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We obtain polylogarithmic bounds in the polynomial Szemerédi theorem when the
polynomials have distinct degrees and zero constant terms. Specifically, let

Py,..., Py, € Zly] be polynomials with distinct degrees, each having zero constant
term. Then there exists a constant ¢ = ¢(P1, ..., Pn) > 0 such that any subset

A C{1,2,...,N} of density at least (log N)~¢ contains a nontrivial polynomial
progression of the form x,z + P1(y), ...,z + Pm(y). In addition, we prove an effective
“popular” version, showing that every dense subset A has some non-zero y such that
the number of polynomial progressions in A with this difference y is asymptotically
at least as large as in a random set of the same density as A.
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1. Introduction

The quest to understand the ubiquity of arithmetic structures within subsets of
integers has driven some of the most profound advances in additive combinatorics.
Szemerédi’s landmark theorem states that every subset of the integers with posi-
tive density contains non-trivial k-term arithmetic progressions (k-APs) for every
natural number k. A pivotal contribution came from Gowers [11], who introduced
uniformity norms to furnish a quantitative bound for Szemerédi’s theorem, estab-
lishing that any subset of {1,2,..., N} which does not contain non-trivial k-APs
must have density O((loglog N)~¢) for some constant ¢; > 0. Over the years,
the pursuit of quantitative bounds in Szemerédi’s theorem has remained extremely
active, leading to many significant developments. For example, Kelley and Meka
[19] established a bound of the shape O(exp(—c(log N)'/!2)) for the case k = 3,
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where the exponent 1/12 is later improved to 1/9 by Bloom and Sisask [3]. Green
and Tao [17] achieved a polylogarithmic bound for k = 4. Leng, Sah, and Sawhney
[20] improved Gowers’ bound to O(exp(—(loglog N)*)) for general k > 5.

The scope of such results broadened significantly with the polynomial Szemerédi
theorem of Bergelson and Leibman [2], which established that every subset of
the integers with positive density contains polynomial progressions of the form
z,x + Pi(y),...,x + Pp(y) with y # 0, where Py,...,P, € Z[y] and each
has zero constant term. Their proof was rooted in ergodic theory and was thus
non-quantitative.

The density increment method has long served as the primary tool for deriving
quantitative bounds for general additive patterns. However, applying this strategy
to more complex polynomial configurations introduces additional difficulties; see
[29, Section 2.2] for a detailed discussion. While a quantitative version of the general
polynomial Szemerédi theorem remains an open challenge, progress has been made
in certain special cases. We summarize some of these developments below and refer
the reader to [25] for for a more in-depth overview of the history of quantitative
results in the polynomial Szemerédi theorem both in the integers and in the finite
field setting.

e For Sarkozy’s theorem on square differences (i.e. x,z + y?), Green and
Sawhney [14] achieved quantitative bounds of the form O(exp(—cy/log N)).

e When Py, .-, P, are homogeneous and have the same degree, Prendiville
[29] achieved bounds of the form O((loglog N)~¢) (which can likely be
improved to O(exp(—(loglog N)¢)) using the quasipolynomial bounds in the
inverse theorem for the Gowers norms from [21], together with the density
increment strategy of Heath-Brown and Szemerédi).

e For the nonlinear Roth configuration (i.e. z,x + y,z + y?), Peluse and
Prendiville [26, 27] achieved quantitative bounds of the form O((log N)~¢).

e Peluse [25] extended these techniques from the nonlinear Roth configura-
tion to more general polynomial progressions when P, ..., P, have distinct
degrees and each has zero constant term. She obtained bounds of the
form O((loglog N)~¢) for subsets of {1,2,..., N} that do not contain such
configurations.

The first main result of this paper is an improvement of the quantitative bound in
Peluse’s result [25, Theorem 1.1].

THEOREM 1.1 (Density bound). Let Py, ..., Py, € Zly] be polynomials with distinct
degrees, each having zero constant term. If A C {1,2,..., N} does not contain a
polynomial progression of the form

x, x4+ Pi(y),...,x+ Pn(y) withy #0,

then

N
A _ v
4] < (log N)e’

for some constant ¢ > 0 depending only on Py, ..., Pp,.
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In the “structure vs. randomness” framework underlying the density increment
argument, if a set A is not pseudorandom, then the number of additive configura-
tions in this set A may deviate significantly from the random bound. Bergelson,
Host, and Kra [1] posed the question of whether there always exists a nonzero dif-
ference y for which the number of configurations in A with difference parameter
y is at least as large as the random bound. For example, in the case when the
configurations are 3-APs, the question asks for A C {1,2,---, N} with |A] = 0N,
whether there exists y # 0 such that

#{reA:z,x+yx+2ye A} > (5°—o(1))N.

Such y is loosely referred as a “popular difference”. This topic in the ergodic setting
was initially explored by Bergelson, Host, and Kra [1] and also studied in [4, 9, 10].
We list some notable results below in the arithmetic setting, and refer the readers
to [28] for more contexts surrounding the popular difference results.

e The existence of popular differences is proved by Green [13] for 3-APs and
by Green and Tao [16] for 4-APs. When k > 5, a counterexample was built
by Ruzsa in the appendix to [1].

e The quantitative aspects of popular common differences in 3-APs were
studied in [5-7].

e Linear configurations were classified in [30] according to when popular
differences are guaranteed to exist.

e Popular differences for corners (x1, z2), (x1 +y, T2), (1, z2 + y) are studied
in [8, 23].

e The existence of popular differences for special polynomial progressions is
proved by Lyall and Magyar [22] for the square differences z, x + y? and by
Peluse, Prendiville, and the first author [28] for the nonlinear Roth pattern
z,x+y,x+y°

In this paper, we prove, with effective bounds, the existence of popular differences
in general polynomial progressions when the polynomials have distinct degrees and
each has zero constant term.

THEOREM 1.2 (Popular difference). Let Py,..., P, € Zly] be polynomials with
distinct degrees, each having zero constant term. Let A C {1,2,..., N} be a subset
with |A| = 0N and let ¢ € (0,1/2). Then either N < exp(exp(e~OP1rm (1)) o
there exists a positive integer y such that

#{r e A:x+ Py) € A for each 1 <i<m} > (6™ —¢)N.

The proofs of Theorems 1.1 and 1.2 are based on an inverse theorem. As the
final part of the introduction, we present a simplified version of our more general
result, Theorem 2.4. Suppose that N,M > 1, Py,..., P, € Z[y] are polynomials
and fo,..., fm : Z — C are functions supported on the interval [N]. We define the
associated counting operator as follows:

AR o (foroos fm) = Z Z fo(@) fr(z+P1(y)) - fn(a+Pr(y)). (1.1)

wEZ yE[M
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THEOREM 1.3 (Inverse theorem). Let Py,..., P, € Z[y] be polynomials with dis-
tinct degrees, and let their coefficients be bounded by C. Let d = maxi<;<m deg P;.
Let N, M be positive integers with M =<c N/, and let 6 € (0,1/2). Suppose that
fos-ooy fm 1 Z — C are 1-bounded functions supported on [N]. If

}Aﬁ;f}{,,,m(fo, o fm)| =6

Then either M <c,q 5794 or there exists a positive integer ¢ K c,d 6794 and a
1-bounded function ¢; : Z — C for each 1 < i < m which is Oc,d(é_od(l)M_ deg Py
Lipschitz along q - Z., such that

1> fil@)i(@)| >c.a 69N,

TEZ

The definition of C-Lipschitz function is given in Definition 2.1. For intuition, we
encourage the reader to think of ¢; as a phase function of the form x — e(;x) with
llge || <c,a §—Ca() p\f—deg Pi - Alternatively, ¢; is almost constant on progressions
of length ©(§9¢(1) Mdee Pi) and common difference ¢. Even though ¢ is independent
of 4, this is unimportant since one could simply take ¢ to be the least common
multiple of all ¢;’s if ¢ is allowed to depend on 4, while maintaining the upper
bound for q.

Compared to Peluse’s inverse theorem [25, Theorem 3.3] which concludes corre-
lation only for the f; corresponding to the lowest degree polynomial, our inverse
theorem gives such conclusions for every f;. This generalization, which is funda-
mental in getting the polylogarithmic bound in Theorem 1.1 and also in obtaining
the popular difference result, is largely based on arguments of Peluse [25] incorpo-
rated with some technical generalizations. Instead of proving Theorem 1.3 directly,
we will in fact prove a slightly more general version of it, Theorem 2.4. See the
discussions following the statement of Theorem 2.4 for a brief overview of the proof

ideas.
We would like to make some remarks on general polynomial sequences. When the
leading coefficients of the highest-degree terms among P, ..., P,, are distinct, the

sequence can be controlled by a Gowers U®-norm for some s > 2. In other cases, it
can only be controlled by an average of box norms. Ideally, in such situations, some
suitable local inverse theorems can be applied. As suggested by Leng—Sah—Sawhney
[20], one can obtain quantitative density bounds for linear forms, since the inverse
theorem implies that f correlates with a periodic function ¢. However, the period
of ¢ is typically of order N'=" for some small 7 > 0, which means that the density
increment achieved at each step is not sufficiently effective. This is also the reason
why the density increment argument fails for general polynomial sequences.

The rest of the paper is organized as follows. In Section 2 we prove our main
inverse theorem, Theorem 2.4 (of which Theorem 1.3 is a special case). In Section
3 we develop the theory of local factors which are necessary for our weak regularity
lemmas. In Section 4 we prove Theorem 1.1 by establishing a regularity lemma
and using the density increment argument, generalizing Peluse and Prendiville’s
work [26] on the nonlinear Roth pattern. In Section 5 we prove Theorem 1.2 by
establishing a second weak regularity lemma.
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2. Inverse theorems

The goal of this section is to prove the inverse theorem which is the key to both
Theorems 1.1 and 1.2. It asserts that if the counting expression (1.1) is large, then
the functions exhibit correlation with certain Lipschitz functions. We adopt the
same definition as [26, Definition 6.1].

DEFINITION 2.1. (C-Lipschitz) A function ¢ : Z — C is said to be C-Lipschitz
along q - Z if for all x,y € Z we have

lp(z + qy) — d(z)| < Clyl.

Note that if a € T is a frequency such that ||ga|| is sufficiently small for some
positive integer ¢ > 1, then the linear phase function e(-«) is (27 ||qa|)-Lipschitz
along ¢-Z. Thus Lipschitz functions serve as an analogue to linear phase functions.
The following lemma provides another class of Lipschitz functions.

LEMMA 2.2. Let q, H be positive integers and let f : Z — C be a 1-bounded
function. Then the function

¢(z) = En, noerm f(x + q(h1 — h2)),
is O(H~1)-Lipschitz along q - 7.
Proof. [26, Lemma 6.2]. O

Before stating our general inverse theorems, we recall the notation of (C,q)-
coefficients from [25, Definition 3.1], which serves as an important index for tracking
iteration steps.

DEFINITION 2.3. We say a polynomial P(y) = aqy® + - - + a1y € Z[y] has (C, q)-
coefficients if |a;| < Clag| for all 1 <i < d—1 and aq = al;q?~! for some a/, € Z
with 0 < |al| < C.

We are now ready to state the inverse theorem, of which Theorem 1.3 from the
introduction is a special case corresponding to the situation where the polynomi-
als have (C,1)-coefficients and M is relatively large. Recall the counting operator
defined in (1.1).

THEOREM 2.4 (Inverse theorem). Let Py, ..., Py, € Zy| be polynomials with (C, q)-
coefficients, and assume they have distinct degrees. Let d = maxi<i<m deg P;. Let
N, M be positive integers with M < (N/q?=1)Y/4 and let § € (0,1/2). Suppose that
fos-eoy fm : Z — C are 1-bounded functions supported on [N]. Let

IARM b (for o fn)| 2 0.

.....

Then either M <c.q (q/8)94M) | or there exist positive integers ¢’ <c,q 694
and b = Oq4(1), as well as a 1-bounded function ¢; : Z — C for each 1 < i < m
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which is Ocq((q/0)* M) M~ 38 Pi)_Lipschitz along ¢'q® - Z, such that

‘Z fz(x)ﬁbz(m)‘ >0.d §0a() v,

TEZ

Assuming deg P; = min;¢;<m deg P; without loss of generality, we note that
Peluse’s inverse theorem [25, Theorem 3.3] implies the correlation result only for
the function f; in Theorem 2.4, under the assumption that M = (N/q%1)Y/¢
(or, slightly more generally, M =<¢ (N/q%1)1/4). The new ingredient in our proof
of Theorem 2.4 involves a crucial inductive step which passes from the correlation
conditions for fi,---, fj—1 to the correlation condition for f;. Loosely speaking, if
fi,--., fj—1 correlates with Lipschitz functions ¢1,...,®;_1, respectively, then we
will deduce that

N,M
‘APl),,"Pm(fbv ¢17 RN ¢j—17 f]7 RN fm)| > 60(1)'
Assume, for simplicity, that ¢1,...,¢;-1 are constant functions, this inequality
then implies that there is a 1-bounded function gy such that

|Ag7M P, (g07fj’ DRI fm)’ > 60(1)7

CRREED

from which we will then deduce that f; also correlates with a Lipschitz function.
This idea was discussed in [26, Section 7], and our implementation of it involves
technical generalizations of Peluse’s arguments [25].

These arguments outlined above will be carried out in Sections 2.1 and 2.2,
proving Theorem 2.4 when M =¢ (N/q%1)/?. In Section 2.3, we will generalize
to all M < (N/q* 1)/ by working in subintervals of [N] of appropriate lengths.

2.1. Inductive step

In this subsection, we prove Proposition 2.5 as a necessary step allowing us to pass
from the correlation conditions for fi,..., fj—1 to the correlation conclusion for f;.

PROPOSITION 2.5. (Partial correlation) Let N, M > 0 be sufficiently large numbers
and g € N. Let Py,..., P, € Z[y] be polynomials with (C,q)-coefficients such that
deg P, < --- < deg P,,. Define d = deg P,, and assume 1/C < ¢*"'M¢/N < C.
Let § € (0,1/2). We have either N <cq (g/6)?4Y) or the following conclusions
hold.

Suppose that 1 < j < m, and for each 1 < i < j, let ¢; : Z — C be a
1-bounded Oc q4((q/8)P+ M) M~ Pi)_Lipschitz function along qiq" - Z for some
integers q; <c.d 69 and b; <4 1. Let fosfisor s fm + Z — C be arbitrary
1-bounded functions supported on [N]. If

|Ag17,]}{7Pm(f07¢17"'7¢j—1’fj7"'7fm)| = 53 (21)

then there exist positive integers q; <c,q §—0all) b; <4 1 and a I-bounded function
¢; : Z — C which is Oc,q((q/0)%*™M M~ Fi)_Lipschitz along q;q% - Z, such that

I3 £5(@)é5(2)| >c.a 3% ON.
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This is an extension of [25, Theorem 3.3] which essentially corresponds to the
j = 1 case. The assumption ¢¢~'M?¢/N = 1 is assumed in [25, Theorem 3.3], but
it can easily be relaxed to ¢¢~*M?/N = 1 by following the proof.

The proof of Proposition 2.5 adapts the proof of [25, Theorem 3.3] in [25, Section
9]. We outline the arguments before presenting the details. For N, M > 1, poly-
nomials Py,---, P, € Z[y], functions fy, -+, f¢ : Z — C supported on [N] and
characters ¥gy1,- -+ ,%m : Z — C of the form v¢;(z) = e(a;x) with a; € R, we
define the counting operator

AN’M (va"' 7fe;1/1z+17"' 7wm)
= 5 Y B W) file + P (Pra(v) -t (P 1),

T€Z ye[M]

When ¢ = m this notation becomes (1.1). The first step in the proof of
Proposition 2.5 involves repeated applications of the following lemma which is [25,
Lemma 3.11].

LEMMA 2.6. Let N, M > 0 be sufficiently large numbers, ¢ € N, and 2 < £ < m.
Let Py,..., P, € Z[y] be polynomials such that Py,--- , Py have (C, q)-coefficients
and deg Py < --- < deg P,,,. Let d = deg Py and let ¢y be the leading coefficient
of Py. Assume 1/C < @ *M?/N < C. Let § € (0,1/2). We have either N <c.q
(q/8)9+M) or the following conclusions hold.

Let fo,---,fe + Z — C be 1-bounded functions supported on [N] and let
Yet1, -+, Ym be characters. If

AR (fore s festbern, - bm)| = 6,

then we have

C'N’',M’ Wb, show, Ogq(1
Euh =0, ,|c|—1 ’A . ph( (7)J wa"'a ;_1w,¢£,u,1/)£+1,"'>¢m)|>>c,d5 a( )7
O<w<N/(cCN)

for some characters g, where C' =<4 C, ¢ = dle, M' := M/|d|, N :=
Mldchg,l(q|cl|)dchg,171;

Ph(z) = L(Pi(dz+h)—Pi(h)) 1<i<l—1,
' P’z + h) — Pi(h) (<i<m,
and
fushan (g (f0¢g7u)(c’x+c’C’N’w—Pg(h)—u) Aiern () i=0,
0 () =
' fi(c’m + C'N'w + P;(h) — Py(h) — u) lierng(z) 1<i<l—1
This allows us to essentially replace fjy1,---,fm in (2.1) by characters. By

applying Weyl’s exponential sum estimates stated below (see [32, Lemma 1.1.16]),
one can deduce that these characters must be in major arcs.
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LEMMA 2.7. Let N > 1 and 0 < 6 < 1. Suppose that aq,...,aq € R and
‘Z e(adnd—i—---—l—aln)’ > 6N,
n<N

then there exists a positive integer 1 < ¢ < 6~ 94 such that ||qa;|| < 6~ P+ N~
for each 1 <i<d.

At this stage, we essentially have

’ P17 (f0a¢1a-~-a¢j—17fjawj+17"' 7¢7n)’ > 50(1)7

where 1,11, ﬂ/}m are major-arc linear phase functions. By the Lipschitz proper-
ties of ¢1,- -+, ¢j—1, we may split the range of y € [M] into arithmetic progressions
of length |P| ~ (6/¢q)°M M such that if y € P then

gi(z) = ¢i(x + Pi(y))for 1 <i<j—1, ¢i(z) = ¢i(x+ Pi(y))for j+1<i<m.
This leads to
—szo ) fi(a + Py(y)) > 6°W|P],

zeZ yeP
(after modifying fy appropriately). The desired Lipschitz property for f; follows by
applying Cauchy—Schwarz and van der Corput’s inequality as in [25, Lemma 4.2].

Proof of Proposition 2.5. Assume that the inequality (2.1) holds. Following the
proof of [25, Theorem 3.3], applying Lemma 2.6 a total of m — j times yields

E u,;,hi:O,...,|ci|—1
0<w; <(Cit1Nit1/|ci|)/CiN;
JH1<i<m
Cijt1Njr1, M1 puhw  uhw w.hw  ewhaw, o uhw w,h,w 04(1
APE ph (fo 7¢1 7~~~7¢j_1 7fj 71/}]'-1,-1 7”'7’(/)ﬁ77) >>C',d6 ()~
FEERREE) m

2.2
The parameters involved in the equality satisfy the following conditions: Cy, 11 (— l)
Npt1 = N, by <4 1, ¢ =0.d qbi M; M/Hz<g<m|cj‘ i Xca 1 and N; =
MIEP gl em|)d8 i1 for each i = j 4 1,...,m. Besides, fghw is a 1-
bounded function,

ngb@(gj) = @i(cjt1- - emx + Qi(u, h,w)), (2.3)

for 1 < i < j—1, where Q;(u, h,w) is a function in terms of u, h,w and Piﬁ, and

Few () equals Lo, 41N, () times

)
f] <CJ+1 ...me+ Z (cl+1 ...Cm) |:wZCZC’LNZ — U, + P]hm,-..,hi+1 (hz)

j<i<m
)

Next, we will remove the functions gbﬁﬁﬂ nd 7,/1%@’& from (2.2) step by step.

First, for each character wﬁﬁy (j+ 1< i< m), we can express it as w!b “(x)

https://doi.org/10.1017/prm.2025.10103 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10103

Quantitative bounds in a popular polynomial Szemerédi theorem 9

(5£ﬁwx) for some frequency ﬁﬂﬁw € R. By applying the Cauchy-Schwarz
inequality Ogeg P ..., deg pj(l) times and then invoking Lemma 2.7, we may find
positive integers t' < ¢ q 67941 and b; <4 1 such that

i QU h,w - deg P;
t'q" B} “’H <c,q 0701 /e

for each j+1 < i < m. The range of summation y € [M;1] in (2.2) can be split into
arithmetic progressions, each of which has length M}, , = O¢ a((0/q)%1 M M;44)

and common difference #'¢® for some s <4 1, such that wﬁ hw g nearly constant

within each arithmetic progression. Moreover, the number of such arithmetic pro-
gressions is O(t'q* M1 /M ). Thus, after a change of variables, we deduce from
inequality (2.2) that

. -1 u,h,w
5040 <0 4 E i hi=0,. i1 ’(Cj-‘rleJ,-l) ZEyE[M]’.‘+1]fO (x)
0<w1<(C1+1Nz+1/|61|)/C N; T
Jjlsism
Ku,nw€[Mjt1/MJ 1]

Ky b€ [t/qs]
S+ P (y = M)

w) = Kun,

(z+ PHt'a*(y Mﬂmm,kﬁg\
(2.4)

Next, from the Lipschitz property of ¢; and (2.3), one can deduce that, for
cach 1 < i < j — 1, the function ¢*™“ is O¢, d((q/é)od(l)M_ deg Pi)_Lipschitz
along q;q¢% - Z noting that [cj1---cm| <ca ¢94V. By increasing ¢ and s if
necessary, we may ensure that lem[gy,---,g;—1] | t and s > maxi<;<j—1 b;, while
maintaining the bounds ¢ <c4 6-9¢V) and s <4 1. Thus g;¢% | t¢° for each
1 <4< j— 1. It follows that the dependence on y in each of the terms involving

¢%’ﬁ’ﬂ, e ;%M can be dropped at a negligible error. More specifically, writing

Q<y) = Pzﬁ(th ( Mj*—i-lku h, w) - k@,ﬁ7y)a we have for y e [M]%K+1]7

|67 (2 + Q(y)) — g1 (w + Q(0))| <ca (¢/8)7* DM~ 1Q(y) — Q(0)],

since ¢;q” | Q(y) — Q(0). Since Pf has degree deg P; and all of its coefficients are
<c.a ¢94W, it follows that

|Q(y) — Q(0)] <Lcd (q/é)od(l)MdegP,;—l ) ;+1-

Hence, by decreasing M7, if necessary (while still maintaining the bound
u,h,w

M, >cua (6/¢)°*(MM; 1), we may ensure that the function ¢:"**(z + Q(y))

can be replaced by qﬁgﬁw( + Q(0)) in (2.4). Therefore, we conclude that
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601 <« 4 E wihi=0,...,|cs| -1 (Cj11Nj41) 7"
0<w; <(Ci+1Nig1/|ci])/CiN;
JjH1ism
Ky, n,w€[Mjt1/M] 4]
Ky how €l a]

u,h,w u,h,w *
\ZEye[Mﬁl (@) 12+ PR (y — M ik ) — Funw))|:

where g, **( ) is 1-bounded. This inequality has the same shape as the fourth from
last inequality on [25, Page 52] with fy, f1 there replaced by go, f;, respectively. One
can follow the remaining proof of [25, Theorem 3.3] to establish that

Z|Eye[1v']fj($ +d'd"y)| >c.q 69N,

where ¢ <c.q 0704 p <y 1+ max;gigj—1 b <q 1, and
deg P; e P
N'>ca (5/9)2" VM >0a (6/q) %D MAsT.
An application of the Cauchy—Schwarz inequality then yields

5940 <o g N71 Z Eyyeinfi(@ +d'a"y) fi(z +dq"y).
TEL

Making the change of variables x + ¢'q®y — x then gives

§0a(1) <cud N1 Z fj(x)Ey7yl€[N]fj(x + q’qb(y’ - )
TEL

The proposition follows by noting, from Lemma 2.2, that the function

qu(x) = Ey,y/G[N]fj(aj + q/qb(y/ - y)),

is Oc.q((q/0)~ 9™ M~ dee Fi)_Lipschitz along ¢'q" - Z. O

2.2. Correlation for all functions

In order to establish correlations for all functions, the final tool we require is a

decomposition lemma due to Gowers [12, Proposition 3.6]. If || - || is a seminorm on
an inner product space, recall that its dual seminorm || - ||* is defined by
11" == sup [(f, )] (2.5)
lgll<1
Hence,
[l < 1A Mgl - (2.6)
LEMMA 2.8. (Decomposition) Let ||-|| be a norm on the space of complez-valued

functions with support on the interval [N]. If e > 0 and f : Z — C is a function
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supported on the interval [N], then there is a decomposition f = fsr + funt Such
that

Ifseel ™ < e 1SNy and [ funtll < 2 [IF1-

We are now ready to prove Theorem 2.4 under the additional assumption that
1/C < ¢**MY/N < C. Without loss of generality, we may assume for the
remainder of this section that degP; < --- < degP,,. Let d; = deg P, and
d = d,,. We proceed by induction to prove the existence of 1-bounded functions
Dy, ,®,,_1: Z — C, where each ®; is Oc,d((q/é)od(l)M_ deg Pi)_Lipschitz along
q'q® - 7Z for some ¢’ <cq 67941 and b <4 1, such that

|A]1\3/;’7]?/.[.,Pm(f07q)13"' aq)j—lafj,"' ,fm)| 2 5j (27)

for every 1 < j < m and some §; >cq 5941 Once this is proved, the desired
correlation results for all f;’s follow from Proposition 2.5.

The base case j = 1 of (2.7) follows from Proposition 2.5 (1) directly. For the
induction step, suppose that ®,,---,®;_; have been constructed for some 1 < j <
m such that (2.7) holds. Our goal is to construct ®; such that (2.7) holds for j+ 1.

Define the semi-norm ||-|| by setting

N,M
Hf” = sup N - API,--~’Pm(gO7(I)17"' 7(I)j717f7gj+17"' 7gm) )
90:95+15"" :9m
where the supremum is taken over all 1-bounded functions go, gj+1, - , gm sup-
ported on [N]. Applying Lemma 2.8 with ¢ = §; N1/2/2 we obtain a decomposition
fy = £5 + [P with

2" < 26 N2 £yl < 2657, (2.8)

and
157 < (8;/2)NY2 )1 £l < 6;N/2. (2.9)
After a change of variables replacing by « — P;(y), we can write
Ag{é/{vpm(fo’q)lf o 7(bj—17fj7 e 7fm) = N71<fjan>a
where G is the dual function defined by
Gj(x) =Eyepnfolz = Pi(y)) [ ®ilz+Piy) — Pi(y)

1<i<j—1

< [ file+Piy) = Pw)

jHI<i<m
Then it follow from (2.7) and the triangle inequality that
8 S NS5 Gy | S NG [+ N7 Gh) |-
From the definition of the norm ||-|| and the inequality (2.9) one can deduce that

(™G < 15 < 6872
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Hence, it follows from (2.6), (2.8) and the above two inequalites that

8;/2 < NG [ S NI IG5 < 267 ' N7HIGy -
Therefore, |G| > 67N, which implies that there exist 1-bounded functions
90,9j+1,"** »9m : Z — C supported on the interval [N] such that

!Aif;,M p (90, @1, @51, Gy, gja1 G| > 67 >0 0900,

By Proposition 2.5, there exists a 1-bounded function ®; : Z — C which is
Oc,d((q/(S)Od(l)M_ deg P5)_Lipschitz along qjqbf - Z for some ¢ <c.q 5—04(1) and
bj <4 1, such that

‘ZG )>>Cd 5O« N,

We may enlarge ¢’,b if necessary to ensure that all of ®;,---,®; are Lipschitz
functions along ¢'q® - Z, while maintaining the bounds ¢’ <¢ 4 6794 and b <4 1.
Expanding the dual function G;, we thus obtain that

Aﬁ;?f b, (fo, @1, @1, @, fig1, o )| >ca 501, (2.10)

This completes the induction step, thereby proving Theorem 2.4 in the case when
1/C < ¢ tM4/N < C.

REMARK. In the above argument, we used Lemma 2.8 based on the Hahn-Banach
theorem to deduce intermediate conclusions for the dual functions G, which we
then use to deduce conclusions for f;11. A modern way of executing this maneuver
(in a much more sophisticated setting) was recently introduced by Manners [24]
and referred to as “stashing”.

2.3. Theorem 2.4 for general M

Finally, we now address the general case of Theorem 2.4 by reducing to the case
considered in Section 2.2 after dividing [N] into subintervals of appropriate lengths.
Since each P; has (C, q)-coefficients and deg P; <d, we have for 1 <y < M,

[Pj(y)| < dC?q*!y|? < dC?q" M. (2.11)

Set Ny = dC?q?~1M?. We may assume that Ny < N, since otherwise N/(dC?) <
q@1M? < N and the conclusion follows from the previous case (after replacing C
by dC?). Now divide [N] into a collection Z of < N/Nj subintervals, such that each
interval I € 7 has length between Ny and 2Nj.
For the rest of the proof, fix some 1 < i < m, and we aim at deducing the
correlation condition for f;. Writing f;|; for the restriction of f; on I, we have

N
|Ap1, p, (fos s ficts filr fivrs ooy fm)| >0 - Wo’ (2.12)

for each interval I in a subcollection Z' of Z with |Z'| > N/Ny. Note that if
x + Pi(y) € I, then from (2.11) we have x € J and = + Pj(y) € J for each
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1< j < m, where J = I 4+ [-2Ny, 2Ny] is an interval of length at most 6/ Ny. Hence
we may assume that all of the functions fo, ..., fi—1, fil1, fiy1,. .., fm appearing in
(2.12) are supported on J. By defining f; to be a suitable shift of f; for j # i and
defining ﬁ to be a suitable shift of f;|;, we may ensure that each fj is supported
on [1,6Np] and obtain

}AGN()’ m(.f(b.fl,'" 7fm)|>>($

Since q?~'M? =< Ny, it follows from the conclusion in Section 2.2 that there exist
positive integers ¢; <c.q 679W and b; < 1, as well as a 1 bounded function
¢1 : Z — C which is O¢ 4((q/8)°M) M~%)- Llpschltz along ¢7¢" - Z, such that

|Z filr(@)dr(x)| >c.a 694 Ng. (2.13)
TEL

By the pigeonhole principle, there exists a subset Z” C I’ satisfying |Z”| >c.q
594 N/ Ny, such that ¢; = ¢’ and by = b are independent of I for I € Z".

For I € 7", we may change the values of ¢; near the endpoints of I appropriately
to obtain a modified function ¢} : Z — C which is supported on I and takes the
value 0 at the endpoints of I, while ensuring that ¢ remains O¢ 4((¢/8)°™M M~%)-
Lipschitz along ¢'q” - Z and that (2.13) still holds with ¢; replaced by ¢’. More
specifically, let

" 1ON |Z fili(@)pr(2)] >c,q 6910,

If I = [u, v] then we define ¢/ by ¢I(a:) =0 for z < w and for z > v, ¢} (x) = ¢1(x)
for € [u+ nNo,v — nNy], and requiring that ¢’ is linear on [u, u + nNy] and on
[v—nNo, v]. By linearity, ¢/ is O(nleO*l) Lipschitz on [u, u+nNp] and [v—nNg, v],
and thus the desired Lipschitz condition on ¢7 is satisfied. Moreover, replacing ¢; by
¢’ in (2.13) does not change the summand unless = € [u, u+nNp] or z € [v—nNoy, v].
Since there are at most 27Ny such values of z, it follows that (2.13) remains valid
for ¢ by our choice of 7.
Next, by replacing ¢} by z;¢; for some complex number z; with |z;] = 1, we

may assume that

> fililw ) >c.a 67YN,.

TEL

Finally, define ¢ : Z — C by gluing the functions ¢/ together for I € Z"; i.e. set
o(x) = ¢ (x) if & € I for some I € " and set ¢(x) = 0 otherwise. This establishes
the desired conclusion, thereby completing the proof of Theorem 2.4.

3. Local factors

In this section, we adopt the notation for factors from [15], originally derived from
ergodic theory; see also [26, Section 4].

DEFINITION 3.1. (Factor) We define a factor B of [N] to be a partition of [N],
so that [N] = UpepB. A factor B’ refines B if every element of B is a union of
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elements of B'. The join By V ---V By of factors By, ..., Bq is the factor formed by
taking the d-fold intersections of the elements of By, ..., By, that is,

Bl\/'”\/BdZ:{Blﬂ-"ﬂBd:BiEBifOTizl,...,d}.

DEFINITION 3.2. (Measurability, projection) Given a factor B of [N], we say that
a function f : [N] — C is B-measurable if it is constant on the elements of B.
Define the projection of any function f : [N] — C onto B by

HBf(x) = EyEB(af)f(y)v (31)
where B(x) is the unique atom of B containing x.

Notice that Iz f is B-measurable and corresponds to the conditional expectation
of B with respect to the o-algebra generated by the elements of B. The following
lemma illustrates why we work with projections onto factors: the {2-norm of such
projections is non-decreasing under refinement of the factor. For this reason, we
refer to HHBng as the energy.

LEMMA 3.3. (Pythagoras theorem for projections) Let B, B’ be factors of [N] such
that B’ refines B. Let f : [N] — C be a function. Then

10 1], = [T ], + [/ = T s
Proof. See [26, Lemma 4.3]. O

In this paper, we will exclusively work with factors whose atoms are arithmetic
progressions.

DEFINITION 3.4. (Local factor) Let B be a factor of [N]. Let ¢, M > 1. We say
that B is a local factor of resolution M and modulus q if every atom of B is an
arithmetic progression of step g and length in [M,2M].

For example, the trivial factor consisting of only one atom is a local factor of
resolution NV and modulus 1. Our definition of local factors is motivated by, but
slightly different from, the definition in [26], where the atoms are required to have
length exactly M. This flexibility leads to the following simple lemma which turns
out to be rather convenient for our arguments.

LEMMA 3.5. (Existence of local factors) Let B, B” be local factors of [N] of modulus
q and resolution M, M" | respectively, and 100M" < M. Suppose that B" refines B.
Then for any integer M’ € [10M", M/10], there exists a local factor B’ of [N] of
resolution M’ and modulus q, such that B’ refines B and B" refines B'.

Proof. Let P be an arbitrary atom of B, so that P is an arithmetic progression of
step ¢ and length in [M,2M]. Since B” refines BB, we have a partition

P=PUPU---UP,,

where each P; is an atom of B” which is an arithmetic progression of step ¢ and
length in [M"”,2M"]. Without loss of generality, we may assume that all elements
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of P; are smaller than all elements of P; whenever i < j. Let x; = |P;|/M’ so that
x; < [y, 2y] where y = M /M’ < 1/10. Then
Pl M

S:$1+$2++$TZM2M>IO

We will define a sequence
O=tg <ty < - <ip_1 <l =T,

such that
Lij 141 +ot Ti; € [L 2]7

for each 1 < j < k. Once this construction is completed, we can partition P into
k arithmetic progressions P;, ;1 U---U P;; (1 < j < k), each of which has step ¢
and length in [M’,2M’]. Performing this procedure for each atom of B, we obtain
the desired refinement B’ of B.

To construct the sequence {i;}, first choose a positive integer k such that s/k €
[1.4,1.6]. The existence of such k easily follows from s > 10. Now, for each 1 < j <
k, define 7; to be the smallest index with the property that

js
T1+ a2+ @y 2?.

Clearly we must have i, = r and the upper bound

S
SL‘1+$2+---+(L‘Z‘]. <$1+~-~+$ij,1+2y< %4—02
It follows that
S | — 1)s s
Ty g1t @, < %+0.2f% = +02<18
and
js (j— s s
Ti b, 2 (S 102) = 202212

This completes the proof. O

In our proof of the popular difference result (Theorem 1.2), we need to work with
a chain of local factors where each factor in the chain refines the next one.

DEFINITION 3.6. (Local factor chain) Let q, My, ..., M,, be positive integers. Let
Bi,...,Bm be local factors of [N] of modulus q and resolution My, ..., M,,, respec-
tively. We say that (By,...,By) is alocal factor chain of resolution (M, ..., My,)
and modulus q, if B; is a refinement of B;11 for each 1 <i < m.

Let (By,...,Bn) and (By,...,B.,) be two local factor chains. We say that
(BY,...,B.,) refines (Bi,...,B.y) if B, refines B; for each 1 < i < m.

To visualize the relationships between factors, we use the notation B — B’ to
indicate that B refines B’. Thus a local factor chain (B, -, B,,) can be visualized
as:
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Bl 82 . Bm

and the relationship that (Bf,--- ,B.,) refines (By,--- ,B,,) can be visualized as:
Bl 82 - Bm

LEMMA 3.7. (Existence of local factor chains) Let (By,...,B,) be a local factor

chain of [N] of resolution (Mu,...,My,) and modulus q. Let ¢',M{,..., M/ be
positive integers such that ¢’ is divisible by q, and

~

M,
1M, < Tl < o
q 10

for each 1 < i < m, with the convenience that My = 1. Then there exists a local
factor chain (BY,...,B.,) of resolution (Mj,...,M] ) and modulus ¢’ such that
(By,...,B,) refines (By,...,Bm).

Proof. First we prove the lemma in the special case ¢ = q. For each 1 < i < m,
we will apply Lemma 3.5 with B = B;, B” = B;_; (taking By to be the trivial
factor where each atom is a singleton), M = M;, M" = M,_1, and M’ = M/. The
hypothesis 10M" < M’ < M/10 is satisfied by our assumption. Hence we obtain a
local factor B of resolution M, and modulus ¢, such that B, refines B; and B;_1
refines B;. The following diagram illustrates the construction in the case m = 3,
where the dotted arrows represent refinement relations from applying Lemma 3.5:

By B, B B

Lemima3.5 fLem.vma3.5 ELeTr.Lvmq3.5
o P P

Since Bj]_, refines B;_1 and B;_; refines B}, it follows that B;_; refines B] for all
2 < 1 < m, as illustrated in the diagram above by the double arrows. Therefore,
(BY,...,B,,) is a local factor chain which refines (By,--- ,By,), as desired.

Now We treat general ¢’. By the above procedure, we first obtain a local factor
chain (BY, ..., B! ) of resolution (¢’ M/ /q,- - - ,q' M/ /q) and modulus g which refines
(By, ... ,Bm). Next7 for each 1 < i < m, divide each atom of B into residue classes
modulo ¢’ to form a refinement B} of BY. Since the atoms of B have length in
[¢'M!/q,2q' M!/q] and have step g, the atoms of B} have length in [M’ 2M!]. Hence
(Bi,...,B,,) is a local factor chain of resolution (Mj,...,M,,) and modulus ¢’

m

which refines (BY,--- ,B). This completes the proof. O
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4. Polylogarithmic bound in the density result

In this section, we prove Theorem 1.1 using the improved density increment strategy
developed by Heath-Brown [18] and Szemerédi [31]. For convenience, we follow the
presentation in Green—Tao [15].

We begin by briefly outlining the idea. Assume that A C [N] is a subset of density
« that contains no nontrivial polynomial configurations. Since Lipschitz functions
are nearly constant on long arithmetic progressions, Peluse [25] deduced from the
inverse theorem (Theorem 2.4) and pigeonhole principle that that there exists a
progression P on which A exhibits a density increment of size «®®). It turns out
that this approach typically requires O(a_o(l)) iterations to reach a contradiction.
The strategy adopted in this section improves on this by collecting several Lipschitz
functions together to construct a new one, and then decomposing [IN] into progres-
sions on which this composite function is nearly constant. This refinement allows
us to obtain a density increment of size ca on one of the progressions, thereby
reducing the number of iterations to just O(log1/a). While the progressions used
at each step are shorter than those in Peluse’s approach, it was observed in [15]
that the progression length plays a less critical role in the overall argument.

Let us clarify the above argument. We first construct a nonnegative structural
function g > 0 such that it has the same mean value as 14 (say, «), and the
corresponding counting expressions weighted by ¢ and 14 are comparable. This
construction is formalized in Lemma 4.1 below. We then carry out the density-
increment argument with respect to g. Lemma 4.2, in essence, asserts that the
density of g increases by a factor of at least (14c¢)a on some arithmetic progression.

LEMMA 4.1. (Weak regularity lemma-I) Let M, N,q be positive integers and let
Py, ..., P, € Zly] be polynomials with (C,q)-coefficients such that deg Py < --+ <
deg P,,,. Suppose that f : 7Z — C is a 1-bounded function supported on the interval
[N]. Let d = deg P,,, and assume that M < (N/q%=)/. For § € (0,1/2), one of
the following two statements holds:

(1) M <c.a (q/0)%+™).
(2) There exist positive integers Q,b, My, ..., M, with

Q < exp(Oc,a(67%M)), b<yl, M;>caQ 1(8/q)0 W Mdeels,

and local factors By, ..., By on [N] of resolution My, ..., M,,, respectively,
and modulus Qq®, such that

AR o (fooe /) = ARM o (f1g, f,... 15, f)| <6

----- m IERRE)

Proof. Let b’ = V/(d) be a positive integer chosen sufficiently large in terms of d,
and let C’ = C’'(C,d) be a constant taken large enough in terms of C,d. Set Q
to be the least common multiple of all positive integers at most C’ 6=, and set
M; = C'=1Q~1(6/q)" Md&Pi The desired bounds for Q and M; are then satisfied.
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Let By,...,B,, be local factors on [N] of resolution My, ..., M,,, respectively,
and modulus Qg°. Decompose Agf,]\.{,Pm (f,...,f) into 2™ terms of the form

N,M
APl,.A.,Pm (.fv g1, .- agm)v

where each g; € {Ilg, f, f — I, f}. It suffices to show that if g; = f — Ig, f for
some 1 <7 < m then

N,M ]

|AP1,__47Pm(fa gis- -5 9m)| < om"

Suppose, on the contrary, that this is not the case. Then by Theorem 2.4, either

M <caq (g/6)%*(M) in which case we are done, or there exist positive integers

q¢ <o 6-94M) and b <4 1, as well as a 1-bounded function ¢; : Z — C which is
L-Lipschitz along ¢'¢" - Z for some L < ¢ 4 (q/5)%*(M M~ e P such that

’Z gi(@)¢i(x)| = 0N,

TEZ

for some n >cq §94(1) We may ensure that b is a constant depending only on d
and that ¢’ | Q by choosing ¥/, C’ large enough. If z,y lie in the same atom P of
B;, then ¢'q® | x — y and |z — y| < 2Q¢"M;. Hence

|¢i(x) — ¢s(y)| < Llz — y| < 2LQq"M;,

which we may ensure to be at most 1/2 by choosing &', C’ large enough. Since P is
an atom of B;, the average of g; = f — g, f on P is 0. It follows that

I3 ai(@)it)| < 3alP)

reP

for each atom P of B;. This leads to a contradiction after summing over all atoms
and concludes the proof. d

LEMMA 4.2. (Density increment) Let M, N, g be positive integers and Py, ..., Py, €
Z[y] be polynomials with (C,q)-coefficients such that deg Py < --- < deg P,,. Let
d = deg P, and M = (N/q*~")Y/?. Suppose that A C [N] has density o := |A|/N
and contains no nontrivial progression of the form x,x + Pi(y),...,x + Pn(y).
Then either N <c.q (¢/)9(Y) or there ezist integers ¢’ < exp(Oc,q(a™94M)),
b <41 and an arithmetic progression P C [N] of modulo q'q® and of length >c 4
(a/q)P+ M Mee Pr /g such that

|[ANP| = a(l +0)|P|
for some constant ¢ = ¢(C,d) > 0.

Let us state the following !'-control lemma which will be used in proving
Lemma 4.2. This lemma is an extension of [26, Lemma 5.1], and its proof is
elementary.
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LEMMA 4.3. (I'-control) For any functions fo,..., fm : [N] = C we have

N,M _
AR b (oo ) | S NIl T
j#i
Proof of Lemma 4.2. By the assumption on A, we have Aﬁl’f‘{’Pm(u, ., 14)=0.
Besides, it is obvious that

A b (Lasading, .o alyy) = leA S i+ Pi) 1y
TEZL yEe[M]

X (x 4+ Pn(y)).

Let n > 0 be a constant sufficiently small in terms of C,d so that |P;(y)| < N/10
whenever 1 <y < nM and 1 < i < m. It follows that

Agl,,].v.[.,Pm(lA’ Oél[N], ey Ozl[N])

2% S tal@) Y i@+ Pi) - A + Py))

z€[N/3,2N/3] ysnM

> ﬁ‘A N[N/3, 2N/3]’ M. (4.1)

If AN [N/3,2N/3]| < aN/10, it follows from the pigeonhole principle that either
|[AN1, N/3| > aN/5, or |A N [2N/3,N]| > aN/5, and the conclusion follows
by taking either P = [1,N/3] or P = [2N/3,N]. Hence we may assume that
|[AN[N/3,2N/3]| = aN/10 in the following. In light of (4.1) one has

AN7M m—+1

n
P, H,Pm(lAVO‘l[N]’ RN al[N]) > Toa
On the other hand, by the weak regularity lemma (Lemma 4.1) applied to f =
14 and § = na™*1/20, we can find local factors By, ..., B,, on [N] of resolution
My, ..., M,,, respectively, and modulus ¢'q® for some ¢’ < exp(OQd(a_Od(l))),
b<gland M; >cq (a/q)% M MIeP: /¢ such that

am+1
’Agl’y,7pm(1A7HBllAa---aHB,nlA)| <! 50
We may decompose A Pm(lA,Oll[N], ...,alpyy) into 2™ terms, each of which
takes the form
N,M
APl: ; m(lA7gl7...7‘gm)’

where each g; € {IIp, 14, al;n) —IIp,14}. It follows that

naerl

N,M
AR e (L4 g1, 0m)| = 55— (4.2)
for some choice of g1,..., gm, at least one of which (say g;) is g; = al;y) — 5, 14.
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Assume, for the sake of contradiction, that the desired density increment does
not occur. Then the density of A on each atom of each B; is at most (1 + ¢), so
that ||g;]lec < (1 + ¢) < 2a for every j. Moreover, since g; = aljy) — s, 14 takes
constant values on atoms P of B;, we have

lgills = > |2 s 1a@) = alPl| = 3 [lAN Pl - alP|.
pPeB; zeP PeB;

On the other hand, we observe that the assumption E,¢[njla(z) = o implies that
>_zen) 9i(x) = 0. From these two formulas, we then deduce that

lgills =2 > max{|AN P| - a|P|,0} < 2caN.
PeB;
Thus, it follows from Lemma 4.3 that
AR (a9t g S NHgilla [T lgilloe < 27 a2,
J#i
This contradicts the inequality (4.2) if ¢ is sufficiently small. O

Proof of Theorem 1.1. For k > 0, we iteratively construct positive integers Ny, g,
polynomials P® for 1 < i < m, each with (C,g)-coefficients and satisfying

K3

deg P — deg P;, and subsets A, C [Ng| of density oy := |Ag|/Ni which contains
3

no nontrivial progressions of the form z,z + Pl(k)(y), T P,(f)(y).
For convenience, we write d = deg P, and d; = degH- for each i. We begin the
iteration with Ng = N, ¢o =1, P(O) P for 1 <i<m, Ag = A. At step k, either

we have N, <c g4 (qk/ak)od(l) in which case we terminate the iteration process,

or, by Lemma 4.2, there exist ¢’ exp(Oc aloy, a1 ))) b <4 1 and an arithmetic

progression P C [Nj] of modulo ¢ = ¢’¢% and of length >¢ 4 ¢'~ 1(ak/qk)od(1) N/d

such that
|[Ax N P| > ag(1+ )P, (4.3)

for some constant ¢ = ¢(C,d) > 0. Let Ni41 = |P| and write P = ¢ - [Ng41] +m
for some m € Z. Define

Ak+1 = {.’17 S [Nk+1] lqr+me Ak}

Then inequality (4.3) yields that e | "“I = ap+1 = ar(l+c¢). Since Ay contains no
nontrivial progressions of the form

k
gz +m,qz +m+ P (qy), -+ gz +m+ P (qy),
it follows that Ax,1 contains no nontrivial progressions of the form

k+1
13,1'+P1( " )(y)a a$+Pr€f+1)(y)a

where Pl-(kﬂ)(y) = P( (qy)/q has (C, qx+1)-coefficients with gx11 = qrg = 27 ¢
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Suppose that the process above terminates at step K. Since

12ak > (1+0)"

we have

log(1/a) 1
< —=1" log —.
log(1 + ¢) <c,alog «Q

From gi11 = ¢ "¢ it follows that

K—1 K
are < ()OI AOEDT () DT L exp(—Oc,q(atM)).
Since for any 1 < k < K we have

Nisr > ¢, 2" exp(=O0c.a(ay, @ )N > exp(—Oc,alay, V)N CD,

it follows that
Ng > exp(—qu(a*Od(l)))Ndl/(2d)'

Since N < (qx /o )P < exp(Oc,q(a9+M)), it follows that

Ndl/(2d) < exp(Ocyd(a_Od(l))),

which implies that o < (log N)~¢ as desired. Therefore, the proof of Theorem 1.1
is complete. O

5. Popular common difference

We plan to prove Theorem 1.2 in this section. The guiding philosophy of our
approach aligns closely with that of [13, 28]. Specifically, given a function f our
goal is to find a regular function g and a subset H of [N] such that f and g exhibit
similar densities of polynomial configurations with common differences in H, while
g remains nearly constant under shifts by elements of H.

To this end, we introduce the following expression in this section. Suppose that
q < M < N are integers, and Py,..., P, € Z[y] are polynomials. Suppose that
fos--y fm 1 Z — C are functions supported on the interval [N]. Set

Agl,M,q,,L(fmfl,---,fm = 1ZE96M fO fl(x+P1< ))fm(-r+Pm(y))

zeZ aly

Given a function f, the first step towards our goal is to find regular functions
91s---,9m and set H = {y € [M] : q|y} such that

Agl,]wq (f77f) ANMq (fagl, 7gm)

PROPOSITION 5.1. (Weak regularity lemma-I1) Let Py,..., B, € Z[y| be polyno-
mials of (C,1)-coefficients and such that deg P; < ... < deg P,,. Let d = deg Py,
and d; = deg P;. Let ¢ € (0,1) be real and N a positive integer. Then either N <
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exp(exp(Oc.a(e~P1M))) or the following statement holds. If fo,..., fm : Z — C
are 1-bounded functions supported on the interval [N], then there exist ¢, M with

NY4 > M > exp(exp(—Oc,a(e~2*M))NY4, g < exp(exp(Oc,a(e~9*M))),

and a local factor chain (Bi,...,By) on [N] of resolution (M, ... M) and
modulus q, such that

(AR (fou fuy o fm) — AR (fouTIs, f1, .. Mg, fn)| < &

REMARK. The quantitative bounds for ¢ and M come from the bounds in our
inverse theorem (Theorem 2.4). Roughly speaking, we will iterative construct a
sequence {g;};>0 and take ¢ = ¢; for some j < =9 At each iteration step,
we apply the inverse theorem to produce ¢;41 from g;, with ¢j41 = ¢/ q? for some
¢ < e %M and b = O(1). This implies that g; is of the shape e~?(") leading to
the doubly exponential bound for ¢, and hence for M as well.

For the nonlinear Roth pattern studied in [28, Theorem 6.1], one can obtain
(single) exponential bound in the popular difference result, thanks to having a
version of Proposition 5.1 where one can take gj11 = ¢’g; in each iteration in the
proof. Attaining this improvement in the general setting of Theorem 1.2 seems to
require an inverse theorem with a precise value of b, possibly with b = d.

Proof. We shall apply the energy increment argument to prove this proposition. For

j = 0, we will iteratively construct a sequence of local factor chains (ng ), cee B%))
on [N] of resolution (Md1 - Mdm) and modulus g;, such that (B§]+1), e B%H))

refines (ng )7. . Bm ) for each j, where

N > M; > exp(exp(—Oc.a((j + 1)e~CM)))NV/2,
g; < exp(exp(Oc,a((j + 1)~ %M))). (5.1)
For j =0, let (Bgo), e ,BSS)) be a local factor chain of resolution (MJ",-- -, Mg™)

with My = N'/¢ and modulus ¢y = 1. The existence of such a local factor chain
easily follows from Lemma 3.5. If we have, for some j > 0,

N M;j,q; N M] i
’ Pl:s i (f07fla"' afm) - N 9 (f07 B(J)fl?"' 7H35é)fm)| < g, (52)

then we terminate the iteration process. We will show that the process must be
terminated for some j <cq =9 which would conclude the proof by taking
B; = BEJ), q = gj, and M = M;.

Now suppose that (5.2) fails. The left-hand side of (5.2) can be decomposed into
the sum of m terms of the form

N,eM;
API’E e qJ(fO?.gl,"' 7g7ﬁ717fi _HB(j)fiagi+la"' agm)a

Pr,

where gp = Il ;) fe for £ < ¢ and g, = f; for £ > 4. By the pigeonhole principle,
14

there exists at least one ¢ € {1,...,m} such that

N,eM;,
|AP1:€ ) qJ(vaglv"'v.fi 7HB’(L_J')fia""gm)| 2 E/m'
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Set Qi(y) = Pi(g;y) for all 1 <1 < m. Recalling Definition 2.1, the assumption that
Py, ..., Py have (C,1)-coefficients implies that Q1, ..., Q. have (C, q?)—coefﬁcient.
Therefore, recalling the notation (1.1), we can conclude from the above inequality
that

N,eM;/q;
|AQ16,714(3: (angh .. 'af’i - HB(j)fiy' .. 7gm)‘ 2 E/Tn~

By Theorem 2.4, either we have eM;/q; <c.a (¢;/¢)%*") in which case the bound
N < exp(exp(Ocyd(a_Od(l)))) follows and we are done, or else there exist positive
integers ¢’ <¢.4 e 9 b <4 1, and a 1-bounded function ¢ : Z — C which is
Oc,a((qj/€)° 1)M - Llpschltz along ¢ qb Z, such that

D (fi = T ) (@)()] = 0N, (5.3)

TEL

for some 7 >cq g94(1) | Set Gj+1 = q’q? so that gj41 satisfies the bound in (5.1).
We may choose M1 satisfying the bound in (5.1) while ensuring that

M
J
B M < -

and ¢ is 77/(10M]+1) -Lipschitz along g;41 - Z. Moreover, for each 1 < i < m we
have (with the convention that dy = 0)

i di_1/d d;
10M = < 10NS—/4 < |

thanks to the lower bound for M;,; in (5.1), unless N < exp(exp(Oc¢,q(e~9M)))
in which case we are done. By the two inequalities above, we may apply Lemma

3.7 to find a local factor chain (B§j+1)7 e 7B%+1)) of resolution (M;ij_l, . M;l_’;l)
and modulus ¢;;1 which refines (B%j), - ,B%)).

Since the Lipschitz property of ¢ implies that

6z + a419) — 9()] < g for ly] < 202,

the left-hand side of (5.3) can be written as

Zcb p) Y (fi = g fi)(@) + D Y (fi = Wi ) (2) (9(x) = dlp)),

zeP P zeP

where the outer summation is over all atoms P of ng T and p is an arbitrary
element in P. In the second term above, each summand is bounded by 7/2 in
absolute value since x—xp = ¢;41y for some |y| < 2M jd+1 It follows from inequality
(5.3) that

https://doi.org/10.1017/prm.2025.10103 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10103

24 X. Shao and M. Wang

SN < D16t U~ T )| € [ 5~ Mg o)

zEP P xzeP

Since B;jﬂ) refines ng), we have

Z(fi g fi)(x Z Ugoen (fimllgo fi)(@) = Z (HBE.H—I)fi(x)_HBIQj)fi(x)),

zeP zeP zEP

and hence
T +0 fi — g fillh > 0N >0 2N,

By orthogonality (Lemma 3.3) and then Cauchy—Schwarz, it follows that
Mga+n fillz = g fillz = [Hguen fi = Mg filla >c.a 91N,
and hence
; M0 fell2 = ; Mg fellz = [gon fillz = [[gw fill2 >c.a 94N,
Hence (5.2) must hold for some j <4 e~4(1). This concludes the proof. O

Proof of Theorem 1.2. Without loss of generality, we may assume that deg P; <

- < deg Pp,. Let d = deg P,,,. Choose a constant C' such that Py,---, P, have
(C, 1)-coefficients. By Proposition 5.1 applied with fo = f1 = -+ = fi,, = 14, we
find integers q, M with

NY% > M > exp(exp(—Oc,a(e 9*M))) NV ¢ < exp(exp(Oc,a(e~9*™M))),

and a local factor chain (By,---,B,,) on [N] of resolution (M9, ... M9m) and
modulus ¢, such that

|Ag1761\/{1g (1147114’ al ) ANEMjg (1A7H811A7"' 7HBm,1A)| Se
We will show that
AN EM’lg (1,4, H61 1a,-- ,HerlA) > gmtl Oc)d(E). (5.4)
This would imply that the expression

ARME (La,eee1a) = NZ]EyQMlA( 2)1a(z+ Pi(y)) - 1a(z + Pn(y))

TEZ aly

is at least 0™+! — Oc,q(e). Hence, by pigeonhole principle, there exists a positive
integer y < eM with ¢ | y such that

La()la(z + Pi(y) - 1a(@ + Pn(y) = (6™ = Oc.a(e))N,
>

T€EZ

which concludes the proof.
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To prove (5.4), note that the left-hand side is
~ ZEyﬂsM La(z)(Up, 1a)(z + Pi(y)) - -~ (s, 1a)(x + Pr(y)).
TEZL o

For y < eM and q | y, we have ¢ | P;i(y) and |Pi(y)| <c.a eM% for each i. Thus
for such values of y, the elements x, z + P;(y) lie in the same atom of B; for all but
Oc.a(eN) values of x € [N]. It follows that the left-hand side of (5.4) is

*ZlA )M, 14) () - - - (g, 14)(x) + Oc ale).
TEZL

The desired lower bound follows from the lemma below. O

LeEmMMA 5.3. (Combinatorics of projections) Let X be a finite set of integers and
let f: X —[0,1] be a function with Exex f(x) = 6. Suppose that By, -+ , By, are
factors of X such that B; refines Biy1 for each 1 < i < m. Then

Evex (g, f)(x) - (g, f)(x) > 6™

Proof. We first claim that for any atom P € B,, and letting ép = E,ecpf(x), the
following inequality holds

Evcp(lls, f)(x) - (s, f)(x) > 0F.

Assume this claim, one can deduce from Holder’s inequality that

Ezex (g, f)(z) - (g, f)(z) = Epes,, Ezep (s, f)(2) - - - (Us,, [)(z)
> Epeg, 0p = Epen,, (Ezepf(2)™ = (Evex f(z))™
=0,

Thus, it remains only to prove the claim. We proceed by induction on m. For the
base case m = 1, it follows immediately from the definition that

E:L’€PH31 f($> = ]Ea:ePf(x) = 6P~

Now we suppose that m > 2, and assume the inductive hypothesis holds for m — 1,
that is, if @ € By,—1 and dg = Eg(f) is the density of f on @, then

E$€Q(HB1 f)(.’l?) e (HBm71 f)($) = 65_1.

Since Ilg,, f takes the value ép on the atom P € B,,, we have

Evcp(Ilp, f)(x) - (U, f)(x) = 0pEecp (g, f)(z) - (Up,,_, f)(z).

Since B,,,_1 refines B,,, we may decompose P as a disjoint union of atoms in B,,_1,
i.e. P =UgQen,,_,npQ, Using the inductive hypothesis and Holder’s inequality, we
get
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Ecep(Us, f)(x) - (g, [)(@) = Eqes, 1nPEreqUls, f)(2) - (5, f)(z)
> EQeBm_mPfsg_l > (Eqes,,_1nPEzeqf(x)™ !

=
> ot
Combining the above two inequalities, we conclude that

Ever(Ils, )(@) - (s, f)(x) > 0p - 65" = op,
as claimed. O
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