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Abstract

We investigate the relationship between affine and Stein varieties in the context of
rigid geometry. We show that the two concepts are much more closely related than in
complex geometry, e.g. they are equivalent for surfaces. This rests on the density of
algebraic functions in analytic functions. One key ingredient to prove such a density
statement is an extension result for Cartier divisors.

1. Introduction

1.1 Motivation

Let K be a complete non-trivially valued non-Archimedean field. A variety X over K, that is, a
separated K-scheme of finite type, is Stein if the K-analytic space Xan attached to X admits a
closed K-analytic embedding in A

n,an
K for some n∈N; see § 5.1. Needless to say, affine varieties

are Stein. The aim of the present note is to investigate to what extent the converse statement
holds true. The complex analytic version of the question is a classical problem, whose history
(recalled in the following) consists mainly of negative results. For instance, given an integer
d� 2, there is a d-dimensional smooth complex variety that is not affine but whose associated
complex manifold is Stein. In stark contrast, and breaking the persisting analogy with complex
geometry, we derive several general consequences of the Stein property for non-Archimedean
varieties summarized as follows (see Theorems 9.1, 9.2 and 9.3).

Theorem 1.1. A Stein variety X is quasi-affine and, for any closed subscheme Y of a dimension
at most one, the restriction map Γ(X,OX)→ Γ(Y,OY ) is surjective. Furthermore, if the ring
Γ(Xred,OX) is Noetherian or if the K-algebra Γ(X,OX) is finitely generated, then X is affine.

Recall that a variety X is quasi-affine if it admits an open embedding into an affine variety.
The K-algebra of regular functions on an algebraic group is finitely generated [DG70, III.3.8].
Therefore, as a consequence we obtain a new proof of the following result previously proved in
[Mac22].

Corollary 1.2. An algebraic group is Stein if and only if it is affine.
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In addition, a result of Goodman and Landman (see [GL73, Proposition 3.13], or
Proposition 8.12) permits one to derive the equivalence in the case of surfaces (see Theorem 9.4).

Corollary 1.3. An algebraic surface is Stein if and only if it is affine.

1.2 Complex background

As we are about to recall, the complex analogue of the previous statements is false: excusing
the pun, the behaviour in non-Archimedean geometry is far more rigid. Let MdR(E) be the
moduli space of line bundles endowed with a connection on a complex elliptic curve E. The
line bundles in question are necessarily of degree 0, and forgetting the connection gives rise to a
surjective map of complex varieties π : MdR(E)→Pic0(E) =E. Tensor product of line bundles
makes MdR(E) an algebraic group and π a morphism of algebraic groups. Its kernel is identified
with the space of differential forms on E:

0−→V(Γ(E,Ω1
E))−→MdR(E)−→E −→ 0.

The algebraic groupMdR(E) is not affine: the quotient of an affine group by a subgroup is affine,
whereas the elliptic curve E is most certainly not. Actually, more is true: it is not even quasi-
affine since every algebraic function on MdR(E) is constant (see [Bri09, Proposition 2.3]). From
the transcendental perspective, Riemann and Hilbert’s correspondence sets up a biholomorphism
of MdR(E)an with the group of characters of the topological fundamental group of the elliptic
curve

HomZ(π1(E(C), 0),C×)∼=C× ×C×.

In particular, MdR(E)an admits a closed holomorphic embedding in C3. Summing up, the com-
plex algebraic group MdR(E) is not affine, but the complex Lie group MdR(E)an is Stein. Since
it is of dimension 2, this shows that the analogues of both corollaries to Theorem 1.1 do not
hold over the complex numbers.1

As remarked by Neeman [Nee88], a complex quasi-affine variety X is affine if and only if Xan

is Stein and the C-algebra Γ(X,OX) is finitely generated. The equivalence has been strengthened
by Brenner [Bre02] (see Corollary 8.21), replacing the finite generation of Γ(X,OX) by being
Noetherian. Keeping the notation of the previous paragraph, let H be an ample line bundle on
E. Consider the Gm-principal bundle X on M :=MdR(E) associated with the line bundle π∗H∨

dual to the pull-back of H along π : M →E. Ampleness of H implies that X is quasi-affine.
Since Man is Stein, the C×-bundle Xan is also Stein [MM60]. However, the complex variety
X cannot be affine, as it would imply that M is. It follows that the ring Γ(X,OX) is not
Noetherian.2

1.3 Main results

Over the non-Archimedean field K the technical crux leading to Theorem 1.1 is as follows (see
Theorem 7.1).

Theorem 1.4. Let F be a semi-reflexive coherent sheaf on a variety X. Then Γ(X, F ) is dense
in Γ(Xan, F an).

See § 6.1 for the definition of the topology on Γ(X, F ). What follows is a series of comments.

1Hartshorne attributes this example to Serre (see [Har70, Chapter VI, Example 3.2]), but it seems that such a
phenomenon was known earlier by Severi and Conforto.
2This can be proved by purely algebraic means [Bri09, Theorem 3.9].
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(1) Within the framework of Berkovich spaces, the topological space underlying the K-analytic
space Xan is locally compact: when X is reduced, the topology on Γ(Xan,Oan

X ) is that of
uniform convergence on compact subsets; when X is not reduced, as in complex analysis,
the topology is finer.

(2) An OX -module F is semi-reflexive if the natural homomorphism F → F∨∨ is injective.
Therefore Theorem 1.4 applies, in particular, to vector bundles and coherent sheaves of
ideals. However, we ignore whether it stays true for any coherent OX -module.

(3) The techniques involved in the proof are fairly general and permit to carry on the proof when
K is replaced by an affinoid K-algebra A (in the sense of Berkovich) and X by a separated
A-scheme of finite type.

(4) Let X be a variety and F a coherent OX -module. If X is affine, then the density of Γ(X, F )
in Γ(Xan, F an) is rather easy to prove. When X is proper, the non-Archimedean GAGA
theorem implies that the natural map Γ(X, F )→ Γ(Xan, F an) is an isomorphism. Therefore,
Theorem 1.4 is most interesting whenX belongs to neither of these two classes, and especially
when X does not admit a proper morphism onto an affine variety.

(5) Theorem 1.4 has little to do with algebraic varieties: the only property we use is that
they can be ‘compactified’. The general statement concerns the complement of an effec-
tive Cartier divisor in a proper K-analytic space (see Theorem 6.13) or, even more generally,
holomorphically convex (see Theorem 6.3).

(6) The argument for deducing Theorem 1.1 from Theorem 1.4 is not exclusive to non-
Archimedean analysis and can be adapted over the complex numbers to yield the following
result: if X is a complex variety such that Γ(X,OX) is dense in Γ(Xan,Oan

X ) and Xan is
Stein, then it satisfies the conclusions of Theorem 1.1.

(7) Consider the moduli space MdR(E) of line bundles endowed with a connection on a com-
plex elliptic curve E. Then, all of the algebraic functions on MdR(E) are constant (see, for
instance, [Bri09, Proposition 2.3]), whereasMdR(E) is biholomorphic to C× ×C×. Therefore,
the complex analogue of Theorem 1.4 is false.
Theorem 1.4 marks quite a difference between complex and non-Archimedean analysis:

roughly speaking, there are fewer rigid analytic functions with essential singularities than holo-
morphic ones.3 Mirroring this discrepancy, its proof has to rely on some technique unavailable
in the complex framework: with no originality, it is the involvement of models over the ring of
integers R of K. To state the result let � ∈R� {0} be a topological nilpotent element and for
an R-scheme S let Sn be the closed subscheme S ×R (R/�nR) of S. The density result lying at
the core of the method is as follows (see Theorem 4.3).

Theorem 1.5. Let D be an effective divisor in a proper and flat R-scheme X. If D is flat over
R, then for any semi-reflexive coherent OX -module F the natural map

Γ(X �D, F )−→ lim
n∈N

Γ(Xn �Dn, F )

is injective, and has a dense image.

Let us relate this to Theorem 1.4. Let Û be the formal R-scheme obtained as formal comple-
tion of U =X �D along its special fibre and i : Û ↪→U the natural morphism of locally ringed
spaces. Then,

Γ(Û , i∗F ) = lim
n∈N

Γ(Un, F ).

3Resembling phenomena were observed by Cherry throughout his work in non-Archimedean Nevanlinna theory
[Che93, Che94, CY97].
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Let UK be the generic fibre of U and FK the restriction of F to UK . With this notation, the
K-vector space Γ(Û , i∗F )⊗RK is the space of global sections Γ(Ûη, F

an
K ) of the coherent sheaf

F an
K on a certain compact subset Ûη of Uan

K , called the Raynaud generic fibre of the admissible

formal R-scheme Û . Theorem 1.5 states that any K-analytic section f ∈ Γ(Ûη, F
an
K ) can be

approximated globally on the compact subset Ûη by algebraic sections g ∈ Γ(UK , FK).

Example 1.6. In general, Theorem 1.5 fails to be true when flatness of D is discarded. Suppose
for simplicity that R discretely valued and let k be the residue field of R. Consider the blow-up
π : X→ P1

R along a k-rational point of the special fibre. Let D be the exceptional divisor. The
completion of the open subset U :=X �D along its special fibre is isomorphic to the completion
of the affine line A1

R along its special fibre. Thus,

lim
n∈N

Γ(Un,OX)∼=R{z} := lim
n∈N

R/�nR[z],

where z is the coordinate function on A1
R. However, the generic fibre of U is P1

K so by flat base
change Γ(U,OX) ↪→ Γ(P1

K ,OP
1
K
) =K. In particular, the image of

R=Γ(U,OX)−→ lim
n∈N

Γ(Un,OX)∼=R{z}
is not dense.

Most of the comments for Theorem 1.4 have their own counterpart for Theorem 1.5.

(1) The topology on limn∈N Γ(Un, F ) is prodiscrete.
(2) Technically speaking, it is the flatness of F and of F|D that is used during the proof

rather than the semi-reflexivity of F and the flatness of D. However, in the deduction of
Theorem 1.4, we fail to see how to extend an arbitrary coherent sheaf on the generic fibre to
one on the model whose restriction to D is flat over R, whereas we manage to do this under
the semi-reflexivity assumption.

(3) The argument to prove Theorem 1.5 goes through when R is replaced by a flat R-algebra of
finite type.

(4) When U is affine, Theorem 1.5 follows at once from the surjectivity of the restriction map
Γ(U, F )→ Γ(Un, F ), in turn implied by the vanishing of higher cohomology. A slight gener-
alization of the previous argument involving the formal GAGA theorem yields Theorem 1.5
when U admits a proper morphism onto an affine R-scheme of finite type. Therefore,
Theorem 1.5 is more interesting when U does not fall in the latter category.

(5) The natural setting for Theorem 1.5 is that of a proper formal R-scheme X together with
an effective Cartier divisor D⊂X. The result then states the density of sections over X �D
having polar singularities along D among all the sections over X �D (see Theorem 4.3).

For Theorem 1.5 to be of any use, given a variety UK over K, one has to be able to produce a
model U of UK which is the complement of an effective Cartier divisor D flat over R in a proper
flat R-scheme X (see Theorem 2.2).

Theorem 1.7. Let DK be an effective Cartier divisor in a be a proper variety XK . Then, there
are an effective Cartier divisor D in a proper flat R-scheme X and an isomorphism of K-schemes
XK
∼=X ×RK inducing an isomorphism DK

∼=D×RK.

In order to construct such an X and D, the first reflex is to take any proper flat model X
of XK and the Zariski closure D of DK in X. The closed subscheme D is without doubt flat
over R but may fail to be a Cartier divisor. To repair such an issue, one considers the blow-up
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X ′ of X along D. The inverse image D′ of D in X ′ is thus Cartier, but will not be flat over R
anymore in general. Looking at the Zariski closure in X ′ of the generic fibre of D′ brings us back
to square one. Not to be caught in a vicious circle, one has to choose carefully the blow-up of
X to perform. Namely, if I is the sheaf of ideals of OX defining the closed subscheme D, then
we consider the blow-up π : X ′→X of X along the ideal I +�nOX , for some n∈N big enough.
The strict transform D′ of D in X ′ is shown to be the effective Cartier divisor π∗D−E, where
E is the exceptional divisor and the minus sign stands for the difference of effective Cartier
divisors (cf. Lemma 2.4). Gabber communicated us an alternative proof of Theorem 1.7. The
same procedure allows to prove the following geometric variant, which might be of independent
interest (see Theorem 2.1).

Theorem 1.8. Let D be a closed subscheme of a Noetherian scheme X. Let U ⊂X be an open
subset such that:

(1) D ∩U is scheme-theoretically dense in D;
(2) D ∩U is an effective Cartier divisor in U .

Then there is a U -admissible blow-up π : X ′→X such that the strict transform of D in X ′ is
an effective Cartier divisor.

With Theorem 1.7 under the belt, the proof of Theorem 1.4 is achieved by arbitrarily enlarging
the compact subset obtained as Raynaud’s generic fibre (of the formal completion) of the model.
This is a routine operation (cf. Lemma 6.10), except for the extra care one has to employ not
to lose the flatness over R of the Cartier divisor in question (cf. Proposition 3.12).

2. Extending Cartier divisors: the algebraic case

2.1 Statements

We start by recalling some basic notions concerning Cartier divisors in a scheme X. For a closed
subscheme Z ⊂X let IZ denote the kernel of the restriction map OX→OZ . An effective Cartier
divisor D⊂X is a closed subscheme whose defining sheaf of ideals ID is invertible. Let OX(D)
denote the dual of ID. The homomorphism sD : OX→OX(D) dual to the inclusion ID→OX

is called the canonical section associated with D. For effective Cartier divisors D,D′ ⊂X, the
Cartier divisor D+D′ is the closed subscheme with sheaf of ideals ID ⊗OX

ID′ whence the
identity OX(D+D′) =OX(D)⊗OX

OX(D′). If the closed immersion D→X factors through
D′, then ID′ ⊂ ID and the sheaf of ideals ID′ ⊗OX

OX(D) defines the Cartier divisor D′ −D.
A closed subscheme Z of a scheme X is finitely presented if the closed immersion i : Z→X
is of finite presentation. Let U ⊂X be an open subscheme. A morphism X ′→X is called a
U -admissible blow-up if there exists a finitely presented closed subscheme Z ⊂X �U such that
X ′ is isomorphic to the blow-up of X along Z.

Theorem 2.1. Let D be a closed subscheme of a Noetherian scheme X. Let U ⊂X be an open
subset such that:

(1) D ∩U is scheme-theoretically dense in D;
(2) D ∩U is an effective Cartier divisor in U .

Then there is a U -admissible blow-up π : X ′→X such that the strict transform of D in X ′ is
an effective Cartier divisor.
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Over the ring of integers R of a field K with a non-trivial non-Archimedean absolute value
we can get round of the Noetherian hypothesis and obtain the following generalization of
Theorem 1.7.

Theorem 2.2. Let Y be a finitely presented affine R-scheme, fK : XK→ Y ×RK a proper
morphism of K-schemes and DK ⊂XK an effective Cartier divisor.

Then, there are a flat R-scheme X, a proper morphism of R-schemes f : X→ Y , an effective
Cartier divisor D⊂X flat over R, and an isomorphism XK

∼=X ×RK of K-schemes through
which DK is identified with D×RK and fK with f × idK .

One recovers Theorem 1.7 in the introduction by taking Y =SpecR. The hypothesis of Y
being finitely presented over R is easily met. Indeed, given a finitely generatedK-algebra AK and
a surjection ϕ : K[t1, . . . , tn]→AK of K-algebras, the ideal I :=Kerϕ∩R[t1, . . . , tn] is finitely
generated by Lemma 2.8. Thus, the R-algebra A :=R[t1, . . . , tn]/I is flat, finitely presented, and
such that A⊗RK is isomorphic to AK .

2.2 Proofs

The remainder of this section is devoted to the proof of Theorem 2.1. We begin with the following
technical result.

Lemma 2.3. Let X be a Noetherian scheme and ϕ : F →G a homomorphism of coherent
OX -modules such that ϕ|U : F|U →G|U is surjective on the complement U of an effective Cartier
divisor Z ⊂X.

Then there is an integer N � 1 such that, for all n�N , the image of G→G(nZ) is contained
in the image of ϕ⊗ id : F (nZ)→G(nZ).

Proof. By quasi-compactness of X, one may suppose that X =SpecA is affine, and Z is a
principal Cartier divisor with equation a= 0 for a non-zero divisor a∈A. The A-modules
Γ(X, F ), Γ(X,G) are finitely generated and U is the principal open subset D(a) = SpecAa.
Let g1, . . . , gr be generators of Γ(X,G). The hypothesis of ϕ|U : F|U →G|U being surjective
implies that, for i= 1, . . . , r there are non-negative integers ni, mi ∈N and fi ∈ Γ(X, F ) such
that ami(anig−ϕ(fi)) = 0. The integer N =max{n1 +m1, . . . , nr +mr} does the job.

The key result at the core of the method is as follows.

Lemma 2.4. Let D be a finitely presented closed subscheme of a scheme X, Z ⊂X an effective
Cartier divisor and U =X �Z such that:

(1) D ∩U is scheme-theoretically dense in D;
(2) D is contained in an effective Cartier divisor D0 of X.

Assume there is an integer n� 1 such that the image of ID→ ID(nZ) is contained in the image of
ID0

(nZ)→ ID(nZ). Let π : X
′→X be the blow-up of X along the scheme-theoretic intersection

of D0 and nZ, and E ⊂X ′ be the exceptional divisor.
Then, the strict transform of D in X ′ is the effective Cartier divisor π−1(D0)−E.

In particular, there is a U -admissible blow-up π : X ′→X such that the strict transform of
D is an effective Cartier divisor.

Proof. The question is local on X, thus one may assume that X =SpecA is affine and that D0,
Z are principal Cartier divisors. Let f0 ∈A be a generator of the ideal of D0, and let g ∈A be a
generator of the ideal of Z. Since D is finitely presented, there are f1, . . . , fr such that f0, . . . , fr
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generate the ideal of D. With this notation, note that the hypothesis implies that the ideals f0Ag

and f0Ag + · · ·+ frAg coincide. Moreover, the blow-up X ′ is covered by the following affine open
subsets:

X ′
0 =SpecA[f0/g

n], A[f0/g
n] = (A[t]/(f0 − tgn))/(g-torsion),

X ′
1 =SpecA[gn/f0], A[gn/f0] = (A[u]/(gn − uf0))/(f0-torsion).

Claim 2.5. The strict transform D′ of D in X ′ does not meet X ′
1.

Proof of the claim. The strict transform of D is the scheme-theoretic closure of π−1(D�Z) in
X ′. Now, the function gn is invertible on X ′

1 � π−1(Z). The equality gn = uf0 on X
′
1 implies that

f0 is also invertible on X ′
1 � π−1(Z). Therefore,

π−1(D�Z)∩X ′
1 = π−1(D)∩ (X ′

1 � π−1(Z)) = ∅.
It follows that D′ does not meet X ′

1.

Claim 2.6. The strict transform D′, seen as closed subscheme of X ′
0, is the Cartier divisor with

equation t= 0.

Proof of the claim. Let A[f0/g
n]g denote the localization of A[f0/g

n] with respect to g: via the
ring homomorphism A→A[f0/g

n], it is isomorphic to the localization of A with respect to g.
The strict transform D′ is the scheme-theoretic closure of π−1(D�Z) in X ′

0. Therefore, the
ideal ID′ ⊂A[f0/gn] defining D′ is

Ker(A[f0/g
n]→A[f0/g

n]g/(f0)).

Proving the claim amounts to showing that ID′ is generated by t. Of course, t belongs to ID′ as
t= f0/g

n inA[f0/g
n]g. On the other hand, any element ofA[f0/g

n] can be written as
∑d

i=0 ait
i for

some non-negative integer d and a0, . . . , ad ∈A. Such an element belongs to the ideal generated
by t if and only if a0 belongs to the ideal general by t. We are therefore led back to prove the
following: each a∈A whose image in A[f0/g

n]g/(f0) is 0 belongs to the ideal generated by t.
Since the homomorphism Ag→A[f0/g

n]g is an isomorphism, a is already 0 in Ag/(f0). The
hypothesis of D ∩U being scheme-theoretically dense in D is rephrased as the equality

Ker(A→Ag/(f0)) = f0A+ · · ·+ frA.

(We used here that the ideals f0Ag and f0Ag + · · ·+ frAg coincide.) It follows that a belongs to
the ideal f0A+ · · ·+ frA. Thus, in order to conclude the proof, it suffices to express fi in terms
of t (i= 1, . . . , r). By the choice of n, there are b1, . . . , br ∈A such that fi = bif0/g

n. Written
otherwise, for i= 1, . . . , r, the equality fi = bit holds in A[f0/g

n], which concludes the proof.

The Cartier divisor π−1(D0) is given by the ideal f0OX′ . The exceptional divisor E is given
by the ideal gnA[f0/g

n] on the affine chart X ′
0, whereas it is given by the ideal f0A[g

n/f0] on
the affine chart X ′

1. It follows that the effective Cartier divisor π
−1(D0)−E is given by the ideal

generated by f0/g
n = t on X ′

0 and by the ideal generated by f0/f0 = 1 on X ′
1. One concludes

the proof by comparing this with the description of the strict transform D′ given by the above
claims.

Proposition 2.7. Let D, Z be effective Cartier divisors in a scheme X whose intersection
D ∩ (X �Z) is scheme-theoretically dense in D. Let π : X ′→X be the blow-up of X along
D ∩Z and E ⊂X ′ the exceptional divisor.

Then, the strict transform of D in X ′ is the effective Cartier divisor π−1(D)−E.

Proof. Apply Lemma 2.4 with D=D0 and n= 1.
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Proof of Theorem 2.1. Endow the closed subset Z :=X �U with its reduced structure. The
blow-up π : X ′→X of X along Z is U -admissible because Z is finitely presented. Up to replac-
ing Z by the Cartier divisor π−1(Z), and D by π−1(D), one may assume that Z is a Cartier
divisor. (Note that the composition of U -admissible blow-ups is a U -admissible blow-up [Sta19,
Lemma 080L].) Suppose Z is a Cartier divisor. The blow-up π : X ′→X of X along D is U -
admissible because D is finitely presented and, since D ∩U is supposed to be a Cartier divisor
in U , the induced map π : π−1(U)→U is an isomorphism. The exceptional divisor D′

0 := π−1(D)
is an effective Cartier divisor, as well as the pre-image Z ′ = π−1(Z) of Z. Let D′ be the scheme-
theoretic closure of D′

0 �Z ′ in X ′. We may now apply Lemma 2.4 to X ′, D′, D′
0 and Z ′.

Indeed, let U ′ =X ′ �Z ′. The closed immersion D′ ∩U ′→D′
0 ∩U ′ is an isomorphism. On the

level of sheaves of ideals, this means that the natural inclusion ID′
0|U → ID′|U is an isomor-

phism. According to Lemma 2.3, there is a non-negative integer N with the following property:
given an integer n�N , the injective homomorphism ID′

0
(nZ ′)→ ID′(nZ ′) is an isomorphism. In

particular, Lemma 2.4 can be applied with every such integer n.

Let R the ring of integers of a field K endowed with a non-trivial non-Archimedean absolute
value. Recall that an R-module M is flat if and only if it is torsion-free [Sta19, Lemma 0539].

Lemma 2.8. Let A be a flat R-algebra of finite type and M a finitely generated A-module flat
over R.

(1) The A-module M is of finite presentation.
(2) Let N ⊂M be a submodule such that M/N is flat over R. Then, N is of finite presentation.

Proof.
(1) This is a particular case of [RG71, Theorem 3.4.6].
(2) The A-module M/N is finitely generated and flat over R thus finitely presented by (1).

Since M is finitely generated and M/N finitely presented, N is finitely generated [Sta19,
Lemma 0519 (5)]. The A-module N is finitely generated and flat over R, thus, again thanks
to part (1), it is finitely presented.

Proof of Theorem 2.2. By Nagata’s compactification theorem (see [Lüt93, Con07, Con09] or
[Tem11]), the morphism of K-analytic schemes σK : XK→ Y ×RK can be extended to a proper
morphism of R-schemes σ : X→ Y . Furthermore, up to replacing X by the scheme-theoretic
closure of XK in X, one may suppose that X is flat over R. Let D be the scheme-theoretic
closure of DK . Note that X and D are flat over R. If K is discretely valued, i.e. R is Noetherian,
then one can blithely apply Theorem 2.1 with Z being the special fibre of X. Note that the
so-obtained blow-up π : X ′→X is such that X ′ is flat over R. Moreover, the strict transform of
D is flat over R too, being the scheme-theoretic closure of π−1(DK) in X ′. In the general case,
some argument is needed in order to ensure the hypothesis of finite presentation of the strict
transform considered in the proof of Theorem 2.1.

Let � ∈R� {0} be topologically nilpotent and let Z be the closed subscheme of X given by
the vanishing of �. The open subset U =X �Z is the generic fibre XK of X. Let π : X ′→X the
blow-up of X along the first Fitting ideal of ID. Since D is flat and finitely presented over R by
Lemma 2.8, the ideal ID is finitely presented by Lemma 2.8, hence Fit1 ID is finitely presented
by [Sta19, Lemma 07ZA (4)] and Lemma 2.8. Lemma 2.9 states that π−1(D) is an effective
Cartier divisor. Moreover, sinceDK =D ∩U is an effective Cartier divisor, the induced morphism
of R-schemes π : π−1(U)→U is an isomorphism. By combining these facts, one deduces that
π : X ′→X is a U -admissible blow-up. Let D′

0 be the inverse image of D in X ′: it is an effective

1982

https://doi.org/10.1112/S0010437X25102467 Published online by Cambridge University Press

https://stacks.math.columbia.edu/tag/080L
https://stacks.math.columbia.edu/tag/0539
https://stacks.math.columbia.edu/tag/0519
https://stacks.math.columbia.edu/tag/07ZA
https://doi.org/10.1112/S0010437X25102467


Affine versus Stein in rigid geometry

Cartier divisor. Let D′ be the Zariski of closure of π−1(DK) in X ′. Again, thanks to Lemma 2.8,
the closed subscheme D′ is finitely presented and one can apply Lemma 2.4 to X ′, D′

0, D
′

and the closed subscheme Z ′ of X ′ defined by the vanishing of �. As in the discretely valued
case, the blow-up π′ : X ′′→X ′ given by Lemma 2.4 is such that X ′′ is flat over R as well as the
strict transform of D′ in X ′′.

In this proof we used the following fact.

Lemma 2.9. Let X be a scheme, and D⊂X a closed subscheme whose ideal sheaf ID is finitely
presented and whose complement X �D is scheme-theoretically dense. Let π : X ′→X be the
blow-up of X along the first Fitting ideal of ID. Then π

−1(D) is an effective Cartier divisor in
X ′.

Proof. Set I := ID. By [Sta19, Lemma 07ZA (3)] the kth Fitting ideal of π∗I for k� 0 is the
pull-back of that of I:

Fitk(π
∗I) = Fitk(I)OX′ .

Since X �D is scheme-theoretically dense in X, the ideal Fit0(I) vanishes altogether, thus
so does Fit0(π

∗I). On the other hand, by the defining property of the blow-up, the ideal sheaf
Fit1(I)OX′ is invertible. It follows that the ideal J := Fit1(π

∗I) is invertible. SetM := π∗I and let
M ′ ⊂M be the submodule annihilated by J . We claim that the natural morphism ϕ : π∗I→OX′

induces an isomorphism
M/M ′ ∼−→ IOX′ .

This will conclude the proof, as the OX′-module M/M ′ is invertible [Sta19, Lemma 0F7M]. To
show the claim, first note that IOX′ is the image of ϕ, so it suffices to prove M ′ =Kerϕ. The
inclusion M ′ ⊂Kerϕ is obvious because OX′ has no torsion with respect to J , the latter ideal
being invertible. For the converse inclusion, π induces an isomorphism outside the exceptional
divisor E ⊂X ′ hence ϕ is injective outside E. The ideal defining E is J , hence any local section
of Kerϕ is annihilated by some power of J . It follows from [Sta19, Lemma 0F7M (2)] that Kerϕ
is actually annihilated by J , which concludes the proof.

3. Extending Cartier divisors: the formal case

Let K be a complete non-trivially valued non-Archimedean field and R⊂K its ring of integers.

3.1 Preliminaries on formal schemes

Recall that a formal scheme over R is admissible if it is locally the formal spectrum of a flat
R-algebra which is topologically of finite presentation. To such a formal scheme X is attached
its (Raynaud) generic fibre Xη seen as a K-analytic space in the sense of Berkovich. The generic
fibre of an affine formal scheme X =Spf A where A is flat topologically of finite type is the
Banach spectrum Xη =M(A⊗RK) of the affinoid K-algebra A⊗RK. Here we recall some
facts that are repeatedly used afterwards.

Lemma 3.1. Let X be a quasi-compact formal R-scheme topologically of finite type. Then the
topological space underlying X is Noetherian.

Proof. Let k be the residue field of R. The topological space |X| underlying X coincides with
the topological space underlying the finite type k-scheme Xred: in particular, |X| is a Noetherian
topological space.
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Lemma 3.2. Let A be a flat R-algebra topologically of finite type and M a finitely generated
A-module flat over R.

(1) The A-module M is of finite presentation.
(2) If N ⊂M is a submodule such that M/N is flat over R, then N is of finite presentation.
(3) The ring A is coherent.

Proof. Parts (1) and (2) are respectively Theorem 7.3.4 and Lemma 7.3.6 in [Bos14], and part
(3) follows from part (2).

Lemma 3.3. Let X be a quasi-compact formal R-scheme topologically of finite type and let F
be a sheaf of R-modules on X. The presheaf U 	→ Γ(U, F )⊗RK on X is a sheaf.

Proof. Let U be an open subset of X. Since the topological space underlying X is Noetherian
(Lemma 3.1), the open subset U is quasi-compact. Let U =

⋃n
i=1 Ui a finite open cover of U . The

exact sequence

0−→ F (U)
δ0−→

n∏
i=1

F (Ui)
δ1−→

n∏
i,j=1

F (Ui ∩Uj),

where δ0 and δ1 are the usual coboundary operator of the Čech cochain complex, stays exact
after taking its tensor product with K (because K is a flat R-algebra):

0−→ F (U)⊗RK
δ0−→

( n∏
i=1

F (Ui)

)
⊗RK

δ1−→
( n∏

i,j=1

F (Ui ∩Uj)

)
⊗RK.

One concludes by noticing that tensor product commutes with finite products.

Definition 3.4. Let X be a quasi-compact formal R-scheme topologically of finite type and F
an OX -module. We denote the sheaf U 	→ Γ(U, F )⊗RK by FK .

3.2 Admissible blow-ups

The central tool in this section is blowing-up in the context of admissible formal schemes. Let
us recall a few definitions. Let X be an admissible formal R-scheme, � ∈R� {0} topologically
nilpotent, I ⊂OX a coherent sheaf of ideals such that, locally on X, it contains a sheaf of ideals
of the form μOX for some μ∈R� {0}. Following [Bos14, 8.2, Definition 3], the formal R-scheme

X ′ = colim
n∈N

Proj

(⊕
d∈N

Id ⊗OX
(OX/�

nOX)

)
,

with structural morphism π : X ′→X, is called the blow-up of X along I. The exceptional divisor
of π is the closed formal subscheme ofX ′ defined by the coherent sheaf of ideals IOX′ . The formal
scheme X ′ is admissible by [Bos14, 8.2, Corollary 8].

Lemma 3.5. With the previous notation, let Z ⊂X be a closed admissible formal subscheme
defined by a coherent sheaf of ideals J ⊂OX . Then,

J ′ :=Ker(OX′→OX′,K/JOX′,K),

is a coherent sheaf of ideals of OX′ .

Proof. The statement is local on X, therefore one may assume that X =Spf A is affine, where
A is a topologically finitely generated flat R-algebra. In order to simplify notation, identify I
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(respectively, J) with the finitely presented ideal Γ(X, I) (respectively, Γ(X, J)). Let f0, . . . , fr
be generators of I. The blow-up X ′ is covered by affine open subsets X ′

i, i= 0, . . . , r,

X ′
i =Spf A{fj/fi}j �=i, A{fj/fi}j �=i = [A{tij}j �=i/(fj − tijfi)j �=i]/(fi-torsion).

By definition,

Γ(X ′
i, J

′) =Ker(A{fj/fi}j �=i→ [A{fj/fi}j �=i/JA{fj/fi}j �=i]⊗RK).

According to Lemma 3.2, Γ(X ′
i, J

′) is a finitely presented ideal of A{fj/fi}j �=i, which concludes
the proof.

With the notation of Lemma 3.5, the formal closed subscheme Z ′ ⊂X ′ associated with J ′ is
called the strict transform of Z.

3.3 Statements

We are now in position to state the main results of this section. To do this, note that the
concepts in § 2.1 are translated verbatim when X is a formal R-scheme or a K-analytic space.
An effective Cartier divisor D on a quasi-compact admissible formal R-scheme X is admissible
if it is admissible as a formal R-scheme.

Theorem 3.6. Let X be a quasi-compact admissible formal R-scheme and D⊂X an admissible
formal closed subscheme such that ID,K is an invertible OX,K-module.

Then, there exists an admissible blow-up π : X ′→X such that the strict transform of D in
X ′ is an admissible effective Cartier divisor.

Theorem 3.7. Let Y be an admissible affine formal R-scheme, XK a strict compact quasi-
separated K-analytic space, fK : XK→ Yη a proper morphism of K-analytic spaces and DK an
effective Cartier divisor in XK .

Then, there are a quasi-compact quasi-separated admissible formal R-scheme X, a proper
morphism f : X→ Y , an admissible effective Cartier divisor D in X, and an isomorphism of
K-analytic space XK

∼=Xη through which DK is identified with Dη and fK with fη.

Note that the hypothesis of Y being an admissible formal R-scheme is easily achieved. Indeed
let AK be a strictly affinoid K-algebra and ϕ : K{t1, . . . , tn}→AK a surjective homomorphism
of Banach K-algebras. According to Lemma 3.2, the ideal I :=Kerϕ∩R{t1, . . . , tn} is finitely
generated. Thus, A :=R{t1, . . . , tn}/I is a flat, topologically finitely presented R-algebra and
A⊗RK ∼=AK .

3.4 Fitting ideals in formal geometry

In the proof of Theorem 2.2 we started by blowing up D so that we could suppose that it was
a Cartier divisor. Here it is not the correct operation, somewhat because a formal scheme does
not have a true generic fibre. As we will see, the correct transformation to perform is to blow-up
X along the first Fitting ideal of the coherent sheaf of ideals defining D. For lack of references
we recall here the definition of Fitting ideals. Let X be an admissible formal R-scheme and F a
coherent OX -module.

Lemma 3.8. For an integer r� 0 let Fitr F be the sheafification of the presheaf associating to
an affine open subset U the rth Fitting ideal of Γ(U, F ). Then Fitr F is a coherent sheaf of ideals
and, for an affine open subset U ,

Γ(U,Fitr F ) = Fitr Γ(U, F ).
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Proof. Let U =Spf(A) be an affine open subset, whereA is a finitely presented flatR-algebra, and
M := Γ(U, F ). We claim that Fitr(F ) coincides with the OX -module associated with the finitely
generated ideal Fitr M . Indeed, for f ∈A, the following formula holds [Sta19, Lemma 07ZA (3)]:

Fitr(M ⊗A A{f}) = (Fitr M)A{f}.

On the other hand, A{f} is flat4 over A, thus the right-hand of the previous equality coincides
with (Fitr M)⊗A A{f}. This concludes the proof.

The sheaf Fitr F is called the rth Fitting ideal of F .

Lemma 3.9. LetD⊂X be an admissible closed formal subscheme such that ID,K is an invertible
OX,K-module.

(1) The ideal Fit1 ID locally contains a sheaf of the form �OX with � ∈R� {0}.
(2) If π : X ′→X is the blow-up of X along Fit1 ID, then IDOX′ is an invertible OX′-module

and π−1(D) is an effective Cartier divisor.
(3) If D′ be the strict transform of D in X ′, then IDOX′,K = ID′,K .

Proof. All statements are local on X, therefore one may assume X =Spf A, where A is a
topologically finitely presented flat R-algebra, and IK := Γ(X, I)⊗RK is a principal ideal of
AK :=A⊗RK.

(1) We have Fit1 IK = (Fit1 I)AK = (Fit1 I)⊗RK by [Sta19, Lemma 07ZA (3)] and flatness
of the A-algebra AK . The ideal IK is principal, thus Fit1 IK =AK by [Sta19, Lemma 07ZD].
This implies that Fit1 I contains some � ∈R� {0}.

(2) The proof of Lemma 2.9 can be translated in the formal setting with no changes, and we
do not repeat it here.

(3) By definition, ID′ =Ker(OX′→OX′,K/IDOX′,K) whence the statement.

3.5 Proofs

After these preliminaries we can finally prove Theorems 3.6 and 3.7. The arguments in the proof
for Theorem 3.6 are a routine adaptation of those in the proofs of Theorems 2.1 and 2.2. For
an admissible formal R-scheme X, a coherent OX -module F flat over R and � ∈R� {0}, let
1
�F denote the image of F in FK through the map f 	→ f/�. The proofs of the following three
statements are obtained mutatis mutandis from those of Lemmas 2.3, 2.4 and 2.7, respectively.

Lemma 3.10. Let ϕ : F →G a homomorphism between coherent sheaves on a quasi-compact
admissible formal R-scheme X. If ϕK : FK→GK is surjective, then there is � ∈R� {0} such
that Im(G→GK) is contained in Im( 1

�F →GK).

Lemma 3.11. Let D0 be an effective Cartier divisor in an admissible formal R-scheme and
D⊂D0 an admissible formal closed subscheme. Assume that the image of ID in ID,K is contained
in 1

�ID0,K for some � ∈R� {0}. Let π : X ′→X be the blow-up along the ideal �OX + ID0
and

E ⊂X ′ the exceptional divisor.
Then, the strict transform of D in X ′ is the effective Cartier divisor π−1(D0)−E.

Proposition 3.12. Let D be an effective Cartier divisor in a quasi-compact admissible for-
mal R-scheme X, � ∈R� {0}, π : X ′→X the blow-up of X along ID +�OX and E ⊂X ′ the

4The ring A{f} is the completion of Af , therefore it is flat over Af (see [Bos14, 8.2, Lemma 2]). The ring Af is
flat over A, hence A{f} is flat over A.
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exceptional divisor. Then, π : X ′→X is an admissible blow-up and the strict transform of D in
X ′ is the effective Cartier divisor π−1(D)−E.

Proof of Theorem 3.6. Let π : X ′→X be the blow-up along the first Fitting ideal Fit1(ID) of
the coherent OX -module ID. According to Lemma 3.9, the blow-up π : X ′→X is admissible and
D0 = π−1(D) is an effective Cartier divisor in X ′. Moreover, if D′ denotes the strict transform
of D in X ′, then ID′,K′ = ID0,K′ . Thanks to Lemma 3.10 one can apply Lemma 3.11 to X ′, D′

and D′
0.

Let X be a quasi-compact admissible formal R-scheme and ZK ⊂Xη a closed analytic sub-
space. Then, there is a unique closed formal subscheme Z flat over R such that Zη =ZK .
We call Z the Zariski closure of ZK in analogy with the situation for schemes. When
X =Spf(A) is affine, Z is defined by the ideal I ∩A where I is the kernel of the eval-
uation morphism A⊗RK =Γ(Xη,OXη

)→ Γ(ZK ,OXη
). Note that I is finitely presented by

Lemma 3.2.

Lemma 3.13. Let X be a quasi-compact admissible formal R-scheme, DK ⊂Xη an effective
Cartier divisor and D⊂X the Zariski closure of DK . Then, the OX,K-module Ker(OX→OD)K
is invertible.

Proof. One may suppose that X =Spf A is affine. The closed subscheme D is then defined by
an ideal I ⊂A. We need to show that I ⊗RK is invertible knowing that Dη ⊂Xη =M(A⊗RK)
is an effective Cartier divisor. This is a consequence of the faithful flatness of the morphism
M(A⊗RK)→ Spec(A⊗RK), see [Ber93, Theorem 2.1.4].

Proof of Theorem 3.7. Raynaud’s point of view on rigid analytic spaces relies upon the insight
that every (strict, paracompact and quasi-separated) K-analytic space, and morphisms between,
can be obtained as the generic fibre of an admissible formal R-scheme [Bos14, 8.4, Lemma
4]. Let X be an admissible formal R-scheme with generic fibre XK . Up to taking a suitable
formal admissible blow-up of X the morphism fK extends to a morphism of formal R-schemes
f : X→ Y . The morphism f is proper by [Lüt90, Theorem 3.1] in the discretely valued case and
[Tem00, Corollary 4.4] in the general case. According to Lemma 3.13, there is an admissible blow-
up π : X ′→X and an admissible closed formal subscheme D′ in X ′ with generic fibre π−1

η (DK)
and such that ID′,K is an invertible OX′,K-module. We conclude by applying Theorem 3.6 to X ′

and D′.

4. Approximating essential singularities by poles: the formal case

Let R be the ring of integers of a fieldK complete with respect to a non-trivial non-Archimedean
absolute value.

4.1 Functions with polar singularities

The main result of this section concerns the approximation of formal functions having essential
singularities at infinity by those having polar singularities. More precisely, let D be an effective
Cartier divisor on a scheme X. Given an OX -module F , for d∈N set F (dD) := F ⊗OX

OX(dD)
and let

F (∗D) := colim
d∈N

F (dD),

be the sheaf of sections of F with polar singularities along D, where the transition maps
are induced by the canonical section sD : OX→OX(D). The OX -module F is D-torsion-free
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if idF ⊗ sD : F → F (D) is injective. Let U =X �D and let j : U →X be the open immer-
sion. The canonical section induces an isomorphism OU

∼=OX(D)|U , hence an isomorphism
j∗F ∼= j∗F (dD), for each d∈N. By taking the injective limit of the homomorphisms F (dD)→
j∗j∗F (dD)→ j∗j∗F , the latter map being the inverse of previous isomorphism, one obtains a
homomorphism F (∗D)→ j∗j∗F that will be referred to as the restriction map.

Lemma 4.1. Let D be an effective Cartier divisor in a quasi-compact scheme X and F a quasi-
coherent OX -module. Then the restriction map induces an isomorphism

colim
d∈N

Γ(X, F (dD))
∼−→ Γ(X �D, F ).

Moreover, if X is quasi-separated, then the map F (∗D)→ j∗j∗F given by restriction is an
isomorphism where j : X �D→X is the open immersion.

Proof. For an OX -module E let Γ(E,D) :=
⊕

d∈N Γ(X, E(dD)). With this notation
colimd∈N Γ(X, F (dD)) is the homogeneous localization of the Γ(OX , D)-graded module Γ(F, D)
with respect to the canonical section sD, which is a homogeneous element of degree 1. The state-
ment then follows from [EGA III, Proposition 1.4.5]. For the latter statement note that on a
quasi-compact scheme, every open cover may be refined by a finite open affine cover. Moreover, if
the scheme is quasi-separated, then the intersection of affine open subsets is a finite union of open
affine subsets, hence quasi-compact. Thus the natural map colimd∈N Γ(V, F (dD))→ Γ(V, F (∗D))
is an isomorphism for any quasi-compact open subset V ⊂X by [Sta19, Lemma 009F (4)].
Applying statement (1) to V , the composite map

colim
d∈N

Γ(V, F (dD))
∼−→ Γ(V, F (∗D))−→ Γ(V ∩ (X �D), F ) = Γ(V, j∗j∗F )

is an isomorphism. The result follows because quasi-compact open subsets form a basis for the
topology of X.

Lemma 4.2. Let D be an effective Cartier divisor in a separated quasi-compact formal R-scheme
X topologically of finite type. Then, for any sheaf of OX -modules F , the maps F (dD)→ F (∗D)
induce an isomorphism

colim
d∈N

Γ(X, F (dD))
∼−→ Γ(X, F (∗D)).

Proof. Since the topological space underlyingX is Noetherian (Lemma 3.1) the statement follows
from [Sta19, Lemma 009F (4)].

4.2 Statements

In order to state the main result of this section, say that an admissible formal R-scheme X is
proper over affine if there are an affine admissible formal R-scheme Y and a proper morphism
of formal R-schemes X→ Y .

Theorem 4.3. Let D be an effective Cartier divisor in an admissible formal R-scheme X which
is proper over affine. Let F be a coherent sheaf on X, which is D-torsion-free, and such that F
and F|D are flat over R. Then, the natural map

Γ(X, F (∗D))−→ Γ(X �D, F )

is injective, and has a dense image.

Recall that the topology on the global section of a coherent sheaf F on a quasi-compact
admissible formal R-scheme X is defined as follows. For any topologically nilpotent � ∈R� {0}
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we have

Γ(X, F ) = lim
n∈N

Γ(X, F/�nF ),

and the prodiscrete topology on the left-hand side is given by the discrete topology on each
Γ(X, F/�nF ). See also [Sta19, Section 0AHY]. When X is affine and D is principal, Theorem 4.3
is rather elementary and boils down to approximating power series by polynomials. The strength
of Theorem 4.3 comes from the non-affine case, where the proof becomes more involved. We do
not know whether Theorem 4.3 holds without the assumption proper over affine. However, note
that the conclusion of Theorem 4.3 holds more generally when X can be compactified into a
proper admissible formal scheme over R, by applying Theorem 4.3 to the compactification. The
remainder of this section is devoted to the proof of Theorem 4.3.

4.3 Norms and modules

We begin by recalling some facts about the topology on an R-module M . Its completion is the
R-module M̂ := limn∈NM/�nM where� ∈R� {0} is topologically nilpotent. Note that M̂ does
not depend on the chosen �. The R-module M is said to be separated (respectively, complete)
if the natural map ε : M → M̂ is injective (respectively, bijective). Suppose M torsion-free and
identify M with Im(M ↪→M ⊗RK). For m∈M ⊗RK, let

‖m‖M := inf{|�| :� ∈K×, m/� ∈M}.
This defines a semi-norm ‖ · ‖M : M ⊗RK→R+; it is a norm if and only if M is separated. The
R-module M̂ is torsion-free and ‖ε(m)‖M̂ = ‖m‖M for each m∈M . Moreover, ε extends to a

homeomorphism between the completion ofM with respect to the semi-norm ‖ · ‖M and M̂ . The
construction of the semi-norm ‖ · ‖M is functorial. Let f : M →M ′ be a homomorphism between
separated torsion-free R-modules. Then ‖f(m)‖M ′ � ‖m‖M for each m∈M . If f is injective,
then Cokerf is torsion-free if and only if ‖f(m)‖M ′ = ‖m‖M for each m∈M .

Lemma 4.4. Let X be an admissible formal R-scheme and F a coherent OX -module flat over
R. Then:

(1) the natural topology on Γ(X, F ) coincides with the �-adic one;
(2) Γ(X, F ) is complete.

Proof. We prove both statements at the same time. Let � ∈R� {0} be topologically nilpotent
and for n∈N let Xn be the closed subscheme of X defined by the equation �n = 0. By definition,

Γ(X, F ) = lim
n∈N

Γ(Xn, F ).

Flatness of F over R implies that the sequence

0−→�nF −→ F −→ F|Xn
−→ 0

is short exact. It follows that the natural map Γ(X, F )/�nΓ(X, F )→ Γ(Xn, F ) is injective,
because taking global sections is a left exact functor. Since the projective limit is also left-exact,
the natural map

lim
n∈N

Γ(X, F )/�nΓ(X, F )−→ lim
n∈N

Γ(Xn, F )

is injective. Therefore, the map Γ(X, F )→ limn∈N Γ(X, F )/�nΓ(X, F ) is bijective. This proves
both statements.
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4.4 Proof

Let S be an R-scheme,M a quasi-coherent OX -module, and � a non-zero topologically nilpotent
element of R. Then, the sequence of R/�R-modules

0−→ Γ(S,M)/Γ(S, �M)−→ Γ(S,M/�M)−→ Γ(S,M/�M)/Γ(S,M)−→ 0,

is short exact. For a non-zero topologically nilpotent element �′ such that |�′|� |�| and a
homomorphism of OS-modules ϕ : M →M ′, the previous discussion, applied with S = S�′ , yields
the following commutative and exact diagram of R-modules.

0
Γ(S�′ , M)

Γ(S�′ , �M)
Γ(S�, M)

Γ(S�, M)

Γ(S�′ , M)
0

0
Γ(S�′ , M ′)
Γ(S�′ , �M ′)

Γ(S�, M
′)

Γ(S�, M
′)

Γ(S�′ , M ′)
0

←→ ←→
←→

←→

←
→

←→

←→

←→ ←→ ←→ ←→

Lemma 4.5. Let D be an effective Cartier divisor in an admissible formal R-scheme X with
canonical section s : OX→OX(D). Let F be a coherent OX -module which is D-torsion-free and
such that F , F|D are flat over R. Then, for any i, d∈N and any � ∈R� {0}:

(1) the map si : Γ(X�, F (dD))→ Γ(X�, F ((d+ i)D)) is injective;
(2) given �′ ∈R� {0} such that |�′|� |�|, the map si induces an injection

si :
Γ(X�, F (dD))

Γ(X�′ , F (dD))
↪→ Γ(X�, F ((d+ i)D))

Γ(X�′ , F ((d+ i)D))
.

Proof. Up to replacing F by F (dD) one may assume d= 0. Moreover, by induction on i one
reduces to the case i= 1.

(1) Since s : F → F (D) is injective by assumption, the following sequence of coherent OX -
modules is exact:

0−→ F
s−→ F (D)−→ F (D)|D −→ 0. (4.1)

The coherent sheaf F (D)|D is flat over R. Therefore, the previous short exact sequence stays
exact after taking its tensor product with any R-module M . In particular, taking M =R/�R
yields the following short exact sequence of coherent OX�

-modules

0−→ F|X�

s−→ F (D)|X�
−→ F (D)|D�

−→ 0.

The statement follows by taking global sections.
(2) The short exact sequence of OX -modules (4.1) yields the following commutative diagram.

Γ(X�′ , F )

Γ(X�′ , �F )

Γ(X�′ , F (D))

Γ(X�′ , �F (D))

Γ(D�′ , F (D))

Γ(D�′ , �F (D))

Γ(X�, F ) Γ(X�, F (D)) Γ(D�, F (D))

←↩→

←→s

←↩→

←→

←↩→

←↩ →s ← →
Here s : Γ(X�, F )→ Γ(X�, F (D)) is injective because of statement (1), and the vertical arrows
are injective because of the discussion before the lemma. The statement then follows by diagram
chasing.
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Lemma 4.6. Let D be an effective Cartier divisor in a quasi-compact separated admissible
formal R-scheme X. Let F be a D-torsion-free coherent OX -module such that F and F|D are
flat over R. Let j : X �D→X be the open immersion. Then:

(1) the natural homomorphisms α : F → F (∗D), β : F → j∗j∗F are injective with cokernel flat
over R;

(2) the restriction homomorphism ρ : F (∗D)→ j∗j∗F is injective;
(3) the cokernel of ρ is a sheaf of K-vector spaces;
(4) the restriction map ρ : Γ(X, F )→ Γ(X �D, F ) is an isometric embedding with respect to the

norms ‖ · ‖Γ(X,F ) and ‖ · ‖Γ(X�D,F ) defined in § 4.3; in particular, ρ induces a homeomorphism
of Γ(X, F ) with a closed subset of Γ(X �D, F ).

Proof. Statements (1), (2) and (3) are local on X, therefore we may suppose that X =Spf(A) is
affine, for a topologically finitely presented flat R-algebra A, and D is a principal Cartier divisor.
Let f ∈A be a generator of the ideal of D. Let M := Γ(X, F ). With this notation,

Γ(X, F (∗D)) =M [t]/(1− tf), Γ(U, F ) =M{t}/(1− tf). (4.2)

We first prove statements (2) and (3) and then statement (1) under this additional assumption.
Finally, we prove statement (4) for general X.

(2) Let m(t)∈M [t]. Write m(t) =
∑d

i=0mit
i with mi ∈M . Suppose its image in Γ(U, F )

vanishes. This means that there exists a power series n(t)∈M{t} such that m(t) = (1− ft)n(t).
Write n(t) =

∑∞
i=0 nit

i with ni→ 0 as i→∞. By comparing Taylor expansions, for i, j ∈N with
i� d, ni+j = f jni. Let � ∈R� {0} be topologically nilpotent. By Lemma 4.4 the topology on
M coincides with the �-adic one. Therefore, because of convergence, there is I� ∈N such that,
for i� I�,

ni ≡ 0 (mod �M).

On the other hand, because of Lemma 4.5(1), multiplication by f is injective on M/�M . One
concludes ni = 0 for all i� d. Therefore n(t)∈M [t] and the image of m(t) in Γ(X, F (∗D)) is 0.

(3) If T denotes the cokernel of ρ, then the following exact sequence of A-modules is exact:

0−→ Γ(X, F (∗D))−→ Γ(U, F )−→ Γ(X, T )−→ 0.

Indeed it suffices to show that the homomorphism Γ(U, F )→ Γ(X, T ) is surjective. By quasi-
compactness and (quasi-)separation of X,

H1(X, F (∗D)) = colim
d∈N

H1(X, F (dD)).

For d∈N, since X is affine and F (dD) coherent, the cohomology group H1(X, F (dD)) vanishes
for each d∈N, whence the claimed surjectivity. Equation (4.2) can be rewritten as the following
commutative and exact diagram of A-modules.

0 M [t] M [t] Γ(X, F (∗D)) 0

0 M{t} M{t} Γ(U, F ) 0

←→ ←→1−ft

←→

←→

←→ ←→

←→

←→ ←→1−ft ← → ← →
Since taking global sections is left exact, statement (2) implies that the right-most vertical arrow
is injective. According to the previous claim, the snake lemma gives the following short exact
sequence:

0−→M{t}/M [t]
1−ft−→M{t}/M [t]−→ Γ(X, T )−→ 0.
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Let � ∈R� {0} be topologically nilpotent. An R-module is a K-vector space if and only if
multiplication by � is bijective. Because of the previous short exact sequence, it suffices to show
that M{t}/M [t] is a K-vector space. In order to do so, for m(t)∈M{t}, write m(t) =

∑∞
i=0mit

i

with mi ∈M such that mi→ 0 as i→∞.

(Injective.) Suppose �m(t)∈M [t]. Let d∈N be its degree. For i > d, one has �mi = 0, thus
mi = 0 because F is flat over R. In other words, m(t)∈M [t].

(Surjective.) Because of the convergence of m(t), there is d such that, for i� d, mi is divisible
by �. For i� d let m̃i :=mi/� and m̃(t) =

∑∞
i=d m̃it

i. Then,

m(t)≡�m̃(t) (mod M [t]),

which concludes the proof.

(1) Because of statement (2), if α is injective, then β is. In order to prove that α in injective,
let m∈M and n(t)∈M [t] such that m= (1− ft)n(t). Write n(t) =

∑d
i=0 nit

i with ni ∈M . By
comparing the Taylor expansions, one obtains m= n0, ni = fni−1 for i= 1, . . . , d and fnd = 0.
Since multiplication by f on M is injective, one obtains n0 = 0, thus m= 0. This proves that α
is injective.

Recall that an R-module is flat if and only if it is torsion-free. In view of this, since the
natural map Cokerα→Cokerβ is injective by statement (2), it suffices to prove the statement
for β. In order to do so, suppose there are m(t)∈M{t} and � ∈R� {0} such that �m(t)
belongs to (1− ft)M{t}+M . Let n(t)∈M{t} and p∈M be such that�m(t) = p+ (1− ft)n(t).
Write m(t) =

∑∞
i=0mit

i and n(t) =
∑∞

i=0 nit
i with mi, ni ∈M . By comparing Taylor expansions,

�m0 = p+ n0 and, for i� 1, �mi = ni − fni−1. In other words, modulo �M , the following
congruences hold:

n0 ≡−p, fni−1 ≡ ni, (i� 1).

Moreover, by convergence, there is i0 ∈N such that ni is divisible by �. On the other hand,
because of Lemma 4.5(1), multiplication by f is injective onM/�M . It follows that ni is divisible
by � for all i∈N, thus p is also divisible by �. Set p̃= p/�, ñi = ni/� and ñ(t) =

∑∞
i=0 ñit

i.
(Note that this makes sense becauseM is torsion-free.) Since the R-moduleM{t} is torsion-free,

m(t) = p̃+ (1− ft)ñ(t),
that is, the image of m(t) in the cokernel of β is 0.

(4) Statement (3) implies ‖ρ(f)‖Γ(U,F ) = ‖f‖Γ(X,F ) for each f ∈ Γ(X, F ). According to
Lemma 4.4, ρ is an isometric embedding between complete metric spaces. It follows that the
image is closed.

Proof of Theorem 4.3. Let j : U →X be the open immersion of U in X. Note that the situation
here is no longer local, so X cannot be taken to be affine, contrarily to what done in the proof
of the previous lemma. In particular, one needs an argument finer than simply approximating
power series by polynomials. To do so, Lemma 4.6 implies that the natural map F (∗D)→ j∗j∗F is
injective. By taking global sections, one sees that the map ρ : Γ(X, F (∗D))→ Γ(U, F ) is injective.
Let � ∈R� {0} be topologically nilpotent. For an R-scheme S, let Sn denote its base-change
to R/�nR. Let s : OX→OX(D) be the canonical section. In order to show that the image of ρ
is dense, one has to prove that given f ∈ Γ(U, F ) and an integer n∈N, there are a non-negative
integer d∈N and g ∈ Γ(X, F (dD)) such that f|Un

= g|Un
. Let f ∈ Γ(U, F ) and n∈N. Because of

Lemma 4.5(1), for each d∈N, the map αd,n : Γ(Xn, F (dD))→ Γ(Un, F ) is injective. Let dn be
the smallest integer d such that there is a section g ∈ Γ(Xn, F (dD)) mapping to f|Un

, and let
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fn := α−1
dn,n

(f|Un
). For non-negative integers m� n, the commutativity of the following diagram

implies dm � dn.
Γ(Xm, F (dmD)) Γ(Um, F )

Γ(Xn, F (dmD)) Γ(Un, F )

←→αd,m

←→ ·|Xn ←→ ·|Un

←→αd,n

The map sdm−dn : Γ(Xn, F (dnD))→ Γ(Xn, F (dmD)) is seen to be injective by applying
Lemma 4.5 (1) with d= dn and i= dm − dn. It follows that

sdm−dnfn = fm|Xn
.

Claim 4.7. For f ∈ Γ(U, F ) and m, n∈N with m� n, there is gm ∈ Γ(Xm, F (dnD)) such that
gm|Xn

= fn.

Proof of the claim. Let i := dm − dn. Because of the equality fm|Xn
= sifn, the image of the

section sifn in Γ(Xn, F (dmD))/Γ(Xm, F (dmD)) is zero. However, by Lemma 4.5, the map

si :
Γ(Xn, F (dnD))

Γ(Xm, F (dnD))
−→ Γ(Xn, F (dmD))

Γ(Xm, F (dmD))

is injective. Therefore, the image of fn in Γ(Xn, F (dnD))/Γ(Xm, F (dnD)) is also zero. In other
words, there is gm ∈ Γ(Xm, F (dnD)) such that gm|Xn

= fn.

By hypothesis there are an affine admissible formal R-scheme Y and proper morphism
of formal R-schemes σ : X→ Y . Since σ is proper and Y is affine, the projective system
(Γ(Xm, F (dnD)))m�n satisfies the Mittlag-Leffler condition. In the discretely valued case, this is
one the key ingredients of the proof of the formal GAGA theorem in [EGA III, Corollaire 4.1.7]
(see also [FGI+05, 8.2.7, p. 191]); the general case can be found in [Abb10, Corollaire 2.11.7]
and [FK18, Proposition I.11.3.3 and Lemma 0.8.8.5 (2)]. For m� n let

ρm : Γ(Xm, F (dnD))−→ Γ(Xn, F (dnD))

be the restriction map. According to the claim, the set Em = ρ−1
m (fn) is non-empty, so that the

projective limit of the projective system (Em)m�n is non-empty [Sta19, Lemma 0597]. In other
words, there is g∞ ∈ limm∈N Γ(Xm, F (dnD)) such that g∞|Xn

= fn. To conclude, let E be a flat
coherent OX -module. The comparison theorem in formal geometry (see [EGA III, Corollaire
4.1.7] or [FGI+05, Theorem 8.2.6.1] in the Noetherian setting, or [FK18, Theorem 0.9.2.1] in the
general case) states that the natural map

ϕE : Γ(X, E)−→ lim
m�n

Γ(Xm, E)

is an isomorphism. One concludes the proof by taking g to be the preimage of g∞ under the
above isomorphism for E := F (dnD).

5. A Remmert factorization theorem with boundary

LetK be a complete non-trivially valued non-Archimedean field. The analogue of Theorem 4.3 in
the context of analytic spaces is naturally stated for holomorphically convex spaces. In absence
of boundary these spaces have been characterized in [MP21, Theorem 6.1] as being proper over
boundaryless Stein spaces: this is what is called the Remmert factorization theorem in complex
analysis. However, affinoid spaces do have boundary and in order to include them we present
here a version of Remmert factorization for spaces with boundary.
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5.1 Reminder on Stein spaces

We begin with a reminder on Stein spaces in the non-Archimedean framework, see also [MP21].
Recall that a K-analytic space X is said to holomorphically separable if, for x, x′ ∈X distinct,
there is f ∈ Γ(X,OX) such that |f(x)| �= |f(x′)|. It is said holomorphically convex if, for each
C ⊂X compact, the holomorphically convex hull of C,

ĈX := {x∈X : |f(x)|� ‖f‖C , f ∈ Γ(X,OX)},
is compact, where ‖f‖C = supx∈C |f(x)|. An affinoid Stein exhaustion of X is a G-cover {Xi}i∈N
of X made of affinoid domains such that, for i∈N, Xi is a Weierstrass domain in Xi+1. Here
we say that X is Stein if it admits an affinoid Stein exhaustion. This is what is called being
W-exhausted by affinoid domains in [MP21]. A K-analytic space Stein X is holomorphically
separable and holomorphically convex by [MP21, Theorem 1.1]. Let X be a K-analytic space
admitting an affinoid Stein exhaustion {Xi}i∈N. Then, for each coherent OX -module F :

(1) for all i∈N, the restriction map Γ(X, F )→ Γ(Xi, F ) has dense image;
(2) for all q� 1, the cohomology group Hq(X, F ) vanishes.

Given a K-affinoid space S, closed analytic subspaces of An,an
K ×K S are Stein. Conversely, let

X be a Stein K-analytic space without boundary such that

sup
x∈X

dimH(x) ΩX,x ⊗OX,x
H(x)<+∞.

Then, there exist n∈N and a closed embedding X ↪→A
n,an
K . In particular, for a K-scheme of

finite type X the K-analytic space Xan is Stein if and only if there is a closed embedding closed
embedding Xan ↪→A

n,an
K for some n∈N.

5.2 Statement

Let π : X→ Y be a morphism of K-analytic spaces. A Remmert factorization of π is a triple
(S, σ, π̃) made of a Stein K-analytic space S and morphisms σ : X→ S, π̃ : S→ Y such that
π= π̃ ◦ σ with the following properties:

(RF1) the morphism σ is proper, surjective, with geometrically connected fibres, and the
homomorphism σ� : OS→ σ∗OX induced by σ an isomorphism;

(RF2) given a K-analytic space T and a morphism of K-analytic spaces τ : X→ T set-
theoretically constant on the fibres of σ, there is a unique morphism of K-analytic spaces
τ̃ : S→ T such that τ = τ̃ ◦ σ.

Lemma 5.1. Let π : X→ Y be a morphism of K-analytic spaces. Assume there is a Remmert
factorization (S, σ, π̃) of π. Let T be a holomorphically separableK-analytic space, and τ : X→ T
a morphism. Then, there exists a unique morphism τ̃ : S→ T such that τ = τ̃ ◦ σ.
Proof. Let x, x′ ∈X be such that σ(x) = σ(x′). In view of property (RF2), it suffices to prove
that τ(x) and τ(x′) coincide. Suppose, by contradiction, that this is not the case. Since T is
holomorphically separable, there is a K-analytic function f on T such that |f(τ(x))| �= |f(τ(x′))|.
Because of the isomorphism OS→ σ∗OX we have τ∗f = σ∗g for some K-analytic function g on
S. Then |g(σ(x))| �= |g(σ(x′))|, whereas σ(x) = σ(x′). Contradiction.

As usual, if it exists, a Remmert factorization is unique up to a unique isomorphism.

Theorem 5.2. Let π : X→ Y be a morphism of K-analytic spaces where X is separated,
holomorphically convex and countable at infinity, Y is Stein, and π is without boundary.
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Then, the Remmert factorization (S, σ, π̃) of π exists and the morphism π̃ is without
boundary.

As an immediate consequence of Theorem 5.2 one obtains the following result.

Corollary 5.3. Let π : X→ S a morphism without boundary of K-analytic spaces with
X is separated and countable at infinity, and S Stein. Then X is Stein if and only if it is
holomorphically separable and holomorphically convex.

In the rest of this section is devoted to the proof of Theorem 5.2.

5.3 Proofs

The proof of Theorem 5.2 follows closely that of [MP21, Theorem 6.1], in turn inspired by the
proof of the complex Remmert factorization theorem. In order to control boundary, we need the
following.

Lemma 5.4. Let π : X→ S and f : X→ Y be morphisms between K-analytic spaces, and let
V ⊂X and W ⊂ Y ×K S be open subsets. Consider the morphism F = (π, f) : X→ Y ×K S. If
X is separated and π is without boundary, then the induced morphism F : V ∩ F−1(W )→W is
without boundary.

Proof. This follows by using repeatedly [Ber90, Proposition 3.1.3 (iii)]. The morphism of K-
analytic spaces π× id : X ×K Y → S ×K Y is without boundary. Since X is separated the
graph (id, f) : X→X ×K Y is a closed immersion, hence without boundary. Thus, the com-
posite morphism F := (π, f) = (π× id) ◦ (id, f) : X→ S ×K Y is without boundary; hence so is
F : F−1(W )→W . In particular, restriction of π to V ∩ F−1(W ) is without boundary too because
an open immersion is without boundary.

We recall the statement of the Stein factorization theorem [Ber90, Proposition 3.3.7] with a
slight improvement. Let f : X→ Y be a proper morphism of K-analytic spaces. Then, the sheaf
of OY -algebras A := f∗OX is coherent. Moreover, there is a (unique up to a unique isomorphism)
K-analytic space Ỹ together with a finite morphism π : Ỹ → Y , called the Stein factorization of
f , representing the functor associating to a morphism g : S→ Y of K-analytic spaces the set of
morphisms of OS-algebras g

∗A→OS . Concretely, when Y =M(B) is affinoid, the K-analytic
space Ỹ is the Banach spectrum of the finite B-algebra A := Γ(X,OX). Let f̃ : X→ Ỹ be the
morphism corresponding to the morphism f∗f∗OX→OX .

Lemma 5.5. With the above notation, we have the following properties:

(1) f̃ is proper and surjective, π is finite and f = π ◦ f̃ ;
(2) the morphism OỸ → f̃∗OX is an isomorphism;

(3) the fibres of f̃ are geometrically connected;
(4) given a morphism g : X→Z which is constant on the connected components of the fibres of

f , there is a unique morphism g̃ : Ỹ →Z such that g= g̃ ◦ f̃ ;
(5) the construction of the Stein factorization is compatible with extension of scalars, thus given

a complete valued extension K ′ of K, the Stein factorization of X ×K K ′→ Y ×K K ′ is
Ỹ ×K K ′→ Y ×K K ′.

Proof. Properties (1), (2) and (4) are proved in [Ber90, Proposition 3.3.7]. In [Ber90, Proposition
3.3.7] fibres of f̃ are only stated to be connected. We deduce property (3) from this and the
compatibility in property (5).
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To prove property (5), let K ′ be a complete valued extension of K. Let X ′, Y ′ and Ỹ ′ be
the K ′-analytic spaces obtained from X, Y and Ỹ , respectively, extending scalars to K ′, and
let f ′ : X ′→ Y ′, π : Ỹ ′→ Y ′ and f̃ : X ′→ Ỹ ′ the morphisms induced by f , π and f̃ , respec-
tively. It suffices to show that the natural morphism q∗f∗OX→ f ′∗OX′ is an isomorphism, where
q : Y ′→ Y is the base-change morphism. This boils down to prove, when Y =M(B) is affi-
noid, that the natural homomorphism of Banach B′-algebras ϕ : Γ(X,OX)⊗̂BB

′→ Γ(X ′,OX′)
is an isomorphism, where B′ =B⊗̂KK

′. This then follows on from the natural isomorphism
Γ(X ′,OX′)� Γ(X,OX)⊗̂KK

′, see, for instance, [MP21, Theorem A.5]. This concludes the proof
of property (5).

To prove property (3), pick a point y ∈ Ỹ and let K ′ be the completion of an algebraic closure
of the completed residue field H(y) at y. The point y defines a natural K ′-point y′ of Ỹ ′. The
base-change to K ′ of f̃−1(y) is the fibre f̃ ′ at y′, thus we need to show that this is connected. By
property (5) the Stein factorization of f ′ is π′, thus the fibre of f̃ ′ at y′ is connected by [Ber90,
Proposition 3.3.7].

We first prove Theorem 5.2 when the target is affinoid.

Lemma 5.6. Let π : X→ Y be a morphism of K-analytic spaces. Suppose that the K-analytic
space X is separated, holomorphically convex and countable at infinity, the K-analytic space Y
is affinoid, and the morphism π is without boundary. Then, the Remmert factorization (S, σ, π̃)
of π exists and the morphism π̃ is without boundary.

Proof. Let {Ci}i�0 be an exhaustion of X by compact subsets such that, for each i, Ci is the
closure of its interior and Ci is contained in the interior of Ci+1. Set

n−1 = 0, X−1 =U−1 =W−1 = ∅.
For i� 0, we construct inductively an integer ni � 0, a relatively compact open subset Ui of
X, a compact analytic domain Xi of Ui, an open subset Wi of A

ni,an
Y and K-analytic functions

fni−1+1, . . . , fni
on X such that:

(1) the morphism (f1, . . . , fni
, π) : X→A

ni,an
Y induces a proper morphism Fi : Ui→Wi;

(2) Di :=D(‖f1‖Ci∪U i−1
, . . . , ‖fni

‖Ci∪U i−1
)×K Y is contained in Wi; and

(3) Xi := F−1
i (Di)∩Ui contains the holomorphically convex hull of Ci ∪U i−1.

Set C ′
i :=Ci ∪U i−1 and consider a relatively compact open subset Vi ⊂X containing the

holomorphically convex hull of C ′
i in X (which is compact since X is holomorphically convex).

Let ∂Vi be the topological boundary of Vi in X. Since ∂Vi is compact, there are K-analytic
functions fni−1+1, . . . , fni

on X such that, for all x∈ ∂Vi,

max
j=1,...,ni

|fj(x)|
‖fj‖C′

i

> 1.

Set Wi :=A
ni,an
Y � Fi(∂Vi) and Ui = Vi ∩ F−1

i (Wi). Property (1) holds because the morphism
Fi : Ui→Wi induced by (f1, . . . , fni

, π) : X→A
ni,an
Y is without boundary (Lemma 5.4) and Fi

is topologically proper by construction, thus proper [Ber90, p. 50]. Properties (2) and (3) hold
by construction. Let Xi denote Di ×Wi

Ui. The morphism Xi→Di induced by Fi is proper. Let
F̃i : Si→Di be the Stein factorization of the proper morphism Fi and σi : Xi→ Si the induced
morphism. The morphism S̃i is finite, hence Si is affinoid, thus Stein. It follows from Lemma 5.5
that (Si, σi, F̃i) is the Remmert factorization of Fi. In particular, for each i∈N, the Banach
K-algebra O(Xi) is affinoid. Moreover, for i∈N, the restriction map O(Xi+1)→O(Xi) is a
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bounded homomorphism of K-affinoid algebras and it induces a morphism of K-affinoid spaces
εi : Si→ Si+1.

Claim 5.7. The map εi identifies Si with a Weierstrass domain of Si+1.

The proof of the claim is by any means analogous to the that of [MP21, Claim 6.3]
and we do not repeat it here. Consider the K-analytic space S =

⋃
i∈N Si and the morphism

σ : X→ S obtained by glueing the morphisms σi. The K-analytic space S is Stein by defi-
nition. Properties (RF1) and (RF2) are deduced from the properties of σi, for i∈N. (Note
that, for each i∈N, the preimage σ−1(Si) of Si is Xi.) The morphism π̃ is seen to be without
boundary because σ is surjective and the morphism π is without boundary [Ber90, Proposition
3.1.3 (ii)].

Let HomK(Y, X) denote the set of morphisms between some K-analytic spaces X and Y . If
X and Y are countable at infinity, let HomK-alg(O(X),O(Y )) be the set of K-algebra homomor-
phisms O(X)→O(Y ) that are continuous with respect the natural Fréchet topologies on O(X)
and O(Y ).

Proposition 5.8. Let X and Y be K-analytic spaces countable at infinity with X Stein. Then
the following map is bijective:

HomK(Y, X)−→HomK-alg(O(X),O(Y )), f : Y →X 	−→ f � : O(X)→O(Y ).

Proof. By the very definition of morphisms between K-analytic spaces, the statements holds
when X is a K-affinoid space.

(Injective.) Let f1, f2 : Y →X be morphisms of K-analytic spaces. Let {Yi}i∈N be a G-cover
of Y by compact analytic domains such Yi ⊂ Yi+1 for all i∈N. Let {Xi}i∈N be an affinoid Stein
exhaustion of X. Since Yi is compact for any i∈N, we may replace {Xi}i∈N by a subsequence
such that fα(Yi)⊂Xi for any i∈N and α= 1, 2. The morphism fα then induces a morphism

fα,i : Yi→Xi. Suppose f
�
1 = f �2. For i∈N, the K-algebra O(X) is dense in the affinoid K-algebra

O(Xi). Therefore, the continuous homomorphisms

f �1,i, f
�
2,i : O(Xi)−→O(Yi),

induced by f1,i and f2,i coincide. By the affinoid case, the morphisms f1,i and f2,i are the same.
Since i∈N is are arbitrary, one deduces f1 = f2.

(Surjective.) Let ϕ : O(X)→O(Y ) be a continuousK-algebra homomorphism. Let {Yi}i∈N be
a G-cover of Y by compact analytic domains such Yi ⊂ Yi+1 for all i∈N. For i∈N, let ‖ · ‖Y,i be
a norm on the Banach K-algebra O(Yi) defining its topology. By the definition of the topology
on O(X) and O(Y ) and the continuity of ϕ, for each i∈N, there is a real number Ri > 0, a
compact analytic domain Xi of X and a norm ‖ · ‖X,i defining the topology of O(Xi) such that,
for all f ∈O(X),

‖ϕ(f)‖Y,i �Ri‖f‖X,i.

Arguing by induction and by possibly enlarging Xi, we may assume that the collection {Xi}i∈N
is an affinoid Stein exhaustion. By density of O(X) in O(Xi), the homomorphism ϕ induces a
continuous homomorphism of Banach K-algebras ϕi : O(Xi)→O(Yi). By the affinoid case, for
each i∈N, there is a unique morphism of K-analytic spaces fi : Yi→Xi such that the induced
homomorphism f �i : O(Xi)→O(Yi) is ϕ. Moreover, by density of O(X) in O(Xi) and O(Xi+1),
the following diagram is commutative.
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Yi Xi

Yi+1 Xi+1

← →fi

←→ ←→

←→fi+1

Here the vertical arrows are the inclusions. Therefore, the morphisms fi glue to a morphism
f : Y →X such that f � =ϕ.

Lemma 5.9. Let π : X→ Y be a morphism of K-analytic spaces with X Stein and Y affinoid.
Let Y ′ ⊂ Y be a Weierstrass domain and X ′ := π−1(Y ′). Then:

(1) the K-analytic space X ′ is Stein;
(2) for any affinoid Stein exhaustion {X ′

i}i∈N of X ′, there is an affinoid Stein exhaustion {Xi}i∈N
of X such that, for each i∈N, X ′

i is a Weierstrass domain of Xi.

Proof. By definition of a Weierstrass domain there are f1, . . . , fn ∈ Γ(Y,OY ) and real num-
bers r1, . . . , rn > 0 such that Y ′ = {y ∈ Y : |fj(y)|� rj , j = 1, . . . , n}. Given an affinoid Stein
exhaustion {Wi}i∈N of X define, for i∈N,

W ′
i = {x∈Wi : |fj(π(x))|� rj , j = 1, . . . , n}.

(1) The collection {W ′
i}i∈N is an affinoid Stein exhaustion of X ′.

(2) Note that, for each i∈N, the K-affinoid space W ′
i is a Weierstrass domain of Wi. Let

{X ′
i}i∈N be affinoid Stein exhaustion of X ′. Then, there is an increasing function τ : N→N such

that, for each i∈N, X ′
i is a Weierstrass domain in W ′

τ(i). For the latter, note that it suffices

that X ′
i is contained in W ′

τ(i) because the restriction map O(X ′)→O(X ′
i) has a dense image,

thus a fortiori O(W ′
i )→O(X ′

i) has a dense image. In particular, the affinoid Stein exhaustion
{Wτ(i)}i∈N does the job.

Lemma 5.10. Under the hypotheses of Proposition 5.6 let (S, σ, π̃) be the Remmert factoriza-
tion of π and Y ′ ⊂ Y a Weierstrass domain. Then (S ×Y Y

′, σ|X×Y Y ′ , π̃|S×Y Y ′) is the Remmert
factorization of π|X×XY ′ .

Proof. By definition of Weierstrass domain, there are f1, . . . , fn ∈ Γ(Y,OY ) and r1, . . . , rn > 0
such that Y ′ = {y ∈ Y : |fi(y)|� ri for all i= 1, . . . , r}. In particular,

X ′ :=X ×Y Y
′ = {x∈X : |fi(π(x))|� ri for all i= 1, . . . , r}.

The K-analytic space X ′ is holomorphically convex. Indeed, given a compact subset of C ⊂X ′,
it follows from the description that ĈX is contained in X ′. On on the other hand, ĈX is compact
because X is holomorphically convex and ĈX′ is closed in ĈX ∩X ′ = ĈX , thus ĈX′ is compact.
The morphism π′ : X ′→ Y ′ is without boundary and Y ′ is affinoid. Therefore, by Proposition 5.6,
the Remmert factorization (S′, σ′, π̃′) of π′ exists. By Lemma 5.1, there is a unique morphism
ϕ : S′→ S such that σ|X′ =ϕ ◦ σ′. By the open mapping theorem of Fréchet spaces [Sch02,

Corollary 8.7] the continuous isomorphisms σ�|X′ : O(S ×Y Y
′)→O(X ′) and σ′� : O(S′)→O(X ′)

induced by the proper morphisms σ|X′ and σ′, respectively, are homeomorphisms. It follows

that the homomorphism ϕ� : O(S ×Y Y
′)→O(S′) induced by ϕ is an isomorphism of Fréchet

algebras. Since S ×Y Y
′ and S′ are Stein (Lemma 5.9), Proposition 5.8 implies that ϕ is an

isomorphism.

Proof of Theorem 5.2. Let {Yi}i∈N be an affinoid Stein exhaustion of Y . For each i∈N, set
Xi := π−1(Yi). By Proposition 5.6, the Remmert factorization (Si, σi, π̃i) of π : Xi→ Yi exists.
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Moreover, by Proposition 5.10, the Remmert factorization (Si, σi, π̃i) is canonically isomorphic
to (S′

i, σi+1|S′
i
, π̃i+1|S′

i
), where S′

i := π̃−1(Yi+1). In what follows, we identify Si with S′
i through

the preceding canonical isomorphism. Thanks to Lemma 5.9, construct by induction for each
i∈N, a W-exhaustion by Weierstrass domain {Sij}j∈N of Si such that, for i′ � i and j ∈N, the
affinoid space Si′j is a Weierstrass domain in Sij . It follows that {Sii}i∈N is an affinoid Stein
exhaustion of the K-analytic space S =

⋃
i∈N Si. Properties (RF1) and (RF2) are deduced from

those of σi, for i∈N. Analogously, the morphism π is seen to be without boundary.

6. Approximating essential singularities by poles: the analytic case

Let R be the ring of integers of a field K complete with respect to a non-trivial non-Archimedean
absolute value.

6.1 Statements

Given a coherent sheaf F on a K-analytic space X the topology on its global sections is defined
as follows. If X =M(A) is the Banach spectrum of a K-affinoid algebra A, then the A-module
Γ(X, F ) is finitely generated. The topology on Γ(X, F ) is induced via some surjective homomor-
phism An→ Γ(X, F ) of A-modules by the one on A. It does not depend on the choice of said
surjection. When X is arbitrary, the topology on Γ(X, F ) is the coarsest one for which, given an
affinoid domain V ⊂X, the restriction map Γ(X, F )→ Γ(V, F ) is continuous. If V is an affinoid
G-cover of X, the restriction map induces a homeomorphism

Γ(X, F )
∼−→ lim

V ∈V
Γ(V, F ),

the target being endowed with the usual topology on the projective limit. If X is reduced
and F =OX , then the so-defined topology coincides with the topology of uniform convergence
over compact subsets of X. The main result of this section is the analogue of Theorem 4.3
in the context of analytic spaces. In order to state it, we need to construct the sheaf of func-
tions with polar singularities. We begin with the following general lemma, which will be used
repeatedly.

Lemma 6.1. Let X be a compact analytic space and (Fi, ϕij)i,j∈I a directed system of sheaves
of sets for the G-topology on X. Then, the canonical map is bijective

colim
i∈I

Γ(X, Fi)
∼−→ Γ(X, colim

i∈I
Fi).

Proof. Strictly speaking, one cannot apply directly [Sta19, Lemma 009F (4)] because the state-
ment there is for a honest topological space, instead of a mere site. However, the proof goes
through verbatim replacing open subsets by compact analytic domains and open covers by
G-covers.

We are now in position to define the sheaf of functions with polar singularities.

Lemma 6.2. Let D be an effective Cartier divisor in a K-analytic space X and F a coherent
sheaf of OX -modules. Let j : X �D→X be the open immersion.

(1) If X is compact, then the maps F (dD)→ F (∗D) induce an isomorphism

colim
d∈N

Γ(X, F (dD))
∼−→ Γ(X, F (∗D)).

(2) The restriction map F (∗D)→ j∗j∗F is injective.
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Proof. (1) This follows from Lemma 6.1. (2) The statement is local on X, thus we may sup-
pose X affinoid and ID is principal. Let A=Γ(X,OX), f ∈A a generator of Γ(X, ID), and
t∈ Γ(X, F (∗D). According to (1) the section t comes from one of F (iD) for some i∈N that we
denote again by t. Suppose that t vanishes identically on U =X �D. Let Y be the support of
t, that is, the support of the coherent OX -submodules tOX of F . If J is the annihilator ideal of
tOX , then Y =M(A/J). By assumption Y is set-theoretically contained in D, hence f vanishes
identically on Y . According to [Ber90, Proposition 2.1.4 (i)], there is a positive integer d� 1 such
that fd ∈ J . In other words, t lies in the kernel of the map Γ(X, F (iD))→ Γ(X, F ((i+ d)D)),
s 	→ fds. Therefore, the image of t in Γ(X, F (∗D)) vanishes.

We are now in position to state the main result. Recall that an OX -module over a ringed
space X is said to be semi-reflexive if the homomorphism F → F∨∨ is injective.

Theorem 6.3. Let D be an effective Cartier divisor in a separated holomorphically convex K-
analytic space X. Assume there is a morphism without boundary X→ S of K-analytic spaces
with S Stein. Then for any semi-reflexive coherent OX -module F the natural map

Γ(X, F (∗D))−→ Γ(X �D, F )

is injective, and has a dense image.

It is sometimes useful to combine Theorem 6.3 with the following non-density result. To
state it, say that an open subset U in a K-analytic space X is scheme-theoretically dense if the
homomorphism of OX -modules OX→ j∗OU is injective, where j : U →X is the open immersion.
If this is the case, for any coherentOX -module F , the natural morphism F∨→ j∗j∗F∨ is injective.
In particular, if F is semi-reflexive, then F → j∗j∗F is injective.

Proposition 6.4. Let Z be a closed analytic subspace of a Hausdorff K-analytic space X.
If X �Z is scheme-theoretically dense, then for any semi-reflexive coherent OX -module F the
restriction map

ρ : Γ(X, F )−→ Γ(X �Z, F )

is a homeomorphism onto its image and its image is a closed subset.

The rest of this section is devoted to the proof of these results.

6.2 Extension of semi-reflexive modules

When X is proper Theorem 6.3 will be deduced from Theorem 4.3 by passing to the generic
fibre. However, to do so we need to extend modules from the generic fibre to the formal
scheme preserving the hypotheses needed to apply Theorem 4.3. To start with recall that
coherent sheaves can be extended from the generic fibre to the formal scheme. More precisely,
let X be a quasi-compact admissible formal R-scheme and FK be a coherent OXη

-module.
Then there is a coherent OX -module F flat over R and an isomorphism Fη

∼= FK . See [Lüt90,
Lemma 2.2] in the discretely valued case and [BL93, Proposition 5.6], [Abb10, Proposition
5.6] or [FK18, Corollary II.5.3.3] in the general case. Note that, for a coherent sheaf F on a
X, the natural homomorphism Γ(X, F )⊗RK→ Γ(Xη, Fη) is an isomorphism. The task here
is to preserve the semi-reflexivity and the flatness on the Cartier divisor. We start with the
following.

Lemma 6.5. Let F be a coherent sheaf flat over R on an admissible formal R-scheme X. If Fη

is semi-reflexive, then F is semi-reflexive.
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Proof. The statement is local on X, thus one may suppose that X =Spf(A) is affine, where A is
a topologically finitely presented flat R-algebra. Let M := Γ(X, F ). With this notation, we have
Γ(Xη, Fη) =M ⊗RK and Γ(Xη, F

∨∨
η ) = (M ⊗RK)∨∨. SinceM is finitely generated andK is flat

over R, the natural homomorphismM∨∨ ⊗RK→ (M ⊗RK)∨∨ is an isomorphism. Consider the
following commutative diagram.

M M∨∨

M ⊗RK M∨∨ ⊗RK

← →
←↩→ α ←→

←↩ →β

The homomorphism α is injective because M is flat over R, whereas β is injective because Fη is
semi-reflexive. It follows that M →M∨∨ is injective.

Lemma 6.6. Let X be a quasi-compact admissible formal R-scheme. Let D be an admissible
effective Cartier divisor in X. Let F be a coherent OX -module.

Then, F∨ is D-torsion-free, and F∨ and F∨
|D are flat over R.

Proof. The statement is local on X. Therefore, one may assume that X =Spf(A) is affine, for
a topologically finitely presented flat R-algebra A, and the divisor D is given by the ideal fA
for some non-zero divisor f ∈A. Let M := Γ(X, F ). The A-module HomA(M,A) is D-torsion-
free because f is a non-zero divisor in A. In order to show that the A-modules HomA(M,A)
and HomA(M,A)⊗A A/fA are flat, it suffices to show that they have no �-torsion, for any
� ∈R� {0}. Let � ∈R� {0}. The A-module HomA(M,A) is �-torsion-free because � is a
non-zero divisor in A. Concerning HomA(M,A)⊗A A/fA, given a homomorphism of A-modules
ϕ : M →A such that �ϕ= fψ for some ψ ∈HomA(M,A), one needs to show that there is
ϕ′ ∈HomA(M,A) such that ϕ= fϕ′. Let ϕ̄ : M/fM →A/fA be the homomorphism induced by
ϕ. If �ϕ= fψ for some ψ ∈HomA(M,A), then �ϕ̄ is 0. However, multiplication by � on A/fA
is injective because the Cartier divisor D is admissible. Therefore, the homomorphism ϕ̄ is 0.
Since the multiplication by f on A is injective, this means that ϕ can be written as fϕ′ for some
ϕ′ ∈HomA(M,A).

Lemma 6.7. Let D be an effective Cartier divisor in a quasi-compact admissible formal R-
scheme X. Let F be a coherent OX -module which is D-torsion-free, flat over R, and such that
F|D is flat over R. Let E ⊂ F be a coherent OX -submodule. Then, the coherent OX -module

Esat :=Ker(F → [F (∗D)/E(∗D)]K)

is D-torsion-free, flat over R, Esat
|D is flat over R, Eη(∗Dη)∼=Esat

η (∗Dη) and E|(X�D)η
∼=Esat

|(X�D)η
.

Proof. The statement is local on X. Therefore, one may assume that X =Spf(A) is affine, where
A is a topologically finitely presented flat R-algebra, and D is a principal Cartier divisor whose
ideal is fA for a non-zero divisor f ∈A. Let M := Γ(X, E), M ′ := Γ(X, Esat) and N := Γ(X, F ).
Let AK :=A⊗RK. With this notation,

M ′ =Ker(N → (N/M)⊗A AK [1/f ]).

The A-module N has no R-torsion, thus M ′ has no R-torsion too. It follows that M ′ is flat
over R. Analogously, the multiplication by f on N is injective, thus it is injective also on M ′.
By definition, N/M ′ injects into (N/M)⊗A AK [1/f ], hence N/M ′ is flat over R. It follows from
Lemma 3.2(2) that M ′ is finitely generated. It remains to prove that M ′/fM ′ is R-torsion-free.
Suppose there arem,m′ ∈M ′ and� ∈R� {0} such that�m= fm′. We want to show that there
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is m′′ ∈M ′ such that m= fm′′. Now, multiplication by � on N/fN is injective, therefore there
is n∈N such that m= fn. Since f is invertible in AK [1/f ], n=m/f belongs to M ⊗A AK [1/f ].
Therefore, n belongs to M ′, and m′′ = n does the job. The first isomorphism follows from the
equality M ⊗A AK [1/f ] =M ′ ⊗A AK [1/f ], which holds by definition of M ′. To prove the second
isomorphism, one has to show that the homomorphism iK : M ⊗A AK{1/f}→M ′ ⊗A AK{1/f}
is an isomorphism. The homomorphism iK is injective because the A-algebra AK{1/f} is flat.
Let m′ ∈M ′. By definition of M ′, there are � ∈R� {0} and a non-negative integer n∈N such
that �fnm′ belongs to M . Since both � and f are invertible in AK{1/f}, one can consider the
element m :=�fnm′ ⊗ 1/(�fn) of M ⊗A AK{1/f}. Clearly, m maps to m′ via iK . This shows
that iK is surjective.

Lemma 6.8. Let D be an admissible effective Cartier divisor in a quasi-compact admissible
formal R-scheme X and FK a semi-reflexive coherent sheaf on Xη.

Then, there exist a coherent OX -module F flat over R and D-torsion-free such that F|D is
flat over R, and an injective homomorphism of OXη

-modules FK ↪→ Fη inducing isomorphisms
FK(∗Dη)∼= Fη(∗Dη) and FK|Uη

∼= Fη|Uη
.

Proof. Let E be a coherent OX -module flat over R such that Eη
∼= FK . By Lemma 6.5 E is

semi-reflexive because so is FK . By Lemma 6.6 the coherent OX -module E∨∨ is D-torsion-
free, flat over R, and E∨∨

|D is flat over R. According to Lemma 6.7, the coherent OX -module

F :=Ker(E∨∨→ [E∨∨(∗D)/E(∗D)]K) does the job.

6.3 Proof of Theorem 6.4

We begin with the proof of Theorem 6.4 which is somewhat easier and does not make use of
Theorem 4.3. To reduce to strict spaces we will use the following.

Lemma 6.9. Let F be a coherent sheaf on a K-analytic space X and K ′ a complete valued
extension of K. Then, the natural homomorphism Γ(X, F )→ Γ(X ′, F ′), where X ′ and F ′ are
obtained from X and F by extending scalars, is a homeomorphism onto its image and its image
is closed.

Proof. One may assume F =OX replacing X by the total space p : V(F )→X of the dual of
F , i.e. the analytic space representing the functor associating to a morphism of K-analytic
spaces f : Y →X the set of morphisms F → f∗OY of OX -modules. Indeed, the universal property
applied to p yields a morphism F → p∗OV(F ) which identifies Γ(X, F ) with a closed subset of
Γ(V(F ),OV(F )). To see this last claim, consider the morphisms σ, pr2 : A

1
K ×V(F )→V(F ) where

σ is the natural action by homotheties on fibres and pr2 the second projection. Then F can be
identified with the kernel of the morphism f 	→ σ∗f − zpr∗2f , where z is the coordinate on the
affine line. Now, because of the definition of the topology on the global sections of a coherent
sheaf, by taking an affinoid G-cover one reduces to the case where X is affinoid. Once X is
supposed to be affinoid, by embedding it as a closed subspace of a closed disc, one reduces to
the case X =D(r1, . . . , rn) for r1, . . . , rn ∈R>0. The statement for the map

Γ(X,OX) =K{t1/r1, . . . , tn/rn} −→ Γ(X ′,O′
X) =K ′{t1/r1, . . . , tn/rn},

is clearly true, the topology on both sides being defined by Gauss norm with respect to the radii
r1, . . . , rn. This concludes the proof.

The following lemma permits us to enlarge our domain.
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Lemma 6.10. Let X be a quasi-compact admissible formal R-scheme. Let Z be a closed
admissible formal subscheme of X. Let C be a compact subset of Xη �Zη.

Then there is ε > 0 such that every � ∈R� {0} with |�|< ε has the following property: if
π : X ′→X denotes the admissible blow-up of X along �OX + IZ and Z ′ the strict transform
of Z in X ′, then π−1

η (C)⊂ (X ′ �Z ′)η.

Proof. By taking a finite open affine covering of X, one reduces to the case where X =Spf(A)
is the formal spectrum of a flat topologically finitely presented R-algebra A. Let f1, . . . , fr be
generators of I := Γ(X, IZ). Given x∈Xη �Zη there is at least one among f1, . . . , fr which does
not vanish at x, thus by compactness of C we have ε :=minx∈C max{|f1(x)|, . . . , |fr(x)|}> 0.
Let � ∈R� {0} be such that |�|< ε. Let π : X ′→X be the admissible blow-up of X along
�OX + IZ . By writing f0 =� the blow-up X ′ is covered by the affine open subsets X ′

i =Spf Ai

with

Ai :=A{fj/fi}j �=i = [A{tij}j �=i/(fj − tijfi)j �=i]/(fi-torsion).

Let Z ′ be the strict transform of Z in X ′.

Claim 6.11. The strict transform Z ′ is contained in X ′
0.

Proof of the claim. The intersection of Z ′ with X ′
i is the closed subscheme corresponding to

the ideal Ii =Ker(Ai→ [Ai/IAi]⊗RK). If i� 1, then � belongs to Ii because it can be
written as �= ti0fi ∈ Ii. On the other hand, � is invertible in Ai ⊗RK, thus 1 belongs to
Ii. This means that Z ′ does not meet X ′

i for all i� 1 and, consequently, Z ′ is contained
in X ′

0.

Claim 6.12. The compact subset π−1
η (C) does not meet (X ′

0)η.

Proof of the claim. For x∈ (X ′
0)η, one has |fi(x)|� |�|< ε for all i� 1. Instead, by the choice

of ε, given a point x∈ π−1
η (C) there exists i∈ {1, . . . , n} such that |fi(x)|� ε.

From the previous claims one draws the following chain of inclusions:

π−1
η (C)⊂ (X ′

1 ∪ · · · ∪X ′
r)η ⊂ (X ′ �Z ′)η,

which proves the statement.

Proof of Theorem 6.4. According to Lemma 6.9 one may suppose that the K-analytic space X
is strict. In this case the proof consists of three steps of increasing generality.

Step 1. Suppose that X is compact and Z is an effective Cartier divisor. In this step, write
XK , ZK and FK instead of X, Z and F . It suffices to prove the following: given a compact
analytic domain C ⊂XK �ZK , there is a compact analytic domain C ′ ⊂XK �ZK containing
C such that the restriction map Γ(XK , FK)→ Γ(C ′, FK) is a homeomorphism onto its image.
Indeed, the image will be automatically closed because Γ(XK , FK) and Γ(C ′, FK) are Banach
spaces. According to Theorem 3.7, there are a quasi-compact quasi-separated admissible formal
R-scheme X and an admissible effective Cartier divisor D in X whose generic fibres are XK and
ZK , respectively. Up to replacing X by its blow-up along �OX + ID for some � ∈R non-zero
and D by its strict transform, by Lemma 6.10 and Proposition 3.12 one may assume C =Uη

where U =X �D. According to Proposition 6.8, there are a coherent OX -module F and an
injective homomorphism of OXK

-modules ι : FK→ Fη inducing an isomorphism of OUη
-modules

FK|Uη
� Fη|Uη

. Now we have Γ(XK , Fη) = Γ(X, F )⊗RK and Γ(Uη, Fη) = Γ(U, F )⊗RK because
X and U are quasi-compact and quasi-separated. Therefore, by Lemma 4.6(4), the restriction
homomorphism Γ(XK , Fη)→ Γ(Uη, Fη) is an isometric embedding. On the other hand, the exact
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sequence

0−→ Γ(XK , FK)−→ Γ(XK , Fη)−→ Γ(XK ,Cokerι)

shows that the image of ι : Γ(XK , FK)→ Γ(XK , Fη) is closed. Banach’s open mapping theorem
implies ι maps Γ(XK , FK) into a closed subset of Γ(XK , Fη). This concludes the proof in this
case.

Step 2. Suppose X compact. Let π : X ′→X be the blow-up of X along Z. Let Z ′ = π−1(Z),
and U ′ =X ′ �Z ′, so that the induced map π : U ′→U is an isomorphism. The coherent OX′-
module π∗F may fail to be semi-reflexive. Nonetheless, its image F ′ in (π∗F )∨∨ is semi-reflexive,
being a sub-OX′-module of a semi-reflexive one. The composite homomorphism of OX -modules
ϕ : F → π∗π∗F → π∗F ′ is injective. Indeed, let j : U →X, j′ : U ′→X ′ be the open immersions.
Then the following diagram of OX -modules is commutative.

F π∗F ′

j∗j∗F π∗j′∗j′∗F ′

← →
←↩→ ←↩→

←→∼

Here the vertical arrows are injective because U (respectively, U ′) is scheme-theoretically dense
in X (respectively, X ′) and F (respectively, F ′) is semi-reflexive, and the lower horizontal arrow
is an isomorphism because π : U ′→U is. It follows that F → π∗F ′ is injective. Taking global
sections, one obtains the following commutative diagram.

Γ(X, F ) Γ(X ′, F ′)

Γ(U, F ) Γ(U ′, F ′)

←↩ →
←↩→ ←↩→

←→∼

Here the lower horizontal arrow is a homeomorphism and the rightmost vertical is a home-
omorphism onto its image which is closed in the target. To conclude, it suffices to show
that Γ(X, F )→ Γ(X ′, F ′) is a homeomorphism onto its image and its image is closed. To
do so, remark that the OX -module π∗F ′ is coherent because π is proper. From the exact
sequence

0−→ Γ(X, F )−→ Γ(X ′, F ′)−→ Γ(X,Cokerϕ),

one deduces that Γ(X, F )→ Γ(X ′, F ′) is injective and has closed image. By Banach’s open
mapping theorem, it induces a homeomorphism of Γ(X, F ) with its image.

Step 3. Let V be an affinoid G-cover of X. Then {V �Z}V ∈V is a G-cover by analytic domains
of X �Z and

Γ(X, F ) = lim
V ∈V

Γ(V, F ),

Γ(X �Z, F ) = lim
V ∈V

Γ(V �Z, F ).

The statement follows by applying the preceding case.

6.4 Proof of Theorem 6.3 in the compact case

We first prove Theorem 6.3 when the K-analytic space is compact. To do this it is convenient to
say that a K-analytic space X is proper over affinoid if there is a proper morphism of K-analytic
spaces X→ Y with Y affinoid. Here we prove the following.
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Theorem 6.13. Let D be an effective Cartier divisor in a K-analytic space X which is proper
over affinoid. Then, for any semi-reflexive coherent OX -module F , the natural map

Γ(X, F (∗D))−→ Γ(X �D, F )

is injective, and has a dense image.

We reduce first of all to case where the K-analytic space in question is strict. For, consider
r1, . . . , rn > 0 linearly independent in the Q-vector space R>0/

√|K×|. Then the completion Kr

of the K-algebra K[t±1 , . . . , t
±
n ] with respect to the norm∥∥∥∥

∑
a∈Zn

cat
a

∥∥∥∥
r

:=max
a∈Zn

|ca|ra

is a field by [Ber90, p. 22] where ta = ta1

1 · · · tan
n and ra = ra1

1 · · · ran
n . For a K-analytic space X

let Xr be the Kr-analytic space obtained from X by extending scalars to Kr. Given a coherent
sheaf F on X let Fr the coherent sheaf on Xr deduced from F . Suppose X compact and let
‖ · ‖X be a norm defining the topology of Γ(X, F ). Then and Γ(Xr, Fr) = Γ(X, F )⊗̂KKr and a
norm ‖ · ‖Xr

defining the topology of Γ(Xr, Fr) is given by∥∥∥∥
∑
a∈Zn

fat
a

∥∥∥∥
Xr

=max
a∈Zn

‖fa‖Xra.

To reduce to strict spaces we need to be able to descend density in global sections.

Lemma 6.14. Let D be an effective Cartier divisor in a compact K-analytic space X and F a
coherent OX -module. If the restriction Γ(Xr, Fr(∗Dr))→ Γ(Xr �Dr, Fr) is injective and has a
dense image, then so does Γ(X, F (∗D))→ Γ(X �D, F ).

Proof. Let U =X �D, f ∈ Γ(U, F ) and C ⊂U a compact analytic domain. For d∈N let ‖ · ‖X,d

and ‖ · ‖C be norms defining the topology respectively on Γ(X, F (dD)) and on Γ(C, F ). Via the
isomorphism Γ(C, F )∼=Γ(C, F (dD)) one deduces a norm on Γ(C, F (dD)) defining its topology:
with an abuse of notation, denote it again by ‖ · ‖C . Let ε > 0. By hypotheses, there exists
g ∈ Γ(Xr, Fr(∗Dr)) such that ‖f − g‖Cr

< ε. Now g ∈ Γ(Xr, Fr(dDr)) for some d∈N because

Γ(Xr, Fr(∗Dr)) = colimd∈N Γ(Xr, F (dDr))

by compactness of Xr and Lemma 6.1. Write g=
∑

a∈Zn gat
a with sections ga ∈ Γ(X, F (dD))

such that ‖ga‖X,dr
a→ 0 as |a| →∞. Since the restriction map Γ(X, F (dD))→ Γ(C, F (dD)) is

continuous, there is a real number R> 0, such that ‖ga‖C �R‖ga‖X,d for all a∈Zn. Thus, the
series

∑
a∈Zn gat

a converges on Cr and

‖f − g‖Cr
= max

a∈Zn�{0}
{‖f − g0‖C , ‖ga‖Cra} .

In particular, ‖f − g‖Cr
< ε implies ‖f − g0‖C < ε. This shows that Γ(X, F (∗D)) is dense in

Γ(U, F ).

Proof of Theorem 6.13. Write XK instead of X and similarly for D and F . Thanks to
Lemma 6.14, up to extending scalars, one may suppose that XK admits a proper morphism
with strictly affinoid target. Let C ⊂XK �DK be a compact analytic domain. We want to
show that Γ(XK , FK(∗DK)) is dense in Γ(XK �DK , FK) with respect to a norm ‖ · ‖C defining
the topology of Γ(C, FK). According to Theorem 3.7 there are a proper over affine admissi-
ble formal R-scheme, an admissible effective Cartier divisor D in X and an isomorphism of
K-analytic spaces ϕ : Xη→XK inducing an isomorphism Dη

∼=DK . Let U =X �D. Thanks to
Proposition 6.8, there are a coherent OX -module F , flat over R, D-torsion-free and such that F|D
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is flat over R, and an injective homomorphism of OXη
-modules FK ↪→ Fη inducing isomorphisms

FK(∗Dη)∼= Fη(∗Dη) and FK|Uη

∼= Fη|Uη
. For d∈N, the natural homomorphisms

Γ(X, F (dD))⊗RK −→ Γ(XK , FK(dDK)), Γ(U, F )⊗RK −→ Γ(Uη, FK),

are isomorphisms. In what follows, these identifications are understood.

Claim 6.15. Up to replacing X by its blow-up along �OX + ID for some � ∈R� {0}, one may
assume C =Uη and ‖ · ‖C to be the norm induced by the R-module Γ(U, F ).

Proof of the claim. According to Lemma 6.10, there is � ∈R� {0} with the following property.
Let π : X ′→X be the admissible blow-up of X along �OX + ID. Let D

′ ⊂X ′ be the strict
transform of D and U ′ =X ′ �D′. Then π−1

η (C) is contained in U ′
η. Since the restriction map

Γ(U ′
η, π

∗FK)→ Γ(π−1
η (C), π∗FK) is continuous, one may suppose π−1

η (C) =U ′
η. Moreover, by

Proposition 3.12, the strict transform D′ of D in X ′ in an admissible effective Cartier divi-
sor. Concerning the choice of the norm, density in Γ(U ′

η, π
∗FK) only depends on its topology.

Therefore, it suffices to test density for a norm defining its topology: the norm induced by the
R-module Γ(U ′, π∗F ) definitely falls into this category.

Henceforth suppose C =Uη. The natural map Γ(X, F (∗D))→ Γ(U, F ) is injective and
has dense image (Theorem 4.3). By extending scalars to K, one deduces that the map
Γ(XK , FK(∗DK))→ Γ(UK , FK) is injective with dense image. This concludes the proof.

6.5 Proof of Theorem 6.3 in the general case

We can now complete the proof of Theorem 6.3.

Lemma 6.16. Let D be an effective Cartier divisor in aK-analytic space X. Then the restriction
homomorphism ρ : Γ(X, F (∗D))→ Γ(X �D, F ) is injective for any semi-reflexive OX -module F .

Proof. By taking an affinoid G-cover it suffices to prove the statement when X is compact.
In this case Γ(X, F (∗D)) = colimd∈N Γ(X, F (dD)) by compactness of X and Lemma 6.1. For
d∈N the OX -module F (dD) = F ⊗OX(dD) is semi-reflexive because F is. The complementary
open subset U :=X �D is scheme-theoretically dense in X thus the restriction homomor-
phism ρd : Γ(X, F (dD))→ Γ(U, F (dD)) is injective. For an integer d′ � d, one has the following
commutative diagram.

Γ(X, F (dD)) Γ(X, F (d′D))

Γ(U, F (dD)) Γ(U, F (d′D))

←→
←↩→ ρd ←↩→ ρd′

←→∼

The lower horizontal arrow being an isomorphism. By taking the injective limit one sees that ρ
is injective. This concludes the proof.

Proof of Theorem 6.3. The restriction homomorphism Γ(X, F (∗D))→ Γ(X �D, F ) is injective
by Lemma 6.16. Let U :=X �D, s∈ Γ(U, F ), C ⊂U a compact analytic domain, ‖ · ‖ a norm
on Γ(C, F ) defining its topology. In order to prove the statement, we have to show that for each
ε > 0 there are d∈N and t∈ Γ(X, F (dD)) such that ‖s− t‖< ε. According to Theorem 5.2, there
are a Stein K-analytic space S and a proper morphism σ : X→ S. Let {Si}i∈N be an affinoid
Stein exhaustion of S. For i∈N set Xi :=X ×S Si. For i∈N big enough, the analytic domain Xi

contains C. Therefore, we may suppose C =Xi. The induced morphism σ : Xi→ Si is proper.
The closed analytic subspace Di :=D×X Xi of Xi is an effective Cartier divisor. This allows
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us to apply Theorem 6.13 to Xi. It follows that there are d∈N and t∈ Γ(Xi, F (dD)) such that
‖t− s‖< ε. In order to conclude, note that the OX -module M := σ∗F (dD) is coherent because
the morphism σ is proper. Then, as recalled previously, the restriction map

Γ(X, F (dD)) = Γ(S,M)−→ Γ(Si, M) = Γ(Xi, F (dD)),

has a dense image, because S is Stein. This concludes the proof.

7. Approximating analytic functions by rational functions

Let K be a complete non-trivially valued non-Archimedean field.

7.1 Statements

In this section, we deduce density results of algebraic functions by using the results of the
previous sections. Let X be a separated finite-type scheme over an affinoid K-algebra A and F
a semi-reflexive coherent OX -module. The main result is as follows.

Theorem 7.1. The subset Γ(X, F )⊂ Γ(Xan, F an) is dense.

Corollary 7.2. For a scheme-theoretically dense open subset U ⊂X the following are
equivalent:

(1) Γ(X, F )⊂ Γ(Uan, F an) is dense;
(2) Γ(Xan, F an)⊂ Γ(Uan, F an) is dense;
(3) Γ(Xan, F an) = Γ(Uan, F an);
(4) Γ(X, F ) = Γ(U, F ).

7.2 Scheme-theoretic closure and analytification

We need some results on the analytification of quasi-coherent sheaves. Throughout, let f : X→ Y
be a separated morphism between A-schemes of finite type. For an OX -module E define Ean as
the pull-back of E along the canonical morphism Xan→X of locally ringed spaces. In addition,
let

θE,f : (f∗E)an −→ fan∗ Ean

be the canonical homomorphism of OY an-modules.

Lemma 7.3. Let {Ei}i∈I be a directed system of OX -modules and E = colimEi. If all transition
maps are injective and θEi,f is injective for all i∈ I, then θE,f is injective.

Proof. The homomorphism of OY an-modules

θ̃ := colimi∈I θEi,f : colimi∈I(f∗Ei)
an −→ colimi∈I fan∗ Ean

i

is injective. Since f is quasi-compact and quasi-separated, pushing-forward along f commutes
with injective limits [Sta19, Lemma 009E], thus

colimi∈I(f∗Ei)
an = (colimi∈I f∗Ei)

an = (f∗E)an.

Here we used thatM �Man commutes with colimits because it is the pullback along a morphism
of locally ringed spaces, hence a left adjoint functor. On the other hand, θE,f =ψ ◦ θ̃ where
ψ : colimi∈I fan∗ Ean

i → fan∗ Ean is the canonical morphism. To conclude the proof it remains to
prove that ψ is injective. Since all transition maps are injective, for any i∈ I the canonical
maps Ei→E are injective. The morphism of locally ringed spaces Xan→X being faithfully flat
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[Ber93, Proposition 2.6.2], the induced morphism Ean
i →Ean is injective and, by left exactness of

the push-forward, so is fan∗ Ean
i → fan∗ Ean. Passing to the limit, one sees that ψ is injective.

Lemma 7.4. If E is quasi-coherent, then θE,f is injective.

Proof. The module E is the injective limit of its coherent OX -submodules by [Sta19,
Lemma 01PG]. By Lemma 7.3 one may suppose E is coherent henceforth. When f is proper,
θE,f is an isomorphism by the non-Archimedean GAGA theorem, see [Köp74], [Con06, Example
3.2.6] and [Poi10, Théorème A.1]. In the general case, by Nagata’s compactification theorem
(see [Lüt93, Con07, Con09] or [Tem11]) there are an A-scheme X ′ of finite type together with a
proper morphism π : X ′→ Y and open immersion i : X→X ′ such that f = π ◦ i. Up to blowing
up, one may assume that X ′ � i(X) supports an effective Cartier divisor D. Let E′ be a coherent
sheaf on X ′ extending E (see [Sta19, Lemma 01PI]). Then i∗E = colimd∈N E′(dD). Therefore,
(i∗E)an = colimd∈N E′(dD)an is the subsheaf of sections of Ean with polar singularities along D.
In particular, the natural map

θE,i : (i∗E)an = colimd∈N E′(dD)an −→ ian∗ i
an∗E′an = ian∗ E

an

is injective by Lemma 6.2. According to the proper case, the natural map

θi∗E,π : (f∗E)an = (π∗i∗E)an −→ πan∗ (i∗E)an

is injective. Since pushing forward is a left exact functor πan∗ θE,i is injective, thus so is the
morphism θE,f = πan∗ θE,i ◦ θi∗E,π.

Lemma 7.5. For an OY -module F we have a natural isomorphism:

Ker(F → f∗f∗F )an
∼−→Ker(F an→ fan∗ fan∗F an).

Proof. Let K :=Ker(F → f∗f∗F ). The functor M �Man on OY -modules is exact because the
morphism of locally ringed spaces Y an→ Y is surjective and flat by [Ber93, 2.6.2], thus we have
Kan =Ker(F an→ (f∗f∗F )an). This yields the following commutative diagram of OY an-modules.

0 Kan F an (f∗f∗F )an

0 K ′ F an fan∗ fan∗F an

←→ ←→

←→
←→

⇐⇐ ←→ θf∗F,f

←→ ←→ ←→
Here K ′ :=Ker(F an→ fan∗ fan∗F an). Since θf∗F,f is injective by Proposition 7.4, one concludes
by the snake lemma.

Corollary 7.6. Let U be an open subset of an A-scheme of finite type X. Let F be a quasi-
coherent OX -module such that F → j∗j∗F is injective where j : U →X is the open immersion.
If f ∈ Γ(Xan, F an) is such that f|Uan ∈ Γ(U, F ), then f ∈ Γ(X, F ).
Proof. Let π : Xan→X be the canonical morphism of locally ringed spaces. For a sheaf of abelian
groups E on X let π−1E be the pull-back of E as sheaf of abelian groups. For each x∈Xan,
OXan,x is a faithfully flat OX,π(x)-algebra [Ber93, 2.6.2]. Thus, given an OX -module E, the
natural homomorphism ϕE : π−1E→Ean is injective. Let C be the cokernel of F → j∗j∗F . Then
the following diagram of π−1OX -modules is commutative and exact.

0 π−1F π−1j∗j∗F π−1C 0

0 F an (j∗j∗F )an Can 0

←→ ←→
←↩→ ϕF

←→
←↩→ ϕj∗j∗F

←→
←↩→ ϕC

←→ ←→ ←→ ←→
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The snake lemma implies that the homomorphism CokerϕF →Cokerϕj∗j∗F is injective.
Proposition 7.4 applied to the quasi-coherent OU -module j∗F and to the morphism j
states the homomorphism (j∗j∗F )an→ jan∗ jan∗F an is injective. In particular, the natural maps
F an→ jan∗ jan∗F an,

CokerϕF −→Coker(π−1j∗j∗F → jan∗ jan∗F an),

are injective. This concludes the proof.

7.3 Proofs

We begin with a result of extension of semi-reflexive sheaves.

Lemma 7.7. Let D be a Cartier divisor in a Noetherian scheme X and U =X �D. Let F be a
coherent OX -module such that F|U is semi-reflexive. Then the OX -module

F sat =Ker(F∨∨→ (F∨∨/F )|U )

is D-torsion-free semi-reflexive and such that F|U ∼= F sat
|U .

Proof. The statement is local on X, therefore one may assume that X =SpecA is affine and the
Cartier divisor D is given by the ideal fA for a non-zero divisor f ∈A. Let M := Γ(X, F ) and
M ′ := Γ(X, F sat). Since f is a non-zero divisor in A, the A-moduleM∨∨ has no f -torsion and the
localization map M∨∨→M∨∨

f is injective. Since M ′ is a submodule of M∨∨, the map M ′→M ′
f

is injective. By flatness of the A-algebra Af , one has M ′
f =Ker(M∨∨

f →M∨∨
f /Mf ) =Mf , the

last equality being true because F|U is semi-reflexive. Therefore, in the following commutative
diagram of A-modules the maps α and β are injective.

M ′ M∨∨

M ′
f M∨∨

f

←→
←↩→ α ←→

←↩ →β

The injective map β ◦ α coincide with the composite mapM ′→M ′∨∨→M∨∨→M∨∨
f . It follows

that M ′→M ′∨∨ is injective.

Proof of Theorem 7.1. To be coherent with the notation elsewhere in this paper, write U for
the A-scheme in the statement of Theorem 7.1. By Nagata’s compactification theorem there
is a proper A-scheme X containing U as a scheme-theoretically dense open subscheme. Up
to blowing-up the complement of U , one may suppose that D=X �U is an effective Cartier
divisor. Let E be a coherent OX -module together with an isomorphism E|U � F . According to
Lemma 7.7, the coherent OX -module

E′ =Ker(E∨∨→ (E∨∨/E)|U ),

is semi-reflexive and E′
|U is isomorphic to F . Theorem 6.13, applied to the analytification of

X and the coherent Oan
X -module induced by E, implies that Γ(Xan, E′an(∗Dan)) is dense in

Γ(Uan, F an). Since Xan is compact, by Lemma 6.2, the natural map

colim
d∈N

Γ(Xan, E′an(dDan))→ Γ(Xan, E′an(∗Dan)),

is an isomorphism. On the other hand, for every d∈N, the GAGA principle over affinoid algebras
(see [Köp74], [Con06, Example 3.2.6] and [Poi10, Théorème A.1]) yields an isomorphism

Γ(X, E′(dD))
∼−→ Γ(Xan, E′an(dDan)).

Thus, Γ(U, F ) = colim Γ(X, E′(dD))→ Γ(Uan, F an) has a dense image.
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Proof of Corollary 7.2. (1) ⇒ (2) This is clear. (2) ⇒ (3) This comes from the fact that the
image of the restriction map Γ(Xan, F an)→ Γ(Uan, F an) is closed by Theorem 6.4. (3) ⇒ (4)
Let f ∈ Γ(U, F ). By hypothesis, f is the restriction of a section of F an on Xan. Therefore,
according to Corollary 7.6, f comes by restriction from a section of F on X. (4) ⇒ (1) By
Theorem 7.1, Γ(U, F ) is dense in Γ(Uan, F an).

8. Algebraic holomorphic convexity and stable codimension

In this section, we first gather some results on the algebraic counter part of holomorphic con-
vexity. For schemes of finite type over a field, some of these appear in [GL73]. We next present
some results of Brenner [Bre02] needed for the comparison between affine and Stein varieties.

8.1 Proper over affine schemes

For a scheme X we let σX : X→ SpecO(X) be the canonical morphism.

Lemma 8.1. Let U be an open subset of an affine scheme X. Then σU is an open immersion.

Proof. Write U as a union of principal open subsets DX(fi) of X, for i∈ I and fi ∈O(X). For
each i∈ I, the homomorphism O(X)[1/fi]→O(U)[1/fi] induced by the restriction map is an
isomorphism. It follows that the morphism σU identifies U with the union of the principal open
subsets DSpecO(U)(fi)⊂ SpecO(U) for i∈ I.
Lemma 8.2. For a scheme X the scheme-theoretic image of σX is SpecO(X).

Proof. Let Y be the scheme-theoretic image of σX , i : Y → SpecO(X) the closed immersion and
π : X→ Y be the unique morphism such that σX = i ◦ π. The composite map

OSpecO(X)→ i∗OY → σX∗OX

is injective, thus i� : OSpecO(X)→ i∗OY is injective and i an isomorphism.

Lemma 8.3. Let X be a scheme of finite type over a Noetherian affine scheme S. Then there is
a morphism of S-schemes p : Spec Γ(X,OX)→ T with T affine of finite type over S such that
σ−1
X (σX(x)) = q−1(q(x)) for all x∈X where q= p ◦ σX .

Proof. For h∈O(X), consider the function h̃ on X ×S X defined as pr∗1h− pr∗2h, and the open
subset Uh of X ×S X on which h̃ is invertible. The scheme X ×S X is Noetherian thus the
open subset U :=

⋃
h∈O(X) Uh is quasi-compact. Therefore, there are h1, . . . , hn ∈O(X) such

that U is the union of the open subsets Uh1
, . . . , Uhn

. Let A be the O(S)-subalgebra of O(X)
generated by h1, . . . , hn, T := SpecA and p : SpecO(X)→ T the morphism induced by the
inclusion A⊂O(X) and p̃= p ◦ σX . In order to conclude the proof it suffices to prove that, for
x1, x2 ∈X, we have

σX(x1) = σX(x2) ⇐⇒ q(x1) = q(x2).

The implication ‘⇒’ is clear. For the converse assume σX(x1) �= σX(x2). Up to swapping x1 and
x2, then there is h∈O(X) such that h(x1) = 0 and h(x2) �= 0. In addition, we may assume that
x1 and x2 lie over the same point of S, the conclusion being trivial otherwise. Let ξ be a point of
X ×S X such that pri(ξ) = xi for i= 1, 2. Then h̃(ξ) = pr∗1h(x1)− pr∗2h(x2) �= 0. In other words,
the point ξ belongs to U . Therefore, there is g ∈A such that g̃ does not vanish at ξ. In particular,
q(x1) �= q(x2). This concludes the proof.

The first result characterizes schemes X for which the morphism σX has proper fibres.
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Proposition 8.4. LetX be a finite type and separated scheme over an affine Noetherian scheme
S. Then the following are equivalent.

(PQA1) For all x∈X, the κ(σX(x))-scheme σ−1
X (σX(x)) is proper.

(PQA2) For all s∈ S and all x∈Xs closed, the κ(s)-scheme σ−1
X (σX(x)) is proper.

(PQA3) There are an affine S-scheme of finite type g : Y → S, an open subset V ⊂ Y and a
proper surjective morphism of S-schemes f : X→ V such that f � : OV → f∗OX induced
by f is an isomorphism. Moreover, for any x∈X, we have

f−1(f(x)) = σ−1
X (σX(x)).

Proof. (PQA1) ⇒ (PQA2) This is clear.
(PQA2)⇒ (PQA3) The argument here is inspired from [BC21, Proposition C.1.3]. According

to Lemma 8.3 there is an affine S-scheme of finite type Y and a morphism of S-schemes f : X→ Y
such that, for each x∈X, the set-theoretical identity σ−1

X (σX(x)) = f−1(f(x)) holds. By Nagata’s
compactification (see [Lüt93, Con07, Con09] or [Tem11]) there are a proper morphism f̄ : X̄→ Y
of S-schemes and a scheme-theoretically dense open immersion j : X→ X̄ such that f̄ ◦ j = f .
The Stein factorization Y ′ of f̄ is finite over Y . Since S is Noetherian and Y is of finite type over S,
the scheme Y ′ is Noetherian. Therefore, up to replacing Y by Y ′ we may assume Y =SpecO(X̄).
The notation is resumed in the following diagram.

X SpecO(X)

X̄ Y

←↩→j

←→σX

←

→
f ←→

← →f̄

Here f̄ = σX̄ : X̄→ Y =SpecO(X̄) is proper. Now, for each x∈X, we have

σ−1
X̄

(y) = j(f−1(y)),

where y= f(x). Indeed, we have f−1(y) = σ−1
X (y) by construction, thus the κ(y)-scheme f−1(y) is

proper by hypothesis, where κ(y) is the residue field at y. Therefore, j(f−1(y)) is a clopen subset
of f̄−1(y). Since the κ(y)-scheme f̄−1(y) is geometrically connected [Sta19, Theorem 03H0] we
have the wanted identity. In particular, we have f(X) = f̄(X̄)� f̄(X̄ � j(X)) because σ−1

X̄
(f̄(x))

is empty for x∈ X̄ � j(X). Note that f̄ is proper by construction and has a dense image by
Lemma 8.2, thus is surjective. It follows that V := f(X)⊂ Y is open because j(X)⊂ X̄ is so,
and X = f−1(V ) is proper over V .

(PQA3) ⇒ (PQA1) Consider the following commutative diagram.

X SpecO(X)

V SpecO(V )

←→σX

←→f ←→ 


←→σV

The morphism σV is an open immersion by Lemma 8.1. For each x∈X the fibre of σX at σX(x)
coincides with the fibre of f at f(x), thus it is proper.

Definition 8.5. Under the hypotheses of Proposition 8.4, the scheme X is proper over quasi-
affine if it satisfies one of the equivalent properties (PQA1)–(PQA3).

Corollary 8.6. Let X be a finite type and separated scheme over an affine Noetherian
scheme S. Then the following are equivalent:
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(1) the S-scheme X is quasi-affine, that is, there is an open embedding X ↪→ Y of S-schemes
with Y affine of finite type over S;

(2) the morphism σX is injective.

Proof. (1) ⇒ (2) This is clear. (2) ⇒ (1) With the notation of Proposition 8.4 the morphism f
is finite, thus it identifies X with spectrum over V of the quasi-coherent OV -algebra f∗OX . As
OV → f∗OX is an isomorphism, f is also an isomorphism.

Proposition 8.7. Let S be an affine Noetherian scheme. Let g : Y → S be an affine S-scheme
of finite type, j : V → Y an open immersion and π : X→ V a proper surjective morphism of S-
schemes such that the homomorphism π� : OV → π∗OX induced by π is an isomorphism. Consider
the morphism f := g ◦ j ◦ π : X→ S. Then, the following conditions are equivalent:

(N1) the morphism σX is surjective;
(N2) the image of σX contains all the closed points of Spec Γ(X,OX).

Furthermore, if one of the equivalent preceding conditions holds, then the Γ(S,OS)-algebra
Γ(X,OX) is finitely generated.

Proof. (N1) ⇒ (N2) This is clear. (N2) ⇒ (N1) Consider the following commutative diagram of
S-schemes.

X SpecO(X)

V SpecO(V )

←→σX

←→ π ←→ 


←→σV

Lemma 8.1 states that σV is an open immersion. Hypothesis (N2) implies that the closed subset
SpecO(V )� σV (V ) does not contain any closed point, thus must be empty. It follows that σV
is an isomorphism. Since π is surjective, one concludes that σX is surjective too. It remains to
show that O(S)-algebra O(X) is of finite type. Since σV is an isomorphism and V is of finite
type over S, the O(S)-algebra O(V ) is of finite type. In particular, the O(S)-algebra O(X) is of
finite type.

Definition 8.8. Under the hypotheses of Proposition 8.7, the morphism f : X→ S is said to
satisfy Nullstellensatz if one of the equivalent conditions (N1) or (N2) holds.

Proposition 8.9. Let f : X→ S be a separated, finite type morphism of schemes with S affine
and Noetherian. Then the following are equivalent:

(PA1) there is a proper morphism of S-schemes π : X→Z with Z affine and finite type over S;
(PA2) the morphism σX : X→ Spec Γ(X,OX) is proper; and
(PA3) the morphism f is proper over quasi-affine and satisfies Nullstellensatz.

Furthermore, if one of the equivalent preceding conditions holds, then the Γ(S,OS)-algebra
Γ(X,OX) is finitely generated.

Definition 8.10. Let S be an affine Noetherian scheme. A separated morphism of finite type
f : X→ S is proper over affine if one of the equivalent conditions (PA1)–(PA3 holds.

Proof. (PA1) ⇒ (PA2) Consider the following commutative diagram of S-schemes.

X SpecO(X)

Z SpecO(Z)

←→σX

←→ π ←→

←→σZ

∼
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Here the rightmost vertical arrow is induced by the homomorphism O(Z)→O(X). Since σZ ◦ π
is proper, the morphism σX is proper.

(PA2) ⇒ (PA3) Condition (PQA1) is satisfied because being proper is stable under base
change. Condition (N1) is satisfied because X→ SpecO(X) has a dense image; since by
hypothesis σX is proper, its image is also closed, whence the surjectivity.

(PA3) ⇒ (PA1) By property (PQA3), there are an affine S-scheme of finite type Y , an open
immersion j : V → Y and a proper morphism of S-schemes π : X→ V such that the homomor-
phism π� : OV → π∗OX induced by π is an isomorphism. Consider the following commutative
diagram of S-schemes.

X V Y

SpecO(X) SpecO(V ) SpecO(Y )

←→ σX

← →π

←→ σV

← →j

←→ σY


←→∼ ←→

According to Lemma 8.1, the morphism σV is an open immersion. By hypothesis σX is surjective,
thus σV is surjective too. It follows that σV is an isomorphism, therefore V is affine and X is
proper over affine.

Lemma 8.11. Let X be an integral Noetherian scheme and s∈ SpecO(X) non-generic. Then,
there is an integral closed subscheme Y �X such that s∈ σX(Y ).

Proof. If s= σX(x) for some non-generic x∈X, then Y = {x} will do. If s is not in the image of σ,
let p⊂O(X) be the ideal corresponding to s and f ∈ p� {0}. The locus Z := VX(f) of X where f
vanishes is non-empty (otherwise f would be invertible, contradicting the fact that it belongs to a
prime ideal) and not the whole X (because f �= 0 is non-zero, so it does not vanish at the generic
point of X). Let i : Z→X be the closed immersion. The morphism SpecO(Z)→ SpecO(X)
induced by i� : O(X)→O(Z) factors through a morphism h : SpecO(Z)→ SpecO(X)/fO(X).
Taking global sections of the short exact sequence 0→ fOX→OX→OZ→ 0 shows that
O(X)/fO(X)→O(Z) is injective, thus h is dominant. Let η1, . . . , ηr be the generic points
of Z. Since σZ is dominant the scheme SpecO(Z) is the closure of {σZ(η1), . . . , σZ(ηr)}. The
point s is contained in the closed subset SpecO(X)/fO(X) because f belongs to p. Since the
map h is dominant, the point s is in the closure of {h(σZ(η1)), . . . , h(σZ(ηr))}. It follows that
there is i= 1, . . . , n such that s belongs to the closure of h(σZ(ηi)). Taking Y to be the closure
of ηi does the job.

Proposition 8.12. Let X be a finite type and separated scheme over an affine Noetherian
scheme S. Then the following are equivalent:

(1) X is affine;
(2) σX is injective and for each integral closed subscheme Y ⊂X not an irreducible component

of X, the restriction map ρY : Γ(X,OX)→ Γ(Y,OY ) is integral.

Proof. The proof is a slight variation of the arguments in [BC21, Lemma C.2.11 and Proposition
C.2.12]. (1) ⇒ (2) Clear. (2) ⇒ (1). Since a scheme is affine if and only if its reduction is, we
may assume X reduced. Moreover, the scheme X can be assumed to be integral, as a Noetherian
scheme is affine if and only if every irreducible component is. To see this, let Y be the disjoint
of the irreducible components of X; then the natural morphism Y →X is finite and surjective,
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hence the conclusion follows from [Sta19, Lemma 01YQ]. Property (2) being inherited by any
closed subscheme of X, by Noetherian induction we may assume that every closed subscheme of
X different from X is affine.

Claim 8.13. The scheme X is proper over affine.

Proof of the claim. According to Proposition 8.9, it suffices to show that f is proper over
quasi-affine and it satisfies Nullstellensatz. Since σX is injective, the morphism f satisfies
condition (PQA1) and it is therefore proper over quasi-affine. In order to see that σX is sur-
jective, let s be a point in SpecO(X). Since σX is dominant, the image of the generic point
of X is that of SpecO(X). Thus, if s is the generic point of SpecO(X) we are done. If
this is not the case, according to Lemma 8.11, there is an integral closed subscheme Y �=X
such that s belongs to the closure of σX(Y ). Consider the following commutative diagram of
S-schemes.

Y SpecO(Y )

X SpecO(X)

←→σY

∼

←→ ←→ Spec ρY

←→σX

The upper horizontal arrow is an isomorphism because Y is affine by Noetherian induction.
By hypothesis, the restriction map ρY : Γ(X,OX)→ Γ(Y,OY ) is integral, thus the correspond-
ing morphism Spec ρY between spectra is closed. Since s belongs to the closure of σX(Y ), it
belongs to the image of Spec ρY . The morphism σY being bijective, there is y ∈ Y such that
s=Spec ρY (σY (y)), thus σX(y) = s.

By Zariski’s main theorem, there is a finite morphism π : Z→ SpecO(X) and a scheme-
theoretically dense open immersion i : X→Z such that σX = π ◦ i [Sta19, Lemma 05K0].
Consider the following commutative diagram.

X Z SpecO(X)

SpecO(X) SpecO(Z) SpecO(X)

← →i

←→ σX

← →π

←→ σZ
 ⇐⇐

←→h ←→π

Here h is the morphism induced by the ring homomorphism i� : O(Z)→O(X) induced by i.
Note that the scheme Z is affine because the morphism π is finite. Since π ◦ h is the identity, the
morphism h is a closed immersion. Therefore, i= h ◦ σX is proper becauseX is proper over affine,
hence an isomorphism because i is a scheme-theoretically dense open immersion. Therefore the
scheme X is affine because Z is affine.

8.2 Stable codimension and affineness

Let X be a Noetherian scheme. The codimension codimX(x) of a point x∈X is the dimension
of the local ring OX,x. Let Z be a closed subset of X. A generic point of Z is a generic point of
one of its irreducible components. The codimension of Z in X is supremum of the codimension
of the generic points:

codimX(Z) := sup{codimX(x) : x∈Z generic},
with the convention that it is −∞ when Z is empty.
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Definition 8.14. Let X be a Noetherian scheme and Z a closed subscheme of X.

(1) The stable codimension of Z in X is codims
X(Z) := sup codimX′(π−1(Z)) the supremum

ranging on the morphisms π : X ′→X with X ′ Noetherian.
(2) The finite type stable codimension is codimsft

X (Z) := sup codimX′(π−1(Z)) the supremum
ranging on the finite type morphisms π : X ′→X.

For affine Noetherian schemes in the literature the stable codimension (respectively, the finite-
type stable codimension) is called the super height of the ideal defining the closed subset (with
the reduced structure, say). Notwithstanding we lean for geometric-flavoured term codimension.
Given a closed subset Z of a Noetherian scheme X and a finite open cover X =

⋃n
i=1Xi we have

codim�
X(Z) = max

i=1,...,n
codim�

Xi
(Z ∩Xi), �∈ {s, sft}.

Moreover, the stable codimension codims
X(Z) of Z equals sup dimA the supremum ranging on

Noetherian complete local rings A with a morphism π : SpecA→X such that π−1(Z) is the
unique closed point of SpecA. Needless to say,

codimX(Z)� codimsft
X (Z)� codims

X(Z).

The first inequality is in general strict, as the example of a non-irreducible scheme X shows with
Z being one of the irreducible components. Instead, the key result is a theorem of Koh [Koh88,
Theorem 1] saying that the second is an equality for varieties over a field.

Theorem 8.15. If X is of finite type over a field, then codimsft
X (Z) = codims

X(Z).

Suppose X is Noetherian and let U ⊂X be an open subset. The open immersion i : U →X
induces an open immersion Ured→X ′ := Spec i∗OUred

which is scheme-theoretically dense. We
have X ′ �Ured = π−1(X �U) where π : X ′→X is the natural morphism.

Proposition 8.16. Suppose X and X ′ are Noetherian. If i is not an affine morphism, then
codimX′(X ′ �Ured)� 2. In particular, codims

X(X �U)� 2.

Proof. The argument is borrowed from [Bre02, Theorem 3.2]. One can clearly suppose that X,
hence U , are reduced. In addition, one may suppose X affine. Under this hypothesis, the scheme
X ′ being Noetherian is equivalent to the ring A := Γ(U,OU ) being Noetherian. Note also that
X ′ �U is non-empty because U is not affine. Since U is dense in X ′, it contains all of its the
generic points. Let p= (f1, . . . , fn) be a prime ideal of height 1 of A. Suppose, by contradiction,
that p does not belong to U , that is, the open subset V :=X ′ � V (p) contains U . Let f ∈ p be a
non-zero divisor: it exists because p is not contained in the union of the minimal primes of A.
The ring Ap is local Noetherian of dimension 1, thus

√
fAp = pAp. Therefore, there is N ∈N

and, for each i= 1, . . . , n, there are gi ∈A, hi, ri ∈A� p such that ri(hif
N
i − gif) = 0. Upon

setting h := h1 · · · hn and r= r1 · · · rn, one can write

r(hfNi − g′if) = 0, (8.1)

for some g′i ∈A. Since f is a non-zero divisor, the homomorphism OX′→OX′ given by the mul-
tiplication by f is injective. In particular, for each i= 1, . . . , n, the multiplication-by-f map on
Γ(D(fi),OX′) is injective. Coupled with the equality (8.1), this shows that there is a unique
ai ∈ Γ(D(fi),OX′) such that fai = rh. By uniqueness, the functions ai glue to give a function
a∈ Γ(V,OX′) such that af = rh. The restriction map A=Γ(X ′,OX′)→ Γ(V,OX′) is an isomor-
phism because the restriction map Γ(V,OX′)→ Γ(U,OU ) is injective (by density of U in X ′)
and the restriction map A=Γ(X ′,OX′)→ Γ(U,OU ) =A is the identity. This implies that the
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function a belongs to A, thus rh= af belongs to p, contradicting the fact that r and h do not
belong to p.

Let K be a non-trivially valued complete non-Archimedean field, X be a K-analytic space
and Z ⊂X a closed analytic subset defined by a coherent sheaf of ideals I. The codimension
codimX(Z) of Z in X is

codimX(Z) = sup
D

codimSpec Γ(D,OX)(Spec Γ(D,OX)/Γ(D, I)),

the supremum ranging on affinoid domains D of X.

Definition 8.17. The stable codimension of Z is codims
X(Z) = sup codimX′(π−1(Z)) the

supremum ranging on the morphisms π : X ′→X of K-analytic spaces.

Proposition 8.18 [Bre02, Theorem 4.2, Nee88, Theorem 5.2]. Let X be a K-analytic space
equipped with a morphism without boundary X→M(A) with A an affinoid K-algebra. Let Z
be a closed analytic subset of X. If the open subset X �Z is Stein, then codims

X(Z)� 1.

Proof. Suppose, by contradiction, that the stable codimension of Z is � 2. Then, there is a
morphism of K-analytic spaces π : X ′→X such that the codimension of π−1(Z) in X ′ is at least
two. Since the codimension is just a local matter, one may assume X ′ =M(B) for an affinoid
K-algebra B and π−1(Z) non-empty and purely of codimension � 2. Moreover, the affinoid K-
algebra B may be assumed to be reduced, for the codimension only depends on the underlying
reduced space. Let X ′

1, . . . , X
′
n denote the normalization of the irreducible components of X ′.

The morphism
⊔n

i=1X
′
i→X ′ being finite, one may treat each irreducible component separately

and, finally, suppose X ′ reduced, irreducible and normal, and π−1(Z) non-empty and purely of
codimension � 2. The restriction map ρ : Γ(X ′,OX′)→ Γ(X ′ � π−1(Z),OX′) is an isomorphism
by Hartogs’ phenomenon [Bar75]. Because of Theorem 6.4, it is actually a homeomorphism. On
the other hand, the open subset π−1(X �Z) =X ′ ×X (X �Z) is a closed analytic subspace of the
product X ′ ×A (X �Z). The product of Stein spaces being Stein, and closed analytic subspaces
of Stein spaces being Stein, the K-analytic space X ′ � π−1(Z) is Stein. Since the restriction map
ρ is a homeomorphic isomorphism, Proposition 5.8 implies thatX ′ � π−1(Z)→X ′, contradicting
the non-vacuity of π−1(Z).

Proposition 8.19. Let Z be a closed subset of an A-scheme of finite type X. Then,

codimsft
X (Z)� codims

Xan(Zan)� codims
X(Z).

Proof. The inequality codimsft
X (Z)� codims

Xan(Zan) is clear, so that only the inequality
codims

Xan(Zan)� codims
X(Z) is left to prove. Let π : X ′→Xan be a morphism of K-analytic

spaces. Let I be the coherent sheaf of ideals on X ′ defining the closed analytic subspace π−1(Zan)
with its reduced structure. By definition,

codimX′(π−1(Zan)) = sup
V

codimSpec Γ(V,OX)(Spec Γ(V,OX)/Γ(D, I)),

the supremum ranging on affinoid domains V of X ′. Since affinoid K-algebras are Noetherian
rings, the wanted inequality follows.

Together with Theorem 8.15 the preceding result yields a non-Archimedean analogue of
[Bre02, Theorem 4.2].

Corollary 8.20. Let Z be a closed subset of a K-scheme of finite type X. Then

codimsft
X (Z) = codims

Xan(Zan) = codims
X(Z).
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Corollary 8.21. Let U be an open subset of a K-scheme of finite type X such that Uan is
Stein. Then codims

X(X �U)� 1. Moreover, if X is affine and the ring Γ(Ured,OU ) is Noetherian,
then U is affine.

9. Stein versus affine varieties

Let K be a complete non-Archimedean field and A a strictly affinoid K-algebra.

9.1 Statements

We finally arrive at the original theme of this paper. The main results of this section concern
the comparison between affine and Stein varieties. More precisely, for a separated A-scheme of
finite type X we have the following.

Theorem 9.1. The A-scheme X is quasi-affine if and only if Xan is holomorphically separable.

Recall that by Corollary 8.6 the A-scheme X is quasi-affine as an A-scheme if there is an
open embedding X ↪→ Y of A-schemes with Y affine of finite type.

Theorem 9.2. Suppose Xan is Stein and (at least) one of the following:

(1) the A-algebra Γ(X,OX) is of finite type;
(2) A=K and the ring Γ(Xred,OX) is Noetherian.

Then X is affine.

Under hypothesis (2), Theorem 9.2 is the conjunction of Theorem 9.1 and Corollary 8.21. It
is plausible that Theorem 8.15 holds for excellent rings and Corollary 8.21 holds over affinoid
K-algebras [Duc09, Théorème 2.13]. However, in the case of an arbitrary affinoid K-algebra,
we prefer not to go down this road and content ourselves with the finite generation hypothesis,
sticking to techniques much closer to those already present in this article. As just recalled, an
affinoid K-algebra A is an excellent ring thus is universally catenary (so that we can speak about
the Krull dimension of A-algebras of finite type) and universally Japanese [Sta19, Lemma 07QV,
Proposition 0334].

Theorem 9.3. If Xan is Stein, then the restriction map Γ(X,OX)→ Γ(Y,OY ) is surjective for
all closed subscheme Y ⊂X dimension � 1.

Combined with Proposition 8.12 this yields the following.

Corollary 9.4. If Xan is Stein and dimX � 2, then is X is affine. In particular, an algebraic
surface S over K is affine if and only if San is Stein.

The rest of this section is devoted to the proof of Theorems 9.1, 9.2, 9.3 and 9.4. But before
that, a last remark on the strictness assumption for A. Faithful flatness of scalar extension
[Ber93, Lemma 2.1.2] and fpqc descent [Sta19, Lemma 041Z], permits the proof of Theorem 9.2
when A is not necessarily strict. However, in the non-strict case, the difference between
Krull and analytic dimension prevents from proving Theorems 9.3 and 9.4 with the current
techniques.

9.2 Proof of Theorem 9.1

The implication (1) ⇒ (2) is clear, thus only the converse one needs to be proved. According to
Corollary 8.6 it suffices to show that the morphism σX : X→ SpecO(X) is injective. Suppose
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by contradiction that σX is not injective. Then trivially σX is not universally injective, therefore
the diagonal morphism

Δ: X −→Z :=X ×SpecO(X)X ⊂X ×S X

is not surjective by [Sta19, Lemma 01S4]. Let z ∈Z � ImΔ be a closed point and consider its pro-
jection xi =pri(z)∈X for i= 1, 2. The closed points x1, x2 ∈X are distinct and they correspond
to distinct rigid points of Xan by [Duc18, Lemma 2.7.1]. Let I ⊂OX be the sheaf of func-
tions vanishing at x1. Since X

an is holomorphically separated there is f ∈ Γ(Xan, Ian) such that
f(x2) �= 0, see [MP21, Lemma 3.2]. The subset of Γ(Xan, Ian) made of functions not vanishing
at x2 is open, thus there is g ∈ Γ(X, I) such that g(x2) �= 0 by density of Γ(X, I)⊂ Γ(Xan, Ian).
Note that I is semi-reflexive, thus Theorem 7.1 can be applied. In particular σX(x1) �= σX(x2),
thus the point z cannot lie in Z. Contradiction.

9.3 Proof of Theorem 9.2

The statement is a consequence of Theorem 9.1 and the maximality property of Stein spaces
explained in the following two results.

Lemma 9.5. Let Z be a closed subspace of a strict, Hausdorff and countable at infinity K-
analytic space X with a morphism X→M(A) without boundary. If X �Z is Stein and scheme-
theoretically dense in X, and Γ(X,OX)→ Γ(X �Z,OX) is surjective, then Z = ∅.
Proof. Suppose Z �= ∅ by contradiction. Let x∈Z be a rigid point and U :=X �Z. Then there
is a sequence of rigid points S = {ui}i∈N whose limit is x. To see this, one can either argue that
rigid points have a countable basis of neighbourhoods or apply [Poi13, Théorème 5.3] using that
rigid points in U are dense because U is strict. Up to extracting a subsequence, we may suppose
that S is discrete in U . For, let {Ui}i∈N be an increasing G-cover of U by compact analytic
domains with u0 ∈U0. Since z �∈U up to passing to a subsequence of the points ui and the
domains Ui we may assume that ui ∈Ui and ui+1 �∈Ui for all i∈N. Such a subsequence will do.
Now S ⊂U is a closed analytic subset. For each i∈N, let λi ∈K be such that |λi|� i. Since U
is Stein, the restriction homomorphism O(U)→O(S) is surjective, thus there is f ∈O(U) such
that f(ui) = λi. Such a f cannot extend to X because limi→∞ |f(ui)|=+∞.

Lemma 9.6. Let U be a scheme-theoretically dense open subset of a separated A-scheme X of
finite type. If Uan is Stein and Γ(X,OX)→ Γ(U,OX) is surjective, then U =X.

Proof. The open subset Uan ⊂Xan is scheme-theoretically dense by Corollary 7.5. Therefore the
image of the restriction map O(Xan)→O(Uan) is closed by Theorem 6.4 and O(U)⊂O(Uan) is
dense by Theorem 7.1. The hypothesis then implies that O(Xan)→O(Uan) is surjective. Since
Uan is Stein, this implies that Xan �Uan is empty by Lemma 9.5.

Proof of Theorem 9.2. Assuming (2) Theorem 9.2 follows from Theorem 9.1 and Corollary 8.21.
Suppose that O(X) is a finitely generated A-algebra. The A-scheme X is quasi-affine by
Theorem 9.1, thus σX : X→ Y := SpecO(X) is a scheme-theoretically dense open immersion
(Lemmas 8.1 and 8.2). The restriction map O(Y )→O(X) is an isomorphism by construction.
Since Xan is Stein we have X = Y by Proposition 9.6.

9.4 Proof of Theorem 9.3

First we need the following simple consequence of the Stein property and Theorem 7.1.
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Lemma 9.7. Let Y be a closed subscheme of a separated A-scheme X of finite type and F a
semi-reflexive coherent OX -module. If Xan is Stein, then

Im(Γ(X, F )→ Γ(Y, F ))⊂ Γ(Y an, F an)

is dense.

Proof. Let f ∈ Γ(Y an, F an). The statement boils down to approximating f by elements of Γ(X, F )
on any compact analytic domain of Y an. Since Xan is Stein and Y an is a closed subspace, there
is g ∈ Γ(Xan, F an) such that g|Y an = f . Moreover, it suffices to approximate g by elements of
Γ(X, F ) on any compact analytic domain D of Xan. To do so, let ‖ · ‖ be a norm defining the
topology of F (D) and ε > 0. Then by density of F (X) in F (Xan) there is h∈ F (X) such that
‖g− h‖< ε.

The following simple fact about curves hides the fact that closed points in a Dedekind scheme
are Cartier divisors.

Lemma 9.8. Let U be an non-empty open subset in an affine Noetherian integral scheme X of
dimension 1. Let S ⊂ Γ(U,OU ) a subring containing Γ(X,OX). If X is integrally closed in U ,
then the morphism i : Spec S→X is an open immersion.

Proof. The closed subset X �U is made of finitely many closed points because dimX = 1. It
follows that the image of i is an open subset V ⊂X.

Claim 9.9. For all y ∈ Y =Spec S we have OY,y =OX,i(y).

Proof of the claim. Note first that the induced morphism j : U → Y := Spec S is an open immer-
sion. Therefore, it suffices to prove the claim only for y ∈ Y � j(U). Now X is integrally closed
in U , thus the local ring OX,x is normal, hence a discrete valuation ring for all x∈X �U . Set
x= i(y) and let π ∈OX,x be a uniformizer. Every OX,x-submodule of F =Frac(OX,x) is of the
form πnOX,x for some n∈Z. Since OY,y ⊂ F is a ring, there are only two possibilities: either
OX,x =OY,y or OY,y = F . The second possibility cannot happen, otherwise y would be the generic
point.

Now the morphism i is injective on points. Indeed, if y, y′ ∈ Y have image x under i, then we
have OY,y′ =OX,x =OY,y by the claim. Let p, p′ ⊂ S be the prime ideals corresponding to y, y′,
respectively. Then p= p′ =m∩ S where m⊂OX,x is the maximal ideal, thus y= y′. On the other
hand, by the claim we have

Γ(V,OX) =
⋂
x∈V
OX,x =

⋂
y∈Y
OY,y = S.

This concludes the proof.

In the proofs that follow we repeatedly use the following.

Remark 9.10. Let f : X→ Y and g : Y →Z be morphisms of schemes where f is quasi-compact
and has a scheme-theoretically dense image, and g ◦ f is an immersion. Then, f is an immersion
by [Sta19, Lemma 07RK] which is actually an open immersion because f has scheme-theoretically
dense image [Sta19, Lemma 01QV]. In practice, we use this when X is a Noetherian scheme,
hence the quasi-compactness of f will be automatic.

The key to reach Theorem 9.3 is that on curves there are no proper dense subrings. More
precisely, we have the following.
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Lemma 9.11. Let X be an affine A-scheme of finite type of dimension � 1 and S ⊂O(X) an
A-subalgebra. Suppose that S ⊂O(Xan) is dense and that there is a finitely generated
A-subalgebra T ⊂ S such that the induced morphism X→ Spec T is an open immersion. Then
S =O(X).

Proof. Step 1. Suppose X is integral. If X is a singleton, then O(X) is a finite extension of
K and S =O(Xan) by density. Suppose dimX = 1. By hypothesis, there is a finitely generated
A-subalgebra T ⊂ S such that the morphism j : X→ Y := Spec T is a scheme-theoretically dense
open immersion. The scheme X is excellent of dimension 1, thus so is Y . Let Ỹ =Spec T̃ be
the normalization of Y in X (see [Sta19, Section 0BAK]) and S̃ = Im(S ⊗T T̃ →O(X)). The
morphism Spec S̃→ Ỹ induced by the inclusion T̃ ⊂ S̃ is an open immersion by Lemma 9.8. Now
S̃ ⊂O(Xan) is dense because it contains S and is finite over S because T̃ is a finitely generated
T -module. Corollary 7.2 implies S̃ =O(X) thus O(X) is a finitely generated S-module. Now
the morphism X→ Spec S is at the same time an open immersion (the composite morphism
X→ Spec S→ Spec T is so thus we can apply Remark 9.10), is finite and has a connected target.
Thus, it is an isomorphism.

Step 2. Suppose X is reduced. It suffices to prove that each irreducible component of X
is closed in Spec S. If we do so, then the image of j : X→ Spec S is open and closed. Since
X is scheme-theoretically dense in Spec S, it must be the whole Spec S concluding the proof
when X is reduced. Now an irreducible component X ′ of X endowed with its reduced structure
is affine because X is affine and X ′ is closed in X. Since X ′ is affine, in order to prove the
statement it suffices to show that the restriction homomorphism S→O(X ′) is surjective. Let
S′ be the image of S in O(X ′). Since X is affine, the K-analytic space Xan is Stein. Therefore,
the restriction homomorphism O(Xan)→O(X ′an) is surjective. By hypothesis, S ⊂O(Xan) is
dense, thus the image S′ of S in O(X ′) is dense in O(X ′an) thanks to Proposition 9.7. The image
T ′ of T in S′ is such that X ′→ Spec T ′ is an open embedding, because the composite morphism
X→ Spec T ′→ Spec T is an immersion and we can apply Remark 9.10. Step 1 implies S′ =O(X ′)
because X ′ is irreducible, thus X ′ is closed in Spec S.

Step 3. In the general case let N ⊂O(X) be the nilpotent radical. Let r ∈N be index of
nilpotency of X, that is, the unique integer such that N r �= 0 and N r+1 = 0. Let us prove that we
have O(X) = S by induction on r. If r= 0, then X is reduced and the statement follows from the
preceding case. Suppose r� 2 and the statement true for A-schemes of finite type of dimension
� 1 whose index of nilpotency is � r− 1. Let X ′ be the closed subscheme of X defined by the
ideal N r. Let S′ be the image of S in O(X ′). The following diagram is exact and commutative.

0 S ∩N r S S′ 0

0 N r O(X) O(X ′) 0

←→ ← →

←→

← →

←→

← →

←→

← → ← → ←→ ←→
Since O(Xan)→O(X ′an) is surjective, S′ is dense in O(X ′an). Moreover, as previously, the
image T ′ of T in S′ is such that X ′→ Spec T ′ is an open embedding. The index of nilpotency
of X ′ is � r− 1, hence S′ =O(X ′) by inductive hypothesis. On the other hand, N r has a
natural structure of O(X)/N -module, and it is finitely generated as such. In particular, since
S′ =O(X ′), N r is a finitely generated S′-module. The lower line in the previous commutative
and exact diagram implies that O(X) is a finite S-module. Therefore, the morphism X→ Spec S
is both a scheme-theoretically dense open immersion and finite, thus is an isomorphism.

Lemma 9.12. Let X be an A-scheme of finite type of dimension � 1. Then, the following are
equivalent:
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(1) the scheme X is affine;
(2) for s∈ SpecA, the κ(s)-scheme of finite type Xs does not contain positive-dimensional closed

subschemes that are proper over κ(s).

Proof. Let π : X→ SpecA be the structural morphism.
(1) ⇒ (2) If X is affine, then all the fibres of π are affine. The statement follows because

proper affine schemes are finite.
(2)⇒ (1) One reduces to the situation where the affinoid K-algebra A is integral, normal and

of dimension � 1, the scheme X is integral of dimension 1 and the morphism π is dominant. This
is because of three facts. First, a point is affine, which covers the case of zero-dimensional X.
Second, a Noetherian scheme is affine if and only if each of its irreducible components (endowed
with its reduced structure) is: this permits us to reduce to the case where A and X are integral.
Third, the normalization of SpecA is a finite morphism because A is a Japanese ring. The second
and third reduction steps use [Sta19, Lemma 01YQ]. Under the above additional hypotheses, one
distinguishes two cases. If dimA= 0, then the affinoid K-algebra A is a field and the statement
is equivalent to the well-known fact that curves over a field with no projective component are
affine. Suppose dimA= 1. The ring A is normal, Noetherian and of dimension 1, thus a Dedekind
ring [Sta19, Lemma 034X]. Being dominant, the morphism π is flat. In particular, the fibres of
π are all zero-dimensional, that is, the morphism π is quasi-finite. By Zariski’s main theorem
[Sta19, Lemma 05K0], there is a finite morphism ν : SpecB→ SpecA and an open immersion
i : X→ SpecB such that π= ν ◦ i. Up to replacing SpecB by the scheme-theoretic closure of the
image of i, one may assume B to be integral. Therefore, the affinoid K-algebra B is of dimension
1. In order to show that X is affine, we may suppose that B is normal because the normalization
is a finite morphism (B is a Japanese ring); see [Sta19, Lemma 01YQ]. One concludes because
every open subset in an affine Dedeking scheme is affine.

Lemma 9.13. Let X be an A-scheme of finite type such that Xan is Stein. Then, for any
point s∈ SpecA, the κ(s)-scheme of finite type Xs does not contain positive-dimensional closed
subschemes that are proper over κ(s).

Proof. Let S := SpecA so that San =M(A). Let s∈ S. According to [Ber93, Proposition 2.1.1],
there is a point san ∈ San whose image in S via the canonical morphism San→ S is s. In
order to prove the statement, up to extending scalars to the complete residue field K ′ at san,
one may assume that s is K-rational. Indeed, consider the affinoid K ′-algebra A′ :=A⊗̂KK

′,
the scheme S′ =SpecA′ and the S′-scheme of finite type X ′ =X ×S S

′. Let π′ : X ′→ S′

be the morphism deduced from π by base-change. The K ′-point san of San defines a K ′-
point s′an of S′an, which corresponds with a closed point s′ of S′. Let F = S′ ×S SpecK ′

be the fibre of the morphism S′→ S induced by the inclusion A→A′ at the K ′-point of
S defined by san. The point s′ defines a K ′-point of the K ′-scheme F and induces a sec-
tion of the projection X ′

F :=X ′ ×S′ F →Xs ×κ(s)K
′. The situation is resumed in the following

diagram.

SpecK ′ Spec κ(s) S

Xs ×κ(s)K
′ Xs X

F S′

X ′
F X ′

s′
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Via the closed immersion Xs ×κ(s)K
′→X ′

F , the K
′-scheme X ′

s′ is identified with Xs ×κ(s)K
′.

The K ′-analytic space X ′an associated with X ′ is the K ′-analytic space obtained from Xan by
extending scalars to K ′. The K ′-analytic space X ′an is Stein because the property of being
Stein is compatible with scalar extensions. Since being proper is compatible with base-change,
it suffices to show that the K ′-scheme Xs ×κ(s)K

′ does not contain positive-dimensional closed
subschemes that are proper over K ′. By identifying Xs ×κ(s)K

′ with X ′
s′ , one reduces to the case

where s is K-rational. Henceforth, suppose that s is K-rational. Let Y be a closed subscheme
of Xs which is proper over K. Therefore, the K-algebra Γ(Y,OY ) is finite and, by GAGA over
a non-Archimedean field [Ber90, Corollary 3.4.10], coincides with the K-algebra Γ(Y an,Oan

Y ) of
analytic functions on Y an. Now, since the point s is K-rational, the subscheme Xs is closed in X,
thus Y is a closed subscheme of X. It follows that the K-analytic space Y an is Stein because it
is a closed subspace of the Stein space Xan. By compactness of Y an, an affinoid Stein exhaustion
of Y an is eventually stationary, showing that the K-analytic space Y an is affinoid. Moreover, the
K-algebra Γ(Y an,Oan

Y ) being finite, the K-analytic space Y an is finite over K. Therefore, the
K-scheme Y is finite [Ber90, Proposition 3.4.7 (4)].

Proof of Theorem 9.3. The K-analytic space Xan is Stein, thus holomorphically separable. It
follows from Corollary 8.6 and Theorem 9.1 that there is a finitely generated A-algebra B ⊂O(X)
such that X→ SpecB is an open embedding. The K-analytic space Y an is a closed subspace
of the Stein analytic space Xan thus Stein. Thus, the scheme Y is affine by Lemmas 9.12 and
9.13. According to Proposition 9.7 the A-algebra S = Im(O(X)→O(Y )) is dense in O(Y an).
Moreover, the image T of B in S is such that Y → Spec T is an open embedding because the
composite morphism Y → Spec T → SpecB is an immersion, so Remark 9.10 gives the claim.
Therefore, we can apply Lemma 9.11 and obtain S =O(Y ).
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