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Abstract

The finite families of biorthogonal rational functions and orthogonal polynomials of Hahn type are interpreted
algebraically in a unified way by considering the three-generated meta Hahn algebra and its finite-dimensional
representations. The functions of interest arise as overlaps between eigensolutions of generalized and ordinary
eigenvalue problems on the representation space. The orthogonality relations and bispectral properties naturally
follow from the framework.
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1. Introduction

This paper initiates a program aimed at extending the Askey scheme to biorthogonal rational functions
(BRFs) from arepresentation theoretic perspective. The approach will treat in a combined way both BRFs
and orthogonal polynomials (OPs) with this article focusing on terminating 3 F, series (i.e., functions
of the Hahn type). The program hinges on the introduction of meta algebras whose name indicates that
they subsume the algebras of Askey-Wilson type [1] known to encode the bispectral properties of the
Askey-Wilson polynomials and their limits and specializations. One feature of these meta algebras is
that they admit as subalgebra a two-generated algebra modeling a noncommutative plane [2].

By and large, the broad strategy to provide a unified algebraic interpretation of the finite polyno-
mial families of the Askey scheme and their rational function companions is as follows. First, construct
the finite-dimensional two-diagonal representation of all three generators of the meta algebra. Second,
introduce various bases for these modules that are defined as solutions of Generalized Eigenvalue Prob-
lems (GEVP) and their transpose or of ordinary Eigenvalue Problems (EVP) and also of their transpose,
set up on the two-diagonal representation space and solved using the known actions of the generators of
the meta algebra. Third, construct overlaps between these different bases to be identified as the special
functions of interest. As a consequence of the fact that eigenbases are used, the resulting special func-
tions are by construction bispectral, and this is straightforwardly spelled out. Moreover, orthogonality
relations are found between overlaps involving correspondingly the eigenbases of transposed problems.

This general program will be realized here for functions of the 3 F; type. The intent is to develop this
algebraic treatment for polynomials and rational functions of the 4 F3 type and for the basic (g—analogs)
3¢ and 4¢3 types subsequently.

The key starting point is obviously the identification of the meta algebra in the present case, the meta
Hahn one. Two previous papers have paved the way in this respect. In [3], it was observed that three
different operators X, Y, Z act in a three-diagonal fashion on a monomial rational basis. It then proved
possible to obtain the rational functions of Hahn type as solutions of the difference equation given by
the GEVP involving X and Y. The biorthogonal partner was provided by the adjoint problem. It was
also seen that the GEVP defined rather in terms of X and Z provides a recurrence relation to show that
the Hahn rational functions are biorthogonal and bispectral. It was further found that the difference
operators X, Y, Z formed an algebra that was called the rational Hahn algebra.

The idea of a unified algebraic treatment for both polynomials and rational functions of hypergeo-
metric type was first put forward and realized in [4] where the meta Hahn algebra m$) was introduced.
Elements of the abstract representation theory of m$ were developed directly in eigenbases of GEVP
and EVP associated to the generators. It was shown that the overlaps between these bases are generally
bound to be bispectral orthogonal polynomials or biorthogonal rational functions, but it was only through
the introduction of (differential or difference) models that the specific special functions were arrived at.

We now aim to provide a model-independent algebraic treatment of the Askey scheme enlarged to
biorthogonal rational functions. It is hence appropriate to begin as a first step by revisiting the Hahn
functions from this perspective and to record how the full characterization of these polynomial and
rational functions can be synthetically derived from a remarkably simple algebra.
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The organization of the paper will follow the general strategy sketched above. The framework for the
joint algebraic interpretation of OPs and BRFs will be explained in more precise terms in Section 2.
Working out the Hahn case will thereafter be the objective for the remainder of the article. The definition
of the meta Hahn algebra m$ will be recalled in Section 3. How the Hahn algebra $) associated to the
Hahn OPs embeds in m$ will also be spelled out. The finite-dimensional two-diagonal representation
of m$ will be given in Section 4. The eigenvector bases will be explicitly constructed in Section 5. The
representations of m$) on these bases will be discussed in Section 6. How the OPs and their properties
emerge in this framework will be the object of Section 7, and the corresponding BRFs will be introduced
and analyzed in Section 8. An outlook and perspectives will form Section 9. Appendix A comprises a
compendium of formulas for the actions of the generators in various bases.

2. The general framework

A meta algebra (associated with finite families of functions) will have three generators X, Z, V and will
possess in particular a (N+1)-dimensional module M over R, equipped withabasis {| n),n =0,..., N}
in which all generators act in a ‘two-diagonal’ way (see Proposition 1) and, the standard scalar product
denoted by (x | y ) for any two vectors | x ), | y) € M. It is assumed that the basis vectors | n ) satisfy
the orthonormality condition

(n|m)=06mnpforO<n,m<N. 2.1

Corresponding to the embeddings of an Askey type algebra and of the associated rational algebra that
they exhibit, meta algebras have the feature of encompassing a Leonard pair [5] formed by V and W
(see below) and a GEVP- EVP analog involving (X, Z) and V [4].

2.1. Bases for M

In addition to the basis { | n) }, the following eigenbases of M associated to Generalized Eigenvalue
Problems (GEVP) and ordinary Eigenvalue Problems (EVP) will hence be called upon.

o GEVPbases {|d,)}.{|d;)},n=0,...,N:

(X =An2) | dn) =0, (2.2)
(XT-2,Z7) | d;)=0. (2.3)

Here and in the following, we shall not distinguish between the generators and their representation as
operators acting on M since the context will always make clear what is understood. With this noted, X "
denotes the transpose of the operator X and similarly for Z: {(u | X | v) =(v | X" |u),¥Y |u),|v) €
M. The vectors involving an * in their notation will always correspond to the transposed problems. To
be clear, we can take operators on M to be defined by their matrix representations in the orthonormal
basis {| n), n = 0,..., N}. We then have, for example, (m | X | n) = Xy, implying Xl = X,
Since all eigenbases will eventually be given through expansions over the {| n )} basis, this leaves no
ambiguities in the definition of the transposed of operators.

o EVPbases {[en) }. {|e;) L{I /) 1 {1 /i) }, n=0,....N:

Vien)=punlen), 24
Vilen)=unlep), (2.5)
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and with W = X + pZ where p is a real parameter:

Wl fu)=vnlfu) (2.6)
WLy =val fi)- 2.7

We have the following orthogonality relations:

(er len)=x"0mn, (2.8)
ol ) =& Smms (2.9
(& | Z | dny=(d | Z7) | dp) =W, S,  mon=0,1,...,N, (2.10)

where the constants «,, {,,, w, define the norms of the basis elements. Note thatoverR, (u | v) = (v | u)
for | u),| v) € M. While the first two relations (2.8), (2.9), are well known, the third (2.10) could be
less familiar. It is proven as follows. We have

Al dy | Z L dn) =(dpy | X | dn) = (dp | XT) | dn) = 4n((dyy | Z7) | di ), (2.11)

which implies (1, — 4,,){d};, | Z | dn) = 0. For (2.10) to follow, it is necessary that 4,, are distinct (i.e.,
An # A for n # m). This assumption ensures that ( d;, | Z | d, ) = 0 whenever n # m, leading to the
desired orthogonality condition. The corresponding completeness relations take the form

N

Diknlen)en =1, (2.12)

n=0

N
Zén | fa) (S 1= 1, (2.13)
n=0

N
anz | du)(d5 |= 1. (2.14)
n=0

2.2. Overlaps

The following set of functions of the discrete variable n and labeled by m arising as expansion coeflicients
between bases are the central entities.

o The EVP - EVP overlaps
Sm(n) = (em | fi ) (2.15)

Sm(n) = <e:1 | fu)- (2.16)

The orthogonality relations obeyed by these functions,

N

Z S (W) Sy (N)Ln = Ky} Sy (2.17)
n;O

Z gm(”)Sm(n’)Km = gy:l(sn,n’, (2.18)
m=0

are readily seen to follow from (2.8), (2.9), (2.12), (2.13). As already mentioned at the beginning of this
section, it is a defining property of meta algebras that V and W form a Leonard pair [5] meaning that
V is tridiagonal in the eigenbasis of W and vice versa. Since the functions S,,(n) and S,,(n) are both
overlaps between reciprocal eigenbases associated to the operators V and W (and their transpose) that
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must realize an algebra of the Askey-Wilson type whose representations are known to be unitarizable,
we can expect S,, (1) and S,,(n) to involve at their core the same orthogonal polynomials. (See Section
5 of [4] for ampler explanations of this point.) This will be explicitly observed in the following in the
meta Hahn case.

o The GEVP - EVP overlaps
Un(n)=<{enl|d,), (2.19)
O(n) = (€l | Z | dn). (2.20)

Stemming from (2.10), (2.8), (2.14), (2.12), the orthogonalities between these functions read

U (W) Up (W)W, = Ky S 2.21)

M= 1M

U (0)Up (0 ki = W)y S (2.22)
0

3
1i

One defining property of a meta algebra is that it contains a GEVP analog of a Leonard pair whose
features will be fully spelled out later but which is such that X and Z are tridiagonal in the eigenbasis of
V. Integrating this fact with the above definitions, it follows that U,, (n) satisfies a generalized eigenvalue
equation defined in terms of two tridiagonal matrix and, as shown in [6], is thus formed of a rational
function which will have its biorthogonal partner contained in U, (n). Again, this will all be confirmed
as we proceed.

From this point onward, we shall focus on the Hahn case.

3. Meta Hahn algebra
Definition 3.1. The meta Hahn algebra m$) is generated by X, Z and V with the defining relations:

(Z,X]=2Z+2Z, (3.1)
[X,V]=A{V,Z}+V + &1 (3.2)
[V,Z] = 2X +nl. (3.3)

Consistently, [A, B] = AB — BA and {A, B} = AB + BA. The Casimir element of m$) is given by
Q={V.,Z2+Z}+2(X*>+ Z>) + X + 2(¢ + 1) Z. (3.4)

The bispectral operators of the Hahn polynomials form a Leonard pair that realizes the Hahn algebra
$ with generators K, K. Its defining relations are generically of the form

(K1, [K2, K1]] = aK? + Ky +c1Ky +dy 1, (3.5)
[K>, [K1, K2]] = a{K1, K>} + bKy + 2K + da, (3.6)

where a, b, c1, ¢2, di, dy are central parameters. (It is assumed that a # 0, in which case affine
transformations of the generators bring the number of independent parameters to two.) A significant
feature of the meta Hahn algebra is that the Hahn algebra embeds in /it (i.e., § < m$). Indeed, by setting

Ki=W=X+pZ,  K,=V with peR, (3.7)
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and using the relations (3.1), (3.2), (3.3) of m$ and the expression (3.4) for the Casimir element Q, one
sees that K| and K thus defined verify the Hahn relations (3.5) and (3.6) with
a=2,b=2p—-¢6+2n, ¢y =-1, di = -0, 3.8)
¢y =0, dy=2¢p. 3.9
Remark 3.2. In [4], the second and third defining relations of m$ are seen to involve an additional
parameter and to be of the form
[X,V]=A{V,Z}+V+xX —xZ +&1, (3.10)
[V,Z] =2X + xZ +nl. (3.11)

It is readily seen that (3.2) and (3.3) are obtained from the latter by performing the automorphisms:

X

VoV+ EZ' (3.12)

2
X—(X4+ x> x-

This corresponds to the freedom there is in splitting the Hahn algebra generator K in two parts.
4. Two-diagonal representation

Proposition 1. The two-diagonal representation of m$ on the finite-dimensional vector space M with
basis {|n),n=0,...,N} is given by the following actions of the generators Z, X and V:

Zln)y=—|n)+a,|n+1), 4.1
X|ny=m-a)|n)y—a,(n-p) |n+1). 4.2)
Viny=@-mm-p-1n- "2, 43)
n—
with ay,n = 0, ..., N, normalization constants such that ay = 0, and a, 3 two parameters related to
the algebra parameters £,1 and N as follows:
n=-N+2a, &é=(B+1)(N-p). 4.4
Proof. Assume that
Zlny=cy|n)y+a,|n+1), 4.5)
X|ny=d,|n)+b,|n+1). 4.6)
From (3.1), one obtains
Andns1 + dpbpi — dps1bp =0,
which leads to
by =an(—n+p). 4.7
One then finds that ¢, (¢, + 1) = 0. Taking ¢, = —1, it follows that
d, =n-a. 4.8)

The first relation (3.1) thus gives the two-diagonal actions (4.1) and (4.2) of Z and X. Furthermore, the
second and third relations (3.2)-(3.3) yield (4.3) for V | n ) with the conditions (4.4) required to ensure
a finite-dimensional truncation. O
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Although this readily follows from Proposition 1, we shall record for convenience the action of the
transposed generators:

ZT|n)y=—|n)+a,_1 |n-1), 4.9
X"|ny=(n-a)|n)—an1(n—-1-p)|n-1), (4.10)

VT iny= (B-n)(n—p-1) | ny- LT =1

n

|n+1). @.11)

5. (Generalized) eigenbases

The various eigenbases of M defined in Section 2 can now be explicitly constructed given the above
two-diagonal representation of m$). The results are gathered below.

Proposition 2. The solutions to the GEVPs and EVPs of interest are given as follows in terms of
expansions over the basis { | n),n=0,...,N}:

o X|dn)=2,2Z|dn)

dn=a—n, (5.1)
N
Apdp+l " AN-1 (H—N)N_[(H—N—Cl’+ﬁ+1)1v_n
dy)= 4 5.2
[ dn ; acag1-an—1 (M= N)n_y(n—=N—-a+B+1)y_¢ 16 ©2)
o X' |dy)=4,Z"|dy)
Ap = a —n, (5.3)
N
* aopdy - --ap-1 (_n)(’(_n+a_ﬁ)n
d )= l). 5.4
dn) ; aopay -+ ae-1 (=n)p(-n+a - B¢ 16 >4
oViey)=pnlen)
Un = (B=n)(n—-p-1), (5.5
N
O aoay - ag-y ! (=N)y(=n,n =2 - 1)
en) = ; aopay - ap- LY(=N)e(-n,n =26 - 1), 16 (5-6)
o VTl e)) = tne)
Hn=(B-n)(n-B-1), (5.7
N
oy acape1 - ran—1 (N=n)!(-N)y_n(n—=N,-N —n+2B+ 1)ny_¢
| en> B ; AnpQp+] " "AN-1 (N_f)!(_N)N_[(n—N, —N—l’l+2ﬁ+ l)N—n | €> (58)
o Wlfn>=(X+ﬂZ)|fn>=pn|fn>
Pn=n—a— [ (5.9)
| £y = Z andns1 - an-1 (M=N)N¢((=-N+B+u+1)y_p 0. 5.10)

acagr--an-1 (M= N)N-p(=N+B+u+1n¢
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o Wiy =(XT+uZ) | fiy=pn | fi)

o =n—a— (5.11)
N
£ = Z aopay -+ a1 (=n)e(=f — Whn o). (5.12)

aoay---ae-y (—n)a(= — e

Note importantly that the normalizations in (2.8), (2.9), (2.10), have been chosen so that k, = 1,
{n=1landw, = -1

Proof. Here is a sketch of the proof. First, the eigenvalues 4,,, u,, and p,, are straightforwardly identified
from the diagonal part of the actions of the generators. Second, consider to begin, the eigenvectors
{|en) }flV:O of Vin the N + 1-dimensional space M. FromV | e, ) = u, | e, ), we have

(Ll (V—-—pn)lea)y=0, (¢€=0,1,...,N), (5.13)

which upon using the action of VT on (¢ | amounts to

(C+1]ex)=0, (£=0,1,...,N), (5.14)

(e = ) (€] ey = LN ZO
ar

where pp = (8—k)(k—B—1). Itis easy to solve (5.14) under the normalization condition (n | e, ) = 1
to find the explicit expression for | e, ) given in (5.6).
Coming to the generalized eigenvectors { | d, ) }fl\’: oforX | dy)=24,Z1dy,),one has
(N-C| (X-2,Z2)|d,)=0, (¢£=0,1,...,N), (5.15)
which leads to

~(AN-e = A)(N =] dp)+ (=N +L+1+p) = An))an—¢- (N - —1]dp) =0, (5.16)

where 1 =a —k,for £ =0,1,...,N. Solving (5.16) under the normalization {n | d, ) = 1 yields

— (n+j-N)
(N =] dy) HaN_j_l(n+j—N—a+ﬂ+l)<N|d"> (5.17)
_ _Gn - aN- (n=N)(n—N-a+B+1)Ny_n (5.18)
an—¢-an1 (M=N)yn(n=N—-a++1) '

and hence the formula for | d,, ) provided in (5.2).
Similarly, the eigenvectors | e}, ) (5.8) and | d};) (5.4) of the problems involving the transposed
operators V', X7 and Z7 are respectively obtained by solving

(N=C| (VT =) |ey=0, (| (XT=2,Z")|d;)=0, (5.19)
which entails
. (+1)(N-¢ .
(i~ i) (N =€y = D=0 vy eny =0, (520
aAN-(-1
—(Ae =) dy) + (=C+ ) = An))ae(L+ 1] d, ) =0, (5.21)
for £ =0,1,...,N. One proceeds in the same fashion to obtain the expressions (5.10) and (5.12) for
| fu)and | f7). o
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Let us record here the following formula for the action of Z on | d,, ):

Apne1 - an-1 (M =N)y_¢(n =N —a+B+1)N_pn
acaes---an-1 (M =N)n_p(n=N—-a+B+1)n_¢

M=

Z\|dn) = ARY

~
Il

0

apaps1 - ran-1 (m—=N)y_¢(n—=N—-a+B+1)N_n
=Z s ran-i ( IN-¢( B+ 1w (= 1) +ar|L+1))
=0

aeaesr-an-1 (M= N)n—n(n =N —a+B+1)n_¢

_ _i antns1 - an-1 (=N e(n=N=a+p+Dnn |,y
dacapy--any (M=N)Np(n=N—-a+B+2)n-¢

—ldy) (5.22)

9
a—a-1

where ay = 0.
We further notice that the eigenvectors are of the form

n—1 N
lea)=ln)y+ > CEL17), Tepy=ln)y+ > C 1),
Jj=0

j=n+l

N n—1
L hy=tny+ Dl 1y =lny+ Y e,
J=0

Jj=n+l
N n—1
Zd . * d* .
Zldyy=—1ny+ > CZP 1)), 1dy)y=lny+ Y C\ ).
Jj=n+1 Jj=0

in keeping with the normalization choices and that the orthogonality relations (2.8), (2.9), (2.10), with
the given conventions, are thus explicitly seen to result.

6. Representations of m$ on various bases

Some bits of the representation theory of m$ on EVP and GEVP bases were developed directly [4]
without recourse obviously to the two-diagonal representation. It is here possible to proceed with much
more ease and clarity since these basis eigenvectors are now explicitly known elements of a fully
characterized representation space. In addition to providing in this Section (and in Appendix A) various
matrix elements of the generators (in these various eigenbases that will be used in the treatment of the
arising special functions), we shall also summarize some salient features of these representations. We
shall generically denote by O f,i )n the m, n entry of the matrix representing the operator O in the basis

bed{d,d* e e, f, f*}.

6.1. Representations in the e and ¢* bases

The e and e* bases, respectively formed from the eigenvectors of V and V7, are pivotal in that they enter
in the construction of both pairs of functions S, Sand U,U. A key observation is that X and Z (and
hence W = X + pZ) are tridiagonal in the basis e.

From the expression (5.6) for | e, ) and the actions of Z, X on the standard basis, we obtain in
additionto V | e, ) = un | €n ),

Zlen)=Z e )+ Zih L en) + 21, 1 enr), ©.1)
Xlew) =X lena) + X\ len) + X\ Tent), 6.2)

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.47, on 18 Sep 2025 at 10:31:32, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2025.10040


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2025.10040
https://www.cambridge.org/core

10 S. Tsujimoto, L. Vinet and A. Zhedanov

where
Z = an, (6.3)
() _ _ _(n+1)(n—N) n(n—-N-1)
=T TS T ©4
o _nn=N-D@+(-n+2)/2)(B+(-n+1-N)/2) 65)
n-ln da, ((B-n+1/2)(B-n+1)2(B-n+3/2) :
X\, = an(B=n), (6.6)
@ _N_
Xnon = 7@ 6.7)
X\ = —(B=n+1Z) . 6.8)

The tridiagonal actions of the transposed operators X' and Z" on | e} ) is readily obtained from the
formulas above.

6.2. Representations in the fand [~ bases

The f and f* bases are made out of the eigenvectors of the linear pencil W = X + pZ and of its transpose
WT = X7 + pZ". The significant observation here is that V is tridiagonal in the f basis. Indeed, a
straightforward computation gives

VI )y =V fae) Vil L f + VY fac), 6.9)
with
Vi) = an(n=B—m)(n=N+B—p+1), (6.10)
V) = (N =2m)u—2n(N—n) + B(N - B - 1), 6.11)
nn—-N-1
v, = nn=N-D (6.12)
’ an-1

Naturally, VT acts tridiagonally in the f* basis; see (A.14), (A.22). As alluded to before, in conjunction
with the observations made in the last subsection, this confirms that V and W form a Leonard pair with
V tridiagonal in the f basis where W is diagonal and conversely with W tridiagonal in the e basis that
diagonalizes V. In this case, the set { | n) } plays the role of a split basis for the pair [5], and this yields
in a simple way the finite-dimensional representations of the Hahn algebra §).

6.3. Representations in the d and d* bases

We recall that these bases are obtained from the solutions of the GEVP (X — 1,Z) | d,,) = 0 and its
adjoint. There are two observations to stress regarding the actions of the generators in these bases. The
first one is that V is represented by a upper Hessenberg matrix in the basis d, that is a matrix with zero
entries above the first superdiagonal. See (A.3). The transposed situation occurs for VT in the basis d*
(A.6). The second observation is that VZ and VT ZT respectfully act tridiagonally on the basis d and
d*. The reader is referred to Appendix A for the corresponding formulas and additional results on the
actions of the operators in the various bases. We thus see how the notion of Leonard pair generalizes to
situations involving one GEVP and one EVP. The operators X and Z that define the GEVP are tridiagonal
in the basis e where V is diagonal, while it is VZ (or V X) that is tridiagonal in the basis d generated by
the GEVP solutions. Therein lies as we will see the bispectrality of the BRFs U and U.
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7. Hahn and dual Hahn polynomials

How the Hahn (and dual Hahn) polynomials arise in the functions S,,,(n) = (e, | £ and S,,(n) =
(ey, | fu) is shown next. The characterization of these polynomials [7] is of course classical. It is
recorded in the present context to underscore that their orthogonality and bispectral properties are
obtained quite easily from the meta Hahn algebra representations and more importantly that OPs and
BRFs can be treated within this framework in a completely parallel fashion.

Recall [7] that the Hahn polynomials are defined as

m’"*‘”ﬁ”’"’“;l), m=0,...,N (7.1)

Qn(xi8.5.N) = 3F2( T Na
and the dual Hahn polynomials as

—m, =X, x + &+ + 1

Rm(/l(x),o?,B,N)=3Fz( N e+l ;1), with A(x) =x(x+a+B+1). (7.2)

Note that when x is the discrete variable n = 0, ..., N, the dual Hahn polynomials are obtained from
the Hahn ones by exchanging m and n in the latter: R,,(A(n), &, 8, N) = Q,,(m; &, 8, N). The notation

(ar,a2,...,a1)n = (@)n(@2)n - . - (aidn (7.3)

shall be used.

7.1. Identification
Here is the precise connection between the EVP-EVP overlaps and the Hahn polynomials.

Proposition 3. The functions S, (n) = {en | f,; ) and Sm(n) = (e, | fu) are both expressible in terms

of Hahn polynomials as follows:

aopay - -ap-1 N!(=1)" (@+ 1)

aoar - amei RN =m)! (m+ &+ + 1),

(n) _ Aplnpe1 - -an—1 NI(=1)"(&+ 1), (:é +1nn
AmGme1 - AN-1 m\(N =) (B+ D Qi+ &+ B+2)nm

Sm(n) = Om(n;&, B, N), (7.4)

Om(n; &, B, N), (7.5)
with

a=-1-B-pu, P=p-p-1 (7.6)

Proof. Given the expressions (5.6) and (5.12) for | e, ) and | f,; ) respectively, using (£ | k) = 67
and simple transformations, one straightforwardly finds

apai---ap-1 N!(-1)" (=B — Z( -m,m—28-1) a7

(emIJ‘;f>=aOa1 amln'(N m) (=28 +m— Dy &4 C(-N,~B-m)r

which in view of definition (7.1) is readily seen to yield (7.4) under the identification (7.6). The derivation
of formula (7.5) requires a little more effort. From (5.8) and (5.10), it is immediate to find

anans1--an-1 (N =m)(=N)Ny_m(-N+B+u+1)N_p
Ammys1 - anN-1 (M= N)N_p(m =N, -N —m+2B8+ 1)y_m

S‘m(n):<e;*n|fn>:

N
Z(n_N,m—N,—N—m+Zﬁ+1)k (7.8)

kK'(-N,-N+B+u+ 1)y
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12 S. Tsujimoto, L. Vinet and A. Zhedanov

The hypergeometric sum in (7.8) needs to be transformed to identify the Hahn polynomial. The following
two formulas will be used:

a,b,c I'e)l'(d+e—a—-b-c) a,d—b,d-c
F ;1) = 01, 7.9
3 2( d,e ) Te—ol(dre-b-0c) > \dd+e-b-c (7.9)
(corollary 3.3.5 in [8]) and
-n,b,c_ |\ _ (e=ch -n,d—b,c
3F2( d,e 71) - (e)n 3F2(d’c_e_n+1sl)7 (710)
(an exercise in [9] and a special case of Whipple’s formula [10]). From (7.9), one has
P -N-m+28+1,n-Nm-N_ \ T(B+u+l1-N)I'(u-p-n+N)
32 ~N.,-N+B+pu+1 )T T(BHpu+l—n-—mI(u—B+m)
-N-m+28+1,-n,-m
><3F2( N B4+l —n—m ,1), (7.11)
and (7.10) yields
-N-m+2B+1,-n,—-m (=B = W (m—Zﬁ—l,—n,—m )
F ;1| = ———"—3F ;1 7.12
3 2( -N,B+u+l-n—-m ) (m—ﬁ—/,[)n3 2 -N,-B—-pu ( )

where we have used (a + 1 — n), = (—1)"(—a),. Combining these results and recalling that I"(a +
n)/I'(a) = (a)n, one finds

_ Qpdp+] " AN-1 (N_m)!(_N)N—m (—N+,8+/J+ 1)N—n

Sm(n) = Amame1 - an-1 (M= N)N_pn(m = N)N-m (=N —m+2B+ 1)N-m
(1= B)N-n (=B = n m-28-1,-n,-m
F 2 1. 7.13
N+ B+ DN (=Bl =B > 2\ =N~ p 7.13)

Numerous simplifications can now be performed. First one notes that

N -=—m)!(=N)N-m N!

=N =Noos =it 719
From the simple identity (—-m — a + 1), = (=1)"(a),y, it follows that
(=N =m +2B)N-m = (DN ™2m =28+ x> (7.15)
and one can further show that
e B N (1)(1- = i, (1.16)
and that
(B=—tn__ (=B~ Wm 7.17)

(m=B-n (n=B=wWm
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Putting all this together, one arrives at

AnpQnp+l """ AN-1 N'(_l)n

Sm(n) =
(=) am@ms1 - an-1 (N —n)lm!
(W =BIN-n(=B = m m-28-1,-n,—m
F 1, (7.18)
@m =28 -mu =P\ -N.=B-p
which is checked to coincide with (7.5) upon substituting the parameters (7.6) and using the definition
(7.1) of the Hahn polynomials. |

7.2. Orthogonality relations

The fact that the functions S,,(n) and S, () are orthogonal by construction with respect to the variables
m and n (recall (2.17), (2.18)) can now be exploited to readily recover the orthogonality relations of the
Hahn and dual Hahn polynomials and their normalizations. Remember that ,, = «, = 1,Vn given the
normalization of the eigenvectors that have been imposed in Section 5.

Substituting the expressions for S, (n) and S,,(n) of Proposition 3 in

N
Z Sm(n)Sm’(”) = Om.ms (7.19)
n=0

one finds

Om(n; &, B, N)Qu (n; &, B, N)

i @+ DB+ Dy-n
o n!(N —n)!

_ (D™ +a+ B+ Dnsr(B+1)ym!
C @m+é+B+ 1)@+ Dy(=N),N!

‘5m,m’ 5 (720)

using

. R b+ B+1
Qo+ +f+ Dy m(m 4 a4 1)y, = I Dne (7.21)
Cm+a+pB+1)

and (-N), = (-1)"N!/(N — n)!. This is seen to coincide exactly with the formula given in [7] if one
recalls that

a+k (=i  (a+1)
= (-1 = . 22
( k ) =1 k! k! (7.22)
The other orthogonality relation,
N
Z S (n)Sm(n') = Snws (7.23)
m=0
gives (using again (7.21)) the dual relation
N A
2m+a+ L+ 1)(@+ 1), (—=N),,N! oA ;oA A
o LG8t fpr D@ DGO 6, poN)Qun:a BNy (120
m=0 (_1) (m +a +:8+ 1)N+l(ﬁ+ 1)mm-
N —n)!n!
W-mint o (7.25)

T @+ Da(Bt Dy

which is, of course, the orthogonality relation of the dual Hahn polynomials [7].
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14 S. Tsujimoto, L. Vinet and A. Zhedanov

7.3. Bispectral properties

The recurrence relation and difference equation of the Hahn polynomials follow in the present picture
from the fact that they appear in overlaps between eigenvectors of two different EVPs.

7.3.1. Recurrence relation
Recall the EVPs defined in terms of the linear pencil W = X + uZ and its transpose: W | f,,) = pn | fu)
and W7 | f) = pu | £ ) with py =n —a — p. From ((f; | WT) [ em) = (f; | W | em ), one has

onl fi Lem) =W Cfil emet ) + Wi S L em) + W (fo ] emar ). (7.26)

The matrix elements Wi(j.) of W in the basis e are readily obtained from those of X and Z given by
formulas (6.3)—(6.8).
This amounts to the following recurrence relation for S, (n):

Sma1 () + WS (n) + W' S, 1 (n) (7.27)

m—1,m

PnSm(n) = W'

m+l,m

from where the one for the Hahn polynomials follow. Indeed, substituting the expression (7.4) for S, (n)
one finds,

—a - m(n) = W' (N —m)m+a+p+1)
(n—a—pu)Qm(n) milm, Qm+a+B+1)2m+a+p+2)

Qm+l (n)

+ Wi Om (1)
() am(Cm+a&+f-1)2m+a +p) 5
Wt (N-m+1)(m+a+p) Qm-1(n). (7.28)

where we have suppressed the parameters of the Hahn polynomials Q,,(x; &, 8, N). Replacing the
original parameters by & and § given in (7.6), one finds for the matrix elements,

W = (m+a+1), (7.29)
N 3 - a 2n(n—-N -1
V[/’(ne)m_|.a/_|.#:__|.([g—a,)A 2n_N_n(n—A)
’ 2 22n+a+B+2) 2n+a+p
N p-a 42 - BN +a+B+2
_N_b-a (@ ﬁ)(A +a+ﬁir ) , (7.30)
2 4 42n+a+p)2n+a+B+2)
- _(m+pP)ym(m—-N-D)(m+a+p)(m+N+a+p+1) (7.3D)
melm g Cm @+ B+ ) Cm+a+B)2Cm+a+-1) '
It is then seen that the recurrence relation (7.28) can be presented in the standard form [7]
an(”) = —AQO+1(l’Z) + (Am + Cm)Qm (n) = CnQm-1 (n)’ (7.32)
where
=(m+&+/§tl)(m+&+l)(1\f_m), (7.33)
Cm+a+B+1)2m+a+L+2)
_m(m+&+B+N+1)(m+p) (7.34)

T Cm+a+PCm+a+p+1)
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7.3.2. Difference equation
The difference equation of the Hahn polynomials is obtained in a similar fashion by using the EVP for
ViVi]ey)=pnlen)withpu, =(B—n)(n—B—-1).From{fi|V]en)=(Ffi|VT")|em), wehave

pmSm () = VI DS+ 1) + Vi S(m) + VI S,0(n - 1)

n+l,n
=V Su(n+ 1) + Vi) Sm(m) + VL) S, (n = 1). (7.35)

Substituting the expression (7.4) for S,,(n), yields
a,,(n +a+1) f)
TRy
(n+1) n,n+

n
Vi Q) = sV O = ). (7.36)
-

HmQm(n) = 1Qm(n+1)

Observe that

pn =-—m(m =2 —1) - B(B+1). (7.37)
Converting to the parameters & and ,@ and recalling (6.12), (6.10), (6.11) for the matrix elements, one
finds
1
v = Z(n +1)(n—N), (7.38)
VI =apa(n+a)(n—N-p-1), (7.39)
V) 4 B(B+1)=2n" +n(a - B-2N) = N(a +1). (7.40)

Incorporating all that in (7.36) proves indeed that the Hahn polynomials obey the familiar difference
equation [7]:

m(m+&+ B +1)0m(n) = B(n)Qm(n+1) = [B(n) + D(n)|Qm(n) + D(M)Qpm(n—1),  (7.41)
where

B(n)=(n+a&+1)(n—N) (7.42)
D(n)=n(n-p—-N-1). (7.43)

Obviously, as for the recurrence relation, the same final results are obtained by initiating the computations
with the functions S, (n).

8. Hahn rational functions

This section will provide the promised algebraic interpretation of the following functions introduced

in [4].
i _(=D"(=N)m -x,-m,b+m—-N
Z/{m(x,a,b,N)—W?,FZ —N,a—x ’1 ) (81)
Vi(x;a,b,N) =U,,(N -x;b+2—a,b,N). (8.2)

Their rational character is manifest, and they will be seen to be biorthogonal partners. As they are
defined in terms of 3 F;series, they are naturally said to be of Hahn type. Their connection with the meta
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16 S. Tsujimoto, L. Vinet and A. Zhedanov

Hahn algebra, jointly with the eponymous polynomials, further justifies this name. The normalization
has been chosen so that

lim U, (x;a,b,N) = 1. (8.3)
X—00

8.1. Representation theoretic interpretation

As already mentioned, BRFs arise from considering the GEVP-EVP overlaps U,,,(n) = (e, | d;,) and
Un(n) =(ep | Z | dn).

Proposition 4. The functions U,,(n) and U,,(n) are respectively given as follows in terms of the rational
Hahn functions Uy, (x; a, b, N) and Vy,(x;a, b, N):

ap...ap—1 (1 =a),(1+b),
ag...am-1 n'(m+b—N)y,
ap...an-1 (m+1Dy_m(a—b—-1)n_y

O = an (V= Ny (b 00 ) ®

Un(n) = U, (n;a,b,N), (8.4)

where
a=a-, b—N=-28-1. (8.6)

Proof. The identification of U,,(n) in U,,(n) is readily achieved by taking the scalar product of the
vectors | e,, ) and | d}, ) respectively given by (5.6) and (5.4). This yields

U () = Q001 @nt, mi N+ = B, i (=n,—m,m =28~ 1), )

apai -+ am—1 (=) (-=m,m =28 — 1), (W(-N,-n+a-8)

=0

from where one gets formula (8.4) using (8.1) and (8.6).
Obtaining U, (n) requires more algebraic transformations. From formulas (5.8) and (5.22) for | e}, )
and Z | d, ), one finds

Apdpy]l " AN-1 (N_m)!(_N)N—m(n_N_a'+ﬁ+2)N—n
Amame1 - an-1 (M= N)y-n(m =N, -N —m+2B8+ 1)n_m

Um(n) ==

N (n=N,m—-N,-N—m+2B8+1)n_¢
x),
v (N-O!(-N,n—N—-a+B+2)n-¢

_ aptpr e ano (N=m)!N)yop(n =N —a+ B+ 2
Ammy1 - aN-1 (M= N)N_y(m = N,-N —m +2B+ 1)N_pm

R[N )
Now use (7.10) successively twice to arrive at
O,y (n) = — ndnti = AN (=DN"(N =m)!(=N)N-m (=N + @ +B)n-n
amame1 - aN-1 (M= N)N-n(m = N)N-pp (=N = m + 2B + )N
X 3F2("‘]{Z;Z‘T&”i;ffl‘l;1), 8.9)
having taken note that
m+n—a—-B+Dn_n=D""(=m =N +a+B)N-n. (8.10)
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From definition (8.2), one sees that

n—N,-m,m-28- 1‘1 _(=D)™(N = 2B)m

F. 1 =
302 N-n—a—[B+1 (=N)m

Vu(n,a —B,N -28—-1,N). (8.11)

Integrating this observation in (8.9), using the easily proven identities
(=D™(N = k+ Dm(k = N)n-2m = (=N = m + K)N-m (8.12)

and (m+ 1)y _p = (=1)N "™ (=N)n_,n as well as the fact that (—n),, = (—1)"n! yields the identification
(8.5) upon introducing a and b as per (8.6). O

8.2. Biorthogonality
A key result is the biorthogonality of the rational functions of Hahn type.

Proposition 5. The rational functions Uy, (n; a, b, N) and V,,(n; a, b, N) satisfy the following biorthog-
onality relations:

N
Z W) Vin(n;a, b, N) Uy (10, b, N) = G (8.13)
n=0
N
DWW (m) V(s a, b, N) U (n':a. b, N) = 6 (8.14)
m=0
where
(L,-N,m-=N+b),,Cm—-N+b+1)Ny_om
B = , 1
b+ Dp(b—N+ Dy ®.15)
(a=b-1n-n(l-a) N!
= , 8.16
Win) (—b)n Al(N —n)! (8.16)
. (1,2-a+b-N),
- 1
TN, ®17)
2—a+b- b+ D
W (m) = (2-a+b-N)n(b+1) (8.18)

(1,-N,m+b—-N),2m+b—-N+1Dy_om

Proof. Tt was observed quite generally in (2.21) and (2.22) that the overlaps U,,(n) and U,,(n) are
biorthogonal. Recall that we have chosen normalizations so that x, = 1 and w,, = —1Vn. Hence,
substituting the expressions (8.4) and (8.5) for U,,(n) and U,,(n) in terms of U,,(n;a,b,N) and
Vm(n;a,b,N) in

N

DD T (W)U (1) = Sy (8.19)
n=0

N

D =D Up(n) = S, (8.20)
m=0

gives the formulas recorded in the above proposition. Note that the weight functions W and W* are
specified by requesting the normalizations hy = hy = 1, respectively. Technically, for presentation
convenience, in obtaining (8.13), both sides have been multiplied by N!/(—b)y and the identities

Nl=ml(m+Dy_pm and (-D¥N@m+b—N+ Dy_om = (=b)n-2m (8.21)
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18 S. Tsujimoto, L. Vinet and A. Zhedanov

are used. Similarly to get (8.14), both sides have been multiplied by (2 —a + b — N)y/N! and the
identities (—=1)"(-N),,(N —n)! = N!, (8.21) and
2-a+b-N)y=(-DV"2-a+b-N),(a-b-1)n_p, (8.22)

are called upon. O

8.3. Bispectrality of U,,,(n)

8.3.1. Recurrence relation
Proposition 6. The rational functionU,,(n; a, b, N) of Hahn type obeys the following recurrence relation

(n_m_a)Am(Z/[m+1(n;a,b,N) _um(n;a9b9N))
+(n+m—-—a+b—-N)Cp(Upy-1(n;a,b,N) —Uy(n;a,b,N)) =a(2m+b— N)Uy,(n;a,b,N),

(8.23)
where
_(m+b+1)(m+b-N)
An = 2m+b-N+1) 829
- m(m-N-1)

Proof. The recurrence relation for U,,(n) = (e, | d;, ) is obtained from
An(em | A | dy)=(em| A ZT | dy)=(em| X7 | d, ),

recalling that | dj, ) are solutions of a GEVP and that X and Z act tridiagonally on the e-basis. More
precisely, the identity (e, | X7 —2,Z7 | di) = ({em | X — 2,Z) | d}, ) = 0 is readily seen to imply

XL Uit () + Xp U () + XL Uy ()

= (@ =m)(Z)) Ut ) + Z0uUn 1) + Z0, Ut (1) (8.26)
from where the recurrence relation for U, (n; a, b, N) will be extracted. From (6.3)—(6.8), it is observed
that

N
Xhim = B=m)Z) e X0 = =(B=mDZ, o X =5 (8.27)

As aresult, (8.26) can be recast in the form

N
(n—m- 0/+,3)Z(+lm Ups1(n) + E—a+(n—a)Z,(,i)m Upn(n)

+(ntm—a—-B-1Z  Upi(n)=0. (8.28)
Inserting in this equation the expression (8.4) of Uy, (n) in terms of U,,,(n; a, b, N) and using (8.6), one
finds
(e) (m+b+1)(m+b-N)
—m-a)Z .
(n=m =) Z s g G+ b= N)@m + b= N =1 (D)
b 1 b N 1
+ —a+§+§+(n—a+§— §+§)Z,(,i)m]l/lm(n)
2m+b—-N-2)2m+b—-N-1)
—asb-N)z©, Gml _1(n) =0. 8.29
tltm=—a+b=-NZ,7 m+b)(m+b-N-1) Un-1(n) (8:29)
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Calling upon the expressions (6.3), (6.4), (6.5) for the matrix elements of Z in the e-basis, multiplying
by (2m + b — N) and simplifying, one arrives at (8.23). O

By rearranging (8.23), it is possible to reexpress this recurrence relation in a nice GEVP form.
Proposition 7. The rational function U,,(n;a, b, N) of Hahn type verifies the following recurrence
GEVP equation:

(@ + b = N) (A U (150, b, N) = (A = Cop = 20) U (3.0, b, N) = Coo Uyn1(n30, b, N)

= (2n=2a+ b = N) (A Ups1 (15,5, N) = (A + Cop) U (15, b, N) + Cop U1 (m50, b, N) ).
(8.30)
where A, and C,, are again given by (8.24) and (8.25).

The recurrence relation (8.30) can be renormalized to yield the polynomial recurrence relation of
Ry-type [11]

A PY (nya,b,N) + ((a+m—n)(An—a)+(a=b+N—m—n)(Cp+a)Pr(n;a,b,N)
+(@a+m-1-n)(a-b+N-m-n)CyPL  (n;a,b,N)=0 (8.31)

with 73311 =0and 7361 = 1, where the renomalization is given by the monic polynomials in n

m—1
PY(n;a, b, N) =Up(n;a,b,N) ]—[ (n-a-20). (8.32)
€=0

Note that the eigenvalues differ from those of the GEVP for the vectors | d,, ) and | d;, ). This is in keeping
with fact that in GEVPs, linear combinations of the operators induce homographic transformations of
the eigenvalues.

8.3.2. Difference equation
Proposition 8. The rational functionU,,, (n; a, b, N) of Hahn type obeys the following difference equation

Bnum(n"' 1;a9b7N) - (Bn+Dn)um(n;a,b7N)+Dnum(n_ 1;a9b$N)

=m(m+b— N)((a -m)Uyu(n;a,b,N)+nl,(n—1;a, b,N)), (8.33)

where
B,=(n—-a)(n—a+1)(n-N), (8.34)
D,=m-a)(n—a+b-N)n. (8.35)

Proof. The difference equation for U, (n) = (e, | d}, ) is derived by focusing on the EVP V | ¢, ) =
Um | em ) involving the degree m and the fact that VT ZT acts tridiagonally on the GEVP basis vectors
| ;). From the relation

Umlem | Z7 | dy) = (em |VVZT | dy) =(em | VTZT | dy),
one finds

VTZOY Upn+ 1)+ (VTZD U, () + (VTZT)Y) Up(n = 1)

n+l,n n—1,n

=(B-m)(m—B—=1)(=Un(n) + an1Un(n—-1)) (8.36)
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with the help of (A.4) and recalling that y,,, = (8—m)(m—B—1). Inserting in this equation the expression
(8.4) for Uy, (n) in terms of U,, (n), and writing fornow a = @ — fand b = N — 2 — 1, one gets

Ty (n—a—B+1)
vz )n+]n n (n+1)

T (d¥) T 7T (d*) +
+(V'Z ) L{(n)+(VZ)n Ln g (n—(t+ﬁ)

= (B=m)(m=f = 1)(-Un(n)+ - U (n—1)). (8.37)

Up(n+1)

Un(n—1)

Using at this point the expressions (A.18), (A.19) and (A.20) for the matrix elements of VT Z7 in the basis
d*, after multiplying both sides of the equation by (n—a+B+1), one finds thatU4,,,(n; a— B8, N-28—1, N)
obeys the difference equation
ByoUp(n+1;0—B,N—=2B8-1,N)+DyUpn(n—-1;0 —B,N—-28-1,N)
+(Bla=B)(B+1) =By =Dy Un(n;a — B,N =28~ 1,N)
= (1= @ 4 B Un(ms = BN =28~ 1,N) =nlU(n = ;e = BN =26 -1, N)),  (838)

where

B.=(n-N)Y(n—a+B)(n—a+p+1), (8.39)

Dy=nn—a)(n—a-1). (8.40)

By rewriting the parameters «, 8 in terms of a, b and rearranging (8.38), the difference equation in
the variable n satisfied by U, is found to be as stated in Proposition 8. O

It is interesting to observe that the difference equation (8.33) for U,,,(n; a, b, N) can be recast in the
following form:

B, (Um(n +15a,b,N) — Up(n;a, b, N)) + Dy (um(n “1a,b, N) = Up(n: a, b, N))
=am(m+b - N)Uy,(n;a,b,N), (8.41)

where B,, given by (8.34) and
Dym=Dy—nm(m+b-N)=mn-m-a)(n+m—-a+b—N)n. (8.42)

Note that interchanging the role of m and n, the difference equation (8.33) can be considered as the
recurrence relation of Ry-type [11] under the initial conditions U, (—1) = 0 and U,,(0) = 1, which is
satisfied by the system of polynomials in m(m + b — N):

(b+ 1), —n,—m,m+b—-N

I . - /m . = 5
P,(m;a,b,N) = (_Dm(_N)mUm(n,a,b,N) 3F “N.a-n s 1.

8.4. Bispectrality of V,,,(n)

The rational functions V,,,(n; a, b, N) which are the biorthogonal partners of the functions V,,,(n; a, b, N)
stand on their own. From the observation that they are obtained from U,, (n; a, b, N) by a reflection of
the variable and a substitution of parameters, they will necessarily be bispectral given that the Us are.
It is nevertheless important to see that their bispectral properties independently follow from the present
algebraic framework.
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8.4.1. Recurrence relation
Proposition 9. The rational function of Hahn type defined in (8.2) satisfies the recurrence relation

(N-n-m-b+a-2)A,(Vus1(n;a,b,N) = Vyu(n;a,b,N))

+(-n+m+a—-2)Cp(Vin-1(n;a,b,N) = Vyy(n;a,b,N)) = (b—a+2)(2m+b — N) Vyy(n;a,b,N)
(8.43)

with A, and C,, given by (8.24) and (8.25).

Proof. Let| d,) = Z | dy ). Recall that V,,(n; a, b, N) is related to U,,(n) = (e, | Z | d, ) that is to
(e’ | d,). The first relation (3.1) of the algebra shows that d, satisfies

(X+Z+1-2,2)|d,)=0. (8.44)
This is confirmed by
(X+Z+1-2,2)Z|d,)=(XZ+Z*+Z—-2ZX) | d,)=0. (8.45)
Thus, we obtain the relation

/ln<e:n|Z|d~n>=<ejn|/lnzzldn>:<ejn|ZX|dn>
=(e' | XZ+Z*+Z|d,)=(e, | X+Z+1]|d,)

that leads to the recurrence relations:

(X o+ 2 VO () + X + Zgon + D) + (XS + 21Oy ()
-, (zfj)m+1 Opart (n) + 25,0 m(n)+zfj;1_10m_1(n)). (8.46)

As done before, rewriting in terms of V,,(n; a, b, N) using (8.5), watching for the m-dependent factors
and invoking (6.3), (6.4), (6.5), (6.6), (6.7) and (6.8) yields the equation (8.43). m]

This equation coincides with the one obtained under the rearrangementa — b —a+2,n - N —n
of the recurrence relation (8.30) satisfied by U, (n).

8.4.2. Difference equation

Proposition 10. The rational function V,,(n; a, b, N) of Hahn type defined in (8.2) satisfies the difference
equation

B”,m(vm(n +1:a,b,N) - Vm(n;a,b,N)) + @n(vm(n “1;a,b,N) - Vy(n:a, b,N))

=m(m+b—-N)(—a+b+2)Vy,(n;a,b,N), (8.47)

where
Bim=(N—-n-m+a—-b-2)(-n+m+a—-2)(N-n), (8.48)
D,=—(N-n+a-b-2)(N-n+a—-b-1)n. (8.49)

Proof. Using the first and the second relations (3.1)—(3.2) of the algebra, one finds the following
equations:
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pmlep | Z 1 dn) = (en |V Z2 [ dn) = (e, | VZ | dn)
= <€jn | (ZV+2X+77)Z | dn)
=(e, | Z(VZ+n)+2XZ | d,)
=(e}, | Z(VZ+n)+2(ZX -Z*>-2Z) | dy,)
=(e,, | Z(VZ+n+2X-2Z-2) | d,)
andZ | dy) =2 d,)=Z(= | dp)+an | dps1)) = = | dy ) +ap | dys1 ). Recalling in addition (A.2).
these observations allow to introduce the difference equations:
U (=Um(n) + anUp(n+1))
=((v2)!D wax!D 27D 0, (n+1)

n+l,n n+l,n n+l,

+ (VDD 4 +2x(D) — 22 — )T, (n) + (VZ)'D Tp(n—-1) (8.50)

n—1,n

with 7 = —N+2a. Substituting for U,, (n) the formula (8.5), paying attention to the remnants of the gauge
factor and using (A.1), (A.2), (A.18), (A.19), (A.20), (A.21), gives the difference equation (8.47). O

Here, one can see that
Bum = Bpo+m(m+b—N)(n—N). (8.51)
Then (8.47) can be rewritten in GEVP form as

l’;’n,o(Vm(n+ l;a,b,N) — Vm(n;a,b,N)) +15n(Vm(n —1;a,b,N) — Vm(n;a,b,N))

—m(m+b— N)((N —)V(n+1:a,b,N) = (N -n+a—b— Z)Vm(n;a,b,N)). (8.52)

Note that interchanging the role of m and n, the difference equation (8.52) can be considered as a
recurrence relation of Ry-type [11] with V,,,(N;a,b,N) = 1 and V,,(N + 1;a, b, N) = 0. This relation
is satisfied by a system of polynomials in m(m + b — N)), where the polynomial of degree n is given by

(b+ 1),
(=D (=N)m

In a standard Rj-type biorthogonal function system, the biorthogonality holds between a polynomial
sequence and a rational function sequence. However, in this case, due to the finiteness of the spaces
considered, solving the recurrence relation on the dual side from n = N yields a biorthogonal function
system between the polynomial sequences P?. (m) and P! (m). From the orthogonality relations (8.14),
we obtain

P (m;a,b,N) =

V(N = nia,bN) = 3By 7 mm b =N, )

-N,2—-a+b-n"’

N
Z Wi (m;a, b,N)ﬁll\,_n(m; a, b,N)P}l,(m;a, b,N) = I, 6n,

m=0

where £}, is defined in (8.17) and

(=D)"™(=N)m(a=b—-1)n
(1,b+m—N)y(=b—m)n_m

Wy (m;a,b,N) =

As shown in the example above, in the finite-dimensional case, it is possible to extract a common
denominator of all Rj-type biorthogonal partners. Therefore, the Ri-type biorthogonal system in the
finite-dimensional case can be expressed only in terms of polynomials.
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Reconsidering the problem with the initial conditions V,,(—=1) = 0 and V,,(0) = 1, solving (8.52)
leads to a rational function sequence {R/(y) }ne0,1,2,....N}» Where the [n/n]-type rational function is
given by

2-a,2-a+b-N),P(y;a—1,b,N)
2-a-y)2—a+b-N+y), '

RL(y;a,b,N) =

Then the following biorthogonality relations hold for n,n’ € {0, 1, ..., N}:

N
Z Wi (m;a, b, N)YRL (m:a, b,N)P,Il,(m; a,b,N) = h6n,

m=0
where

(_1)m(_N’a - 1)m(a -b- 1)N—m

Wy(m:a,b,N) = (Lb+m=N)u(=b—-m)N-m

As a consequence, it can also be verified that the equality

2-a+b—-N),

w(mya,b,N) =
Ru(m:a.b.N) = =7 — ==

7511\,_” (m;a,b,N)
holds at the grid-points m € {0,1,2,...,N}.

Furthermore, solving the recurrence relation (8.33) from n = N with the initial conditions U, (N) = 1
and U,,,(N + 1) = 0 yields another rational function sequence {Rf,(y) }ne{0,1,2,....N}» Which is given by

3 (a=N,a—Db)y -n,-y,y+b—-N
RI ‘a, b,N — F 5 B :
n(y;6,5,N) (a-N+y,a-b—y) > 2\ =N, 1-a+b-n
holding the equality
= (a—N)
Ry (m;a,b,N) = mpzlv-n(m;a,b,l\’)
at the grid-points m € {0,1,2,..., N}. Then the following biorthogonality relations hold for n,n’ €
{0,1,...,N}:
N —~
D Wi (msa, b, NYR,, (m; a, b, YRy, (m; a, b, N) = 6,
m=0
where
“N,a-1,—a+b+Dy(a—b-1)y_
Wimsa, by = CNea=Lma+ bt Dn(a=b = Dv-m

(l,a=N,b+m—N)y(-b —m)N_m

Additionally, we give the fourth biorthogonal pair satisfying the biorthogonal relations

N
Z W:(m; a, b3 N)ﬁ}\]fn(m; a, b’ N)ﬁI]\/—n’(m; a, ba N) = hzén,n’,

m=0
where

(=N,—a+b+1p(a-b-1)N
(l,a=N,b+m—=N)u(=b—m)n_m

W;(m;a,b,N) =
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In the finite case of the Rj-type biorthogonal function system, biorthogonality is established not
only between a rational function sequence and a polynomial sequence but also between two polynomial
sequences and between two rational function sequences.

8.5. Contiguity relations

Proposition 11. The rational functions U,,(n, a, b : N) satisfy the following contiguity relations:

ally,(n;a+1,b,N) = (a —n)Uy(n;a,b,N) + nUy,(n — 1;a,b,N), (8.53)
and
2 _
Mum(n;a+ 1,b,N)
a-n
= AU (n;a,b,N) — (Ap + Co)Up(n;a,b,N)) + Coilhyy—1 (n; a, b, N). (8.54)

Proof. One can show that

Z" | dy)y=~d,)

a—a+l

in the same way that Z | d,, ) = was proven in (5.22).

On the one hand, noticing that the VCCtOI‘O< e | does not depend on «, one obtains

Unn) =—(em | Z7 | d3), (8.55)

a—a+l
Unm| = (e | (<Z7) [ ;). (8.56)

a—a+k

FromZ" | d})y=|d})—an-1 | d;_, ), one thus arrives at the contiguity relation
Unm)| = Up(n) = ap1Un(n = 1) (8.57)
a—a+l

which gives (8.53) when rewritten in terms of 4,,. On the other hand, applying the operator Z to the
vector (e, | is seen to give another contiguity relation — namely,

Un(m)|  ==(en|2)1dy)

=2\ U (@) = Z ) Un(ni0) = Z\ | Upy(mia),  (8.58)
which amounts to (8.54) in terms of U,,,. |

9. Conclusion

This paper has begun the study of an enlargement of the Askey scheme to biorthogonal rational
functions with the objective of offering a full characterization of these functions. The approach is rooted
in the introduction of so-called meta algebras that stand to subsume the algebras of Askey-Wilson
type [12], [13], [14], [15], [16] associated to the various families of orthogonal polynomials of the
Askey scheme [7]. These last algebras embody the bispectrality of the hypergeometric polynomials of
the Askey scheme and have numerous interesting features and applications [1]. The meta algebras are
expected to similarly account for the bispectrality of the biorthogonal rational functions attached to the
entries of the Askey scheme. In fact, these meta algebras are furthermore poised to provide a unified
interpretation of both the orthogonal polynomials and the biorthogonal rational functions of a given
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hypergeometric type since the corresponding (degenerate) Askey-Wilson algebra embeds in the meta
algebra of relevance. The general approach involves constructing modules of the meta algebra and then
considering overlaps between different eigenbases of this representation space. The rational functions
appear when Generalized Eigenvalue problems (GEVP) are set up while polynomials arise when using
rather the eigenvectors of the linear pencil of the operators appearing in the GEVP.

By focusing on the terminating 3 F>case, that is the polynomials and rational functions of Hahn type,
this paper has launched and validated this program. The meta Hahn algebra m$) was introduced, and from
its representation theory, the properties of the Hahn polynomials were recovered and the characterization
of the rational functions of Hahn type and of their biorthogonal partners was obtained. The simplicity
of m$ should be stressed. It is minimally quadratic and has for subalgebra a PBW deformation [17] of
the Artin-Schelter regular algebra [X, Z] = Z2 known as the Jordan plane [18]. (See also [19].)

Specifically, it was shown that starting from the easily obtained two-diagonal (finite-dimensional)
representations of m$), the full theory of both the Hahn polynomials and the Hahn rational functions
unfolds. As a result, the biorthogonality, the recurrence relations and the difference equations of the
rational functions of Hahn type were obtained and, as a nice bonus, a synthetic and complete derivation
of the Hahn algebra representations and of the fundamental properties of the Hahn and dual Hahn
polynomials was provided. In particular, for the Hahn-type rational functions, we demonstrated that the
Ry-type recurrence relation follows from the recurrence relation, and the Rj-type recurrence relation
arises from the difference equation. Since we are considering the finite-dimensional case, we showed
that, in the Ry-type case, a common denominator can be extracted from all Ry-type biorthogonal partners,
allowing the biorthogonal pair to be expressed as a pair of polynomial sequences.

The paper sets the directions to pursue the program of characterizing the biorthogonal rational func-
tions of g-Hahn [20], Racah and g-Racah types. This will call for the introduction of the corresponding
meta algebras and would essentially complete the finite rational extension of the Askey scheme. We in-
tend to pursue this next. Subsequently, the infinite dimensional version of this study should be elaborated
to complete the univariate picture.

Questions that this research should shed light on include the following: Are the meta algebras
connected to double affine Hecke algebras (of rank one) (see, for instance, [21]) or degenerations of
elliptic quantum groups via relations to elliptic hypergeometric series [22]? Are there other classes of
functions that arise from their representations? What is the most appropriate extension of the notion of
Leonard pairs that the context of biorthogonal rational functions leads to?

Further generalizations also come to mind and underscore the potential that the notion of meta algebra
holds: moving beyond the Askey scheme or exploring multivariate situations and their higher rank meta
algebras are some examples. Examining more deeply the structure and general representation theory of
meta algebras and their potential occurrences in diverse areas also warrants attention.

Appendix: Actions of operators on several bases

Note that a_; = any = 0.

Z\|dy)=~1dn)+au|dpn), (A.1)
X|dp)=4Z|dp)=~An | dn)+Anan | dpst1), (A.2)
N
Vidoy= > Villdp, (A3)
Jj=max(0,n—1)
ZT | dy)y=~1dy) +an-1 1 dy ), (A.4)
X" | d;) =1,Z7 | d:) =1 | d; )+ Anan-1 | d:;_l ) (A.5)
min(n+1,N)
Vildyy= ) Vi ldy). (A6)

J=0
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" dx d* % dx *
VTZT | d) = (VTZT)’§+1>n| &)+ (VTZT)HD |dn>+(VTZT),(L_1),n | ), (A7)
d d
VZ | dn)= (V2 | duet )+ (VIR | dn ) + (VD)) L dnor ), (A8)
Zlen)= zrgj)1 lent Y+ Z) Len) + zjf)1 lent), (A.9)
Xlen) =X lena) + X0 len) + X\ enr), (A.10)
Vien)=tnlen), (A.11)
N .
Z1 fuy =D (=D e - aj | ), (A.12)
j=n
N .
X|fay=m=a)l fuy+ > (D" papan a1 | f;), (A.13)
Jj=n+1
VILEDY =V fr )+ Vasd DL L+ VI ), (A.14)
-N-1
y@ _nn=N-1) (A15)
’ an-1
VA —(n-a)@+m+1-n)+(@-B)(a+B+n +1-N), (A.16)
V;i) =(a=-B)a+p+m+1-N)asan,...a; (j > n), (A.17)
TTy(d%) _ (n+1)(N_n)

(vV'z )n+l,n =T (A.18)
(VTZN)9) = (@ =n)(N =2n) + (B =1 + (B = N)(B+1), (A.19)
(VTZT)y(l'f’{?n =ap(@a-n)n-a-n -1), (A.20)

d dx d dx* d dx*
V) =vTZOD) v = vz (vl =Tz L a2

vV —y) oy oy vTU oy D) see (6.10), (6.11), (6.12). (A22)

n+l,n n,n+1’ n—1,n
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