement: if G is a bridge-addable class and
the random graph G, is connected with probability close to e~1/2, then G, is asymptotically close to
a uniform n-vertex random forest in a local sense. For example, if the probability converges to e~'/2,
then G, converges in the sense of Benjamini-Schramm to the uniformly infinite random forest Foo.
This result is reminiscent of so-called “stability results” in extremal graph theory, the difference being
that here the stable extremum is not a graph but a graph class.

1 Introduction and Main Results

In this paper, all graphs are simple. A graph is labeled if its vertex set is of the form
{1,...,n} for some n > 1. An unlabeled graph is an equivalence class of labeled graphs
by relabeling. Unless otherwise mentioned, graphs in this paper are labeled. A class of
(labeled) graphs G is bridge-addable if given a graph G in the class and an edge e of G
whose endpoints belong to two distinct connected components, G U {e} is also in the
class. Examples of bridge-addable classes include planar graphs, graphs that admit a
perfect matching, forests, and H-free graphs where H is any 2-edge connected graph
(see many more examples in [ABMRI2, CP15]).

McDiarmid, Steger, and Welsh [MSW06] conjectured that every bridge-addable
class of graphs with 7 vertices contains at least a proportion (1 + 0, (1))e™"/? of con-
nected graphs. This has recently been proved by the authors. In the next statement
and later, we denote by G, the set of graphs in G with » vertices, and by G,, a uniformly
random element of G,,.

Theorem A (CP15, Theorem 2) For every € > 0, there exists ng such that for every
bridge-addable class G and every n > ny, we have

Pr(G,, is connected) > (1-¢)e V2.
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If G is the class of all forests, then Theorem A is asymptotically tight, since, as shown
in [Rén59], if F, is a uniformly random forest on n vertices, then as # tends to infinity,

(L1 Pr(F, is connected) — /2,

The aim of this paper is to show that any bridge-addable class of graphs that comes
close to achieving the constant e~/ is “close” to a uniformly random forest in a local
sense.

Definition 1.1  For any { > 0, we say that a bridge-addable class of graphs G is
(-tight with respect to connectivity (or simply (-tight) if there exists ny such that for
every n > ng, we have

Pr(G, is connected) < (1+{)e /2,
where we recall that G, is chosen uniformly at random from G,,.

If H is a graph, we let |H| be its number of vertices. We denote by U the set of
unlabeled, unrooted trees and by T the set of unlabeled, rooted trees, i.e., trees with a
marked vertex called the root. For every unrooted tree U € U, we denote by Aut, (U)
the number of automorphisms of U, and for every rooted tree T € T, we denote
by Aut,(T) the number of automorphisms of T that fix its root. Moreover, given k
unrooted trees Uy, ..., Ui in U, we denote by Aut, (Uy, ..., Ui ) the number of auto-
morphisms of the forest formed by disjoint copies of Uy, ..., Uy.

Given a graph H, we let Small(H) denote the graph formed by all the components
of H that are not the largest one (in case of a tie, we say that the largest component
of the graph is the one with the largest vertex label among all candidates). In what
follows, we will always see Small(H) as an unlabeled graph. Given a graph G and
a rooted tree T € T, we let «®(T) be the number of pendant copies of the tree T
in G. More precisely, a®(T) is the number of vertices v of G having the following
property: there is at least one cut-edge e incident to v, and if we remove the cut-edge
that separates v from the largest possible component, the vertex v lies in a component
of the graph that is a tree, rooted at v, which is isomorphic to T. The following is
classical, and the proof is omitted.

Theorem B  Let F, be a uniformly random forest with n vertices. Then for any fixed
unlabeled unrooted forest f we have

~|f]
= — = -1/ ‘
1.2) Pr(Small(Fn) = f) Poo(f) = Aut, (f)’

asn — oo,

where = denotes unlabeled graph isomorphism and p.. is a probability distribution on
the set of unlabeled unrooted forests.
For any fixed rooted tree T € T, we have
F, -7
a™(T) @) e

Aoo(T) = ———, asn— oo,

a3 n Aut,(T)’

where (p) indicates convergence in probability and a is a probability measure on 7.
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Our main result states that if G is bridge-addable and G,, satisfies an approximate
version of (1.1), then it also satisfies an approximate version of (1.2) and (1.3).

Theorem 1.2 (Main result) For every e, n > 0, there exist { > 0 and ny such that for
every (-tight bridge-addable class G and every n > ny, the following hold.

(i) For every unlabeled unrooted forest f,
|Pr(Small(Gn) =f) - poo(f)| <e.
(ii) If T is the set of unlabeled rooted trees, then
aS(T)
n

Pr(VTefT:| —aoo(T)|<11)>1—e.

Remark 1.3 Theorem 1.2, can be viewed both as a uniqueness result (since it states
that in the limit, and through the lens of local observables, the class of forests is the
only one to reach the optimum value e~'/?) and as a stability result (since it also states
that the only classes than come close to the extremal value e™'/2 are close to forests,
again through local observables of random graphs). Here we use the terminology
“stability result” on purpose, by analogy with the field of extremal graph theory.

Our main result suggests that the question of stability of extremal graph classes,
with respect to appropriate graph limit topologies (here, local convergence) should
be further examined.

A bridge-addable class § is tight if it is {-tight for any { > 0; that is to say, as n tends
to infinity,

Pr(G, is connected) — e~"/2,

Theorem 1.2 has the following consequence for tight bridge-addable classes.
Corollary 1.4  Let G be a tight bridge-addable class of graphs. Then

Small(G,) @) Pos-
and, for any unlabelled rooted tree T € T,

G, T
) 1) (7).
n

Let V,, be a uniformly random vertex in G,,. Then for a given T € T, conditionally
to G,, the quantity a®"(T)/n is the probability that there is a copy of T hanging
from V,,. Readers familiar with the Benjamini-Schramm (BS) convergence of rooted
graphs will note the similarity with this notion (see [BSOL, Lov12]).

It easily follows from a similar statement for random trees proved in [Ald98] that
if F,, is a uniformly random forest on n vertices rooted at a uniformly random vertex
V., then

(Fn’ Vn) - (Fom VOO)’
in distribution in the BS-sense, where (Fu, Voo ) is the “uniformly random infinite
rooted forest” (which we could also have called “uniformly random infinite rooted
tree”, since it is almost surely a tree). Namely, (Foo, Voo ) can be constructed as follows.
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Consider a semi-infinite path, starting at a vertex V.., and identify each vertex of this
path with the root of an independent Galton-Watson tree with offspring distribution
Poisson(1). In our context, passing from pendant trees to balls is an easy task, and
one can deduce the following from Corollary 1.4.

Corollary 1.5 Let G be a tight bridge-addable graph class, let G, be a uniformly ran-
dom graph from G, and let V,, be a uniformly random vertex of G,,. Then (G,, V)
converges t0 (Foo, Voo ) in distribution in the Benjamini-Schramm sense.

Remark 1.6  Our main theorem asserts that (-tight bridge-addable classes are “lo-
cally similar” to random forests in some precise sense. However, they can be very
different from other perspectives. For example, consider the class G of graphs defined
as follows. G, is the smallest bridge-addable class containing the graph on {1,...,n}
in which all edges between verticesin {1, ..., | #2/3 ]} are present and all other vertices
are isolated. Then G = U,;5; 9, is a bridge-addable class, and it is easy to see that it is
tight (see Appendix A for more details). However, a uniformly random element of G,
is very different from a random forest. In particular, almost all edges of G,, belong to
a clique of size | n*/? .

Remark 1.7  Our results do not imply that random graphs from tight bride-addable
classes look like random forests in a “global” sense. Following the lines of the example
of Remark 1.6, let G, be the smallest bridge-addable classon {1, ..., n} containing the
graph where the vertices in {1,..., | 7% |} induce a path and all the other ones are
isolated. Then G = U,,»; G, is a tight bridge-addable class. Nevertheless, the diameter
of the random graph G, is at least | n*/3|, while the diameter of the largest tree in
a uniformly random n-vertex forest is of order \/n. Moreover, when renormalized
by a scaling factor of n~%/3, G, converges for the Gromov-Hausdorff topology to a
real interval and not to the CRT (Continuum Random Tree, see [Ald93]). However,
it may be true in general that typical distances in tight bridge-addable classes are of
order \/n. We leave this question open.

We conclude this list of results with a simpler statement that does not require the
full strength of our main theorems (it is a relatively easy consequence of the results
of [CP15], and we will prove it in Section 2).

Theorem 1.8  Let G be a tight bridge-addable class and let G,, be a uniformly random
graph from G,,. Then for any k > 0, we have

ap2t
K

In other words, the number of connected components of G, converges in distribution to
1+ Poisson(1/2).

Pr(G, has k + 1 connected components) — e

Structure of the paper The proof of our main result roughly follows that of Theo-
rem A, which we proved in [CP15]. Very loosely speaking, we show that for a class
to be {-tight, some form of tightness has to occur in each intermediate inequality
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proved in [CP15]. As the length of the present paper shows, there is, however, quite
an important amount of work to be done to achieve this goal.

We start in Section 2 by proving elementary results about the number of compo-
nents (including Theorem 1.8), and we introduce some notions that will play a crucial
role in the rest of the proof. Importantly, in § 2.2, we introduce the partitioning of the
space that underlies our technique of local double-counting from [CP15]. In partic-
ular, we define the notion of “box” that we use in order to partition each graph class
according to the local structure of the graphs it contains.

Sections 3 and 4 occupy the most important part of the paper. In Section 3, we
prove an analogue of Theorem 1.2 under the assumption that all elements of G are
forests. This is done in several steps. In § 3.1 we define the notion of “good boxes”
and prove that most of the mass in tight bridge-addable graph classes is localized
inside good boxes. These good boxes have the property that they locally realize the
extremal value of the optimization problem introduced in [CP15]. This optimization
problem expresses some ratios inherited from a double-counting strategy in terms of
parameters that record the local structure of the graphs. In § 3.2 we study the stability
of this problem and deduce that for good boxes, all parameters have to be close to
the unique extremum value (closely related to the quantities a., and po, appearing in
Theorem 1.2). In § 3.3 we use these facts to prove a version of our main result when
the graph G, has one or two components. In 3.4 we use an induction on the number
of components to conclude the proof, in the case of forests.

In Section 4, we address the case of general bridge-addable graph classes. In § 4.1
we prove that {-tight bridge-addable classes tend to have many removable edges (edges
that when deleted from a graph in the class, give rise to a graph in the class), and in
§ 4.2 we use this property and the results of Section 3 to conclude the proof of Theo-
rem 1.2. We conclude with the proof of Corollary 1.5. Finally, Appendix A gives more
details about the example in Remark 1.6.

2 First Results and Set-up for the Proof

In this section, we obtain our first results and introduce important notions and nota-
tion used in the whole paper. In § 2.1 we study the number of connected components
and we prove Theorem 1.8. In § 2.2, we define the partitioning of the space that un-
derlies our technique of local double-counting. Finally in 2.3, we give a few details for
the use of quantifiers in the rest of the paper.

2.1 Number of Components in Bridge-addable Graph Classes

Throughout the rest of the paper, for a bridge-addable class of graphs § and for i > 1,

we denote by Sff) the set of n-vertex graphs in G having i connected components. An
elegant double-counting argument going back to [MSWO06] asserts that for all i > 1,
and # > 1, we have

1) i-194) < g4,

The main achievement of [CP15] was to improve this bound by a factor of , asymp-
totically.
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Lemma C (CP15, Proposition 5) For every y and every m, if G is a bridge-addable
class and n is large enough, we have for every i < m,

(2.2) 95 < (5 +7) 191

The following lemma provides a converse inequality to (2.2) for {-tight classes. It
directly implies Theorem 1.8.

Lemma 2.1 For every i and every m there exists { such that for every (-tight bridge-
addable class G and provided n is large enough, we have for every i < m,

(5 -7)151 <1551 < (5 + 1) 191

Proof The second inequality is precisely Lemma C.

To prove the first inequality, we proceed by contradiction. Fix # and m and assume
that for every { > 0, there exist a {-tight bridge-addable class G, a large enough #.,
and an i, < m such that

el (1 glis)
g5 < (5 ) 1852
Let iy > m be an integer that we will choose later. By Lemma C, if # is large enough,

(2.2) holds with # = { for any i < iy. Also, since § is {-tight, provided that n, is large
enough, we have

5821 .
|9n*| B

Noting fi(x) := ¥ s, ’;—,j, we can now bound the inverse of the probability that G,,, is

(2.3) <(1+)e V2,

connected, as follows

n.] 5190 ’Zo|9 U,y 19

=R A e

i i o i1
s;{l(;ﬂ’) +,~§1'1!(;+() z+ T £ (D),

il
where for the last term we used the bound (2.1). Thus,
|9”x— |

|(W - fi,(1/2+ Q)
+ 1'} ) (s W240) -~ fu1f24.0) + o)
<etti_ 1’/12 ; < fia(1)2) + fi, (1)

<e?+ (e -1)e? - nfu(1/2) + £, ().
We now choose { small enough with respect to # and m such that 1f,,(1/2) >
(ef =1+ 2{)e"?, and we choose i, large enough with respect to i, in such a way
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that 7 £,,(1/2) > f;, (1). These choices fix the value 7, as above, and we finally get the

bound
1
\Sﬁ*) A\ -1,-1/2 -1/2
>(1-20)"e "2 (1+20)e "
S|
However, since n, is arbitrarily large, we obtain a contradiction with (2.3). ]

2.2 Partitioning the Graph Class into Highly Structured Subclasses

We now introduce a partitioning of G, in terms of some local statistics, which requires
the following set-up modeled on [CP15, proof of Prop. 4].

For ¢ > 1, we let T, (resp. U.,) denote the set of rooted (resp. unrooted) trees of
order at most £. An important role will be played by the two sets

Ue = Ugper) and T, = Ty,

where the two constants € and k., whose value may vary along the course of the pa-
per, will in fine be chosen very small and very large, respectively. We will use the
elements of U, and 7T, as “test graphs” to measure the shape of small components and
the statistics of pendant subtrees in G,,.

For £ > 1, we write £, = {0,...,n—1}7<¢. For a € €}, and w > 1 (width), we define
the box [a]" c €, and its g-neighborhood [«]} as the parallelepipeds

[a]":={a" €&, : VT €T, a(T) <a'(T) < a(T) +w},
[a]y ={a €&, : VT eT,, a(T) -q<a'(T) <a(T)+w+q}.

Note that here, and elsewhere in the paper, we slightly abuse notation by using both
the letter « to denote an element of &, and the notation a® to denote the function
aC : T — &, that counts the number of pendant trees of a given shape in the graph G.

If §,, denotes a set of graphs (where the letter § could carry other decorations), we
let 8, o)+ be the set of graphs G in 8,, such that (a®(T)) ey, € [«]”, and we use the
same notation with [a]y.

Also, for every forest {Uy, ..., Ug}, we denote by 8, UV} the set of graphs G
in 8, such that Small(G) is isomorphic to {Uj, ... Ui }. While we denote a forest by
{Ui,..., U}, one should understand it as an unordered multiset of unrooted trees.
We use the notation 8 for SiU}, where U € U.

2.3 Notation and Quantifiers in the Proof

Each statement in Sections 3 and 4 involves several variables, and the relative de-
pendency between them plays a subtle role in the proof. We have carefully made all
quantifiers explicit in all the statements. However, the reader can use the following
inequalities to clarify the hierarchy of (small) parameters used in Sections 3 and 4:

1 1 1 1
—<l{x—x —xlxe=-xwy<Kpxy
(2.4) n wo ks q

VLI KO << 0, dx1/€, 1/k, 1ju<],

where the notation a << b < 1 has to be read as: in each statement involving both
variables a and b, there exists a non-decreasing function f : (0,1] - (0,1] such that
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the statement holds for every 0 < a < b < 1such that a < f(b). For example, the order
in which the quantifiers appear in the statement of Lemma 2.1 above correspond to
the notation

1 1
—<{xn —.
n m

Note that 1/n is the leftmost quantity appearing in (2.4). Indeed, throughout the paper,
n will be taken arbitrarily large with respect to all the other constants.
For the proof, we will use the notation a = b + y to denote that b — y <a < b + p.

2.4 Evaluation of Generating Functions of Trees and Forests

In this subsection we recall two classical evaluations of generating functions of trees
and forests that we will use several times in our proofs. Let T(z) = ¥, ;—”!z” be the
exponential generating function of rooted labelled trees by the number of vertices, so
ta =n""L Let F(z) = 3,50 %z” be the exponential generating function of unrooted
labelled forests by the number of vertices, by convention fy = 1.

Lemma 2.2 Both T(z) and F(z) have radius of convergence ™', and both are finite at
their main singularity z = e, where we have T(e™") = 1and F(e™") = "/%. Moreover,
for z in a slit neighbourhood of e™*, we have

(2.5) T(z) =1+ O(V1-ze).

The proof is a classical exercise in analytic combinatorics.

3 Theorem 1.2 for Bridge-addable Classes of Forests

Balister, Bollobas, and Gerke [BBG08, Lemma 2.1] proposed an elegant argument that
reduces the proof of Theorem A to the case where all graphs in G are forests. As we
will see in the next section, their idea can be adapted to the present context. We will
therefore start by proving Theorem 1.2 for classes § composed of forests.

Throughout the rest of Section 3, we will assume that all graphs in G are forests.
3.1 Good and Bad Boxes

The main concern of [CP15] was to obtain a version of the double-counting argument
of Section 2.1 that is Jocal in the sense that it relates cardinalities of graphs correspond-
ing to fixed boxes.

In order to select a collection of boxes, we will focus on the graphs in G, that have
either one or two connected components. We will use the notation A, := 921) and
By =Gy,

Given € and k., [CP15, Lemma 17] asserts that there exist integers K and w (in-
dependent of G and of #) and a set of K disjoint boxes of width w in &, , denoted
{[Bi]",1 < i < K}, such thatif ¢ = g, := [¢"'] and if n is large enough, then the
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g-neighbourhoods of boxes form a partition of €,

K

(3.1) WIBi1Y = &k,

i=1

where 4 denotes disjoint union, such that for each U € U, we have
K

(3.2) > |'B,Ll],[[g,.]w| > (1-¢)|B,].
i=1

Note that from (3.1), the boxes [f;]" are 2g-apart from each other, and yet (3.2) en-
sures that they capture a proportion at least (1 ¢€) of the set BY for each U € U,. We
now fix such a set of boxes ([;]" )i<i<k> and we will use them throughout Section 3,
keeping in mind that K = K(e, k) and w = w(e, k. ) depend on € and k., but neither
on G nor on n.

In this paper, one of the main tasks consists in showing that the global estimates
obtained in [CP15], such as Lemma C, can be “lowered” down to boxes for {-tight
classes. 'This is not true for every box in &, but it will be for certain boxes that
contain most of the graphs in the class. For every y and every ¢, we say that a box
[a]” is (y,€)-good (or simply good) if the two following conditions hold.

(i) |Bn,[a]"" 2 (% - V) . |‘An,[a];’"
(ii) LU, B,[,],[a]w| < Y|Bn,[o¢]w|'
Note that property (i) is a local version of the first inequality of Lemma 2.1 for i = 1,
while property (ii) ensures that the number of graphs in sets that we do not control,
is small.
We are interested in the boxes among the [f;]" that are (y, €)-good:
Goody, :={ie{l,...,K}: [B;]" is (y,€)-good} .

An important step in the proof of Theorem 1.2 is the following result.

Lemma 3.1 For every y and every n, if € < €9(y,n) and if k. > ko(€), then there
exists { such that for every {-tight bridge-addable class G and every large enough n, we
have

Zi;éGoody,E ‘Aﬂ,[ﬁi]z’l
Al
Z:igéGood},‘€ Bﬂ,[ﬁi]w| <.

|Bal

<y,

Proof Lete > 0 (to be fixed later). Up to setting k. and n large enough, we can use
[CP15, Equation (16)] for each 1< i < K,

1 1
Uzu B3 1] < 5 Mgy |1+ 3¢) < (5 +2€) - [Aup5-

Moreover, provided that # is large enough, we have ([CP15, (Equation (17)])

(3.3) 3 BY| < 2¢[ A
U#U,
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From the last two inequalities, we have

1
(3.4) Z |Bn,[ﬁi]w| < 2|l Ayl + ( 3 + 26) Z |'A"»[I3i]:{'

ieGood,,, ieGood,

Let S and T be the sets of indices i ¢ Good, . such that [B;]" violates (i) and (ii)
respectively. Using (3.3), we have

1 1 2
S Bl <= |B,5{[,;,.]w|s; S IBY] < A,

ieT ieT V Ugu, UfU, Y
From the previous equation, it follows that
(3.5) > Bl < 2 Bugprl+ 2 1Byl
i¢Good, . ieS ieT
1 2€
<lz-y A gl + —|Anl-
(2 )igéG%):dm (Al Y
Using (3.4) and (3.5), we get
(y+20) ¥ Mgl
i¢Good,
<(y+2e) 3 Mappl+ 2 1Bugsl
i¢Good, . i¢Good, .
K
2 [Bugsrl= X Bup]
ieGood,,, i=1
1
<(r+20) ¥ Mugylt(3-7) O Mugpyl
i¢Good, i¢Goody e
1 4e K
+| = +2€ A gae] + — Al = D |Busiel
(32), Z, Mrseal =2 i
The last inequality can be simplified as
(3.6) (y+2¢) > |Angsyl
i¢Good, .
1 X K 4e
< (E +2¢) 2 Mgyl = D1 Bopel + > Ml
i=1 i=1
1 6e X
<5+ =) Ml = 2 [Bugparls
(3 y) 2B g

where we used that the [ﬂ,];" are disjoint. Using (3.2) and (3.3), we have

K K
2 Bugpar 220 D0 1B 0] 2 (1= ) (I1Ba] - 2€Au])
i=1 i=1 Uell,

> (1-¢€)|By| - 2¢| Ayl

Finally, Lemma 2.1 with i = 1and # replaced by ¢, implies that if { is small enough, G
is {-tight and n is large enough, then the last quantity is larger than (1/2 — 4¢)|A,|.
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We now choose ¢ = Z—(’)’. Going back to (3.6), if € < €9, we get

10e
(3.7) 2. Magpyl<

n
< ——C A< DA,
i¢Good, . Y(y + 26) " 2 "

which proves the first part of the lemma.
For the second part of the lemma, we use (3.5) and Lemma 2.1 with # replaced by
€ to get
Yi¢Good,, | Bn,pi1v] p (3 =) ZicGood,. A gl + %|An|
1Bl (%_5)‘An|

By (3.7), we conclude

ZiéGood%g |Bﬂ,[,8i]w| < % - Y)g|‘A”| + %|A”| <
< <1
|Bal (5 - )l

3.2 Stability of the Extremum for the Optimization Problem

The goal of this subsection is to estimate the ratio between |3fi[a]w and |.An)[(x];v|,
when [«]" is a good box and U € U,.

In order to do that, we will need to return to the original “optimization prob-
lem” introduced in [CP15]. Namely, we will study certain functionals of the ratios
|Brli[a]w |/|An,[a]¥ |, or more precisely of the variables (zJ , ) yeu,, defined by (3.8). We
will proceed as follows. Lemma 3.2 gives the “constraints” of the optimization problem
by showing that the variables z;, , have to be close to a certain domain D; Lemma 3.3
shows that if [«]" is good, then the “objective function” of the optimization problem
has to be close to its optimal value given these constraints (which was proved to be
% in [CP15]). Then Lemma 3.4 proves a form of uniqueness of the extremum. From
these three lemmas we deduce the main results of this subsection: if [a]" is good,
then (z¥ ) vew, is close to pe, (U) for each unrooted tree U of bounded size (Propo-
sition 3.5), and if [«]" is good, then a(T)/n is close to a, (T) for each rooted tree T
of bounded size (Proposition 3.6)

Apart from the proof of Lemma 3.1 already given, the proofs of Lemmas 3.2-3.4
are the part of this paper that rely the most on [CP15]. Indeed, we will refer to several
technical statements therein in our proofs. This will no longer be the case in the next
sections.

Following [CP15], given € (hence U,), we define a U-admissible decomposition of
T as an increasing sequence T = (T;);<, of labeled trees

Tic---cTy=T,

for some ¢ > 1 called the length, such that T € U, and, foreach 2 < i < ¢, T; is obtained
by joining T;_; by an edge e; to some tree U; € U,. The weight of T with respect to
z = (zY)yey, € (Ry)% is defined as w(T,z) = HlezU‘, where U; = T; \ T;_; as an
unrooted tree (here we use the convention Ty = &). The maximum weight of T with
respect to z, denoted by w(T,z), is defined as the maximum of w(T,z) over all the
U,-admissible decompositions T of T.
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We now use w(T,z) to define the following partition functions:

o 3 h2) i 5 ©U2)

¥e): %Autr(T)’ e %Autu(v)’

_ w(T,z) u _ w(U,z)

Y‘Tx- (Z) T T;* Autr(T) 4 Yus(z) T U;:Le Autu(U) >
_ w(T,z) Fu () zY

D= 2 ATy L0 & Ry

Furthermore, we define the domain of convergence of Y(z) as follows:
D:={ze(R,)",Y(z) <oo}.

It is important to note that there is an implicit dependence of w(T,z) on € (via U,-
admissible decompositions). Hence, all the partition functions defined above (and
their respective domains) also depend on €. In order to keep the notation light, we do
not make this dependence explicit.

Let j := (1)yey, be the all-one vector of length |U,|. Given a choice of #, to each
a € &, we assign a vector z,,.o = (25, )vew, € (R+)"e, where

B el (U
U ._ n,[a]

(3.8) 2Y, = Aut, (V) A (1 : ).

where q = [¢™!] as before and w = w(e, k. ) is chosen as in Section 3.1.

Lemma 3.2 Forevery & and everye, if k. > ko(e, &) and n is large enough, then for
every a € &y we have that z, 4 — &j € D.

Proof For the sake of contradiction, assume that there exist ¢ and e such that for
every ko there exists k > ko such that for every large enough n there exists a,, x € Ex
with
Zn,txn,k - E] ¢ D.

For a given k > ko, let z; be a limit point of the sequence (z,,q,, )ns1. Since D is
closed downwards ([CP15, Lemma 13]), then z; — gj ¢ D.

Moreover, by [CP15, Corollary 12], we have Yi(zx) < 1. As in [CP15, Lemma 16],
this implies that any limit point z., of (2 ) k»x, satisfies z., € D. This s a contradiction
to the fact that z; — gj ¢ D for every k > k. ]

The following lemma shows that if [«]" is (y, €)-good, then the evaluation of Y*
in a point close to z,  is close to % (which was shown in [CP15] to be the maximum
of Y* on D).

Lemma 3.3  For every p, every € and every € such that € < 1/e, if y < yo(p, ),
E<&(p,e ), ke > ko(e, &) and n is large enough, then for every box [«]", which is
(y, €)-good the following holds for Z := z,, o — &j: we have Z € D,

1
“ U )
Y(z)>2 p
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and for every U € Ug,, we have
lw(U,Z) -2Y| < p.

Proof Let yg := £; and & := W. Consider a € &, such that the box [a]" is

(y,€)-good. Using properties (i) and (ii) of good boxes, and (3.8), we have

Vit (20a) = ), L 2 |35[a1w|(1‘M)
Uell, Autu(U) |‘An,[a]g| Uel, ’ n
1 U]
> B [ap]A-p)(1-—
|.An,[a]z| wle] ( n )

(3-)0n0-3)
2%—2)},

provided that # is large enough. Now, since 17{{6 (z) is a finite sum, we have

Yit, (@) > Vi, (zn.a) — &Ue]-

Together with the previous inequality and the choice of yo and &y, this implies

~ 1 1 p
3.9 Y (Z) > = - (&U|+2y) 2= - =
(3.9) O R R
By definition of maximum weight, for every U € U, we have w(U,z) > zY, which
directly implies Y;{ (z) > Yy (z). We thus conclude the first part of the lemma:
1 p 1
——=>——p.
2 a2 f
Observe that this is true even if Z ¢ D, since the LHS is then infinite.

By Lemma 3.2, we can choose kg = ko(€, &) such that if k. > ko and n is large
enough, we have Z € D. The choice of k. and # is suitable for all vectors in €, . Then
[CP15, Lemma 14] implies that Y;{ (Z) < Y*(Z) < 3. Together with (3.9), for every
U € U,, we have

YUZ) > Y (Z) > Y (Z) >

>

w(U',Z) -’z‘U’| , lo(u.z) -2Y

Pyiye (3)- 74 (5
Ez|YuE(Z)—Yu€(Z)|:‘ > Aut, (U)

U’elU, Autu ( U’)

where the last inequality follows, since w(U’,Z) > z" for each tree U’ € U,. Since
Aut, (U) < 2, it follows that |w(U,Z) -zV| < p n

The next lemma states that if z belongs to D and Y*(z) is close to 1, then w(T,z)
is close to e~|"! for every T with bounded size.

Lemma 3.4  For every v and every ¢, if p < po(v, £), then for every €, every z € D
that satisfies Y*(z) > 5 — p, and every T € T<,, we have

lo(T,z) —e 1Tl <.
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Proof Let Y¢(z) be the partition function of trees rooted at an edge, where each tree
is weighted by its maximal weight. As noted in [CP15], a classical trick known as the
dissymmetry theorem [BLL98] implies that

Y¢(z) =Y(z) - Y*(z).
Together with the hypothesis of the lemma and the fact that y — 1/2 < »?/2 for all
y € R, this implies
Y(z)=Y(z)-Y"(z) <Y(z)-1/2+p< %(Y(z))2 +p.

For every pair of vertex rooted trees Ty, T € T, let f( T}, T>) be the edge-rooted tree
obtained by adding an edge (the root) connecting the roots of T; and T,. We have the
following supermultiplicativity property:

w(f(T1, Tr),z) - w(T,z)w(Ty,z) > 0.

Also observe that the number of automorphisms of f(Tj, T) that fix the rooted edge
(as an ordered edge!), is precisely Aut,(T}) Aut,(T). Thus, for any pair R, R, € T,
we have

(310) p > Ye(z) _ %(Y(Z))z _ Z w(f(Tl’ T2)>Z) - CU(TI,Z)a)(Tz,Z)

T, TeT Aut,(Th) Aut, (T>)
S w(f(R1,R2),2) — w(Ry,2)w(Ry,2)
- |Ri[![R,! '

Let @ be the tree composed of a single vertex and define x = x(z) := w(e,z) = z°* € R,.
Observe that since z € D, we have x < 1 (otherwise Y (z) = oo since w(T,z) > xI71).
Using (3.10) with R, = e, for every T € T,

w(f(T,0),2) <x-w(T,2) +p-[T|,
and induction on | T| implies that for every T € T we have
IT]

X< w(T,z) <M+ |T|1p < (x+ (p|T|')\%\)

Note that if |T| < ¢, then (p|T\!)V;\ < ¢(€)p?, for some c(€) > 0. Consider x =
(xl") ger, and x, = ((x+¢(£)p?) V) e, By the definition of x, note that w( T, x) =
xITl; therefore, w(T,x) < w(T,z), and since z € D, by [CP15, Lemma 14], we have

u u l
Y(x)sY(z)si.

This implies x < e™' (otherwise Y*(x) would not converge). Similarly w(T,x,) =
(x +c(€)p?)!™], and using the hypothesis of the lemma, we have

1 u u
E_PSY (z) <Y"(x,).

By equation (2.5), this implies that x + c(£)pt > e™' — O(y/c(€)p/¢). Given v and ¢,
we can now set po (v, £) small enough such that for p < po(v, €) we havex > e 7! (1-y),

https://doi.org/10.4153/50008414X18000020 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X18000020

Local Convergence and Stability of Tight Bridge-addable Classes 577
with y = min V—Ze, 1}, and p < ;. We then have, for every T € T,
ey <eMa-y1)) < e (1- )M < xM<w(T,2)
<xTpo|Tr< e 4,
where we used that (1 - y)* is convex for y € [0,1]. [

U

Finally, we can prove estimates for the ratios between |B [«

1| and | A, (41| for
good boxes [a]" and unrooted trees U with bounded size.

Proposition 3.5  For every ¥, every €, and every € such that £ < 1/e, if y < yo (¥, £),
k. > ko(9,€,€) and n is large enough, then for every box [«a]" that is (y, €)-good and
every U € Uy,
B,
An,

vl
¢ 9.

] .
[a]‘,;’| Autu(U)

Proof Let us first fix the constants that we will need in the proof. For v := 1J/4, we let
po = po(v, £) be the value obtained from Lemma 3.4. For p := min{p,, v}, welet yo =
yo(p, ), & = & (p, €, £) be the values obtained from Lemma 3.3. For & := min{&y, v},
we let ko = ko(€, &) (= ko(9, ¢, £)) be the value obtained from Lemma 3.3. Now fix
ks« > ko and consider n large enough. Note that once k. and » are chosen, the space
Ek, is well determined.

LetZ =z, , — &j as before. For a given U € U,, we observe

|Zfl1],tx _AU| < ES 19/4
By Lemma 3.3, if [«]" is (y, €)-good, we have
ZV - w(U,Z)| < p <9/4.

The same lemma also implies that Z € D and that Y*(Z) > % — p. Thus, Z satisfies the
hypothesis of Lemma 3.4, which implies

lo(U,Z) - eV < v =9/4.

Using the previous three inequalities and (3.8), we conclude

-1
|BY. | -|u] |2V (1—M) — Y|
n,[a] _ e _ n,a n <
|A,,)[,x]¥| Aut, (U) Aut, (U) ’
provided that 7 is large enough. In the last inequality we used that z}, , <1 (this can
be obtained using a similar argument as the one used to obtain (2.1)). [

Proposition 3.6  For every 0, every €, and every € such that £ < 1/, if y < yo (9, £),
ke > ko(0,€,¢), and n is large enough, then for every box [«]* which is (y, €)-good
and every T € Ty,

a(T) eIl
‘ n _Aut,(T)‘
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Proof Again, let us start by fixing the constants that we will need in the proof. For
v = ¥/(4|T<e|), we let po = po(v, €) be the value obtained from Lemma 3.4. For
p < po> welet yo = yo(p, €) (= yo(9,£)), & = & (p, €, €) be the values obtained from
Lemma 3.3.

Observe that if we fix T € T, the function w(T,z) is a piecewise polynomial in
the set of variables {zU : U € U, } that it is continuous at every point of (R, )%, Since
D is bounded, there exists & such that for every & < & and every z at distance at most
1 from D (in the £, norm), we have

lo(T,2) - (T, 2= &j)| <

4|7 ol

For & := min{&g, &}, we let kg = ko(€, £)(= ko(9, €, €)) be the value obtained
from Lemma 3.3. Fix k, > ko and consider n large enough. By Lemma 3.3, if [a]" is
(y,€)-good and we write Z := 2, — j, we haveZ € D and Y*(Z) > 5 — p. Thus,Z
satisfies the hypothesis of Lemma 3.4, and we have

W(T,Z)—e M <v= .
lw(T,Z) | 172

Using the previous inequalities, we obtain

0

(T, 200) ~ e 17 < [0( T, 200) - @(T2)| + |a(T,2) ~ 71| < 2
2|{.ng|

By [CP15, Lemma 11], there exists a constant C that does not depend on # such that

-|7]
(3.11) a(T) 5 o(T,2Zn,a) E LA 20 )
n Aut,(T) Aut,(T) 3|‘J'Sg|

where the last inequality holds provided # is large enough. This proves one side of the
inequality in the statement.
By Lemma 2.2, if we let ¢ be large enough with respect to +J, we have that

-IT] 9

e

(3.12) —_—>1-—,
T;g Aut,(T) 3

We can assume that € > ¢, up to increasing the value of k. and ».
“(TO)

For the sake of contradiction, suppose that there exists Ty € T<, such that >
- \(TOT‘O + 1. Then, using (3.11), (3.12) and the properties of Ty, we get
T -T2
1> Za()z S LI
TeT<e n TeT<e Autf ( T) 3
thus obtaining a contradiction and concluding the proof of the lemma. |
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3.3 Proof of Theorem 1.2 for Classes of Forests: the Case of one or two Connected
Components

For every § and every ¢, consider the set of vectors in £, that are §-close to the distri-

bution a, (recall that for T € T, ao(T) = #‘(T‘T)); that is,

(3.13) £(5,¢) = {ﬁ c 85‘ @ - aoo(T)‘ <&, forevery T e ‘Ig}.

In what follows, for every set of graphs §,,, every £ > 1, and every € E,, we let 8, g
be the set of graphs G in 8, such that «(T) = B(T) forall T € T,.

Proposition 3.7  For every 6, and every U € U, there exists { such that for every
(-tight class G of forests and every large enough n, we have

1B, -1/2 e 1l

1G] Aut, (U)

Moreover, for every 6, every 8, every € and every U € U, there exists { such that for
every (-tight class G of forests and every large enough n, we have

< 91.

| Yo Bea(8,0) HB,Y,A _1‘ <o

5] 1'
Proof We start by fixing the constants needed in the proof. For ) := 6;/8and ¢ = |U],
we let yo = yo(9, £) be the constant obtained from Proposition 3.5. Fix y < y,. For
n o= %, we let €9 = €9(y,7) be the constant obtained from Lemma 3.1. For € :=
min{eo, 1/¢, 01/8}, we let ko (¥, €, £) be the maximum of the constants obtained from
Lemma 3.1 and Proposition 3.5. Fix k., > ko. Let { be the minimum between the
constant obtained from Lemma 3.1 and 6, /8. Let # be large enough with respect to all
the previous parameters.

Now that € and k., are fixed, we consider as before the family U, c U of unrooted
trees of order at most [¢™!] and the family T, c T of all rooted trees of order at most
k.. We also let w and K, and the collection of boxes {[f;]",1 < i < K} be defined
(relatively to the values of € and k..) as in Section 3.1. We recall that these boxes sat-
isfy (3.2), and using (3.1), we note that X, |An,[ﬁ,-];v| = |A,l

We can write

- 1% _
|B,/] _ 12 € v < s |an,[ﬂi]w| _ 2 eV +e
|Gl Aut,(U)| "~ |5 (G4l Aut, (U)
< P |BU Tl
e, 18I0l PR
— _l/zi + ﬂ
Aut,(U)| 8°
By Proposition 3.5, for every i € Good,, . and every U € U<,, we have
-|U] 0
€ 1
BY | - ——— Al € =
“C n,[Bi] ‘ Autu(U) | n,[ﬁx]q| 8
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By Lemma 3.1, we have
U
Bl Bugsrrl 6

< <n=—.
i¢Good,y |9ﬂ| i¢Good,,, |Bﬂ| 4
Let M be the number of boxes [f3;]" that are non-empty. Clearly, M < |G, |. Therefore,

‘| P Ve L eV
1G] Aut, (U)
0, oM
<—+
48|G,
ef‘U‘

+ | Z |A ‘)_el/zi +&
Autu(U)|9rl| ieGood,, ”’[ﬁi]q Autu(U) 8

eflU‘
Aut, (U)’

o + ‘ |An|( ooty |An’['gi]g|) _el2
|Gl A

Again, by Lemma 3.1 and using that ¥ | |An,[ﬁf]:;| = |A,|, we have

‘ ZieGoodw .An,[l;i]ﬂ B | _ Zi¢Good” An,[ﬁl]ﬂ <n= &
|An\ |‘An| - 4

Since § is a {-tight bridge-addable class, by definition, using Theorem A and provided
that n is large enough, we obtain

(1_C) —1/2 |‘A |

EA

<@+ Qe

Since { < 6,/8, we obtain

U -lul -lul
Bol e | O (10 By (1 B L) e
|Gl Aut, (U)| ~ 2 8 4 Aut, (U)
-l
S&_Fi.e*l/zeigel
2 Aut, (U)
This concludes the proof of the first part of the proposition.
For the second part, let us proceed by contradiction. Suppose that there exist 8, §,

¢, and U € U such that for every ( there exists {-tight class G and a large enough n
with

| Y Bes(5,6) |Bff,;;| _1‘ S8
B3 ’
or equivalently,

2.¢E(5,0) |Br[,],;;|
B3]
. ith 0, ’
Note that by the first part of the proposition with 6; small enough, we have that
BY|/|G,| is arbitrarily close to e /2e~1Ul/Aut, (U), for ¢ small and n large enough.
n y g g

Thus, there exists a uniform constant ¢(U) > 0 such that |BY|/|B,| > ¢(U), and (3.14)
is well-defined.

(3.14)
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Lety = 6c(U) andletd = §/2. Asin the first part of the proposition, we can choose
¥, € ks, {, and n, such that Lemma 3.1 and Proposition 3.6 can be applied. We skip the
details of this setting. We will again consider the set of boxes {[f;]" : 1< i < K} of
&k, fixed in Section 3.1. For every a € &, we consider its canonical projection 7z(«)
onto &, obtained by selecting the first |€,| coordinates of a.

Claim  Let « € [B;]", for some i € Good, .. Then 7(«) € E(J, £).

Proof of the Claim By Proposition 3.6 and since [8;]" is (y, €)-good, for every T €

T<p we have
‘ﬂi( eIl ‘
n Aut,(T)
Since « € [fB;]", for every T € T, , we have |B3;(T) — a(T)| < w. The choice of w

does not depend on 7, and thus, |@ - @| < g, if n large enough. Since ¢ < k.,

for every T € T<,, we have

T e ITl
|40 [<v+2<s.
n Aut,(T) 3
We conclude that (a) € E(J, £), which proves the claim. [

As a direct corollary of the claim, we get

ZﬁéE(&f) |'B,[1],/3| < ZiéGoodw |’Brl,],[ﬁ,]W|
B3] B B3]

By Lemma 3.1, it follows that

Ypeso.e) Br gl Bl Y i¢Good,. | By (0| 1Bl
137 ~ B Bl B

where we have used |Br[1],[ﬁ,-]w| < B, 1p]v|> giving a contradiction with (3.14). ]

3.4 Proof of Theorem 1.2 for Classes of Forests

We now prove the main result of this section, Theorem 3.8, which is equivalent to our
main theorem for bridge-addable classes of forests.

We say that an edge e in a graph G € § is removable if the graph G’ = G \ e is
in G. For a subclass H ¢ G and a rooted tree T € T, we define p(H, T') to be the
probability that given a uniformly random graph H € H, and a uniformly random
pendant copy of T in H, the graph H' obtained by deleting the edge that connects
the pendant copy of T to the rest of the graph belongs to G (and not only to H). We
slightly abuse notation by writing p(G, T') for p({G}, T), for each G € §. Also, in the
cases where p(G, T) is not well defined (that is, if G has no pendant copy of T), we
interpret the probability as 1.

Recall the definition of E(4, £) given in (3.13), and recall from Section 2.2 that
we use the notation {Uj, Ua, ..., Ui} to denote the forest formed by a multiset of k
unrooted trees.
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Theorem 3.8 Foreveryk > 1, every 0y, and every Uy, ..., Uy € U, there exists { such
that for every (-tight class G of forests and every large enough n, we have

k
|9’;+1,{U1 ----- Uk}| 2 e~ Zizt Uil ‘ Iy
- Y=, — — - - < k-
1G] Aut, (U, ..., Ug)
Moreover, for every k, every €, every Oy, every 8, and every Uy, ..., Uy € U, there exists

( such that for every (-tight class G of forests, and every large enough n, we have

k+1,{Uy,..., U,
‘ Y pea(8,0) |9,:/3 { 4]

|9k+1,{U1 ..... Uk}|
n

Proof of Theorem 3.8, Part 1 We prove the first statement of the theorem by induc-
tion. Proposition 3.7 proves the case k = 1. Assume that the statement is true for k — 1
and let us show it for k. Fix Uy, ..., Uy € U and let u = max |Uj|.

We consider the following total order on the subsets of {1, . .., n}; forevery V4, V, €
{1,...,n}, we have V; < V, if [V}] < | V3| or |V4] = |V,| and V; precedes V; in lexico-
graphical order.

Let m(Uy, . .., Ug) be the number of graphs isomorphic to Uy among Uy, ... ., Uy.
Observe that

(315) Autu(Ul, cees Uk) = m(Ul, e Uk)Autu(Uk)Autu(Ul, e Uk—l)-

For every subset of vertices W c {1, ..., n}, we use G| W] to denote the graph induced

by W in G. For every unlabeled graph U, the notation G[W] = U not only denotes

graph isomorphism, but also that W induces a maximal connected component in G.
Given disjoint sets Vi, ..., Vx_; c {1,...,n}, consider the graph class

j-C(‘/l)-~ [ Vk—l) =

{G[{l,...,n}\IDIVi] :G€G,G[W]=U,...,G[Vi] = Uk_l}.

In order to avoid considering the same tuple multiple times, we define the set of (k-1)-
tuples of disjoint subsets as follows,

(3.16) V= {(Vi,..., Vi), Vi c {L,...,n} disjoint; if U; = U; then V; < V;}.

We write H = Uy, v, yev H( Vi, .., Vir).

Since G, is a bridge-addable class on {1, ..., n}, we have that H(V;, ..., Vk_;) (for
every (Vi,..., Vi_y) € V) is also a bridge-addable class on {1,...,n} ~ UK V. Tt is
worth stressing here that |{1,...., n} \U Vi| > n—(k-1)u is large enough (provided
n is large enough), and thus, our previous results can be applied to these classes of

graphs.
Consider the graphs in G, with k + 1 components such that the k smallest ones are
isomorphic to Uy, . .., Uy and where one component isomorphic to Uy is marked. By

counting these graphs in two ways, for n large enough, we have

m(Ul’---)Uk)|9ﬁ+l){U1 """ Uk}|: Z |%2’Uk(‘/1>-~':vk—1)|'
(Viseots Vi1V
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Therefore,
|9£+1,{U1 ..... Uk}| 1
(3.17) =
1G] m(Uy, ..., Ug) (Vl,,,.,ZV,:(,l)EV
(Iw’Uk(vl,...,vk_l)l. [H (Vi Vi) .IH(I)(%,---,Vk—l)I)
[HOVi Vi)l [HO (Vi Vi) [Sn]

Thus, it suffices to estimate the three ratios in the sum above.
Let 6, := % and 6;_; := %. Let {; be the constant obtained from Proposition 3.7
with 6y and U = Uy. Let {, be the constant obtained by induction with k -1, 6;_; and

Ul, ey Uk—1~ We set CO = min{(l, (2, %, k—Z}.

Let us first show that most of graphs in K are in classes H(V;,.. ., Vs_;) that are
close to being tight. Let Vy c 'V be the set of (k —1)-tuples such that H(V;,..., Vi_1)

satisfies
Pr(H e H(Wi,..., Vi) connected) > (1+ Go)e 2,
and let J‘fo = LJ(V1 ))))) Vi1)€Vo j‘f(‘/],...,Vk,I).

Claim  There exists (3 such that if G is {3-tight and # is large enough, we have
|Ho| < ColH].

Proof of the Claim  For any (k — 1)-tuple of trees (W;, Ws, ..., Wi_;), we define
H(M)*--)Wk*l;‘/la‘--)kal) =

{G[{l,...,n}\UVi] :Ge9n,G[Vl]EWl,...,G[VkI]EWkl}.

As in (3.16) to avoid problems of multiplicity, we define the following subsets that
generalize V,
VWi, ..., W) =
{(V,..., Vie1), Vi € {1,..., n} disjoint; if W; = W; then V; < V;}.
We stress here that for any non-empty class J(Wi, ..., Wy_;; Vi, ..., Vk_1) such

that H( V4, ..., Vk—1) is non-empty, we have |W;| < u for every1 < i < k—1. As before,
we note that J(Wi, ..., Wy_; V1, ..., Vi) is bridge-addable. We will write

H(M,---:Wk—l): U 3(‘/‘/13'--3Wk—l;‘/ls'--ivk—l)y
(Voo Ve )EV(Wh,. s Wiy

= U W, W),

where the union is taken over multisets of trees { Wi, ..., Wi_;} and where for each
multiset, an arbitrary ordered tuple (Wi, ..., Wi_;) is chosen. Thus, J can be under-
stood as the set of graphs in G, with at least k components where exactly k — 1 of the
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non-largest ones are marked. In particular,

k+j =1\ o (k+j)
(3.18) dl = Sn .
4l ,ZO( k-1 )' |

Let 5 = (; and let m be such that 3., _x % < nand m > k. By Lemma 2.1 there
exists {4 such that if G is {4-tight and # is large enough, for every 1 < i < m, we have

5501 _ G=&)"
|G| (i-1! -
Moreover, using the previous bound and (2.1), if i > m,
551 . G+
1Gal = G-

Therefore, from (3.18), we obtain

(% :E(g)k’l(mz—:k (% iCS)f i(%+(3)m—k+1 Z %)|9n|

(k - 1)' j=0 ]' j>m-k J*

CGEM!
 (k-1)!

- (12 ) gl

(3.19) 1] =

(e(l/ziai) i211)|9n

since (o < k™2 and (; is a small constant.

Now we set (3 := min{%,(}}. Fix W, ..., Wi_;. Since J(Wi,..., Wi_) is
a disjoint union of bridge-addable classes (J(W1,..., Wx_1; V1, ..., V1), for each
(Vi,..., V1)) of graphs with n — Z;:ll |[Wj| > n - (k - 1)u vertices, if n is large
enough, by Theorem A applied to each class J(W, ..., Wi_;3 V4, ..., Vk_;), we have

(3.20) IJ(WL, ..., W) < (1+ (3)61/2|9ﬁ,{wl ..... WH}|

(3 1/21ck A Wiseos Wit }
<(1+W)e |9n |

Since there are at most (u*)* multisets of unrooted trees { Wi, ..., Wi} of order at
most u, from (3.19) and (3.20), we have that for every W, ..., Wi_y,

(Wi Wi)] 2 (1= §3/5)e| Gy i)
This holds in particular for H = J(Uy, ..., Ux_;), implying
(3.21) |G U < (14 3 4y e 2],

since ( is a small constant.
For the sake of contradiction assume now that || > {|F|.
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Since 3 \ H, is a disjoint union of bridge-addable classes on n — Z;c:_ll |U;| >
n — (k — 1)u vertices, provided that # is large enough, Theorem A implies Pr(H ¢
FHH, connected) > (1-3)e”"/2. Moreover, by definition of 3y, we have Pr(H € 3,
connected) > (1+ {y)e /2. We obtain

\9ﬁ’{ul """ U""}| = Pr(H € H connected)|H]|
= Pr(HeJ \ H;y connected)|H \ FHo|+Pr(H e Hy connected)|FHo|
> (1= G)|FHN Hol + 1+ )| Ho|) e2
> (1+ G~ G+ Gl )e 2]
> (1+3/2)e 234,

which contradicts (3.21). This concludes the proof of the claim. [ ]

We now set { := min{{y, {3}, where (3 is the one given by the previous claim.

Let (V4,..., Vi1) € V N Vy; that is, the class H( V), ..., V1) is {o-tight (and
thus, also (;-tight). By Proposition 3.7 applied to the class H( V4, ..., Vi_1), with the
chosen 60 and U = Uy, and since the class is {;-tight and its elements have at least
n-— Z;:ll |Vi| > n — (k —1)u vertices, we have

|:H:2’Uk(‘/1,...,Vk,1)| _ 12 e_lUkl Gk

(3.22) P .
H(Vi, - Vi) Aut,(Up) ~ 8

Since H(V4,. .., Vk_1) is bridge-addable and since (V3, ..., Vi_1) € V \ Vy, by Theo-
rem A and by definition of V,

[H Ve Vi)l e

(3.23)
|HD (V. .., Vi)

(1 o).

We proceed to bound the contribution of classes indexed by V. Using the previous
claim again,

(3.24) > HOW, L Vi)
(Vireo Vi1 )€V
< 30| < Col ]
< Co(1- &) H N Ko
<20 Y HOMWLL Vi),

[Q T Vi—1)€VAV,

where the last inequality comes from (3.23) and the fact that (, is a small constant.

Therefore,
e ED DN S L ]
(Voo Vi1 )€V
= (1£2{) 3 |HD (i, ..., Vi)

(V1 ..... Vk,l)EV\Vo
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Using the induction hypothesis for k — 1, with the chosen 04_, and Uy, ..., Ux_;, and
since G is {,-tight and its elements have at least n — Zj:ll |Vi| > n — (k — 1)u vertices,

it follows that
(3.25) IHD (W, ..., Vi)
[QT Vi-1)eVAV, |9n|
_ |9ﬁ,{U1 ..... Uk_1}|
= (1:&2(0) L L |
1G]
-2l 0
=(1+£2 -1 ,-1/2 € :I:—k
( (0) (e Autu(Ub-u)Uk,l) 8)

e~ Zia Uil 0,
Au (U Uey) &
We are now ready to estimate (3.17). We rewrite (3.17) as
|9ﬁ+1,{U1 ,,,,, Uk}| 1

|Gn| m(Uy, ..., Ug)
where Xy, and Zv. vy, are the contribution to the sum of the elements indexed by V,
and by V \ V, respectively.
To estimate Zv,, we note that |F((V,..., Vi_y)| < e|HMD(Vi, ..., Vi_)], since
the class H(Vy,..., Vx_1) is bridge-addable and using [MSWO05, Theorem 2.5]. Us-
ing (3.24), we obtain

_ -1/2

(Zvy + Zvavy )s

2y, < e(()':}q < 3(() < %

* 0S| 2
To estimate Zy.v,, we use (3.22), (3.23), and (3.25) to obtain that

e_Z?:I‘Ui‘ ek
+ —.
Autu(Uk)Autu(Ul,...,Uk_l) 2

Using the previous two estimates and (3.15), we get

-1/2

Zv\vo =€

|9]2+1,{U1 ,,,,, Uk}| ~ 1

_sk o,
= .e71/2 e~ ZinlUi
1G] m(Uy,...,Ug) Aut, (Ug) Aut, (Uy, ..., Ur)
¢~ Sia Uil

Autu(Ul, ey Uk)
Proof of Theorem 3.8, Part 2 'We use induction on k. For k = 1, the statement we
want to prove is directly given by Proposition 3.7. Assume now that the statement is
true for k — 1. . _

Set 8 := e—l/zmek. By the induction hypothesis, for ¢, 0;_; := %, 8y = 26,
and Uy, ..., Ui, there exists {;_; such that if » is large enough, we have

kAUt Upy —
Zﬁ¢5(5k,l,e)|9,,j; ‘ }| 0

=e 12 :I:ek. |

2k
% { Ut Us
|9n { 1 k l}|
Since the first part of the theorem for k is already proved, we use it to estimate the
ratio between 9’,2“’{[]1 """ U} and Qﬁ’{Ul """ Ut} Eor the first one we use the first part
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of the theorem for k with 6 := % and Uj,..., Ui and the corresponding {;. For
the second one we use, as before, the first part of the theorem for k — 1 with 8;_; and
Ui, ..., Uk and the corresponding (i_;. Set { := min{(x_y, {} } and let n be large
enough.

Using (3.15), it follows that

12 o ZK vl =~
|9k+1 {U] ..... Uk}| e uiiek/s

(3.26)

-1
_1/2 e “i=1 Ui

: (%)
m(Uy,..., Ux_1) Aut, (Ug) 3/°

Let Ty, ..., T; be all the possible rooted versions of the unrooted tree Uy. Observe
that |T;| = |Uk| and that

(3.27) ZS: S
' = Aut,(T;)  Aut,(Ug)’

Recall the definition of p(J, T) given at the beginning of Sectlon 3.4. We per-
form an exact double-counting argument between the graphs in ghAUn— V) and in
kLU Ui using p(G, T;) with G ¢ glAtUbUi) gimilar to the one used in Sec-

tion 2.1. In one direction, for any such graph G, we have exactly ¥°5_, a%(T;) p(G, T;)
ways to construct a graph G’ € Ghth AV Vi) by removing an edge. In the other di-
rection, there are exactly m(Uy, .. ., U)|Ui|(n - £X_, |U;|) ways to obtain a graph in

k+1, {U] ,,,,,

" Yt} from one in S Ui} by adding an edge. Therefore, we have

(3.28) 3 i“G(Ti)P(G’ T;) =

GeS:’wl ,,,,, Up_1} i=1

m(Us,..., Ug) Ul (n - Z|U JEAR]

Using (3.26) and (3.27), it follows that

Z kAU Ug_q } Zl IOCG(T)p(G T)

Geg,

k

n—Yia|Ujl IUkle 'Uk'( @)
n Aut, (Uy)

s e_ITiI

0
=2 (D) (1=35):

provided that # is large enough.
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Since for every G € G,,, 35, «®(T:) p(G, T;) < n, it follows that

(3.29)

X

s T

o
;Autr(T)(lis )

If G' is obtained from G by removing an edge that creates a component isomorphic to

Z (Zﬁ(T )p(gk AU UH}, Ti)) |9k AU, Uk 1}| <
BEE(8k-1,2)

k
m(Ul,...,Uk)|Uk|(n—Z|U]|) Z |9k+1 {Ul ..... Uk}“

i=1 BeE(3,¢)

Using (3.29), the last inequality, and (3.26), it follows that

s, eI 56
ZAjtr(Ti)(l_?k)

1
oo 2 (SAmpe )
1G] ea(8kne)
|9k AULseees Ug- 1}|
e~ 1UK
< k+L{Up,...Ug}
Aut, (Up)|G, 04|
sk uDlu
N (1’! ,_1‘ ]|)| k||9k+1{U1 ,,,,, Uk}|(l+%)
BeE(3,0) n
k Ireees
Ukle 1V Epease) [9up 5 Uk}(1+ ek)
Aut (Uk) |9k+1 {Ul ,,,,, Uk}| ?
~ s e*|Ti| Zﬂe\_‘(ﬁ €)|9k+1{U1 ..... Uk}|(1+ %)
= Aut,(T,-) |9k+l{U1 """ Uk}| 37
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where we used (3.27) for the last equality. We conclude,

k+1,{Uy,..., U,
Y pez(s.0) |9n,+¢; { 4]

|9ﬁ+1,{U1 ..... Uk}| -

which finishes the proof of the theorem. ]

4 From Classes of Forests to Classes of Graphs

In this section we extend our results from bridge-addable classes of forests to general
bridge-addable classes. In §4.1 we prove that graphs in {-tight bridge-addable classes
tend to have many removable edges, and in$ 4.2 we use this property and the results
of Section 3 to conclude the proof of Theorem 1.2. We conclude with the proof of
Corollary 1.5.

4.1 Removable Edges in Tight Bridge-addable Classes of Graphs

A 2-block of a graph G is a maximal 2-edge-connected graph (we assume that the
graph composed of a single vertex is also 2-edge-connected). Every graph admits a
unique decomposition into 2-blocks, joined by edges in a tree-like fashion.

For a graph class G,,, we can consider the coarsest partition

Sn = U:H:f[j]

into subclasses U{E] , 5{,[12] ,. .., such that every two graphs in the same subclass have

the same 2-blocks. By construction, if G, is bridge-addable, then every subclass U{Li]

is also bridge-addable.

For each such subclass J{, we assume that we have chosen, arbitrarily and once
and for all, a spanning tree for each 2-block of the graphs in J{. We denote by Fy the
class of forests obtained by replacing each 2-block with the corresponding spanning
tree in each graph in J{. This is well defined, since, by construction, graphs in the
same subclass have the same 2-blocks. Moreover, the class Fy¢ is also bridge-addable
and the component structure (number and size) of each graph H € H is preserved in
the corresponding forest Fyy € Fg¢. This construction was introduced in [BBG08], to
which we refer the reader for more details. '

The next lemma states that most graphs in a -tight belong to subclasses HL that
are themselves close to be tight.

Lemma 4.1 For every (o > 0, there exists { > 0 such that if n is large enough, for any

bridge-addable class G that is {-tight, the following is true. Let iH,[:], 9{,[12], ... be the
partition of G, in bridge-addable subclasses defined above and let S, ({y) be the set of
values i such that

Pr(H, € L connected) < (1+ (o)e /%,
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where H,, € 9—( denotes a uniformly random graph in ﬂ-C . Then we have

(41) |
iESn((O)

11> 1= ).l

Proof The proof is direct by an averaging argument similar to the claim inside the
proof of Theorem 3.8. ]

A vertex v in G, is connected to the bulk of G, through a cut-edge if there is a
cut-edge e incident to v such after removing e, the newly created component not
containing v has size at least 3n/4. Note that for each v € {1,..., n} there is at most
one edge e with this property. The connected component containing v after removing
e is called a pendant graph. The edge e can a priori be removable or not, and if it is,
we say that v is connected to the bulk of G,, through a removable cut-edge.

Lemma 4.2  For every 0, there exist { and € such that provided that n is large enough,
for every {-tight bridge-addable class G, we have that if G,, is a graph chosen uniformly
atrandom in G, and V,, is a vertex chosen uniformly at random in G,,, with probability
at least 1 - 0, V,, is connected to the bulk of G, through a removable cut-edge, and the
corresponding pendant graph has order at most €.

Proof We first prove the lemma for bridge-addable classes of forests and then we
transfer it to general bridge-addable classes of graphs.

Assume that G, is composed of forests. We first show that there exists € such that
if G, is a graph chosen uniformly at random from G, then with probability at least
(1-0/4), we have that p(G,, T) >1- 0/4 for every T € T,. Then we will prove that
with probability at least 1 — 8, most of the pendant trees in G,, have size at most £.

From Lemma 2.2, we can choose ¢ large enough such that

-, Uil
min{ 3 oy oy Ty 6
TeT., Aut,(T) K20 (U Ty el Aut, (U, ..., Uy) 10

Let T € T, be a given rooted tree; we now show that p(G,, T) >1- 6/4. Let A be
the size of the equivalence class of the root of T (the number of vertices where T can
be re-rooted giving rise to a rooted tree isomorphic to T). For every k < € and every
Ui, ..., Uy of order at most £ such that Uy, is the unrooted version of T, we will write
the ratlo between |9k+1 AV U"}| and |G| in two ways. We select { small enough and
n large enough, such that we can apply Theorem 3.8 for every k < ¢, for 6; = 0 (to be
fixed later) and for every Uy, . .., U of size at most £. If G is {-tight, we obtain

|9k+1 AU Uk}| 2 ]

= f——————+0
|9 | Autu(Ul,...,Uk)

Asbefore, we perform an exactlocal double- countmg argument with the difference
that now we only count those graphs G’ € SkH Yoo ! that can be obtained from
G e gb (U Ui} by removing an edge from where a copy of T is pendant. This
can only be done if Uy is the unrooted version of T and if the edge that connects T
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to the rest of G is removable. Moreover, if G’ is obtained from G in such a way, for

every Ty € Tp, we have |a®(T,) — af To)| < |T| < ﬁ. In one direction, given a
y < 2 g

graph G € glotUnUi) there are exactly p(G, T)a®(T) many such ways to obtain a
graph in GEAU-Uk) “and in the other one, exactly Am(Uy, ..., Uy)(n - Zj?:l |Ui|)

many. Applying Theorem 3.8 twice with 6 = 6 and & = /2, if { is small enough and
n is large enough, then if § is (-tight, we obtain

|9k+1,{U1 ..... Uk}|

n

|9l
. .
SR PRPNELY S )
‘9ﬂ| BeE(6,¢)
1
<
‘9n|m(U1,.-qu) Z

BeE(0,)

% Z p(G’ T)‘XG(T) (1+5)

1
Sulm(Uy,..., Uk)
I L LI
BeE(B,) "f ("_Z§;11|Uj|)’\
K {Us. Uy} , 1]
1 , T ~ ~
< 1S LD (L) 145)
m(Ui, ..., Uy) 1G] A Aut,(T)
-Zi il ~
< ! (e_l/z ¢ +9)
m(Ul,...,Uk) Autu(Ul,...,kal)
. e~ Ukl 5
fT)y———(1+3
<P T) gy 14 )
eiZ:‘(:l‘Ui‘ ~
<e 2 -p(S., T)(1+50).

Aut, (Uy,..., Uy)

previous inequalities, we have used that Aut, (Uy) = A Aut,(T) and (3.27).

Combining these two expressions and since |§/,| > (1- §)|9ﬁ’{U' """ U"’l}| (by The-

orem 3.8), we obtain that for every rooted tree T € T,
(4.2) p(GhAUUtd Ty 51— 86

Now we set § := 8¢+ /10, Applying Theorem 3.8 for every k < ¢, ; = 0 and
Ui, . .., Uk, and using the definition of ¢, we have that
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(4.3) ze: >

k=0 Uy,...,UreU<e |9n|
e Z:“:l ‘Ui‘

_ -1)2 Fp( pt\E
o B S—T I
,;0 Ub___%:keuq Aut, (Uy, ..., Ug)

>1-—

Z >

By averaging (4.2) over all k and Uy, ..., Ux_; and using the last equation, for every
T € T<,, we obtain

(4.4) p(Gn, T) 21—%,

which proves the first part.

Let us now show that there are many removable edges that isolate a tree of size at
most €. Choose G, uniformly at random from G, and then choose V;, uniformly at
random from {1,...,n}. Let A; be the event that V,, is connected to the bulk of G,
through a removable cut-edge and let A, be the event that the pendant tree rooted at
V.. has order at most £. We want to show that Pr(A;n A,) >1-0

Again, by applying Theorem 3.8 for every k < ¢, 6; = 6 and Uy, ..., U, and us-
ing (4.3), we obtain

Z \9nﬁ|>z Z Z ‘9k+1{u1 ,,,,, Uk}|

BeE(8,) k=0 Uy,...,Uxels, BeE(5,2)

> (1- e/4>\9n|7

Moreover, for every 8 € E(§, £) and by our choice of ¢, we have that

T
> B,y e, 0
TeT<e n TeT<e AUt (T)

It follows that Pr(A,) >1-6/2.

Assume that A, holds. Let T, be the pendant tree rooted at V;, and note that T, =
T, for some T € T¢,. By (4.4), the probability that the cut-edge that connects V,, to
the bulk of G,, is removable is p(G,, T) > 1- 6/4. Thus, Pr(A; | A;) >1-0/4.

We conclude that

(4.5) Pr(A;nA;) =1-Pr(AjUA;) >1- (Pr(A;) + Pr(A; | A;))
30
>1-—,
4

which concludes the proof of the theorem when all graphs in G are forests.

In order to extend the result to general classes of graphs, we use the a proach in-
troduced in [BBGO8]. Let G be a general class of graphs and let J'C,, , ﬂ-C,, ,... bethe
partition of G,, into subclasses defined at the beginning of this section. Given ( o (tobe
fixed later), welet S,, = S, ({o) be the set of indices given by Lemma 4.1, and we fix an
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indexie€S,. Welet H := U—C be the corresponding subclass of G, and we let Fg¢ be
the corresponding class of forests. We observe that Fy is {o-tight and bridge-addable.

Since Lemma 4.2 holds for classes of forests, we can apply it to F5.. Note that if
a cut-edge is removable for a forest Fy € Fg, then the edge does not belong to any
of the 2-blocks of the corresponding graph H € J. This implies that this cut-edge is
also removable for H € H. Moreover, if its removal in Fg results in a tree of size at
most ¢, then its removal in H results in a graph of size at most £. Therefore, the result
obtained in (4.5) for F5¢ naturally transfers to the class J(, provided we change “trees”
by “graphs” in what results after deleting a removable edge.

Moreover, if we choose { small enough with respect to 6, then there exists { such
that if G is {-tight and n is large enough, by (4.1), at least (1 - 6/4)|G,| graphs in G,
are in subclasses fHLi] with i € S,. Thus, the lemma also holds for general classes of
graphs G,,. u

For every class G, and every t > 1, if G, is chosen uniformly at random from
Gn and V,, is chosen uniformly at random from {1,...,n}, then let q(G,, t) be the
probability that V,, is connected to the bulk of G,, through a removable cut-edge, and
the corresponding pendant graph is a tree of order at most t. Observe that if G is a
subclass of forests, Lemma 4.2 implies that for every 8, and under some conditions,
there exists € such that g(G,, ) > 1 - 0. The next lemma shows that the same holds
for general classes of graphs.

Lemma 4.3  For every ¥, there exist { and t such that if G is a (-tight bridge-addable
class and n is large enough, then q(G,,t) >1-1

Proof Given G € G, and a vertex v € {1,...,n} that is connected to the bulk of G
through a cut-edge e, we denote by X (v) the pendant graph (containing v) obtained
when deleting e from G. Given G, chosen uniformly at random from G, and V;,
chosen uniformly at random from {1, ..., n}, as before, we define A, as the event that
V. is connected to the bulk of G, through a removable cut-edge and A as the event
that X, (V,,) has order at most ¢. Also, let A; be the event that X, (V) is a tree. It
is implicit in the definition of A, and A; that V}, should be connected to the bulk of
G, through a cut-edge, so in particular, X, (V,,) is well defined. Note that

q(Gn,t) =Pr(A;nAs;nAs) =Pr(A;nAy) —Pr(A;nA,nA;z)
> Pl‘(A] N A2) - PI‘(A2 ﬁA73),

so we will proceed by bounding the last two probabilities.

We again consider the partition of G, into subclasses J{E,l] , U-(,, ,...,defined above.
Given {j (to be fixed later), there exists { such that for every {-tight class G, if nislarge
enough, we can consider S,, = S,,({y) to be the set of indices given by Lemma 4.1. We
let H := 9{ be the corresponding subclass of §,,, for some i € S,,, and Fy¢ be corre-
sponding class of forests.

By Lemma 4.2 with 6 = 1/3, if {p is small enough and n and t are large enough,
since K is a {o-tight bridge-addable class of graphs with n vertices, then the proba-
bility that a uniformly chosen vertex W, from a uniformly chosen forest F,, in Fy
connects to the bulk of F,, through a removable cut-edge and that Xz, (W,) is a tree
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of order at most t, is at least 1—1J/3. If this is the case, as we argued before, this edge is
also a removable cut-edge in the graph in J that corresponds to F,. Thus, using (4.1)
and provided that {, is small enough with respect to ¥,

(46) Pr(AlﬂAz)Zl—g—(()Zl—g.

It remains to obtain an upper bound on Pr(A; N Aj;). Using Lemma 4.2 again with
0, = %, and if {j is small enough and » and ¢ are large enough, since H is {p-tight,
the probability that a uniformly chosen vertex W,, from a uniformly chosen forest F,
in Fq¢ is connected to the bulk of F,, through a removable cut-edge, is at least 1 — %.
Using (4.1) again and provided that {, is small enough with respect to ¢ and ¢, we

obtain

— 0 9
4.7 Pr(A;) < — < —.
(4.7) r( 1)—7t+(o_6t
We claim that
(4.8) Pr(A; nAs) < tPr(A;).

Assuming that (4.8) holds, together with (4.6) and with (4.7), we obtain
9 0
wt)2l-————=>1-1.
q(Gn> 1) 5%

Thus, it only remains to prove (4.8). For this we observe that if A; N Aj holds,
then Xg, (V,,) contains at least one vertex V, that is not connected to the bulk of G,
through a cut-edge (since Xg,(V,) is a well-defined pendant graph, but it is not a
tree). Moreover, since A, holds, the graph distance between V,, and V is less than
t. Conversely, it is easy to see that given any vertex v/, there are at most ¢ vertices v
at distance at less than ¢ from v’ that are connected to the bulk of G, through a cut-
edge and such that X, (v) contains v'. The inequality (4.8) thus follows by double-
counting such pairs of vertices. n

4.2 Proof of our Main Results

We finally prove our main theorem.

Proof of Theorem 1.2  Let us first prove (i). We will first prove that for every k, every
0 and every Uy, ..., Uy, and if { is small enough and n large enough, then for every
(-tight bridge-addable class G, we have

k+1,{Uy,...,Ux} *Zf-;]lUi\
(4.9) |494”444——l|—e*l/z——f——————f\<9
|9n| Autu(Ul,...,Uk)
As before, we consider the partition of G, into subclasses S-CE] , 9{?], .... Given {j

(to be fixed later), there exists { such that for every {-tight class G, if n is large enough,
we can consider the set S,, = S, ({y) given by Lemma 4.1.

Let H := J{Ei] for i € S, and let F4¢ be the corresponding {y-tight class of forests.
We can apply Theorem 3.8 for the given k, 0y = g, and the given Uy, ..., Uy. If {j is
small enough and # is large enough, and since Fy is {o-tight, (4.9) holds for Fy.
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It follows that
A RN (G b Gl FT AN
Jj€SH
k+1,{Uy,..., U
= 2 1Ty = Gl
j€SH "
-1/2 e Z{;l I 0 F
= — % 1]+ "
(e TR A k)gs:n| actin| = Col Sl
- T Ui
YR VR R S O
( Aut, (U, U0 ) (1= 0I5l £ Gl
e~ Zia Uil

provided that {, is small enough with respect to 0. This proves (4.9).
To prove the first part of the theorem, let k, be large enough such that

k
e"E:i=1‘(h‘ €

Ky
-1/2
(410 > A (U002 T

k=0 {Uy,..., Uy }elck,

The existence of such a k, is, again, guaranteed by Lemma 2.2.
If f is an unrooted unlabeled forest composed of trees Uy, . .., Uy, then

_ |9k+1,{U1 ..... Uk}|

Pr(Small(Gn) = f) ) 5]

We choose 6 := ek;ki /2.

Let f; be a forest composed of at most k. trees of size at most k.; then (4.9) gives
that |[Pr(Small(G,) = f;) — poo(fi)| <e.

Let £, be a forest with either more than k, trees or where at least one of the trees has
size larger than k.. Since p. is a probability distribution, by (4.10) we have p.(f;) <
€/4. Since Y ¢ Pr(Small(G,,) = f) = 1, using again (4.9) and (4.10), we have

|Pr(Small(G,,) = fz) - poo(f2)|

< Pr(Small(G,) = £5) + poo(£2)

k* |9ﬁ+1){U1 ,,,,, Uk}|

k=0 {Uy....Up }elley, |5l
2
<eld+ Okt + e/d=e.

This concludes the proof of (i).
We next prove the following property, from which (ii) follows directly.

(iii) for every e, n, there exists { such that for every {-tight bridge-addable class G and
every n large enough, if f is a fixed unrooted unlabeled forest,

S (T)

<E.

Pr(Small(G,) = f; VT € T: \ —aoo(T)‘ <1) = peo(f)
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We first prove that for every 6, 7, k, €, and Uy, . . ., Uy, and provided that ¢ is small

enough and » large enough, we have

(4.11) 1-6.

|9k+1 {Ul ,,,, Uk}| Z

Recall the partition of G, into subclasses J-CLI] , J—CL ], .... As before, let H := J‘C[ il
for i € S, and let T3¢ be the corresponding class of forests. Applying the second
part of Theorem 3.8 with 8; = 0/4 and § = 7/2 to the class Fg¢, we see that if {p
is small enough and # large enough, then at least (1 — /2)|F**1{Ub--Uk}| graphs
G e HHAVLUnk satisty aFo € 5(6, €).

Theorem 3.8 also shows that there exists ¢; > 0 such that [F¥1{Ub-Ukd| > ¢ | 3]
By Lemma 4.3 with ¢ := ¢; min{6/4, 6}, if {; is small enough and » large enough,
there exists ¢ such that with probability at least 1 — ¢, a random vertex in a random
graph of HH is connected via a removable cut-edge, and the corresponding pendant
graph is a tree of order at most t. We can choose t > £. (Note that by doing so, we
only increase the former probability.)

Therefore, if H,, is a random graph in F*+1{Ur--Uk} with probability at least 1
0/2-9[c; >1-30/4, for every T € T,

H, _‘TI _|T|
& (T): ¢ i5i19:67126.
n Aut,(T) Aut,(T)

In other words, with probablht at leastl 36/4, we have afl" € £(26,¢) = E(#, ¢).
By (i), we have that |51V Ue} | > ¢,|G,| for some constant ¢, > 0. Therefore,

t Lo |9k+1 AT U"}| graphs in classes 3] that are not ¢ -tight. We

conclude that, pr0v1ded (o is small enough, the probability that a graph G/, chosen at

kUL U satisfies O e E(#n,¢),isatleast1-36/4—{y/c; >1-0.

there are at mos

random from G,,
This proves (4.11).

Let A(k, v) be the event that for every T € T we have \@ —as(T)| < v (we
might write k = oo where Tco, = 7).

Since we have already proved (i), we have that for every unrooted unlabeled forest
f with small components Uy, ..., Ug,

(412)  Pr(A(oo,7),Small(G,) = f) <Pr(Small(G,) = f) < poo(f) +e.
By Lemma 2.2, if k, is large enough, then

[T
¢ >1- r].
TéTor, Aut,(T) 4

Let T’ ¢ Ty, and choose p = 7k;** /4. As before, by the properties of k, we have

that ae, (T') < /4 and, conditional on A(k.,p), % < /4 + pk* = 5/2. This
implies that, conditional on A(k., p), A(k., #) implies A( oo, 7).

https://doi.org/10.4153/50008414X18000020 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X18000020

Local Convergence and Stability of Tight Bridge-addable Classes 597
If f isan unrooted unlabeled forest with small components Uy, . . . , Uy, using (4.11),
we have that for every 9,
P(A(c0,7) | Small(G,) = f)
> P(A(oo0,n) | Small(G,) = f, A(k..p)) - P(A(k.,p) | Small(G,) = f)
> P(A(k., ) | Small(G,) = £, A(k., p)) - P(A(k.,p) | Small(G,) = f)

k+1,{Uy,..., U k+1,{U,..., U
_ ZﬁeE(q,k*) |9,:ﬁ{ k}| Z,BéE(p,k*) |9 o k}|

n,B
- k+1L,{U1,...U}| k+1.{U1,...U
Spez(obn |Gng (gt
k+1,{Uy,..., U,
S peainie) [Gng 0
= > 0.
k+1,{Uy,...,Ui}
|Gn |

By (i), we can assume that Pr(Small(G,) = f) > p(f) — €/2. Choosing 6 := ¢/2, we
conclude

P(A(c0,7),Small(G,) = f)
= P(A(co,7) | Small(G,) = f) P(Small(G,) = f)
2 (1-0)(poo(f) —€/2) 2 poo (f) —e.

Together with (4.12), this proves (iii), which directly proves (ii). This concludes the
proof of Theorem 1.2. m

Corollary 1.5 is a simple consequence of our theorem. We conclude the paper with
a detailed proof of it.

Proof of Corollary 1.5 Let G be a graph on {1,...,n}, v € {I,...,n} and r > 1L
The ball of radius r centred at v, Bg,,(v), is the graph induced in G by all vertices at
distance at most r from v.

The hull of radius r, Hg »(v), is the union of B¢, (v) with all the connected compo-
nents of G \ Bg,,(v) that are of size smaller than £, but are not components of G. We
view the hull Hg ,(v) as a graph with a root (the vertex v) and a set, possibly empty,
of exit vertices (the vertices to which component(s) of size larger than % are attached).
Note that the exit vertices are necessarily at distance r from the root. We extend the
definition of hulls to infinite graphs by replacing the condition “size smaller than 3~
by the condition “finite size”

For k > 0, let T, x be the set of (unlabeled) trees with a marked root, and k marked
distinct vertices at distance r from the root (exit vertices). For T € T, and a rooted
graph (G,v), we write Hg ,(v) = T if the hull Hg ,(v) is isomorphic to T as an
unlabeled graph, where the isomorphism preserves the root and the exit vertices (in
particular this implies that Hg ,(v) has k exit vertices). Then it is easy to see from the
definition of (Fo, Voo ) that we have, forany r > 1,k > 0,and T € T, 4,

Pr(Hr. (Vo) = T) = qoo(T),

where
Tl ifk=1,

1
oo T) := Autpalh(T)
4=(T) {0 ifk+1,
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where Autp,p, (T) is the number of automorphisms of T preserving the path from the
root to the exit vertex. Moreover, for any r > 1 we have

(4.13) Y Y qe(T) =1

k>0 TeT,

Let r > 1and fix T € 7,1, with root u and exit vertex w. Let T’ be the element of
T obtained by re-rooting the tree T at w, and let m be the number of copies of the
vertex u in T’. Then, clearly, there are at least maC®(T") vertices v € {1,...,n} such
that Hg ,(v) = T. We thus have,

Pr(Hg, (V)= T) > @

where V is a uniformly random vertex in G. Now let G be a tight bridge-addable graph
class, and, for every n > 1, let G, be a uniformly random graph in G, and let V,, be a
uniformly random vertex in G,,. By averaging over graphs in G,, and using the second
part of Corollary 1.4, we obtain

G, /
(4.14) liminf Pr(Hg,,,(V,) = T) >lim infE( L(T))
n n n

2 maes(T') = oo (T),

where for the last equality we used m Autp (T) = Aut,(T’). Now since the events
Hg, (V,) = T for T € Ugso T;.x are disjoint, we have

Z Z PI'(HGW,(V,,);T) <L

k>0 TeT, x

From (4.13) and (4.14), we thus get that, for any r, k, and T € T, x, we have
(4.15) lim Pr(Hg,, (Va) = T) = qoo(T).

The last equation implies that, for any rooted graph B, of radius r (where the radius
is the greatest distance from a vertex to the root), we have

(4.16) limPr(Bg,.,(Vy) = By) =Pr(Br. (Vo) = By).
n
To see this, note that for every rooted graph B, we have

Pr(Br. (Vo) =B) =Y. > Pr(Hr_ (Vo) =T),

k>0 1eT, &
TD>B

where T > B means that Bt ,(v) = B, where v is the root of T.
It follows from this equality that for any B, any r > 1, and any €, we can choose a
finite subset 7’ ¢ Ugs 77k such that

Pr(Hr. ,(Veo) = T) > Pr(Br.,,(Vo) = B) —¢.
TeT', T>B
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Using (4.15), it follows that

liminf Pr(Bg, ,(V,) = B) >liminf > Pr(Hg,,(V,)=T)
" " TeT/.T>B

> > Pr(Hp.,(Ve)=T)
TeT', T>B

> Pr(BF(x,,r(Voo) = B) — €.

Since this is true for any € > 0, we have thus proved

(4.17) liminf Pr(Bg,,,(Vy) = B) > Pr(Br. (V) = B).
It follows that
1> liminf Y Pr(Bg,,.(V4) =B) > Y Pr(Br_ (V) =B) =1,
" B B

where the sums are taken over all rooted graphs B of radius r, and using (4.17), equa-
tion (4.16) holds for every By. This concludes the proof of Corollary 1.5. ]

A More Details on the Example Given in Remark 1.6

Let F,, be the class of graphs defined in Remark 1.6, and write k, := [#*?]. In this
section we prove that F, is tight.

For i > k > 1, let @; x be the number of connected graphs on {1, ..., i} that induce
a clique on {1,...,k} and such that contracting this clique gives a tree. Thus, the
number of connected graphs in our class T, is, by definition, equal to @, x, . Note that
4 x equals to the number of rooted forests on {1,..., i} with k components rooted
at1,2,...k. Thus, (,i)ai,k is the number of rooted forests on {1,..., i} with k com-
ponents and no condition on the location of the roots, which is classically equal to
(;:}()i"_k. We thus get

@ip = kit
Observe that

ci—k—1 1

aik 1 1
Al = - (1- =
( ) ’a\/i+1)k (l + 1)1_k l( i+ 1)

i—-k

The number g, of all elements in the class F,, is given by

g" Ei,k,, -f]

A2 N (A _Gike _ JI

(A2) (n— k)l ; G-kl
20,2k,

where f; counts unrooted labeled forests, with fy = 1. In the sum, i is interpreted
as the number of vertices in the connected component containing the clique, and we
have distributed the labeling binomial (”_jk") among factors.

As F(z) = 350 %z" and by Lemma 2.2, given € we can choose § small enough

1

and jo large enough such that )’ ;. ;, %zf > e'2(1-¢) forany z > 7' - §. Also, given &
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and jg, for n large enough, we have from (A.1) that for any i larger than n — jo,

o~ R
Tkl
divrk, [(i+1—k,)!
We can now lower bound the sum (A.2) by keeping the contribution of relatively
small values of j. More precisely, for n large enough, we have:

an—',k,, f]
(A2)> Yy ——
gj:o (n—j—ku)! !

ank -1 f
Gk 2

an,kn eV2(1 -
> Gk Ao

Given {, consider € = {/2. If n is large enough and F, is a uniformly random graph
in F,,, we thus have

Pr(F, is connected) = 25 < ¢ 12(1—¢)™ < (1+ {)e V2.

n

Since this is true for every {, the class F is tight.
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