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Abstract
By means of a symbolic calculus for finding solutions of difference equations, we derive
explicit eigenvalues, eigenvectors and inverses for tridiagonal Toeplitz matrices with
four perturbed corners.
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1. Introduction

Toeplitz matrices are intimately related to boundary value problems involving
difference equations, and the corresponding relations have been exploited in [2, 3]
for finding inverses of matrices arising from difference operators. In [8, 9], Yueh has
found explicit formulae for the eigenvalues and eigenvectors as well as inverses when
two ‘corners’ of the main diagonal of tridiagonal Toeplitz matrices are ‘perturbed’.
In this paper, explicit eigenvalues and eigenvectors as well as inverses for tridiagonal
Toeplitz matrices with four ‘perturbed corners’ will be found. More specifically, we
will consider the eigenvalue problem A, u = Au, where

b+y ¢ 0 0 ... 0 o
a b c 0 ... 0 0

A, = 0 a b c ... 0 0 ’ (L)
B 0 0 0 ... a b+6
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anda, b, c, «, B, y, § are numbers in the complex plane C. We will assume that n > 3
in the following discussions to avoid trivial cases.

We note that there are many algorithmic methods for finding eigenvalues and
eigenvectors. Some of them may yield exact values but most of them either
yield numerical values or ‘unpleasant’ formulae. Here, as in [8§-10], we base our
investigation on the method of symbolic calculus for difference equations in [1]. As
we will see, we are able to derive a large number of exact eigenvalues and eigenvectors
that appear to be more pleasant and can be used in other theoretical investigations. In
the final section, we comment on alternate methods such as Trench’s recursion or the
Gohberg—Semencul formula that may yield unpleasant formulae, and we also justify
our approach by several examples.

To prepare ourselves, we first recall some terminologies used in [1]. Let N denote
the set of all nonnegative integers and let /N be the set of complex sequences of the
form x = {xx}reny endowed with the usual linear structure. A sequence of the form
{e, 0,0, ...} is denoted by & (or by « if no confusion is caused), and the sequence
{0,1,0,0, ...} is denoted by #. Given two sequences x = {x;} and y = {yx} in N,
their convolution is denoted by x * y (or xy if no confusion is caused) and is defined
by

J
Xy = { zxkyj_k}
k=0

Given two sequences u = {ux} and v = {vg} in IN such that ug # 0, the equation
x * u = v in the unknown sequence x has a unique solution [1], which is denoted by
x =v/u. It is easily verified that hP=hxh=1{0,0,1,0,0,...} and A" = {h’}}jeN,
n=1,2,..., is given by h;f =1ifn=j and h;f = 0 otherwise. We will also set
=T,

Let A be an eigenvalue (which may be complex) and (u1, . . ., u,)" a corresponding
eigenvector of A,, where the dagger denotes transposition. Then A,u = Au can be
written as

jeN

buy + cuy = Auy — (auy + yuy),
auy + buy + cuz = Auo,
= (1.2)
aup—2 +buy_1 + cuy = Auy_1,
aup—1 + buy = Aup — (Buy + duy),

which is equivalent to the boundary value problem

aug—1+ b —Nug +cup+1 =0, k=1,2,...,n,
auy = au, + yuq,

Cupt+1 = Buy + Sup.
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Note that if ¢ # 0, then u,, and u| cannot be 0 simultaneously, for otherwise from the
first equation in (1.2), uy = 0. Inductively, we may then infer from the other equations
that u3 =u4q =--- =u, =0, which is contrary to the definition of an eigenvector.
Similarly, by working backwards from the last equation in (1.2), if a # 0, then u,, and
u1 cannot be 0 simultaneously.

If we view the numbers ug, u1, us, ..., u, and u,1, respectively, as the zeroth,
first, second, . . ., and the (n + 1)th term of an infinite (complex) sequence (we have
used the same notation for a sequence and a vector that is regarded as its subsequence;
this practice is convenient and will be used throughout) u = {u;}72, then the system
of equations in (1.2) satisfies the three-term recurrence relation

aug—1 + bup + cug41 = Aug + fr, k=1,2,..., (1.3)

under the condition
aug = cup4+1 =0, (1.4)

where f = { fi}72 is the infinite sequence defined by

—(au, +yu1), k=1,
fi =1 —(Buy +du,), k=n,
0, otherwise.

In sequence form, (1.3) can be expressed as
C{Mk+2}1?io + b{uk+l}1?io + a{uk};(x;o = )\{uk+1}1<:io + {fk+1}/(<x;0-

By taking the convolution of the above equation with 4> = A#, and proceeding in a
similar manner as in [10], we see that u and X satisfy the condition

(ah® + (b — M)A + ©)u = (ciuy + f)h. (1.5)

The above preparation is sufficient for us to find the formulae of the eigenvalues and
the corresponding eigenvectors of A, for some special combinations of the numbers
a,b,c,a, B,y and §in (1.1).

For the sake of convenience, the set of integers will be denoted by Z. The number
/—1 is denoted by i. We will also set

alZ={ma|meZ}, ocC.
In particular, 7 Z denotes the set {. .., =27, —x, 0, 7, 27, . . .}.

2. The case where c=0and a # 0

Suppose that c =0, a # 0 and @ = 0 in (1.1). Then the matrix is triangular and the
problem is trivial. So we consider only the case where c =0, a # 0 and « # O in (1.1).

LEMMA 2.1. Suppose that c =0, a # 0 and o # 0. Then b cannot be an eigenvalue
of A,.
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PROOF. If ¢ =0, the first equation of (1.2) becomes
b+ y)uy + au, = Auy. 2.1

If b is an eigenvalue, then the second equation of (1.2) implies that #; = 0. But then
(2.1) implies that u,, = 0 if « # 0. This violates our previous conclusion that #; and

u, cannot be both zero when a # 0. This completes the proof. O
Since ¢ =0 and b — XA # 0, we may divide Equation (1.5) by afi 4+ (b — A) to obtain
1 f
Ta h—g

—1
= 7{5“1} {0, —(aty + yu1), 0, ..., 0, —(Buy + 8uy), 0, ...},

where

=2 o 22)

The jth term of u is then

L. j
uj=—(& uy +yun) + HigM " Buy + 5w)),  j=1, @23

where H 7 is the unit step function defined by H J” =1lifj>nand H J” =0if j <n.
In particular,
auy =§&(ou, + yur) 2.4)
and
aup = §&" (aun + yur) +&(Bur + dup),
or, equivalently,
(a—=&yu; —&aup =0 (2.5)
and
EB+E"yIur + ("o +£8 — a)u, =0.
Since u; and u, cannot be both zero, we must necessarily have

a—ty —ta | _,
EB+E"y Elat+és—a ’
or
a€" 4 (af — y8)E> + a(y + 8)& —a’ =0. (2.6)
For each root £ of (2.6), we obtain from (2.2) a corresponding eigenvalue
h=b+ 2
3
A corresponding eigenvector (u, ..., uy)’ may then be obtained from (2.3), (2.4)
and (2.5), and this will be a nontrivial constant multiple of
2 2 | f
<1,§,§ s ETT ,—(a—yé)) . 2.7)
of
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THEOREM 2.2. Suppose that c =0,a #0 and a #0 in A,. If A is an eigenvalue

and (uy, ..., un)" a corresponding eigenvector, then A = b + a /&, where & is a root
of Equation (2.6) and (uy, ..., u,)" is a nontrivial constant multiple of the vector
in (2.7).

There are some cases of interest.
Suppose that ¢ = 8 and y 4+ § = 0. Then (2.6) is reduced to §" = a/«a, and hence

a\'/" 2km
& =1\— expli— ), k=1,2,...,n.
o n

If @ = a, then an eigenvector corresponding to

2km
A=b+taexp| —i—
n

is a nontrivial constant multiple of

( (,2kn) (,4kn) (,2(n—2)kn) ( ,2kn) y)*
l,exp|i— ),exp|(i— ), ...,exp|i————— ), exp| —i— ) —— ] .
n n n n a

Since &, =1, we see that there exists an eigenvalue A, =b 4+ a, with the
corresponding eigenvector being a nontrivial constant multiple of

.
(1,1,...,1,1—1).
a

In addition, if o =a and n is even, then &, = —1, so there exists an eigenvalue
Anj2 = b — a, with the corresponding eigenvector being a nontrivial constant multiple

of ;
(1,—1,1,...,1,—1—1).
a

If « = —a, then (2.6) is reduced to £" = —1, and hence
2k — 1
& =exp (iu), k=1,2,...,n,
n

and an eigenvector corresponding to

2k —1
)\kzb—l—aexp(—iJ)
n

is a nontrivial constant multiple of

( (,(2k—1)n) (,(n—z)(zk—l)n) < _(2k—1)71> y)*
l,expl{i———— ), ..., expli ,expl—i—————— )+~ ) .
n n n a
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If « = —a and n is odd, then &(;41)2 = —1, and hence there exists an eigenvalue
An+1y2 =b —a, with the corresponding eigenvector being a nontrivial constant

multiple of
.
(1,—1,1,—1,...,—1,1+Z> .
a

Furthermore, if n =4m +2, m=1,2, ..., then §,4+1 =i and &3;,42 = —i. Thus,
there are two eigenvalues A, 1 = b — ai and A3,,42 = b + ai, with the corresponding
eigenvectors being a nontrivial constant multiple of

.
(1,i, T T F ) 1,5+Z)
a

N
<1,—i,—1,i,...,1,—i,—1,i, 1,—i+Z> ,
a
respectively.

We note that since our results are derived from the three-term recurrence
relation (1.3), it is easily seen that for any eigenvalue A, regardless of whether it is
a simple root or a multiple root of (2.6), there is only one eigenvector (except for a
constant multiple of it) belonging to this eigenvalue. For example, consider the matrix

and

0 1
1 0],
1 10

wheren =3, a=8=1,y=0,6=—1,a=>b=1. By (2.6) we have
E+E —E—1=0 or E—-D*E+1=0,
andhence £ =1,1,—landA=1+4a/£ =2,2,0. ForA =2,

u= (1, g, L(a — yé)) =(,1,1).
ag
This is the only vector for the double-root eigenvalue A =2 as may be checked by
elementary methods.
The case where @ = 0 and ¢ # 0 may be treated in a similar manner, or by applying
the symmetry property of a matrix mentioned in the last paragraph of Section 3.1.

3. The case where ac # 0

Let A be an eigenvalue and let (u1, ..., u,)" be a corresponding eigenvector of
A, where ac #0. Then u = {0, uy, ..., uy, ...} satisfies (1.5). Since ¢ # 0, we have
from (1.5) that

(cui + fHn

u = .
ah*+ (b —-Mh+¢

(3.1
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Let
—(b—-A % Jo
=
2a
be the two roots of az?+ (b —A)z+c¢=0, where w= (b — 1) —4ac. Since
y+y— =c/a # 0, we may write

1., 1
yie = —eT? = Z(cos 6 £ i sin 6)
p o

for some unique 6 in the strip {z € C | 0 < Re z < 7}, where p = \/a/c. According to
sin & = 0 or sin 6 # 0, there are two cases to be considered:

Case 1. Suppose that sin 8 # 0 so that 4 and y_ are distinct. Then since

1 A—Db
—cosf =
P 2a

and a/p = cp, we have (an error occurs in [8] by writing +/ac instead of pc in formula
(1.4) and all subsequent formulae; this error is corrected here)

A=b+2cpcosb, (3.2)

and, by the method of partial fractions, we can then write (3.1) in the form [1, 8]

‘= %(y_l_h _ y+1_h>(cm+f)h = Ao/ sin jo) « G+ 1)

By evaluating the convolution product, we obtain the jth term of u

2i ; .
uj = Ti{culpj sin jO — (au, + )/ul)/offl sin(j — 1)6
w
— H} (Bui + Sun)p! ™" sin(j — n)6}

(3.3)
for j > 1.
In particular,
cp sin OQu, = cuy p” sinnb — (au, + yup)p" ' sin(n — 1)0
and
0=cuip" ' sin(n + )6 — (au, + yui)p" sinnd — (Buy + duy)p sin 6,
where we have substituted /@ = 2icp sin 8 and u,, .1 = 0. These can be written as

Aui + Bu, =0, (3.4)
Cuy + Du, =0, 3.5
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where
A =yp" sin(n — 1)0 — cp" sin nb, (3.6)
B =cpsinf +ap" ' sin(n — 1)0 (3.7)
C = yp"sinnb + Bp sin6 — cp" ' sin(n + 1), and (3.8)
D = ap" sinnd + §p sin 6. (3.9)

Since u; and u, cannot both be zero, we must necessarily have

‘AB

45

This gives the necessary condition

p"(acsin(n + 1)0 + (y8 — aB) sin(n — 1) — co(y + 8) sin nd)
— (cap™ + apB) sin6 = 0. (3.10)

Once we have found 6 that satisfies (3.10), we obtain an eigenvalue A by (3.2).
The eigenvectors may be found as follows. By (3.4), Au; = —Bu,. Suppose that
B # 0, then by substituting u, = —Au;/B into (3.3),

—uj

= B,ojfl(ac sin jO + acp” sin(n — j)O — cpy sin(j — 1)0),
o

Uj
j=12,...,n.
So we obtain an eigenvector that is a nontrivial constant multiple of the vector with
components
uj = p'asin jO + ap" sin(n — j)& — ypsin(j — 1)8),
j=12,...,n. (3.11)
Suppose that A # 0. Then, by substituting u; = —Bu,/A into (3.3), we may obtain

the same result (3.11). On the other hand, by (3.5), Cu; = —Du,. If D # 0, then, by
substituting u, = —Cu1/D into (3.3),

uj= ;O—ul;pj(cap" sin(n + 1 — j)O + cdp sin jO + (af — y$) sin(j — 1)0),

j=12,...,n.

So we obtain an eigenvector that is a nontrivial constant multiple of the vector with
components

uj = p~Heap" sin(n + 1 — j)0 + cdp sin jO + (af — y8) sin(j — 1)8),
=12, ....n (3.12)
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If C#0, then, by substituting u; = —Du,/C into (3.3), we obtain the same
result (3.12).

Suppose that both A =B =0 and C = D =0. Then u; and u, may be arbitrary
except for u;y =u, =0. Let u; =0 in (3.3). We have an eigenvector that is a
nontrivial constant multiple of u; = p/~Vsin(j — 1)6. Let u,, =0 in (3.3). We have
an eigenvector that is a nontrivial constant multiple of

uj= cpj sin jO — )//oj_1 sin(j — 1)6.

Hence in view of the linearity property of an eigenvector, we obtain an eigenvector
with components

uj =c1p’ sin jO +cap’ " sin(j — )8, c¢1,c2€C. (3.13)

Case II. Suppose that sinf =0, then we have (b — )% =4ac, and (3.1) can be
written as
L PP e = 0 jen(f + )
U= —_———>— cu = - i cuy),
pe —ﬁh)z 1 e JP"jjeN 1

where
. A—D
0= ==4p. (3.14)
2c

The jth term of u for j > 1 now becomes

uj = C—lﬁ{culmf = (oun +yun)(j = DA™ = H (Buy + 8un)(j — m)p’™").
In a similar manner, we obtain the necessary condition
P ((ac(n + 1) + (y8 — aB)(n — 1)) — pe(y + 8)n) — (@cp™ + Ba) =0. (3.15)
Once we have found p that satisfies (3.15), we have by (3.14) that
rA=b+2pc. (3.16)

The eigenvectors may be found in a similar way. Let

A=y@m—Dp""" —cnp",

B=cp+am—1p"" (3.17)
C=ynp" +Bp—cn+1p""", and

D = anp" +8p.

Suppose that A #0or B#0. Then we may obtain an eigenvector that is a nontrivial
constant multiple of the vector with components

uj=p"""aj+p"atn—j)—pyG—1), j=1.2,....n (3.18)
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Suppose that C #0 or D # 0. Then we obtain an eigenvector that is a nontrivial
constant multiple of the vector with components

wj=p (@ catn+ 1= j)+pcsj+ @B —yH(G—1), j=1,2...,n
(3.19)

Suppose that both A=B=0and C =D =0. Then an eigenvector is in the form
uj=cip’j—cp’ G = 1). (3.20)

THEOREM 3.1. Suppose that ac # 0 in the matrix A,. Let A be an eigenvalue of

the matrix A, and u = (uy, ua, ..., u,)" its corresponding eigenvector. If sin # 0

for some 0 that satisfies (3.10), then the eigenvalues are given by A = b + 2cp cos 6.
The corresponding eigenvectors may be found by (3.11), (3.12) or (3.13). Ifsinf =0
and (3.15) holds for some p, then the eigenvalues are given by A =b + 2pc. The
corresponding eigenvectors may be found by (3.18), (3.19) or (3.20).

Note that the necessary condition (3.10) or (3.15) is independent of b, and neither
the formulae (3.11)—(3.13) nor the formulae (3.18)—(3.20) include the factor b. We see
that when ac # 0, the eigenvectors of the matrix A, are independent of b.

Note also that when sin 6 = 0,

A=b+2pc=b=x2pc=b+2pccosf, 6=0(r2r),

where 0 = 0 (or 27r) corresponding to p = +p, and 6 = 7 corresponding to p = —p.
Now we can apply the above results to find the eigenvalues and the corresponding
eigenvectors of several matrices of the form (1.1) when ac # 0.

3.1. The case where a =c # 0 and «f8 — y§ =0 For motivation, we first consider
the case where a =c #£0, af =y and o« + 8 = y + § = a in the matrix (1.1). Then
the necessary condition (3.10) is reduced to sin(n + 1) — sin nf — sin & =0 or

no . (n +1

sin — sin
2

)9:0, 0¢nl.

Consequently, sin n6/2 = 0 or sin(n 4+ 1/2)0 = 0 for some 0 ¢ 7Z. In the case when
sinnf/2 =0, we have 0 =2km/n, 0 ¢ wZ so that an eigenvalue must be of the form

2km n—1
A =b+2acos —, k=1,2,..., 7| (3.21)
n

where [x] denotes the integral part of x. In the case when sin(n + 1/2)6 = 0, we have
0 =2mn/(n+ 1), 0 ¢ w7, so that an eigenvalue must be of the form

2mm n
)\-m+[(nfl)/2] =b + 2a cos m=1,2,...,=]1. (3.22)

n+1’ 2
On the other hand, since p = +p = +£1, the necessary condition (3.15) is reduced to

o'n+1—pn)—1=0.
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This can only be valid when p=+1, and by (3.16) we have A=b+2a
=b + 2a cos 0. Thus 8 = 0 is added to (3.22). Hence (3.22) is modified to

2(m — Dm n
)»m+[n71/2]=b+20cos?, m=1,2,..., §+1.

Note that we have [(n — 1)/2] + [(n/2) 4+ 1] = n. Alternatively, (3.21) and (3.22) may
be combined as

2k -1
b+2acos—n, k=1,2,---,|:n2 ]s

n
z(k_[(n—l)/Z]—l)JT’ k=|:n_1:|+1""’n'
n—+1 2

Ak =

b + 2a cos

In a similar manner we may find the eigenvalues for several other cases when
aff = y§. We summarize them in the following theorem.

THEOREM 3.2. Suppose that a =c #0 and af =y$§ in the matrix (1.1). Then
for various conditions of o + B and y + 6, the eigenvalues of A, are given by
Ak = b 4 2a cos 6k, where 6 are given by:

() ife+B=y+5=a, then
2km/n, k=1,2,...,

Ok = o1 n—1 . b ke n—1 ! )
O Rl B KRN b RETPNE

@) ife+B=y +86=—a, then

Qk — Dr/n, k =

1
O = n
2<k - |:§:|)7T/(n +1), k= [

(i) ifa + B=aandy + 6 = —a, then

n—1
2k /n, k=1,2,..., },

6 = ~ -
(2<k—[”21D—1)n/(n+1), k=[n21:|+1,...,n;

(iv) ifa + B=—aand y + 6 =a, then

Qk — Dr/n, k=

L2, ...
0k= n n
<2<k—[§D—1>n/(n+1), k:[E 1.
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W) ifa+p=y+86=0, then

k
=" k=12, ...n
n—+1
i) ifa+B=aandy + 6§ =0, then
n—1
2km/n, k=1,2,..., i|,
2
Ok = n—1
2k — DHm/(n+2), kz[ 5 :|+1,...,n;

(vil) ifea + B=—aandy + 5 =0, then

Qk —Vr/n, k=1,2,..., [E}
Or = n
2kr/(n +2), k= [§j| +1,...,n;
(viil) ifa + B=0and y + 6 =a, then

k-7

Op=—"—, k=1,2,...,m
2n+1
(ix) ifa+B=0andy + 8 = —a, then
2k
k=", k=1,2,...,n.
2n+1

_ To find the eigenvectors, we first note that, as long as o« =0, we have B # 0 and
B #0 by (3.7) and (3.17). Suppose that « =y =0; if sin 6 # 0, then by (3.11) we
have an eigenvector that is a nontrivial constant multiple of the vector with components

uj=sinjo, j=1,2,...,n, 6#£0,m.

If sin 6 = 0, then by (3.18) we have an eigenvector that is a nontrivial constant multiple
of the vector with components

wj= /7, j=1,2,...,n,

where the + sign corresponds to # = 0 and the — sign corresponds to 8 = 7.
Suppose that « = 0 and y = a. If sin 6 # 0, then, since B # 0, by (3.11) we have
uj =sin jO —sin(j — 1)0 or

1
uj:cos(j—E)G, j=12,...,n, 06#0,m, (3.23)

while if sin 6 = 0, by (3.15) the necessary condition for A, to have an eigenvalue is

p"(n+1—pn)—p/a=0.
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This can only be satisfied when p = 1, which corresponds to A = b + 2a cos 0, and
B =a. Since B # 0, by (3.18) an eigenvector corresponding to 6 = 0 is then given by
a nontrivial constant multiple of the vector with components

Note that this may also be written as (3.23) if we allow it to include 6 = 0.

Similarly, suppose that « =0 and y = —a. If sin # 0, then, since B # 0, by
Equation (3.11) we have an eigenvector that is a nontrivial constant multiple of
uj =sin j6 + sin(j — 1)6 or

1
uj=sin<j—§>0, j=1,2,....n, 0#0,n, (3.24)

while if sin & = 0, by (3.15) the condition is
p'(n+1+pn)—p/a=0.

This can only be satisfied when p = —1, which corresponds to A =b + 2a cos m,
and 8 =a when n is even or 8 = —a when n is odd. In either case, since B #0,
a corresponding eigenvector is given by a nontrivial constant multiple of the vector
with components
uj =07 j=1,2,...,n
As before, this may also be written as (3.24) if we allow it to include 6 = .
To find the eigenvectors when o # 0, we may apply (3.11)—(3.13) or (3.18)—(3.20).

But if we suppose further that «f = y§ = 0, then we may apply the symmetry property
of the matrix when a = ¢ to obtain simpler formulae. Let

0 0 0 R |
0 0 0 ... 0
Ro=1... ... ... ... ...
0 1 0 ... 0
1 0 O nxn
be the ‘reflection’ operator. Then Rn_1 =R, and R,(uy, ..., un)T = (Uy, ..., ul)T,
which is (ug, . .., u,)" in reversed order. On the other hand, in the case when a = ¢
in A,, let A, be abbreviated by
y o
N\
B 8
Then
8 B
R'AR, = \ . (3.25)
o Y
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Let A be an eigenvalue and v= (vi,...,v,)" be a corresponding eigenvector
of B, =Rn_1Aan, so we have B,v=2Av. Then R,B,v=AR,v implies that
A,R,v=AR,v. Hence A is an eigenvalue and R,,v:(vn,...,vl)Jf is a

corresponding eigenvector of A,. Suppose that 8 =0 and o 0. Then 8 =0 in
(3.25). This suggests an algorithm to find the eigenvectors of A, when o # 0.

Using the skill described above to find the eigenvectors (vy, ..., v of (3.25),
the eigenvectors of A, are (vy, ..., vn)T in reversed order, namely, (ug, ..., un)T
= (Uy, ..., v1)". We summarize some of the results in the following theorem.

THEOREM 3.3. Supposethata=c#0, a8 =y5=0,0a +B=Faandy + 8§ ==*a

in the matrix (1.1). Let x% = (xl(k), xék), ce, x,(lk))f, y(k) = (yl(k), yék), ce yr(,k))T
and z® = (Zik), Zék), L2 k=12, ... n, where
sin j6g, Ok #0, 7,
x;’dz i 6r =0, j=12,...,n,
=D/, G=m,
k . .
y§)=008(1—%)9k, O # 70, J=12...,n
and
) =sin( - Do, 6 #0, j=12....n

Then the eigenvectors u® of A, corresponding to eigenvalue iy in various conditions
ofa, B, y and § are given by

al|B| vy 8 u®
G | o = * x®
G) | 0| * 0 y(k)
Gi) |O| *| —a| O | z®
Gy | * 0| 0 | a | Ry®
W | =0 0 | —a| Riz®
i) | 0| * | 0 | Rx®

where the asterisk position may be either a or —a.

As an example, let

Ag =

S O Wk
S W = W
W —= W o
— W O W

where n=4,a=c=a=y=3,b=1,8=86§=0. Thena+p=y +5=a. By
Theorem 3.2(1),

P _{n/2, k=1,

k70, 27/5, 4n/5, k=2,3,4.
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Hence the eigenvalues are
1 3 1 3
M=1, i=7, )»3=——+—\/§, )»4=————\/§.
2 2 2 2

The eigenvectors given by Theorem 3.3(vi) are

sin(4 + 1 — j)bx, O #0, 7
W =xf)_=1@+1-)), 6 =0, jok=1,2,3,4,
(—D*D@+1— ), G=n
or
5-j 2(5—j
u;l) =sin %, uE.Z) =5—7, u§.3) = sin (TJ)T[ and
@) _ g 20— D7
‘ .
Thus,

u® =0, —-1,0, DHF
u® =432 17

8 6 TL’ l 1 1 1 i
@ = (sin—, si =) =~ V5, -+ 2451
u <s1n5,sm5 sm5 ( — 5V 2+2 ,
@ _lemr 12w 47
u't = | sin—, sin —, s1n , sin —

5 5 57 5

1 1 l
~(-1ii Ll L 1
( RN f)

3.2. The case where a =c#0 and «f — y6 =+a®> The formulae obtained in
the preceding subsection are consequences of Theorem 3.1 for special cases where
ac # 0. Additional formulae may be found. They include formulae for special cases
where ac # 0 and o = § =0 (found in [8]), for some special cases where ac # 0
and y =6 =0 (found in [10]). Still more formulae for the cases where ac # 0
may be found, as long as Equation (3.10) could be simplified to obtain an explicit
solution of some 6 in the strip {z € C|0 <Re z < x}. For example, suppose that
a=c#0,y8 —af=a’>and o + B =y + 8 = 0. Then (3.10) is reduced to

sin(n + 1)6 + sin(n — 1)6 =0

or sin nf cos 8 = 0. Consequently, sin n6 = 0 or cos 8 = 0 for some 6 ¢ 7w 7. In the
case when sin nf =0, we have 6 = km /n, 6 ¢ w7 so that an eigenvalue must be of
the form

k
ao=b—+2acos X k=1,2,....n—1.
n
In the case when cos 8 = 0, we have 6 = /2 and

An=b.
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Note that (3.15) is reduced to (n + 1) + (n — 1) = 2n # 0, and hence neither 6 =0
nor § = 7 can be a solution in the present case.

As another example, suppose that a =c#0, y§ —aff = a’>, a4+ p=0 and
y +8 =2a. Then (3.10) is reduced to sin(n + 1)6 + sin(n — 1)0 — 2sinnf =0
or sinnf(cos @ — 1) =0. Since cos 0 # =1, we have 6 = kn/n, 6 ¢ wZ so that an
eigenvalue must be of the form

km
M=b+2acos—, k=1,2,...,n—1.
n

But now (3.15) is reduced to (n + 1) + (n — 1) — p2n = 0, and this may be satisfied
when p = +1, which corresponds to 6 = 0; hence

(k —Dr
n b

M = b + 2a cos k=1,2,...,n.

In a similar manner, we may find the eigenvalues for several other cases when
af — y8 = +a*. We summarize them in the following theorem.

THEOREM 3.4. Suppose thata = ¢ # 0 and y§ — af = +a? in the matrix (1.1). Then
for various conditions of a + B and y + 6, the eigenvalues of A, are given by
Mk = b + 2a cos 6k, where 6 are given by:

Q) ifys—ap=a’>,a+B=y+8=0, then
{kn/n, k=1,2,...,n—1,
O =

/2, k=n;
(i) ifys—afp=a’>,a+B=0andy +8="2a, then
k—1
o= DT 1
n
(i) ifys —ap=a’, a+pB=0andy + 8= —2a, then
k
=" k=1,2,....n
n
(v) ifys—af=—a’>,a+B=y+8=0, then
2k — 1
L LA SIS S
2n
V) ifys—afp=—a’>, a+p=2a,y+8=0, then
2k
=" k=1,2,....nm
n

i) ifys—afp=—a’, a+p=—2a,y+8=0, then
2k — D
Op=——"—, k=1,2,...,n.
n

We note that the corresponding eigenvectors may be found by (3.11)—(3.13) when
sin 6 # 0, and (3.18)—(3.20) when sin 6 = 0.
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4. Necessary and sufficient conditions for the inverses

The same method can be used to find the inverse of A,. Let the (unique) inverse of
Ay, if it exists, be denoted by

1 2
gg) gg) ggn)
D,2 ) gV g g
Gn=(" 187 18" =2 2 2 . 4.1
1 2
gV g g n

Then A, G, is the identity matrix [,. By expanding A, G, = I,,, we obtain for each
ke{l,...,n},
k k k k .
agj._)1 —|—bg§.)+cg§.£1 =hlj‘.—|—fj( ), Jok=1,2,...,n,

. k k k k k k k k
with agé)=cg,gll=0, where fl()=—(agfz)+yg§ M, fn()=—(ﬂg§)+3g;3 )

and fj(k) =0 for j=2,...,n—1. As in Section 1, we may view the numbers
g%k), gék), cey g,(,k) respectively as the first, second, ..., and the nth term of an infinite
complex) sequence ={g; },en satisfying the three-term recurrence relation
(complex) sequence g® = {g1} ey satisfying the th lati
k k k k
clgfo)jen +bigl) jen + ale ) jen = 7h Len + LF 1 jen,  42)
and the condition ag(()k) = cg,(ﬁl =0, where f® = {f ;k)} jeN is the infinite sequence
defined by
k k ;
o [T Freh i=1.
fi7=1-Be" +oe, j=n,
0, otherwise.
By the same procedure as in Section 1, we obtain
(@h® +bh +0)g® = @™ + r* + F©O)n, (4.3)

5. The case where ¢ =0 and ab # 0

THEOREM 5.1. Suppose that ¢ =0 and ab # 0 in matrix A,,. Then the inverse G, of
A, given by (4.1) exists if, and only if,

A=0b*+b(y +8) + (y8 — aB) + bay" "' £0. (5.1)

Furthermore, if G, exists, then

(5.2)

G L eyl j<n,
J A b‘/fn_l _/37 j=l’l,
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and
W wiE —(xlﬂ"j, J< k
g; :TX —ay" "+ A/b, n>j>k, (5.3)
b+vy, j=n,

for2 <k <n, where Y = —a/b.

PROOF. In the case when ¢ = 0, since b # 0, we have by (4.3)

1 1.
(O ko pty — Zpyd kg p
8 =y A ST =g+ 1)

where 1 = —a/b. The jth term of the sequence g% for j > 1is
o1 NP i k i
8)) = L (gl + g T+ Hiy T — 1 (pgl + 8y ). (54

Suppose that k = 1 in gﬁk). By letting j = 1 or j = n, we may obtain

1
b+y)g” +agh =1

and
Gy 4 BV + @y b+ o) =y

The necessary and sufficient condition for the unigue gV to exist is that

b+y o

= ywn—l+,3 Oll/fn_l—l-b—l—(S :b2+b(y+8)+(V5—0l/3)+bmp"_17&().

A

Furthermore, if g(!) exists, then we have g%l) =A1/A, g,(ll) = A,/A, where
Al=b+68, A,=by" ! —8.

Substituting these into (5.4), we obtain

1 : :

gj) = pl=a@y" = By =y b+ 5y
+ @+ by +8) + (y8 — ap) + bay" Hy !
— H}(B(b+8) +30y" " — Byl ™),

which is (5.2).
Next suppose that k > 1. We have by (5.4),

b+ V)ggk) + ozg,(,k) =0

and
G+ e + @y b+ 8)g® =y k.
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As above, the existence of a unique g is equivalent to A = 0. Furthermore, A and
A, are now given respectively by

Ar=—ay"* Ay=0+yyh

Substituting these and gfk) =A1/A, g,sk) = A, /A into (5.4), we obtain

& = a4 gy cay Ty
+ HY D + b(y +8) + (6 — ap) + bay"Hyy/ ™
— H} (B(—ay" ™)+ 8(b + )y )y/ ™",
which is (5.3). The proof is complete. O

As a special case, suppose that = —a/b = 1. Then if
A=bb+a+y+8)+(sd—aB)#0,

then
1 b+34 i <n
m_ 1 . J<n,
8 _Ax{b—ﬁ, j=n,

and, fork=2,...,n,

1 —a, Jj <k,
g;.k)zzx —a+A/b, n>j>k,
b+vy, j=n.

As another special case, suppose that 8 =y =& = 0. Then if A = b? + bayy" ! #0,

g0 W ey <k
N I3 j=k

fork =1, 2, ..., n. We note that this equation is also applicable when o = 0.
Suppose that a = 0 and bc # 0 in A,,. Then the inverse may be found by using the
equality A~ = ((AT)™1)T and the formulae obtained in this section.

6. The case where ac # 0

THEOREM 6.1. Suppose that ac # 0 in matrix A,. If b* — 4ac # 0, then the inverse
G, of A, given by (4.1) exists if, and only if,

A = p"sin ¢ (ac sin(n + 1)¢ + (y8 — aB) sin(n — 1)¢p — cp(y + 8) sin ne)
— (cap® + apB) sin® ¢ # 0, 6.1)
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where p = +/a/c and ¢ is the unique complex number in the strip {¢p € C|0 <Re ¢
< 1} such that cos ¢ = —b/2cp. Furthermore, if G, exists, then

n+j—k _
g§k> _ {sin(n — k)¢ <5 sin jo + ob —vo sin(j — 1)¢> (6.2)
A cp
+ sinn+ 1 —k)(y sin(j — 1)¢p — cp sin j¢) + oz,o”_1 sin(j — k)¢ sin ¢}
for j <k and
n+j—k _
gﬁ.’” = % X {sin(n — e <5 sin k¢p + w sin(k — 1)¢>

+ sin(n + 1 — j)(y sin(k — 1)¢ — cp sinkg) + Bp' ™" sin(k — j)¢ sin ¢}
(6.3)
for j > k. If b* — 4ac = 0, then the inverse exists if, and only if,
A=—acp® —aB+ p"(actn + 1) + (y8 —ap)(n — 1) — cp(y + 8)n) #0, (6.4)

where p = —b/2c. Furthermore, if G, exists, then

n+j—k _
0= {(n - k)(aj A 1))

A cp
+ (1 =R =D =)+ p" el — k)| (6.5)
for j <k and
n+j—k _
cp
+ (1= D=1 = cph) +p‘"ﬁ(k—j)} (6.6)
for j > k.

PROOF. Since ¢ # 0, we can divide (4.3) by ah? + bfi + € to obtain

_ (&
g(k) B (cg% ) —l—hk—{—f(k))h
ah®*+bh+¢

6.7)

Let

_ —b= Jo

B 2a

be the two roots of az> + bz 4+ ¢ =0, where w = b*> — 4ac. According to @ # 0 or
w = 0, there are two cases to be considered.

n+
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Case 1. Suppose that w # 0 so that n4 and n_ are two different numbers. Since
nyn_ =c/a#0, we may write n+ =e*%/p for some unique ¢ in the strip
{p cC|0<Re¢p <m}, where p =./a/c and cos ¢ = —b/2pc. In addition, since
n+ # n—, we also have that sin ¢ # 0 and cos ¢ # +1.

By the method of partial fractions, we may write (6.7) in the form

k
g® = f{p sin jg)52 * @gy +h* + f©),

Then we have, by evaluating the convolution in the expression for g,

k l k i . k
g’ = f{cgf "ol sin j — (g + 1o ™" sin(j — Do

+ HEpI ~F sin(j — g — HI (g + 880)p/ ™ sin(j — )¢} (6.8)
for j > 1. Byletting j =norj=n+1,
Ag® 4+ Bg = p"* sin(n — k)¢
Cg%k) + Dg,(lk) = p"*l_k sin(n + 1 — k)¢

where A, B, C and D are the same as defined in (3.6)—(3.9). If the inverse exists, then

(k) and g,g j form a unique solution pair and hence we must have
A B
Y
or

A = p"sing(acsin(n + ¢ + (y8 — af) sin(n — 1)¢ — co(y + 8) sin ng)
— (cap™ + aB) sin® ¢ # 0.

Furthermore, if A # 0, then g(k) AL/A, g(k) = A, /A, where
A= p"*sin ¢p(—ap” sin(k — 1)¢ + 8p sin(n — k)¢ — a sin(n + 1 — k)¢)
and

"=k sin ¢ (—cp™ ! sinkep + yp" sin(k — 1)¢ — Bp sin(n — k)¢).

By substituting these into (6.8), we obtain

Ap=p

n+j—k
® - pT x { sin(n — k)¢<a sin j +

+ sin(n + 1 — k)¢ (y sin(j — 1)¢p — cp sin j¢)
_"A(p sin(j — k>¢},

J ¢p sin

M sin(j — 1)¢>
cp

+ap" !sin(j —k)psing + H

which is (6.2) and (6.3).
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Case I1. Suppose that w = 0 so that n4 are two equal roots. From (6.7),
[P —
8" = e )i x @g)” +h* + f®)

where p = —b/2c. The jth term of g for j > 1 is now

k 1 K. o\, i
8 = 5{cg§ Vjp! = (@g® +yg® ) — D!

+ HEG =0 ™ = HI(Bgl + 858 —mp! ™. (69)
In a similar procedure, we may obtain the necessary condition
A =—acp™ —af + p"(ac(n + 1)+ (y8 —af)(n — 1) — cpn(y +8)) #0.
Furthermore, if A # 0, then ggk) =A1/A, g,gk) = A, /A, where
Ay =p" K (=patk — 1) + pS(n —k) —a(n + 1 —k))

and
Ap = p" K (—p" ek + p"y (k — 1) — pB(n —k)).

By substituting these into (6.9), we obtain

n+j—k _
¢® =2 iy (554 LBy
j o

A
. . n—1_, - k pTA
++1-b(G-D—cpj)+ p" a(j —k)+ H; " (J—hr,
which is (6.5) and (6.6). The proof is complete. O

In the case when « = 8=y =8 =0, if sin(n + 1)¢p #0, then the inverse of a
typical Toeplitz matrix is given by

_JFl—k o B ,
g('k) _ : ,0. « s?n jo s'm(n +1 k.)qs, ] <k, 6.10)
J asin ¢ sin(n + 1)¢ sinkg sin(n + 1 — j)¢, j=>k,
if 5> — 4ac # 0, and
_ L jt1—k . . .
P i1 =h, <k, 6.11)
Y a(n+1) kn+1—j), J=k,

if b2 — 4ac =0. These results agree with the previous works of many authors, in
particular that of Haley [5], where (6.10) is expressed in terms of hyperbolic functions
when 7 are two distinct real roots.
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In the case when b = 0, then b> — 4ac # 0 and ¢ = /2. Let
. omm
Spu=sin—, meZ.
2
By (6.1), if

A=p"(ac+aB —y8)Sps1 —co" ' (y +8)Sy —ap — cap™ #£0,  (6.12)
then (6.2) and (6.3) are simplified to

j—k
w P af — vy -1
g; =~ Sk §Sj+T-Sj_1 +ap" Sk
+ Sut1-k(ySj—1 — C,OSj)} (6.13)
for j <k and

pn-l—j—k aBf —yé _
g;k) i Sn—j| 68k + T - Sk—1 ) + o' " Sk—j

+ Su+1-j (¥ Sk—1 — CpSk)} (6.14)

for j > k.
Suppose further that b =0and @ = 8 =y =§ =0. Then

_ 1=k . .
kK _ —P y {SJSn+lk9 J <k, (6.15)

8 T TaSe SkSurimgs J 2k

if n is even. If n is odd, then the matrix is singular and the inverse does not exist.

7. Remarks and examples

The inversion problems of Toeplitz matrices have been studied by many authors
[4,6,7]. The inversions of Toeplitz matrices with four modified corners have also
been studied in [3, 6, 7]. For comparison, we mention briefly the method (adopted
from the comments of an anonymous reviewer of the first version of this paper) used
in [6]. Let A be the matrix given by (1.1). Let

b ¢ 0 0 0 0
a b c o ... O 0
cC=\|0 a b c ... 0 0
0 0 0 0 ... a n
Let A™! = (g) ;) and C~' = (h )" ;. We may write
A=C+USVT (7.1)
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where the dagger denotes transpose,

U=(e1 en), S=<g ?),

el=(1 0 -0 0)

V= (eir ei) ,
I, and ef=(0 0 --- 0 1) .
If both C and A are invertible, then [6, p. 124]
Al=c '+ clurvic. (7.2)

Suppose that o8 — 5 # 0. Then

1 ) —o h h
Tl =—s!'_vicly=—"— — (M ‘"). 73
O(ﬂ — )/5 _,B Y hnl hnn ( )

Assuming this matrix is invertible, write

t t
T (M h2)
1 2

The entries of 7' can be written explicitly in terms of «, 8, y, 8, h11, h1n, hn1 and by,

and
1 0 0 0 R 0 12
0 0 o ... 0
urvi=lo o0 o0 0 ... 0 0
1 0 0 0 Ce. 0 12

nxn

Then by (7.2),
gjk = hjk + hji(hiktin + hprt12) + hjn(hiktzr + hurt22), 1< j,k <n.

Hence, given c ! we may find A~L. To find C_l, suppose that ac # 0, and let

—b £+ /b2 —4ac
= 2a

be the two roots of az? + bz + ¢ = 0. The first row and column of C~! can be found
by solving the boundary problems

chik—1 +bhix +ahy k41 =0, 1=<k=<n,ho=~—1/c, h 1 =0,
and

ahj_11+bhji+chjy11=0, 1=<j=<n,hopy=~-1/a, hy41,1=0.
If b> — 4ac # 0, then

hig = = I<k<n, (7.4)
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and prHI= =
hji = — , 1=<j=<n

a(nn_-H _ ni+1)

If b* — 4ac =0, then

hy = &= bt k<n
1k cn+1) - =

and . —;
h,lz(J—n—l)n’ .
/ am+1 -

Given the first row and column of C~!, the remaining entries can be obtained
recursively by Trench’s recursion [7, p. 207] or explicitly from the Gohberg—Semencul

formula [4]. Note that the last two equations are just (6.11) when j = 1 or k = 1, while
(6.10) is much simpler than the two formulae for b> — 4ac # 0 given above.

The method mentioned here seems to be elegant; however, beside the restriction
of aff — y§ # 0, computation may be extremely tedious even for a simple Toeplitz
matrix. We will justify our statement by two examples given below. Besides, explicit
formulae, instead of algorithms, are the main concern in this study.

We also note that evaluating ¢ and the trigonometric functions may be avoided by

applying the Chebyshev polynomials of the first and second kinds as suggested by
Dow in [3].
EXAMPLE 1. Suppose that n =4, a =3, b=2,c=1,a=1, f=y=—1,5=0
in matrix A,. Then p=+/3, af—y8=—1£0, and cos¢p =—1//3, so
that sin ¢ = +/2/+/3, sin2¢ = —2+/2/3, sin 3¢ = +/2/3+/3, sindp =4+/2/9 and
sin 5¢p = —11+/2/9+/3. Since

2= (B0 (55 55 (5)

—(81—3)-(%):—647&0,

by (6.2),
g;k) _ _L64 < (VI e,
where
Cjk = j/—; sin(4 — k)¢ sin(j — 1)¢p — sin(5 — k) (sin(j — 1)¢p + V3 sin Jjo)
+34/2sin(j — k)¢
for j <k and

Cjk = \_/—lg sin(4 — j)¢ sin(k — 1)¢p — sin(5 — j)(sin(k — 1)¢p + V3 sin ko)

= ? sin(k — )¢
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for j > k. This yields
-8 -20 16 -4

: —4 6 -—24 14
4+j—k . _
=52 14 8§ —10

and
110 1\ 4 10 -8 2
3 210 1|2 =312 -7
0 3 2 1 ~32|-16 8 0 8
-1 0 3 2 26 -7 -4 5

For comparison, we note that since

o 2kVA-12 1 V2

S el
T 6 37173

Equation (7.4) is

3 3 3
(5 +i%)T = (§ =i

p = G PR IR — (3 s — i
which is more complicated and obviously leads us to tedious follow-up computations.

In the case when b = 0, the evaluation becomes much simpler due to the fact that
Sy =—1,0, 1, and Sgr; = 0 if S # 0. We illustrate this by the following example.

EXAMPLE 2. Suppose that n =6, a=c=1,b=0,a=8§=1and =y =—1in
matrix A,. We have p =1, ¢ — y§ =0 and, by (6.12),

A=acS7—af—ca=—-14+1—-1=-1,
the inverse exists, and by (6.13) and (6.14) of Theorem 6.1,

0 _ _ )Se-k(S)) + Sj—k + S71-k(=Sj-1 = Sj), J <k,
J S6—j(Sk) — Sk—j + S7—j(=Sk—1 — Sk), J =k,
which gives

—1

11000 1 1 2 1 -2 -1 2
1 01000 0 1 1 -1 -1 1
0 10100 1 -1 -1 2 1 2
o o1010| “Jo -1 0 1 1 1 (7.3)
0 0010 1 1 1 1 -1 -1 2
100 0 1 1 0 1 0 -1 0 1

We note that, since o — y§ = 0, the method used in [6] as mentioned above is not
applicable.
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It is also interesting to note that there exist singular matrices which may be invertible
when the corner or corners are perturbed. In these cases, the method used in [6] is
still not applicable (which demands that C in (7.1) is invertible). The following is an
example of such a matrix that is solved by Theorem 6.1 of this paper.

EXAMPLE 3. Supposethatn =5,a=c=1,b=—-1,a=0,andf=6=—1,y =1
in matrix A,. We have p=1, af —yéd=1, y +8 =0 and cos ¢ = 1/2, so that
sin ¢ = sin 2¢ = +/3/2, sin 3¢ = sin 6¢ =0, sin4¢ =sin 5¢ = —/3/2. By (6.1)
A = 3/2, the inverse exists, and by (6.2) and (6.3) of Theorem 6.1,

| (sin(5 — k)¢ + sin(6 — k)¢)(sin(j — 1)¢p —sin j¢p), j <k,
g = & x | 6inGS = )6 +5in(6 — )9 (sintk — g — sin k)

— %3 sin(k — j), j>k.
This yields
0 1 0o o0 \! 2 01 -1 -2 -1
1 -1 1 0 0 1200 0o o0
0 1 —11 0 ——]lo 1 1 2 1
0 1 -1 1 2121 3 2 1
10 0 1 =2 20 2 2 0
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