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In this paper we develop the calculus of pseudo-differential operators corresponding
to the quantizations of the form

Auw) = [ [ AT ot oy - ), Ouly) dy de,

where 7 : R™ — R™ is a general function. In particular, for the linear choices

7(x) =0, 7(x) = x and 7(z) = /2 this covers the well-known Kohn-Nirenberg,
anti-Kohn—-Nirenberg and Weyl quantizations, respectively. Quantizations of such
type appear naturally in the analysis on nilpotent Lie groups for polynomial
functions 7 and here we investigate the corresponding calculus in the model case of
R™. We also give examples of nonlinear 7 appearing on the polarized and
non-polarized Heisenberg groups.
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1. Introduction

There are many ways (quantizations) of associating the operator to a function
of variables (z,£) on the phase space. In this paper we are going to discuss a
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generalization of the well-known quantization procedures:

1 (). Tr+vy
W i(z—y)-€
eyl (27‘[’)" /" /n € g ( 2 9 > U(y) dy df,

Kohn—Nirenberg ﬁ/ / @5 (2, E)uly) dy de,
T n Jgn

(27]-‘-)’” /n \/n ei(l’*y)-ﬁa(y’g)u(y) dydg

More specifically, we are going to study pseudo-differential operators of the form

Anti-Kohn—Nirenberg

@ /n /n TG (x4 7(y — x), &)uly) dy de, (1.1)

where 7 is a function satisfying certain admissibility conditions. In particular, we
can recover the above listed quantizations by taking 7(x) = /2 (Weyl), 7(z) =0
(Kohn—Nirenberg), and 7(z) = = (anti-Kohn—Nirenberg). In the more general spe-
cial case of a linear function 7(z) = sz with 0 < s < 1 we recover the quantizations
analysed in detail by Shubin [10]. The quantizations with linear 7 of the form
7(x) = Mz for some nondegenerate matrix M have been also considered recently
in the context of modulation spaces [13] or [1], and Gelfand—Shilov spaces [3].

In this paper we will consider two cases of 7, with unbounded and with bounded
derivatives, and also symbols satisfying inequalities of the form

020007 [o(@ + 7(y — 2,1 < Caypn (O™ (@ — ) 02D (12)
or of the form
000707 [o(x +7(y — 2),8)] | < Cap (O™, (1.3)

where «a, (3,7 € N” are multi-indices, m,d € R are numbers depending on the
symbol o and on 7, and (&) = (1 + |€>)1/2.

We are going to develop a calculus for (1.1), i.e. we prove the adjoint, composition
and other formulae, make links between quantizations for different choices of 7,
and investigate different properties of operators of this kind. Moreover, we discuss
the Calderén—Vaillancourt theorem, ellipticity and parametrix, and the Garding
inequality.

We may skip the constant 1/(27)™ on most occasions but we have put it in (1.1)
to ensure that the constant 1 is quantized into the identity operator.

The quantizations of the form (1.1) appear naturally in the analysis on nilpo-
tent Lie groups, in particular in the question of finding suitable analogues of
the Weyl quantizations in the noncommutative setting. In [6], a class of the so-
called symmetric quantizations was identified inheriting the important property for
quantum physics, that the self-adjoint symbols (real-valued scalar symbols in the
commutative case, and self-adjoint operator symbols in the noncommutative case)
are quantized into self-adjoint operators. When written in local coordinates, this
reduces to quantizing the symbol in the form o(z + 7(y — x), ) for suitable choices
of nonlinear functions .
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For example, if G is a locally compact unimodular group of type I, and 7 : G — G
is a measurable function, general T-quantizations on G were considered in [6] in the
form

O (o)ute) = | ( [ e et o oty ) ) dms)) uly) dm(y), (1.9

where dm and dup are the Haar and the Plancherel measures on G and @, respec-
tively. We refer to [6] for the details, but here we can say that it was shown in
[6, proposition 4.3] that Op” (0)* = Op” (¢*) if and only if 7(z) = 7(z~ 1)z for all
x € G, and functions 7 satisfying this condition were called symmetry functions.
Moreover, it was also shown that if G is an exponential group (i.e. the exponential
mapping is a global diffeomorphism) then such symmetry functions always exist,
e.g. given by

7(z) ::/0 exp[slog x] ds. (1.5)

In the case of G = R" the quantization (1.4) reduces to (1.1), and since both map-
pings exp and log are identities, formula (1.5) boils down (modulo signs) to 7(z) =
(1/2)z, yielding the usual Weyl quantization, so that real-valued (self-adjoint in the
noncommutative case) symbols are quantized into self-adjoint operators. However,
already on nilpotent Lie groups different from R, since the group law is polynomial,
the symmetry functions 7 in (1.5) do not have to be linear.

We give a further example for this construction in the setting of the Heisenberg
group in § A, in particular, the symmetry function (1.5) on the Heisenberg group
H ~ R? is already nonlinear, taking the form (A.4), namely,

abc ab
7(a,b,c) = (27 35 + 6) . (1.6)

Consequently, we get the formula for the ‘midpoint’ function m(x,y) = z7(y~tx)~*
from (A.2) in the Weyl-type quantization (1.4) as

a1 + as b1 + bg c1+ co ((11 — ag)(bl — bg)
2 72 72 6 '

m((a1,b1,¢1), (az,b2,¢2)) = < _

Curiously, such a midpoint between = and 2! is not the origin but

m((a,b,¢), (a,b,c)"1) = (o,o, —2?‘)”) .

Since such quantizations appear not studied even in the simplest settings, we
took it as an incentive to analyse them in this paper first in the simplest classical
setting of R™. This already yields some insights and further intuition into such
quantizations.

Throughout this paper symbols will be mainly denoted with o, while their asso-
ciated T-quantization will be marked with a subscript 7. Also, instead of writing
inequalities like |6§‘8?0(:r,§)| < Co (&)™ 181 we will often write |8§‘8§0(:c,§)| Sa
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<§>m_m | to denote a possible dependence on a constant C,. Similarly, we will sim-
ply write A < B if there is a constant C' > 0 such that A < CB. We will be also
using the notation No = N U {0}.

The authors would like to thank Julio Delgado for discussions and for comments
on the preliminary version of the manuscript.

2. Admissible T-quantizations

In this section we are going to introduce an admissible class of functions 7 and the
corresponding classes of symbols and amplitudes.

DEeFINITION 2.1. A function 7 : R™ — R™ will be called admissible if 7 € C* and
7(0) = 0, and if there exists p > 0 such that

027 (2)] Sav ()" (2.1)

holds for all multi-indices o € Nj\{0} and all x € R™. We will often say that in this
case T is admissible of order . We will also often call 7 the quantizing function.

We are now going to introduce the class of symbols and amplitudes that we will
use and the associated operators. Given an admissible 7, we say that a smooth func-
tion o : R" x R™ — C belongs to the class 53", where m and d are real numbers,
if for all multi-indices o, 8, v € Nij and all (z,y,§) € R” x R™ x R™ we have

1000007 [o(x +7(y — 2), )] | Sapiy (€)™ M (@ — y)®lel+IED, (2.2)
A typical situation would be to take o € S™, that is, satisfying
105070 (2, €)| Say (€)™ 1.

Consequently, if 7 is an admissible quantizing function of order u, then o € S,

We note that the derivatives in y can be eliminated from the assumption (2.2),
namely, the class 53’ can be also characterized by the condition that for all multi-
indices o,y > 0 and all (z,y,£) € R™ x R® x R"™ we have

10207 [o(x +7(y — 2),6)] | Sany (€)™ Nz =yl (2:3)

Given o € Sj'. and u € S(R") we define the operator A, , = Op, (o) associated
to o as

Avula) = Op,()ule)i= [ [ @D eo(a by —a) uly)dyds.  (2.4)

In this case we also say that A, , € OP; S$T. For 7(x) = 0 we have the usual Kohn—
Nirenberg quantization, and we can abbreviate this case by writing Op = Op,—_.

We also define the corresponding class of amplitudes a(x, y, £). Namely, a smooth
function a : R™ x R" x R™ — C belongs to the class A}, where m and d are real
numbers if for any a,3,7 > 0 and for all (z,y,&) € R” x R™ x R™ one has the
inequalities

1020587 alx,y,€)| Saupn (€)™ (@ — y)dlel+1oh, (2.5)

Clearly the classes S’ depend on 7, but for simplicity we may sometimes suppress
the letter 7 from their notation as it should cause no confusion when 7 is fixed.
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Given a € A} and u € S(R™), we denote the operator A, := Op(a) associated to
a as

Avu(w) = Opla)u(e) i= [ [ D awy Qutydyds. (20

In this case we also write A, € OPA}.

3. Calculus associated to T-quantization

In this section we are going to show the calculus properties of general operators of
the forms (2.4) and (2.6). In particular we will prove that any operator of the form
(2.6) is almost equivalent to an operator of the form (2.4). For this we will need
the following preparatory basic statements.

We say that a function a : R” x R” x R” — C belongs to the class A™*, where
m € R and k € N if for all (x,y,£) € R” x R” x R™ one has the inequalities

102080 alz, 9, )| Sapry (€)™ (3.1)
for any multi-indices |af, |3] < k and any 7.

LeMMA 3.1. If an amplitude operator A, is associated to the amplitude a € A}
then for any k € N there exists a, € A™" such that A, = Aa, -

If the above property holds we will sometimes say that A, weakly belongs to A™,
or that A, is weakly equivalent to an operator with an amplitude in A™.

For many questions this is actually as good as the strong identification, especially
for obtaining results depending only on a finite number of derivatives of symbols
(such as e.g. Calderén—Vaillancourt theorem, see theorem 5.2, and many other
results in the theory of pseudo-differential operators).

Proof. Let us denote

1-A

L= ¢ ,
L+ |z —yl?

where A¢ is the usual Laplacian on R™. For any N € N, applying £V to el(*=%)€ we
have LN el(#=)€ = ¢i(#=¥)€ Qubstituting this inside A, and integrating by parts

we get
:E) = /n /n ei(z*y){a(x’y,g)f(y) dy d¢
:/n n['N =)t (%Z/af)f(y)dydf
i(z—y)e  \t T8¢ 1 - Ag)
/n / ’ 1+|x BN a(z,y,§) f(y) dy ds.
Then we can take ax(z,4,€) = [((1 = Ag)™)/((1+ & = y*)V)]a(x,y.€) for any
N > uk. y

Let us also record the following property which will be of use later. As usual, for

w € R™ and a multi-index v we will be using the notation w” = w]"* - - - w)".
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LEMMA 3.2. Given a function 7 : R™ — R™ of the form

rw)= > w4+ > olrww (3.2)

I[N -1 [v|=N

with an integer N = 2,

and

1

ey (T,w) = (e (1, w), C,QY(T,’LU), co e w)),

for all multi-indices o, 3 € N we have
[r(w)]*[w —7(w)]” = > Es(r,w) [Tw (3.3)
loe|+1BI<I8]<N (|| +]8]) i=1

where each Es(T,w) is either a constant or the product of at most |a| + |3| constants
c(7) or functions cy(T,w). In particular, we have Ey(T,w) = 1.

The statement follows by observing that the left-hand side of (3.3) has zero at
w = 0 of order at least |a| + |f].

We will now show that any amplitude operator (2.6) with the amplitude in A%}’
can be written as a 7-quantization of some symbol.

THEOREM 3.3. Let a € A" and let us consider the associated operator A, defined
by

Agu(z) = /n /n ei(mfy)'ga(a:,y,ﬁ)u(y) dyd¢, uwe SR™).

Then, for any admissible function T of order u > 0, there exists a symbol o such
that

() = [ [ oo s rly — o), uly) dy

and o has the following weak asymptotic expansion

olw+rly—u),)~ Y, > ks (T, 0, B, — )
a,B20 |a|+|B|<|S|<N (|af+]3])

x 9205 02a(v,v,€)|vptry—o): (3.4)
where we can take any N > 1, and where each of the terms

kﬁ(Ta a, ﬁ? L= y)agagaga(v, v, 5)‘v:z+‘r(y—m)

—[9]

is a symbol in Sﬁ\amﬁ\)ﬁ

. Moreover, we have ko(1,0,0,z —y) = 1.
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The weak asymptotic expansion, in (3.4) and in the sequel, will mean that it is
an asymptotic expansion in & in the classical sense locally in space variables, and
globally, for any M € Ny, we have

U(.l?—FT(y—JT),g)— Z Z kg(T,Oé,ﬁ,J)—y)

le+[BI<M |a|+|BI<IS|<N (Jal+3])

x 9200 0%a(v,v,€)|vptr(y—s) € AE’;%M. (3.5)

In such cases we will also say that o is an asymptotic sum with terms in Sﬁ;l(“j:‘l;l‘ﬂ)
m—(|al+|3])

(ntd)(lal+18])"
By lemma 3.1 each of the symbols ks(T,«, B,z — y)@ﬁ@ﬁaga(v, 0,8)|v=gtr(y—2) €

S;Zl(rcjf-i‘-\ﬁl) . gives rise to a pseudo-differential operator with an amplitude weakly
o]

belonging to Ay~ """

and remainder in A

REMARK 3.4. We note that the number N in (3.4) can be any integer number.
It is related to how many terms in the Taylor expansion of 7 we will take in the
proof in formula (3.8). The simplest formulae are obtained by taking N =1, in
which case all the asymptotic expansions in this paper are simplified since then the
sum ZIQ\+|BI<I5I<N(IM+IBI) is just a simple sum 2\5\=|a\+|5|' However, for more
flexibility we allow for any N in the expressions allowing for a slightly more general
form of the expansions. These are useful in the case when 7 is polynomial, as e.g.
in (1.6).

Proof of theorem 3.3. Let us consider the changes of variables

{v =x+7(y —x),

wi=x —y,
so that we have
x=v—7(—w),
{y =v—w—T7(-w).
Then in these new variables we can write

a(z,y,§) = a(v = 7(~w),v —w = 7(-w),§).

We now expand a(z,y,&) in the Taylor series in the first two variables around the
point (v,v,&) obtaining, for any M € N, that

0%08a(v,v,&)[—1(—w)]*[~w — T(—w)]?
o= Y En ORI T Tl e,

o] +[B]<M

(3.6)
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with the remainder given by

1

loe|+181=M
1
x / (1- t)Mflagaga(v —tr(—w), v+ H—w — T(—w)), g) dt.
0
(3.7)

To analyse the terms [7(—w)]*[—w — 7(—w)]?, we do another Taylor expansion of
7 around 0 writing it in the form (3.2), that is, for any N > 1,

Tw)= Y camuwr+ Y g, (r,w)w®. (3.8)
1< ap| <N -1 |Bol=N
By lemma 3.2 we can write it in the form
[r(~w))*[~w = 7(~w)] = > Es(r, w)uw’, (3.9)
le|+IBIISISN-(led]+181)

for some Es up to the signs coinciding with that in (3.3). Now recalling that w =
x — vy, for any |a] + |3] < M we have

879 a(v, v, &)[r(~w)]*[~w — 7(~w)]”
= > Es(r,z — y)97 0, a(v,v,6)(z — y)°.
jal+181<I8I<N-(la+18])

We note that integrating by parts in & under the quantization integral, the
operator associated to the amplitude FEjs(7,z — y)ag‘aga(v, v,6)(z —y)? is the
same as the one associated to the amplitude Es(7,z — y)(—l/i)“s‘ag‘agaga(v, v, ).
Consequently, we obtain the equality

Op(920]a(v, v, O)r(—w)}*[~w — 7(-w))’)

= Z Op(i‘é‘EJ(T,fE —y)@ﬁ@f@?a(v,v,{)).
lee+BISISIS N (|er]+]8])

According to (3.6), defining

i01E;s (1,2 —y)
ks(t, o, B, —y) := a!—ﬁl (3.10)
we can set
UTM(Uv 5) = Z Z ké(Tv «, ﬂa €T — y)a?ayﬁaga(vﬂ v, g)
[a|+|BI<M |a|+|BI<ISI<N - (la]+]8])
(3.11)

Note that for any |o| + |8] < |6] < N - (la] +|3]), we have
m—|0
ks(T, a0, B, — y)aﬁagaga(v, v,§) € SH(|CJ|J‘F‘/6|)7

where g is the order of 7.
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Indeed the element ks(7,a, 8,2 —y) is composed, as shown in lemma 3.2, by
at most |a| + |8] functions of x — y, each of which comes in our case from the

remainder of the Taylor expansion of 7;, i** component of 7, which has the form
1
|§,| (1 —t)PI=198 7 (t(z — v)) dt, (3.12)
©Jo

where (3 is a multi-index of length N. In view of definition 2.1 this product can
be majorized by (x — y)*(e+18D) " Also when we differentiate ks (7, o, 3,2 — y) with
respect to some components of = or y, let us say y;, we will get, due to the Leibniz
rule, a sum of products of at most ||+ |5] functions of x —y. For example, the
function corresponding to 9, would have the form

@ 1
6t o

_r

B Jo

that can be again dominated, when one passes to the modulus, by a constant

multiple of (z — y)*. All the other functions will be identical to (3.12), therefore, the

whole product will be again majorized by (v — y)#Uel+18) | Tterating this argument
it follows that ks(7,a, 3,2 — ) is always dominated by (x — y)+(l+18D,

When we differentiate with respect to some y; the term 83‘85 82 a(v,v,§) we get

instead

dy (1 — )10 (t(z — y)) dt

(1 =)= (=)0 0y (t(z — y)) dt,

8y,050,0¢a(v,0,€) = V(920,a(x,y, ) s=y=0 Oy, (T(y — 2),7(y — @),
which is a sum of products of a derivative with respect to a space variable of the
amplitude 838532(1(& y,&) evaluated in = y = v multiplied by some 9, 7;(x — y).
The modulus can be dominated by (€)™~ 1%1(z — y)#. A similar argument runs for
x;. Finally if one iterates this, it follows that

102 02" 0 (920008 alx, y, €))| Sarg5r (€)™ 1917101 (5 — gyl IHIAD,

Since the derivative with respect to 82/8?85/ of ks(1,a, B, — y)@x‘l@yﬁaga(v,v,f)
will be a combination of the derivatives of ks(7,a, 5,2 —y) and those of
8;"856§a(v7 v,§), due to the Leibniz rule, we have that

1080205 (ks(r, a, B, — )00 a(x,y, )|

S (£ (a8 g yalal +BD)
S0 (£ g _ yal B’ I +15])

If all of the multi-indices «, 3, ', 8" are nonzero, the last inequality is justified by
the fact |a| 4+ 8] + |&/| + |8'] < (|| +18]) - (J&/]| + |3|). If some of them are zero, a
similar argument can be applied with the zero index not taken into account. All of

this together gives us that ks(7, o, 8,z — y)agagaga(v,v,f) in S;T(\_ojli\ﬁ\)' Apply-

ing lemma 3.1 we have ks(7, o, 0,2 — y)@ﬁ@f@?a(v,v,g), and thus o,,,, produce
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9]

quantizations equivalent to that of symbols in S;" - , up to any finite number of

derivatives.
It remains to estimate the amplitude rps(z,y,&) defined in (3.7). We have,
substituting again (3.9) in (3.7), that

TM(xvyvg):% Z Z E5(T,x—y)(a:—y)5

M -1)!
lal+|81=M |a|+|BI<ISI<N (la]+|A])
1
X / (1- t)Mﬁlﬁfc‘@ga(v —tr(—w), v+ t(—w — 7(—w)), 5) dt.
0

Now the operator coming from the term

1
Es(t,z —y)(x — y)‘s/ (1- t)Mﬁlﬁg‘ﬁga(v —tr(—w), v+ t(—w — 7'(—10)),5) dt

0

is equivalent to the operator coming from the term
1
rars(2,9,6) = (D)1 Es(r.x —y) / (1—nM"og0)
0

X 8ga(v —tr(—w),v+t(—w — 7(—w)), 5) dt.

Thus in order to study rps(x,y, ) it is enough to study each of rps 5(x, y, §). For the
latter, due to the fact we are using an amplitude from A}, we have the following
estimate for the integrand

020508 (v — tr(—w), v+ H(—w — 7(—w)),€)| £ (€)1 (taoy 116D
< <§>m—|6|<w>d~(\al+lﬁ\)
— (6)m19l (g — )-(lal+18])

which is thus uniform in ¢ € [0, 1].

In order to have a complete understanding of 757,5(, y, §) we are left to analysing
Es(t,x —y). Again in view of lemma 3.2 we know that this is the product of at
most |a| + | 5] functions of w. These functions, as we have already observed, have
the form

1
/ (1 —t)P1=19% 7, (t(x — y)) dt, with 8 a multi-index of order N.
0

Since 7 is admissible of order u > 0, each of these integrals can be dominated in
the following way

| a=0"0 e )t S e =) < (2= 9"

Therefore, we have |Es(t,z — )| < (x — y)*Ue+18) and, subsequently, also

.. m—|& . . .. m—|§
TM’J((T7‘y7|§|)) is in A(u+‘d)‘(|a|+\ﬁl)’ which gives that 7y (z,y, ) is in A(Wr‘d)‘(la\ﬂﬁl) C
Am— o+

(pt+d)(al+[8])"
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Again using lemma 3.1 we have that the operator with the amplitude r/(z,y, €)
is weakly equivalent to an operator with an amplitude in Agﬁl&l, and in view of

the |0] going to infinity, to a smoothing one. O

As a corollary of theorem 3.3 and in view of the properties of pseudo-differential
operators in Hormander’s classes, we get the following corollary:

COROLLARY 3.5. The operators with amplitudes in the class Al}' can be represented
as the Weyl, Kohn—Nirenberg, or anti-Kohn—Nirenberg operators with symbols in
S™ modulo a smoothing pseudo-differential operator, with remainders with symbols
in A;"]V_IM, for any M > 1.

We note that since the above quantizing functions are linear we use theorem 3.3
with p = 0.

As a further consequence we have a formula to pass from a 7-representation of
an operator A to a To-representation of the same operator, for different admissible
functions 7y and 7.

COROLLARY 3.6. Let 71 and 7o be admissible quantizing functions of respective
orders py, p2 = 0. Given an operator with a T1-symbol,

Apule) = [ [ D oy - ), uly) dyde,

it is possible to represent it also as an operator with a To-symbol, for any N € N,
with its asymptotic expansion given by

072(I+T2(y—$),£)N Z Z ké(TQaa7ﬂam_y)
820 |a|+|B|<[6| <N - (|| +]B])

x 02000 [om, (2 4+ TL(Y — ), )] ot ra(y—2)- (3.13)

Moreover, we have ko(12,0,0,2 —y) =1 (fora=0=5§=0).
In the above, if o, € S™, then also o, € S| ., and (3.13) is a weak asymptotic

(Jo+181) o
m—(|o|+
p(lel+18]) for any M > 1.

and remainder in A"

expansion with terms in S (;Ll—Ji-\sz)M’

The notation for the derivatives in (3.13) means that we first differentiate the
function o, (x + 71 (y — x), &) by applying the operator 8;‘8582 to it, and then we
plug in z + 72(y — ) in the place of the first variable of o, (+,&).

Proof. We can set as an amplitude a(z,y, ) the symbol o, (v + 71 (y — ), ), and
then apply theorem 3.3. (|

We can also compute the adjoint and the transpose of an operator A, , and give

an asymptotic expansion of these two new operators in terms of o and 7. We will
adopt the notation of functions ks(7, o, 3,2 — y) arising from theorem 3.3.
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PROPOSITION 3.7. Let T be an admissible quantizing function of order p > 0. Let
o€ S™ and let A, be the corresponding T-quantized operator as in (2.4). Let us
denote

T(2) =24+ 71(-2), z€R", (3.14)

which is also an admissible quantizing function of the same order p. Then the
transpose operator At _ is the operator with the amplitude given by o(x + 7*(y —

o,T

x)), —&) with the quantizing function T*, i.e.
Ay oia) = [ [ o r (- 2), () dy e

We can view it as a T*-quantized operator with the symbol oy(x, &) = o(x, =§), i.e.

Azt:r,r = AUtﬂ'*‘
Furthermore, AtU)T can be also seen as a T-quantization with a symbol o’ : denot-
ing ort(x,y,8) =0z +7(y — x), =), for any N € N it has the weak asymptotic
exrpansion

o(x+71(y—1x),&) ~ Z Z ks(t,a, B,z —y)

620 |al+|BI<[S|<N-(|al+]8])

X 9200080 (0,0, =) | pr (y—2) (3.15)

with terms in Sﬁ‘;(llfl‘g‘l)ﬁl) and remainder in AZJWM, for any M > 1.
The adjoint A} . of A, is the operator with the symbol T but with the

quantization function T, i.e.
* — —
AL = Ag oo

Furthermore, A7 _ can be also seen as a T-quantization with the symbol 0" : denoting

or(2,y,8) = o(x + 7 (y — x),§), for any N € N it has the asymptotic expansion

atrly—z)~ Y > ks (T, a, B, 2 —y)
@,f20 |a|+|BI<IS|SN-(|al+]8])
X 83858207* (Uava§)|:ﬂ+7(y7w)a (316)

with terms in Sﬁ\_ojﬁla\l)ﬂ and remainder in ASZJWM, for any M > 1.

Proof. We want to find an operator A}, | such that

<A07Tu7v> - <u’A(tT,TU> u,v € S(Rd)a
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in the sense of the distributional pairing. Using a change of variable £ — (—=¢) we
can write

(Ao, v) = / /n / g (w4 7(y — 2), uly)v(x) dz dy d¢
- / u(y) dy/n / Ty 4 —y+7(y — ), E)v(z) dz dE

— /” u(y) dy/” /n ei(y—m)fg(y bt (@ — y),—E)v(x) da de
= <’LL, AZ’,TU>'

From this we see that the transpose operator Afm
symbol o(y + 7*(z — y), —=§) with 7* given by (3.14). Consequently A

rewritten in the following form switching x and y:

of A, is the operator with
! can be

o, T

Aoy = [ [ Dot )~ dyde

and that 7* still verifies the condition of definition 2.1. By theorem 3.3 viewing it
as an amplitude operator we can also view it as a 7"-quantization with the symbol
having the asymptotic expansion given by (3.15).

Similarly, for the adjoint operator A7 . we use the equality

/Rd /Rd /Rd T (z + 7(y — 2), &)uly)v(z) de dy dE

= [Luway [ [ =Gl =) o) ded

- / uly) dy/Rd / =) So(y +a —y+ r(y — ), Lolx) da dg

= /RdU(y) dy/Rd /Rd e=n)Lo(y + (2 — y),&v(z) dz dE.

We see from this that the adjoint A | is a 7*-quantized pseudo-differential operator
(i.e. its quantization function is 7* and symbol 7). By theorem 3.3 viewing it as
an amplitude operator we can also view it as a 7*-quantization with the symbol
having the asymptotic expansion given by (3.16). O

We are now ready to prove also the composition formula for 7-quantized symbols.
For this, we will freely rely on corollary 3.6 allowing one to change quantizations
whenever it is convenient.

THEOREM 3.8. Let 11, T2, 73 be admissible quantizing functions of corresponding
orders py, po, pz = 0. Let Ay, A be two operators associated, respectively, to two
T1- and To-quantized symbols in S™* and S™2. Then their composition Ay o As can
be viewed as a T3-quantized operator with the symbol o, for any N € N having the
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weak asymptotic expansion

U(Z‘+T3(y—$),£)N Z Z Z k&(T,a,ﬁ,’Y,Ql'_y)

@20 |al+|BI<IO|SN (|a|+|B]) v+e=d

X [0 05 0 (2, £) 00 04 pe e (U €)=y =o-

with respective terms in gratme— (B op g remainder in AT ™2 =M

s (o +18) (30212 JOT @Y
M > 1. In the above formula, at the end we plug in v =z + 13(y — x) and, o is
the symbol one gets when expressing A1 as an operator with Kohn—Nirenberg symbol
as in corollary 3.6 and, similarly, o'y ;- is the symbol one gets when expressing As
as an operator with the anti-Kohn-Nirenberg symbol. Moreover, ky(73, o, 3,7, €, —
y) = %k‘(s(Tg, a, B,z —vy), with ks(13, o, B,x —y) as in theorem 3.3.

In particular, if we take 71 = 7o = T3 we see that the operator classes OPE and

UmerOPT" form algebras of operators, modulo remainders.

Proof. The proof follows almost verbatim [10] in the first part, while the second part
has changes due to our different quantization. By using corollaries 3.5 and 3.6, let us
represent our operators A; and As via Kohn—Nirenberg and anti-Kohn—Nirenberg

symbols, respectively, modulo some errors which are smoothing operators, so that
we can write

Ayo(r) = / ) / ) e @Eat (, E)(y) dy dE + E'v(z) =: Tv(z) + E'v(z),
and
Avae) = [ [ I (. uly) dy g + E"ule) = ula) + E"u(o),

where E’, E" are smoothing remainders as in corollary 3.5. Consequently, Tv(z) can
be rewritten as

Io(e) = [ e Sojon(w €)0(6) dé (317)

while the Fourier transform of ITu(zx) is fI\u(f) = Jan €7V i n (1, uly) dy. If
we compose [ and I we then have

I(ITu(x)) = /]Rn eifoIKN(x’f)m(f) d¢
-/ / G ()0 pen (v, Euly) dy dE.

Therefore we have that I o ITis the operator with the amplitude o'y y(z, £)o’) i (Y, €)
of order mj + mso. In turn, this can be also written as a 73-quantized sym-
bol, o(z + 73(y — z)), with the asymptotic expansion given by theorem 3.3. More
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precisely, with v =« + 73(y — «), we have
O-(x+73(y_x)a£)m Z Z ]{)5(7'3,0[7ﬂ,1'—y)
;820 |a]+[BI<]S|<N(Jal+A])
X [353532 (kN (%, )0 a5 N (Y5 E))]o=y=v

= > > ks(m3, 0, B, 2 — y)

,f20 |a|+[B|<IS|SN-(Jaf+[B])

X 83 (05 e n (2, 5)6BUAKN(y7 Ollo=y=v

=> > ks(m3, e, B,z — y)

o,>0 Ia\+|5|<|5|<N'(|a|+\ﬁl)

x Z 71 [ 8AV@O[O'KN(QU 5)85 BU%KN(%E)]
y+e=4d

= Z Z Z k:;(7—37a75773671'7y)

820 |a|+[BI<[S|SN - (Ja|+]B]) v+e=6
[ma%’KN(x 5)358ﬁUAKN(y’§)]x:y=vv

where we have used in the third line Leibniz formula with respect to £ and also
k(73,0 8,7, 6,2 — y) := ks(13, 00, B, — ) - % in the last equality. O

We now discuss elliptic 7-quantized operators and their parametrices.

PROPOSITION 3.9. Let 7 be an admissible quantizing function of order u > 0, and
let 0 € S™ be an elliptic symbol, that is,

lo(z,§)] = C(A+ )™ forall z,§ €R", [{| = Ro,
for some Ry > 0. Then there exists a symbol k € S™™ such that
A A =1+R (3.18)
and
AgrAxr =145, (3.19)

where A, and A, . are T-quantized operators as in (2.4), and R and S are
smoothing pseudo-differential operators.

Proof. We will prove (3.18) since the proof of (3.19) is analogous. In view of
theorem 3.3 we can write

Agr = Ag kN + Ry, (3.20)

where R; is a smoothing operator and A,, xn is the Kohn-Nirenberg quan-
tized pseudo-differential operator with the corresponding symbol o1 € S™ with the
asymptotic expansion given in corollary 3.6. It follows also that the symbol oy is
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elliptic, so that using the usual parametrix for Kohn—Nirenberg quantization (see
e.g. [5,9]), there exists an operator A, rxn such that

AI{l,KNAa'17KN =1+ Ro, (32]_)

for some k1 € ST, and where Rs is a smoothing operator. Again applying corollary
3.6 to Ay, kN we have

AK,T = Anl,KN + R37
for some k € S~™"™. Using this together with (3.20) and (3.21), we have

AprAcr = (A, kN + R3)(As, kN + R1)
= A kNAo kN + Ak, kNR1 4+ R3As, kN + R3Ry
=1+ Ry + Ax, xknR1 + R3As, kN + RsRy
—I+R,

where we have set R:= Ro+ A, knR1+ R3A,, kN + R3Ri, which has the
symbol in S™°°. O

Similar to the proof of proposition 3.9, using corollary 3.6 we can extend other
results for pseudo-differential operators to the T-quantizations and to S -classes.
Let us give the Garding inequality as an example.

PROPOSITION 3.10 (Garding inequality). Let T be an admissible quantizing function
as in definition 2.1, and assume that a symbol o € S*™, m € R, satisfies

Reo(z,€) > C(L+ €)™, I¢l > R, (3.22)

for some R >0 and all x € R™. Then for any s € R there exist positive constants
Cq and Cy such that

Re (Ag u,u) = Cyl|ul|3m — Collul|, (3.23)
for allu e H™(R™).

Proof. First, using corollary 3.6 we can rewrite A, , as a Kohn—Nirenberg operator
with some symbol o; € S?™. We note that the ellipticity condition is preserved
by such transformation. Consequently, the estimate (3.23) follows from the usual
Garding inequality (see e.g. [12, theorem 6.1]), with the remainder only influencing
the constant Cs. O

4. T-quantizations with bounded derivatives

The special case of admissible quantizing functions from definition 2.1 are the func-
tions that have linear growth in x, while still being (possibly) nonlinear. In this
case one can always work with the usual Hormander classes S™ without going to
Sy'. For such quantized functions we set ;1 = 0 in definition 2.1. For clarity, let us
make this explicit:
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DEFINITION 4.1. A function 7:R"™ — R"™ will be called admissible with bounded
derivatives if 7 € C* and 7(0) = 0, and if

sup |057(x)| < oo (4.1)
ESING

holds for all multi-indices o € Nj\{0}.

We note that by the Taylor expansion formula these assumptions actually imply
that |7(x)] < (z).

Now if we compose our 7 function as in definition 4.1 with a symbol in S™ we
get an amplitude in A™ = A}, i.e. if 7 is admissible with bounded derivatives and
o € S™, then the function a(z,y,§) := o(x + 7(y — x),&) belongs to the class A™.
This follows by the repeated application of the chain rule.

In this section we are going to discuss another approach to move from a 7-quan-
tization of an operator with symbol in S™ to another quantization. More precisely,
instead of passing from one quantization to another through an amplitude operator
as we did in the proof of corollary 3.6, we are going to consider the operator

Aua) = [ [ (o 1y~ ) uly) dy de

and to perform a change of variable with respect to the space variable in the function
o(x 4+ 7(y — ), &) inside the integral. To do so it is natural to consider x fixed and
to ask for the invertibility of the mapping

Te iy x+7(y— ). (4.2)

To have 7, invertible we can use the following criterion, see e.g. [7] and historical
references therein, for this remarkable property:

THEOREM 4.2 (Hadamard). A C' map f : R™ — R" is a global C*-diffeomorphism
if and only if the Jacobian det(df(x)/0x) never vanishes and |f(x)| — oo whenever
|x| — oc.

In our case, in order to have 7, invertible we then ask for |7, (y)| — co whenever
ly| — oo, which is equivalent to asking that |7(z)| — oo whenever |z| — oco. One
can also readily check the other properties in the following

COROLLARY 4.3. Let 7:R"™ — R"™ be an admissible quantizing function with
bounded derivatives. Assume that the Jacobian det(07(x)/0x) never vanishes and
that |T(x)| — oo whenever |x| — co. Then both T and 7, for any x € R™ are global
diffeomorphisms, with their inverses satisfying |71 (y)| — oo and |7, (y)| — oo
whenever |y| — oo.

Moreover, if infzcrn | det(O7(x)/0x)| # 0 then 771 is also an admissible quantiz-
ing function with bounded derivatives.
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Using the above observations we have the following property:
PROPOSITION 4.4. Let T be an admissible quantizing function with bounded deriva-

tives such that inf,ern | det(OT(x)/0x)| # 0 and |7(x)| — oo whenever |z| — oco. Let
o € S8™. Then the operator

Aogula) = [ [ ook ry ) Qudpds (@3)

can be written in the Kohn—Nirenberg type form composed with the change of
variables, i.e.

Agru(z / /n @ Ep(2, Su(r, ) (y) dy dé + Bu(x), (4.4)

for some b € S™, where E is a smoothing operator.
Proof. Setting w := z + 7(y — ) we have

w—x=rT1(y—1x)),
—m N w—x)=2—y.
Using the function 7,(y) = = + 7(y — ) from (4.2), we also have
-1

. (W) =y.

Since 7,(z) =z +7(0) =2, we also have 7, !(z) =z in view of theorem 4.2.
Inserting all of these in (4.3) we get

Aogu(@) = [ D o utr ()

Now we can observe that the main contribution here is from the w close to z.
Indeed, let x(z,w) be a cut-off function supported in a small neighbourhood of

w = z and such that x(z,z) = 1. Then we can write

det (W)‘ dw d€.
ow

-1
Aprufa) = [ [ 0O 0 €, €)(1 = x(aw)ulr () |det (a”aw(w)) dw dg
Iy
—1
+/ / ei(T;l(z)f’—I_l(w))fa(w,f)x(x,w)u(r;l(w)) det (W) dwdf.

Iz
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For w away from x we can integrate by parts in £ using the property

e i @) =r T W)€ —lal (7= () — 7oL () 2el(Te (@)= (W) €
so that we have

b= (i)l [ e ey ew) [ @) - 7 (w)]

x 020 (w, E)u(ry (w)) ’det (878;(“’))‘ dw de.

Since infyepn | det(97(x)/0x)| # 0, for any w in the support of the integrand of

I, we can find a with |a| as large as we want such that |(7,!(z) — 7, (w))®] is

uniformly bounded away from 0. By corollary 4.3 and since ¢ € S™, we have that

(7, (2) — 77 (w))*] 9o (w, €) is in ™1l so that the term I; is smoothing.
For I, since w and x are close to each other, we can write

N @) — 77 (W) = Lyw(z — w),

where L., is a linear mapping which depends smoothly on z,w. Now we can write

b= [ [ e ot ulr >>\dt(87(;;f )| awa

_ / ) / T x (@ w)o(w, Ly, Oulr; ! (w) |det (W) ’

|det L. | dwd¢,
where L/, = [wat]fl. From now on, by modifying a well-known reduction for
amplitude operators, see e.g. [9, theorem 2.5.8], we see that the pseudo-differential
operator with the amplitude

a(z,w, &) = x(z, w)o(w, L,,§) ’det (87)‘ |det Ly,

can be reduced to a Kohn—Nirenberg operator with symbol b(x,&) with the
asymptotic expansion of the form

1|°‘

b(z,8) ~ D —— 08 Oa(w, w,€) =,

az0

completing the proof. O

5. Calder6on—Vaillancourt theorem

In this section we discuss the L?-boundedness of the appearing operators. It is
convenient to look at this problem from the point of view of more general amplitude
operators. First we note that lemma 3.1 and the L2-boundedness of the pseudo-
differential operators with symbols in the Hérmander class S° immediately imply
the following property:
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COROLLARY 5.1. Let a € AY for some d € R. Then the associated amplitude
operator

Aua) = [ [ ala g uly) dy de

extends to a bounded operator from L?(R™) to L*(R™).
Consequently, if T is an admissible quantizing function (of any order pu > 0) and
o € 8™, then the operator A, . defined by

Avrula) = [ e Solat7ly - 2), () d¢

extends to a bounded operator from L*(R™) to L*(R").

However, an interesting and important question is how many derivatives of
the symbol/amplitude should be bounded to ensure the L2-boundedness of
pseudo-differential operators in the spirit of the celebrated Calderén—Vaillancourt
theorem [2]. Similar results for classes of Fourier integral operators have been
obtained in [8]. We now prove a variant of the Calderén—Vaillancourt theorem
for amplitude operators.

THEOREM 5.2. Let a = a(x,y,&) : R x R" x R™ — C be such that

sup |8§‘858§a($,y,§)| < 00 (5.1)
x,y,§ER™

holds for all multi-indices «, 3, such that ||, |8, |y] < 2n+ 1. Then the operator

Au@) = [ [ e ata,y.€uty) dyd

extends to a bounded operator from L*(R™) to L?(R™). Moreover, we have

lAlz2 2 < C sup sup \85858ga(x,y,§)|. (5.2)
lal,|B],1v[<2n+1 =y, £ ER™

Proof. We follow the strategy of the proof of [8, theorem 2.1]. Let x € C§°(R"™) be a
real-valued non-negative functions such that the family of shifts, xx(z) = x(z — k),
k € Z™, forms a partition of unity. Then we decompose

A= > A

i,j, k€L

with the operators
Ausnte) = [ [ a0 () Ouly) dy de.

By the hypothesis on A by Schur’s lemma we have the uniform bound

| AijkllL2—re <C
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for all 4, j, k. The adjoint operators become

Aty = [ [ D RG g m (e ) (u(e) d d,

Now composing A7, 5 /0 A; j we get
*
Ai’,j’,k’ (Ai,j,k“)(x)

= /R% xor (W) x5 (@) xar (€)' @9 Caly, x, €) Ay j ruly) dy dE

= [ @ O el g
X Xi (1) x5 (2)xu(m)e! ™ Maly, 2, n)u(z) dz dy dy dé

= [ s [ o @b @ @ me e
x W= aly,z, )aly, 2,m) dy d dy

:/ Kijkar g (@, 2)u(z) dz,
n
where we denote

Kijkirjop (z,2) = / , Xt ()5 (@) xw (€)X () x5 (2) xk ()9 ¢
R' n
x W= Mgy, z, €)aly, z,n) dy dE dn.

First we note that there is a constant N; such that for |i — | > Ny we have
K ki .k (x,z) =0, so that we can restrict to |i —i'| < Ny.
We can integrate inside K with the operator L, with the transpose

L n—¢
‘L, =-—"—-.V,,
i g Y
so that for |k — k| > Na, for some Ny, we have

Kot aole,2) = [ 080, (g (@€)< )

x a(y, ,§)aly, z,n) dy € dn
= [ e () (o)

X i (X)X (2)xk()aly, 7, E)aly, 2 m) ) dy ey (5.3)

From the assumptions, altogether, we obtain the estimate

1

B (@) < C gy Ll

(5.4)
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Furthermore, let us define operators L¢ and L, by their transposes
1 22—y 1l y—=z

'Le = Ve, 'L, ;v

ile—yP? iy —2f?

Then we can integrate by parts with these operators similar to and continuing (5.3),
so that

Ki ji g (2, 2) =/

e 2 2L () o () (6)
R n

X)X (2)xk(n)aly, 2, E)aly, z,7) ) dy ¢ di.

Combining this with (5.4), we can estimate

1 1 1

| K gkt g (2, 2)| < C(k R (i) (e Li—in<n,-  (58.5)

We can now estimate
=g+l —d 2=+ > li—=d> 17— 5| — N
Consequently, we have
=< li=d'l+ 15 =i+ N,
and hence also
(=3 <Cli—3) 7).
Therefore, the estimate (5.5) implies
| K g ke ir ok (2, 2)] < C ! : ! (5.6)

<k. _ k/>2n+1 <,] _ j/>2n+1 <Z _ Z’I>2n+1 '

Since the support of Kj ;i ok (2,2) is uniformly bounded in z and z, and
observing that the constants are quadratic in derivatives of the amplitude, we obtain

sup/ | K i oo (2, 2)| dz < OMPR(i — ', 5 — 5/, k — K')?,
R’V‘L

€T

sup/ | K joeir g (@, 2)| de < CMPh(i — i, 5 — §' k — K')?,
Rn

z
where

_ Y
M = sup ||agagaga||Lm(R:mMg),
lal, |1, ly|<2n+1

and

1 1 1 1/2
. .. ./ AN
h(i —i',j =" k= k) = ((k’ — k)21 (j — )t (G — Z’/>2n+l> :
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Therefore, by Schur’s lemma (see e.g. [11, p. 284] or [8, lemma 2.1]), we obtain
14T 5 1A gl 2 pe < CMPh(i =i, — 5,k = K)2.

By a similar argument it can be also shown that
| AijkAs jrgllLe—r2 < <CM?*n(i—d',j — 5k — k)%

Consequently, Cotlar’s lemma (see e.g. [11, Chapter VII, §2] or [8, lemma 2.2])
implies that

Al 22 < CM,

yielding the boundedness and (5.2). O

As a consequence of theorem 5.2 we also get a version of the Calderén—
Vaillancourt theorem for T-quantized operators.

COROLLARY 5.3. Let 7 : R"® — R™ be such that 7 € C*"*2, 7(0) = 0, and

sup |0%7(z)| < oo for all 0 < |a| < 4n+ 2. (5.7)
TeR™

Let 0 : R™ x R™ — C be such that

Sgu% |8ﬁ37 (x,8)| < oo forall |B|,|y] <2n+1. (5.8)
z,£€R™

Then the operator

Avrula) = Op()ulw)i= [ [ D o(atr(y — o) uly) dy e

is bounded from L*(R™) to L?(R")

Proof. Tt is enough to use the chain rule applied to a(z,y,§) :=o(xz + 7(y — ), §)
and observe that one can apply theorem 5.2 since conditions (5.7) and (5.8)
imply (5.1). O

Appendix A. Symmetry functions

In this section we show how 7-quantizations appear naturally in the analysis of
operators in noncommutative settings. The trivial choice of 7 =id in (1.4) corre-
sponding to the Kohn—Nirenberg type quantization has been extensively studied in
the setting of general graded Lie groups in [4].

Quantizations with general measurable functions 7 in the form (1.4) have been
studied in [6]. Especially, as explained in the introduction, for the exponential
groups the symmetry functions always exist and lead to quantizations having the

https://doi.org/10.1017/prm.2018.148 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.148

126 M. Esposito and M. Ruzhansky

property of the Weyl quantization. Such symmetry functions may be given by the
formula (1.5), that is, by

1
T(ac):/o exp[slog x]ds. (A1)

Consequently, with this choice of 7, the analogue of the ‘midpoint’ m(x,y) between
points x and y is given by the formula

m(z,y) = zr(y ')~ L. (A.2)

In this appendix we work out explicit examples of such symmetry functions in
simple noncommutative settings of the polarized and of the standard Heisenberg
groups. In the latter case we also calculate the explicit form of the ‘midpoint’
function m(z,y).

A.1. Polarized Heisenberg group

We will be using the matrix descriptions of the Heisenberg group and of its
polarized version, see e.g. [4, §6.1] for more details on various descriptions of these
groups.

Thus, we first consider the example of the polarized Heisenberg group Hi,o1, which
may be identified with the space of matrices

x=(a,bc) «——

S O =
O = Q
)

with the Lie algebra $p01 given by

0

0
0

O O
O Tt

where a, b, ¢, a, 1;7 ¢ € R. Indeed, since the group H, is nilpotent (and hence also of
exponential type), one can move from $,0 to Hpo using the exponential function:

0 a ¢ ooloaékldfer%@E
exp [0 0 b| = yOObZOI B
0 0 O k=0 |10 0 O 0 0 1

It is also possible to do the reverse operation, in which case we have

According to (1.5) a symmetry function on the polarized Heisenberg group Hj,o
can be given by the formula

T(J:):/O explslog x] ds.
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In particular, for = = (a,b, ¢), we can calculate it explicitly:

OO =

1 a ¢
T(x) = / exp |slog 1 b|| ds
0 0 1

0 a c—%ab_

1
:/ exps [0 0 b ds
0 0 0 0

1 0 sa sc— s%ab
= / exp |0 0 sb ds
0 0 O 0

111 sa scfs%abJrsQ%ab
/o

= 0 1 sb ds
0 0 1
2 2 2 3 1
s Sa %Hc—Srab+ %ab
52
0 0 s 0
1 %a %c — %ab
=10 1 ib
0 0 1

Hpo1 3 7 = (a,b,¢) — 7(z) = (‘2"2’;_“1)) (A.3)

According to the discussion in the introduction, it follows from [6, proposition 4.3]
that the 7-quantization with 7 given by (A.3) would play the role of the Weyl
quantization on the Heisenberg group in the sense that 7-quantized operators with
self-adjoint symbols would be also self-adjoint. Here we can note an interesting twist
in the last variable on Hy,, while it remains being the mid-point in the variables of
the first stratum.

A.2. Heisenberg group

In a similar way we can do the same computations for the Heisenberg group
which we will denote by H, and its Lie algebra by $. This group is given by the
triples (a, b, c) € R? that verify the group law

1
(a,b,¢) - (u,v,8) = (a+u,b+v,c+s+2(ub—va)>.
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It is also possible to identify any element (a,b,c) € H with an upper triangular
matrix via the association
b
1 a % +c
x=(a,b,c) 0 1 b
0 0

1

Similarly the elements of the Lie algebra of the Heisenberg group are given via the
association

(@b,¢)

o O O
O O
O Tt

As before it is possible to pass from the Lie algebra $) to the group H via the
exponential mapping

E

0 a & o 0 a ¢ 1 g @ 4¢
h 1 ~ 2
exp |00 bl => 510 0 b =0 1 b
0 0 0 k=0 0 0 0 0 0 1
Therefore, the logarithmic function is given by
1 a a—b—i—c 0 a c
0 0 1 0 0 0

According to (1.5), for = (a, b, ¢), a symmetry function on the Heisenberg group
takes the form

1 1 1 a %b +c
/ exp(slogx)ds = / exp [ slog |0 1 b ds
0 0 0 0 1

1 0 a c

= / exp|s|0 O b ds
0 0 0 0
1 0 sa sc

= / exp| |0 0 sb ds

o
o
e}
e}

11 sa #—&—sc
:/ 0 1 sb ds
O 10 0 1
L1y
2
0 0 1
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Thus, a symmetry function can be given by the formula

b b
H> 2z = (a,b,c)— 1(x) = (;L,Q,;—FC;). (A.4)

Furthermore, we have

rl(a,b,¢) 1] = rl(—a, b, —0)] = ( by “b) |

- 2727 2 6

Thus, if x = (a1,b1,c¢1) and y = (ag, ba, c2), we get

1
T(yil.’[) = T((a1 — az, b1 — b2, c1 — Coy + 5(1)10,2 — b2a1)))
_ (a1 — a bl — b2 C1 — C2 + (1/2)(b1a2 - bga,l) + (a1 — ag)(bl — bg))
2 72 7 2 6

_ a; — ag bl 7b2 C1 — C2 + b1a2 — b2a1 + (a1 7(12)((71 — bg)
2 72 72 4 6 ’

Consequently, we get the formula for the ‘midpoint’ function from (A.2) as

m(z,y) = z7(y”'e) "

:(a17b1’61) (_al—ag _bl—bg _61—02

2 2 2
_ b1a2 — bgal (a1 — ag)(bl — bg)
4 6
_ a1 +as by +by ¢+ o B (a1 — ag)(bl — bg)
2 72 72 6 '

In particular, we observe that if a; = as or if by = by, then

b b
m((ar, by, 1), (a2, b, ¢3)) = <a1+a2 1+02 1 —|—02>’

2 72 72

but an additional quadratic twist appears in the central variable if a; # as and
b1 # bs.
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