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The Cahn–Hilliard–Navier–Stokes (CHNS) partial differential equations (PDEs) provide
a powerful framework for the study of the statistical mechanics and fluid dynamics of
multiphase fluids. We provide an introduction to the equilibrium and non-equilibrium
statistical mechanics of systems in which coexisting phases, distinguished from each other
by scalar order parameters, are separated by an interface. We then introduce the coupled
CHNS PDEs for two immiscible fluids and generalisations for (i) coexisting phases with
different viscosities, (ii) CHNS with gravity, (iii) three-component fluids and (iv) the
CHNS for active fluids. We discuss mathematical issues of the regularity of solutions
of the CHNS PDEs. Finally we provide a survey of the rich variety of results that have
been obtained by numerical studies of CHNS-type PDEs for diverse systems, including
bubbles in turbulent flows, antibubbles, droplet and liquid-lens mergers, turbulence in the
active-CHNS model and its generalisation that can lead to a self-propelled droplet.
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1. Introduction
Multiphase flows (see, e.g., Brennen 2005; Prosperetti & Tryggvason 2007; Balachandar
& Eaton 2010) abound in nature. They occur on astrophysical, atmospheric, industrial,
laboratory and cellular scales. Examples include the circumgalactic medium (Sharma et al.
2012; Faucher-Giguere & Oh 2023), clouds (see, e.g., Shaw 2003; Bodenschatz et al. 2010;
Devenish et al. 2012), flows with droplets and bubbles (see, e.g., Johnson & Sadhal 1985;
Stone 1994; Magnaudet & Eames 2000; Mercado et al. 2010; Anna 2016; Magnaudet
& Mercier 2020; Mathai, Lohse & Sun 2020; Pandey, Ramadugu & Perlekar 2020;
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Pal et al. 2022; Pandey, Mitra & Perlekar 2023), aerosols that transmit pathogens (see,
e.g., Bourouiba 2021) and biomolecular condensates (see, e.g., Banani et al. 2017; Gouveia
et al. 2022). An examination of these examples reveals that the term multiphase is used
to mean different things in different settings. For example, the important overview by
Balachandar & Eaton (2010) begins by noting the following: ‘. . . Dispersed multiphase
flows are distinguished from other kinds of multiphase flows, such as free-surface flows.
In dispersed multiphase flows, the evolution of the interface between the phases is
considered of secondary importance. Processes such as droplet or bubble breakup and
agglomeration do indeed alter the interface between the phases. However, in the context
of dispersed multiphase flows, one accounts for the interface between the dispersed and
carrier phases in terms of particle-size spectra without considering the detailed evolution
of the interface.’ In contrast, we restrict ourselves to systems in which the different
phases coexist in thermodynamic equilibrium and where it is necessary to account for the
surface tension and the breakup or coalescence of droplets of these phases. To understand
such multiphase flows, we must combine theoretical methods from fluid dynamics and
statistical mechanics.

The fundamental equations governing the dynamics of a viscous fluid, now known as
the Navier–Stokes (NS) equations, were first introduced by Navier in 1822 (Navier 1823).
Over the following decades, these equations were refined and rigorously formulated by
Stokes and others (Stokes 1901; Leray 1934; Batchelor 1967; Doering & Gibbon 1995;
Galdi 2000; Foias et al. 2001; Robinson 2020; Farwig 2021), leading to the modern form
used today. For a detailed historical developments of this equation, see Darrigol (2005)
and Bistafa (2018). The Cahn–Hilliard (CH) equation, which is 67 years old (see, e.g.,
Cahn & Hilliard 1958, 1959; Cahn 1961; Lifshitz & Slyozov 1961; Lothe & Pound 1962;
Hohenberg & Halperin 1977; Gunton, San Miguel & Sahni 1983; Chaikin, Lubensky &
Witten 1995; Bray 2002; Onuki 2002; Badalassi, Ceniceros & Banerjee 2003; Berti et al.
2005; Puri & Wadhawan 2009; Perlekar et al. 2014), plays a central role in the theory of
two-phase mixtures, interfaces, phase separation, domain growth and coarsening in the
wake of a quench from a high-temperature single-phase regime to a low-temperature two-
phase region (Bray 2002; Puri 2004). The CH equation, initially formulated to describe
phase separation in binary alloys (see, e.g., Lebowitz & Kalos 1976; Binder et al. 1979;
Puri & Wadhawan 2009), has been applied, with suitable adaptations, to a wide range
of phenomena, including self-assembly in diblock copolymers (Hill & Millett 2017) and
tumour-growth modelling (Hilhorst et al. 2015; Ebenbeck, Garcke & Nürnberg 2020;
Garcke, Lam & Signori 2021). For a comprehensive review of the applications of the
CH equation, see Kim et al. (2016). If the two phases under consideration are immiscible
fluids, it is natural to combine the above two equations to obtain the Cahn–Hilliard–
Navier–Stokes (CHNS) equations that provide a powerful mathematical framework for
the study of two-fluid flows, be they laminar or turbulent. The CHNS approach and its
generalisations have (i) found extensive applications, across diverse length and time scales,
e.g. in droplet formation in the atmosphere and the manipulation of microscale droplets
in microfluidic devices, (ii) led to new insights into a variety of multiphase flows and
(iii) provided a convenient and efficient numerical scheme for direct numerical simulations
(DNSs) of such flows. We provide on overview of this rich and rapidly developing
field.

The CHNS framework, also known as the diffuse-interface or the phase-field method,
is related to Model H that is used in dynamic critical phenomena (see, e.g., Hohenberg &
Halperin 1977; Gurtin, Polignone & Vinals 1996; Anderson, McFadden & Wheeler 1998;
Puri & Wadhawan 2009). It has a rich history that dates back to the pioneering studies of
Fixman and of Kawasaki (see, e.g., Fixman 1967; Kawasaki 1970), who developed coupled
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Figure 1. A schematic overview of multiphase flows, their wide-ranging applications, the mathematical
and numerical models employed for studying them; we include the CHNS and phase-field models, various
numerical methods that are used to solve the CHNS model, and the broad spectrum of applications of the CHNS
model. Here, VOF, volume of fluids; MD, molecular dynamics; SPH, smoothed particles hydrodynamics;
LBM, Lattice–Boltzmann method; RT, Rayleigh–Taylor; KH, Kelvin–Helmholtz; MIPS, motility-induced
phase separation.

hydrodynamical equations for studying the behaviour of binary-fluid mixtures. Since then,
the CHNS framework has evolved into a powerful tool for modelling a wide range of
complex multiphase flows. It uses diffuse interfaces with a smooth transition region
instead of a sharp boundary, so the CHNS model provides a convenient representation
of the dynamics of fluid–fluid interfaces (see, e.g., Lowengrub, Rätz & Voigt 2009;
Kim 2012). This approach enables us to study a variety of phenomena, including droplet
formation, coalescence and breakup, as well as phase separation and mixing. In figure 1,
we present a schematic overview of multiphase flows, their wide-ranging applications,
and the mathematical and numerical models employed for studying these systems. This
diagram includes the CHNS or phase-field model, various numerical methods that are
used to solve the CHNS partial differential equations (PDEs), and the broad spectrum
of applications of the CHNS model. Below, we briefly outline the key differences and
advantages of the CHNS method in comparison with other approaches.

(i) Molecular dynamics – MD provides a microscopic perspective on and treatment
of phase separation and interfacial dynamics (see, e.g., Singh & Puri 2015a; Li
2023); MD becomes computationally costly and challenging when dealing with large
interfacial fluctuations and turbulence in macroscopic multiphase systems. Although
MD has been used successfully for studying problems like droplet coalescence, it
lacks the ability to model large-scale hydrodynamic effects efficiently. See Heinen
et al. (2022) for a comparative study of MD and phase-field simulations for problems
related to the coalescence of droplets.

(ii) Volume of fluid – VOF is a widely used numerical technique for tracking
and locating free surfaces in multiphase flows (see, e.g., Lafaurie et al. 1994;
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Popinet & Zaleski 1999; Yokoi 2007; Tryggvason, Scardovelli & Zaleski 2011;
Mohan & Tomar 2024). It is particularly effective for simulating fluid flows
with interfaces between different fluids. The VOF models the interface as a
sharp boundary, which can introduce numerical challenges when handling complex
topological changes. However, in reality, interfaces are not infinitely sharp, but
they have a finite thickness, especially in systems undergoing phase separation.
In contrast, the phase-field (i.e. CHNS) framework represents the interface as a
diffuse region rather than a sharp boundary. This approach naturally accommodates
topological changes, such as droplet coalescence or breakup, without requiring
complex interface-tracking algorithms. Both methods have been successfully applied
in the study of antibubble dynamics by Pal et al. (2022). A comprehensive
comparison of these methods for various multiphase flows can be found in Mirjalili,
Ivey & Mani (2019).

(iii) Smoothed particle hydrodynamics – SPH is a mesh-free, particle-based method that
is well-suited for simulating free-surface flows and multiphase interactions (see,
e.g., Colagrossi & Landrini 2003; Violeau & Rogers 2016; Wang et al. 2016; Díaz-
Damacillo et al. 2023). The SPH is well-suited for studies of certain types of
free-surface flows, but it can be computationally intensive because it requires the
tracking of individual particles and, in some cases, stabilisation techniques. The SPH
typically uses additional formulations to capture, accurately, interfacial dynamics,
such as surface tension (see Jeske et al. 2023).

(iv) Level-set method – this represents interfaces as sharp boundaries using a level-set
function. This approach is effective for tracking evolving interfaces, particularly in
cases where the topology changes, such as in droplet merging and splitting (see,
e.g., Sethian & Smereka 2003; Yuan et al. 2018; Valle, Trias & Castro 2020). A
detailed comparative study via numerical simulations of both level-set and phase-
field methods is given in Zhu et al. (2021), where the authors write ‘. . . In the rising
process of the bubble, the tracking efficiency of the phase field method is higher than
that of the level-set method. The phase field method is easier to capture the subtle
changes of the bubble, and has higher calculation efficiency and accuracy, and has
better simulated calculation results.’

The remaining part of this paper is organised as follows. In § 2 we begin with
a discussion of the statistical mechanics of systems in which two coexisting phases,
distinguished from each other by a scalar order parameter φ, are separated by an interface.
Our discussion leads naturally to the time-dependent Ginzburg–Landau (TDGL) PDE,
when φ is not conserved, and the CH PDE, if φ is conserved. In § 3 we define the models
that we use when the coexisting phases are fluids; in the simple case of two immiscible
fluids we have the CHNS equations; we give its generalisations for (i) coexisting phases
with different viscosities, (ii) CHNS with gravity, (iii) three-component fluids (CHNS3)
and (iv) CHNS for active fluids. Section 4 gives an overview of the numerical schemes
that are used to study these models; we include details of pseudospectral DNSs and
the volume-penalisation method that we use in our work; furthermore, we contrast the
CHNS diffuse-interface approach with schemes that track the spatiotemporal evolution of
sharp interfaces. Section 5 discusses mathematical issues of the regularity of solutions
of the CHNS PDEs. Section 6 contains a survey of the types of results that have been
obtained by numerical studies of CHNS-type PDEs. In § 7 we present results for a variety
of challenging problems for which we have to go beyond the binary-fluid CHNS. Section 8
summarises the CHNS framework for multiphase flows and discusses and new challenges
in this area.
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2. Overview: statistical mechanics of interfaces
This section contains a short outline of the statistical mechanics of systems with interfaces.
We include material that is required for the development of CH models and their
generalisations. Section 2.1 is devoted to the equilibrium statistical mechanics of systems
with interfaces; in particular, it uses the Ising and lattice-gas models to explore interfacial
statistical mechanics. In § 2.2 we turn to a discussion of time-dependent phenomena,
especially in the context of the kinetic Ising model. This leads naturally to the discussion,
in § 2.2.1, of TDGL theory, for a non-conserved order parameters, and, in § 2.2.2, the CH
equation for a conserved order parameter.

2.1. Equilibrium statistical mechanics
Interfaces separate coexisting phases. In equilibrium, all thermodynamic properties of
interfaces follow from the intensive interfacial free energy f I , which is precisely the
interfacial tension σα,β between coexisting bulk phases α and β. For pedagogical reasons,
we illustrate this by considering the ferromagnetic, spin-half, Ising model, which is used to
model magnets that are anisotropic (in spin space). This Ising model, which can be mapped
onto a simple lattice-gas model for a fluid that can have two coexisting bulk phases (see
below), has the Hamiltonian

H= −J
∑
〈i, j〉

Si S j − h
∑

i

Si . (2.1)

The spins Si = ±1 occupy the N ∼ Ld sites i of a d-dimensional hypercubic lattice, with
side L , in a region Ω; the exchange interaction J couples spins on nearest-neighbour
pairs of sites 〈i, j〉; a ferromagnetic interaction (J > 0) favours spin alignment, i.e. spins
of the same sign on nearest-neighbour sites; the external magnetic field h favours Si =
sgn(h) and it distinguishes between the two phases: up-spin ↑ (with Si = +1, ∀i , at zero
temperature T = 0) and down-spin ↓ (with Si = −1, ∀i , at T = 0). If we are interested only
in bulk statistical physics, it is convenient to use periodic boundary conditions (PBCs) in
all d directions.

The transformation ni = (1 + Si )/2, yields the lattice gas variables ni = 0 or 1 and
defines the lattice-gas model, whose low- and high-density phases are the analogues of the
↓ and ↑ phases in the ferromagnetic Ising model and in which the chemical potential is the
counterpart of h in the Ising model (see, e.g., Griffiths 1972; Goldenfeld 2018). (A similar
transformation relates the Ising-model Hamiltonian to a lattice model for a binary alloy.)
Just as a positive (negative) external field h favours the up-spin ↑ (down-spin ↓) phase,
a large and positive (negative) values of the chemical potential favour the high-density
(low-density) phase in the lattice-gas model (see table 1).

The intensive bulk free energy fB of the Ising model, which is a function of the
temperature T , h and J , is defined as follows:

fB(T, h, J )= lim
N→∞

1
N

[F(T, h, J, Ω)] ;
F(T, h, J, Ω)] = −kB T ln[Z];

Z =
∑

{Si =±1}
exp[−H/(kB T )]; (2.2)

where, kB, F and Z are, respectively, the Boltzmann constant, the total free energy and
the partition function and the sum is over all the spin states. Note that F depends on Ω
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System ↑ Phase ↓ Phase Phase Transition

Ising ferromagnet Ferromagnetic up Ferromagnetic down Spin flip
Liquid–gas High-density (liquid) Low-density (gas) Condensation

Binary (A–B) mixture A-rich B-rich Phase-separation
Active fluid High-density Low-density Active phase-separation

Table 1. Correspondences between Ising ferromagnetic systems, with lattice-gas or binary-mixture counter-
parts, and their phases and phase transitions; here, ↑ and ↓ represent the up-spin and down-spin phases of an
Ising ferromagnet (see the text). Rows 2–4 mention equilibrium phases and transitions; the last row mentions
non-equilibrium active fluids which can exhibit active phase-separation (see § 7.6).

and, therefore, on BCs; by contrast, fB does not depend on Ω , the BCs, and boundary
couplings and fields because we have taken the thermodynamic limit N → ∞. If the
thermodynamic limit exists (as it does for the Ising model we consider), then: (i) fB is
a convex-up function of its arguments, which guarantees continuity of fB with respect
to T , h and J ; (ii) ∂ fB/∂T, ∂ fB/∂h and ∂ f/∂ J exist almost everywhere ( fB has slope
discontinuities at first-order phase boundaries); and (iii) ∂ fB/∂T, ∂ fB/∂h and ∂ f/∂ J are,
respectively, monotone, non-increasing functions of T, h and J . Bulk thermodynamic
functions follow from derivatives of fB ; e.g. the magnetisation per site

M =
∑

i

〈Si 〉/N = −∂ fB/∂h, (2.3)

where the angular brackets denote the thermal average. When the second derivatives of
fB exist, they lead to stability conditions such as the positivity of the specific heat at
constant h, to wit, Ch ≡ −kB T ∂2 fB/∂T 2 � 0.

This magnetisation M ∈ [−1, 1] is the order parameter, which is positive (negative) in
the up-spin (down-spin) phase; its lattice-gas counterpart is the density ρ =∑

i 〈ni 〉/N ∈
[0, 1]. For dimension d > 1, the Ising-model phase diagram in the h/J − kB T/J plane
(henceforth, we set kB = 1 and J = 1) shows a first-order phase boundary, h = 0 for
T < Tc, where Tc is the critical or Curie temperature at which this model exhibits a
continuous phase transition from the ferromagnetic to the paramagnetic phase (figure 2a).
Along the first-order boundary, the ↑ and ↓ phases coexist. In the T −M counterpart
(figure 2b) of the h−T phase diagram, two-phase coexistence occurs everywhere below
the coexistence curve in the peach-shaded region: the system undergoes macroscopic
phase separation, forming distinct ↑ and ↓ phases, rather than a fully mixed state; in
equilibrium, these coexisting phases are separated by an interface (see below). If we
use the Ising-model–lattice-gas correspondence (table 1), we see that its binary-mixture
counterpart is the coexistence of immiscible fluids, below the critical temperature above
which the two fluids mix.

We do not concentrate on the critical properties of the Ising model here; but we do
mention critical-point behaviours occasionally. Therefore, we note that, in the vicinity of
the critical point at h = 0 and T = Tc, thermodynamic functions display power-law forms,
with universal exponents and scaling functions (see, e.g., Chaikin et al. 1995; Kardar 2007;
Goldenfeld 2018). For example, at h = 0 and (T − Tc)/TC � 1, M ∼ [(Tc − T )/Tc]β ,
for T � Tc; and the specific heat Ch ∼ [(Tc − T )/Tc]−α diverges; β and α are universal
critical exponents that depend on d and the number of components n of the order
parameter (for the Ising model we have a scalar order parameter and n = 1). If we were
to obtain order-parameter correlation functions and, therefrom, the correlation length
ξ , then we would find the divergence ξ ∼ [(Tc − T )/Tc]−ν . At such a critical point,
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h
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Two-phase
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0–1 +1

Figure 2. Schematic phase diagrams for the d-dimensional Ising model (2.1) in the magnetic-field h and
temperature T plane (a) and the T and magnetisation M plane (b). There is a first-order phase boundary
(brown line), h = 0 for T < Tc, that ends in a critical point at h = 0, T = Tc (blue point); along the first-
order boundary, the ↑ and ↓ phases coexist. In the T −M phase diagram, two-phase coexistence occurs in the
peach-shaded region everywhere below the coexistence curve (black), atop which is the critical point.

only two exponents are independent; the others can be related by scaling laws that are
linear relations between these exponents (see, e.g., Chaikin et al. 1995; Kardar 2007;
Goldenfeld 2018). For the d = 2 Ising model, α = 0 because Ch has a logarithmic
divergence at h = 0 and T = Tc, β = 1/8, and ν = 1.

To define the intensive interfacial free energy f I (per unit area of the interface), we must
distinguish between BCs, for the Ising Hamiltonian (2.1), that yield a (d − 1)−
dimensional interface between coexisting bulk phases and those that do not. We illustrate
two such BCs, ++ and −+, via the schematic diagrams for d = 2 in figure 3. We use
periodic BCs in (d − 1) directions; in the remaining direction, denoted by x , we have two
(d − 1)-dimensional surfaces at x = −L/2 and x = +L/2; the ++ BC does not yield an
interface; by contrast, the −+ BC yields an interface with NI ∼ L(d−1) the number of sites
in the T = 0 interface. (The precise value of x at the interface location depends on whether
we work in the fixed-h or fixed-M ensemble; in the former, the interface can lie anywhere
between x = −L/2 and x = +L/2, whereas, in the latter, the position of the interface is
such that the proportion of the ↑ and ↓ regions yields the fixed magnetisation M .) Here,

f I (T, h, J )= lim
NI →∞;N→∞

1
NI

[
F−+ − F++] , (2.4)

where F++ and F−+ are, respectively, the total free energies of the Ising model with ++
and +− BCs (figure 3). (Note that the free-energy contributions from the two surfaces
cancel when we subtract F++ from F−+ in (2.4).) We have mentioned above that bulk
statistical mechanics and phase diagrams follows from fB and its derivatives; similarly,
interfacial statistical mechanics and interfacial phase diagrams follow from f I and its
derivatives. If the order parameter has more than one component, e.g. if n = 2 as in
the XY model or a superfluid, then f I has to be replaced by the helicity modulus Υ ,
because the interface is not sharp (see, e.g., Fisher, Barber & Jasnow 1973); in such cases,
−+ BCs lead to a correction to the total free energy that scales as L(d−2). We restrict
ourselves to scalar order parameters that have n = 1. Furthermore, f I gives us the strict
definition of the interfacial (or surface) tension (see, e.g., Rottman & Wortis 1984). Both
f I and surface tension have the same physical units: f I is typically given in energy per
unit area, whereas the surface tension is specified as a force per unit length, both of which
are dimensionally equivalent. In particular, if T → Tc from below, the coexisting phases
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(a)

y

x

(b)

–L/2 +L/2 –L/2 +L/2

Figure 3. Schematic diagrams for (a) ++ and (b) −+ BCs for the d-dimensional Ising model (2.1); d = 2 in
this illustration. In d − 1 directions (y here) we use periodic BCs.

come together at the critical point (the consolute point in a binary-fluid mixture) and the
interfacial free energy vanishes as f I ∼ [(Tc − T )/Tc]μ, with the exponent μ= 2ν.

It is important to distinguish between surface and interfacial free energies. The former
is associated with a geometrically imposed surface (say on the (1,0,0, . . .) face of the
hypercubic lattice we consider). The intensive surface free energy is (see, e.g., Fisher &
Caginalp 1977; Caginalp & Fisher 1979; Rottman & Wortis 1984)

fs(T, h, J )= lim
Ns→∞;N→∞

1
2Ns

[
F++ − N fB

]
, (2.5)

where Ns ∼ L(d−1) is the number of sites in the geometrically imposed surface (or
surfaces); for the ++ BC in figure 3, there are two surfaces at x = −L/2 and x = +L/2,
so we have a factor of 2 in (2.5). Geometrically imposed surfaces do not fluctuate, but
interfaces do, because of thermal or other (e.g. turbulent) fluctuations.

It is well known that the d-dimensional Ising model can be solved exactly (i.e. fB can
be obtained analytically) only if (i) d = 1 or (i) d = 2 and h = 0 (see, e.g., Onsager 1944;
Huang 2008; Thompson 2015; Baxter 2016). In other dimensions, we must either use
approximations, such as mean-field theory, or numerical simulations, such as the Monte
Carlo method (see, e.g., Plischke & Bergersen 1994; Chaikin et al. 1995; Gould et al. 1996;
Kardar 2007; Goldenfeld 2018). For d = 2, a variety of elegant results can be obtained for
f I ; these are of relevance to equilibrium crystal shapes (see Rottman & Wortis 1984).

We give a brief introduction to mean-field theory because it leads directly to our
discussion of the CH system. We consider a generalisation of the Hamiltonian (2.1) in
which the magnetic field h is replaced by a site-dependent magnetic field hi , so the
second term becomes

∑
i hi Si . In its most rudimentary form, mean-field theory (known

as Curie–Weiss theory for our Ising-model example) uses

Si S j = (Si − 〈Si 〉)(S j − 〈S j 〉)+ Si 〈S j 〉 + Si 〈S j 〉 − 〈Si 〉〈S j 〉;
Si S j 
 +Si 〈S j 〉 + Si 〈S j 〉 − 〈Si 〉〈S j 〉. (2.6)

The second equation follows from the first one if we neglect (Si − 〈Si 〉)(S j − 〈S j 〉)
because it is quadratic in deviations from the equilibrium values of the site magnetisations
Mi ≡ 〈Si 〉. We now substitute the second row of (2.6) into the Hamiltonian (2.1); this yields
a mean-field Hamiltonian HM F in which a spin at site i experiences an effective magnetic
field hef f

i = hi + J
∑

j∈[nni] M j , where [nni] indicates all the nearest-neighbour sites
of i . The single-site magnetisation for HM F follows simply and we get the Curie–Weiss
self-consistency equations
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Mi = tanh

[
(hi + J

∑
j∈[nni] M j )

(kB T )

]
, (2.7)

which can have many solutions. The variational formulation of this mean-field theory (see,
e.g., Falk 1970; Girardeau & Mazo 1973; Plischke & Bergersen 1994) implies that we must
select the solution that leads to the global minimum of the variational free energy

FCW ({Mi })= −
∑

i

hiMi − J
∑
<i, j>

(MiM j )

+ kB T

2

∑
i

[
(1 +Mi ) ln

(1 +Mi )

2
+ (1 −Mi ) ln

(1 −Mi )

2

]
, (2.8)

where Mi are the variational parameters and the subscript CW stands for Curie–Weiss.
Note that F({Mi }) is not the equilibrium free energy, so it might not be a convex function
of its arguments. If we minimise F({Mi }) by setting ∂F({Mi })/∂Mi = 0, we recover
the self-consistency equations (2.7). At the global minimum of F({Mi }), the equilibrium
value of Mi is Mi,eq ; when we substitute this value of Mi in F({Mi }), we obtain the
mean-field expression for the equilibrium free energy, which satisfies all the convexity
properties mentioned earlier.

If the variational parameters Mi vary slowly in space, say over a length scale �, with
a/�� 1, where a is the lattice spacing of the hypercubic lattice, then we can make the
following continuum approximation:

Mi → φ(r); hi → h(r);
∑

i

→ 1
ad

∫
dr;

− J
∑
<i, j>

(MiM j )→
[
− q J

2ad

∫
dr[φ(r)]2 + J

2a(d−2)

∫
dr[∇φ(r)]2

]

+ O((a/�)4), (2.9)

where q = 2d is the nearest-neighbour coordination number for the d-dimensional
hypercubic lattice and φ is a scalar order parameter. We now use (2.9) to obtain the
continuum limit of the variational free energy functional (2.8),

adFCW (φ,∇φ)=
∫

dr
[
−h(r)φ(r)− q J

2
[φ(r)]2 + Ja2

2
[∇φ(r)]2 + kB T

2
VCW (φ)

]
,

VCW (φ)≡
[
(1 + φ) ln

(1 + φ)

2
+ (1 − φ) ln

(1 − φ)

2

]
, (2.10)

where, in the Curie–Weiss approximation, the first three terms in (2.10) yield the
energy contribution and the fourth term the entropy contribution (see, e.g., Puri 2004);
furthermore, φ ∈ [−1, 1].

If we expand VCW (φ) to O(φ4) and set a = 1, we obtain the Landau–Ginzburg (LG)
variational free-energy functional (see, e.g., Kadanoff et al. 1967; Chaikin et al. 1995;
Kardar 2007; Landau & Lifshitz 2013; Goldenfeld 2018),

FLG(φ,∇φ)=
∫

dr
[
g(φ)+ σ

2
[∇φ]2

]
,

g(φ)≡
[
−hφ + kB

2
(T − T CW

c )φ2 + kB T

12
φ4 + O(φ6)

]
, (2.11)
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(b)

g (φ)

g ′′(φ) < 0

g ′′(φ) > 0

Spinodal curve

Coexistence curve

φb–φb φs–φs
φ

(a)

TC

T

Figure 4. Schematic plots of (a) the variational free energy g(φ) (see (2.11)) versus the order parameter φ, for
magnetic field h = 0 and temperature T < Tc, with two equally deep minima at φ = ±φb, the LG equilibrium
values; (b) the LG phase diagram in the T − φ plane showing the coexistence curve (also called the binodal),
below which the phases coexist, and the spinodal curve, which is the locus of points at which d2g(φ)/dφ2 = 0.

where we suppress the r argument of h and φ, the Curie–Weiss critical temperature
T CW

c ≡ q J , and σ ≡ J is the bare surface-tension cost for large gradients in the scalar-
order-parameter field φ. If we consider uniform ordering, then minimisation of g via
∂g(φ)/∂φ = 0 yields the mean-field-theory phases, transitions, and exponents for this
Ising model. We present a schematic plot of g(φ) in figure 4(a) for T < T CW

c and h = 0.
Note that g displays two, equally deep quadratic minima at

φb ≡
√

3(T CW
c − T )

T
and − φb, (2.12)

so the ↑ and ↓ phases coexist along the first-order phase boundary h = 0, 0 � T < T CW
c ,

whose counterpart in the T − φ phase is the coexistence curve shown in figure 4(b). If
T → T CW

c from below, with h = 0, these minima merge at T = T CW
c , the coefficient

of the quadratic term vanishes and elementary steps yield the mean-field order-
parameter exponent βM F = 1/2 and interfacial-free-energy exponent μM F = 2νM F = 1.
The interfacial free energy vanishes for T > Tc, for there are no coexisting phases and,
therefore, no interface; and g(φ) has only one quadratic minimum if T > T CW

c and h = 0.
To study non-uniform order-parameter configurations (see, e.g., Pandit & Wortis 1982;

Bray 2002; Puri 2004; Puri & Wadhawan 2009), we must minimise FCW or FLG . We
illustrate this for FLG below by considering BCs (cf. figure 3) that yield an interface for
T < T CW

c and h = 0:

δFLG/δφ = 0;
⇒
[
−σ∇2φ + kB(T − T CW

c )φ + kB T

3
φ3
]

= h(r). (2.13)
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If we assume that φ varies only in the x direction and that h(r)= 0, we obtain the
following ordinary differential equation, which must be solved with the BCs given in the
second row:

σd2φ/dx2 = kB(T − T CW
c )φ + kB T

3
φ3;

BCs φ(x)= ±φb at x = ±∞. (2.14)

This has the following well-known solution (see, e.g., Pandit & Wortis 1982; Puri 2004;
Puri & Wadhawan 2009):

φ(x)= φb tanh
[
(x − x0)/ξM F

] ;
ξM F =

√
σ

2kB(T CW
c − T )

; (2.15)

here, x0 is the point at which this interfacial (or kink) profile goes through zero and ξ is the
width of the interface. If we portray the solutions of (2.14) in the phase space [dφ/dx, φ],
the bulk phases correspond to hyperbolic fixed points at dφ/dx = 0, φ = ±φb and the
interfacial profile is a heteroclinic trajectory that goes from one of these fixed points to the
other (see Pandit & Wortis 1982). The mean-field free energy f I,M F (surface tension) for
the kink solution follows by subtracting FLG without an interface from its value with an
interface,

L(d−1) f I,M F (φ,∇φ)=
∫ ∞

−∞
dx
[
�g(φ)+ σ

2
[dφ/dx]2

]
,

�g(φ)≡
[

kB

2
(T − T CW

c )[φ2 − φ2
b] + kB T

12
[φ4 − φ4

b]
]
. (2.16)

If we multiply the first equation in (2.13) by dφ/dx and integrate, we obtain (see, e.g., Puri
& Wadhawan 2009) for details)

kB

2
φ2 + kB

12
φ4 + σ

2
[dφ/dx]2 = kB

2
(T CW

c − T )φ2
b + kB

12
φ4

b,

whence f I,M F =
∫ ∞

−∞
dx[dφ/dx]2. (2.17)

Note that as T approaches T CW
c from below, φb → 0, so f I,M F vanishes as

∼ (T CW
c − T )μM F , with μM F = 2νM F = 1, where νM F is the exponent that characterises

the divergence of ξM F (see (2.15)). To go beyond this mean-field treatment, we must
include the thermal fluctuations that are neglected by mean-field theory and which modify
the mean-field values of critical exponents for d � 4 (see, e.g., Plischke & Bergersen 1994;
Chaikin et al. 1995; Amit & Martin-Mayor 2005; Kardar 2007; Goldenfeld 2018; Ma 2018;
Zinn-Justin 2021).

In most of this paper, we concentrate on physical parameter ranges in which systems
are far from critical points. Therefore, we continue to use the LG framework outlined
above and PDEs such as (2.13) with no noise terms that account for thermal fluctuations.
If turbulence is present in the flows we consider, then turbulent fluctuations overpower
thermal fluctuations; the latter are normally not required in studies of turbulent flows. For
studies that suggest the inclusion of thermal noise in dissipation-range fluid turbulence see
Betchov (1977) and Bandak et al. (2022).

We can also use the above inhomogeneous mean-field theory for the following:
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(a) (b)

A

CSolid Solid Solid

B
σAC σBC

θ

σAB

(c)

Figure 5. Schematic diagram of a droplet on a solid substrate for (a) partial wetting, (b) complete drying and
(c) complete wetting. The white, green and blue regions indicate the three phases A, B and C (the last of which
is a solid substrate); the surface tensions between the coexisting phases are σAB , σAC and σBC ; the contact angle
θ is given by the Young–Dupré equation σAC = σBC + σAB cos(θ); in (a) 0< θ < π , (b) θ = π and (c) θ = 0.

(i) to study the wetting transition on an attractive substrate, which we illustrate by the
schematic diagram in figure 5 (see, e.g., Cahn (1977), Pandit & Wortis (1982) and
Pandit, Schick & Wortis (1982) for a detailed treatment of this problem);

(ii) to study curvature corrections to the surface tension (see Fisher & Wortis 1984 for
details) at a curved interface; the dominant contribution at a curved interface yields
Laplace’s result (see, e.g., Fisher & Wortis 1984; Rowlinson & Widom 2013) for the
pressure difference �P between the interior (say A) and exterior (say B) phases that
are separated by a curved interface with surface tension σAB and radius of curvature
RAB :

�P = 2σAB

RAB
. (2.18)

2.2. Kinetic Ising models
We turn now to a brief description of some time-dependent phenomena in multiphase
systems. For pedagogical reasons, we have used the Ising model to illustrate various
aspects of the equilibrium statistical mechanics of systems with interfaces. We adopt
a similar strategy here by beginning with the kinetic Ising model (see, e.g., Kawasaki
1970; Puri 2004; Puri & Wadhawan 2009), employing a mean-field approximation, taking
a continuum limit and obtaining, therefrom, TDGL descriptions for the spatiotemporal
evolution of the order parameter in two cases, viz., when it is (i) not conserved and
(ii) conserved. Case (ii) yields the CH equation. Our discussion follows that of Puri &
Wadhawan (2009), which the reader should consult for details.

The Ising-model Hamiltonian (2.1) contains only one component (say the z component
in spin space), so it does not have intrinsic dynamics. We assume instead that the spins
in this model are in contact with a heat bath (provided, e.g. by coupling to phonons
in a crystalline solid) that leads to stochastic flipping of these spins. To study time-
dependent phenomena we use, therefore, master equations for the conditional probability
P({S0

i }, 0; {Si }, t) that the spin at site i is in the state Si at time t , given that its t = 0 state
was S0

i ; henceforth, for notational convenience, we suppress the arguments {S0
i }, 0. (The

braces indicate that we consider all the N spins in the d−dimensional hypercubic lattice).
We give two such master equations:

(i) for the Glauber model (see Glauber (1963), indicated by the subscript G in (2.19)), in
which the total magnetisation

∑
i Si is not conserved because we consider single-spin

flips;
(ii) for the Kawasaki model (see Kawasaki 1966, 1970), indicated by the subscript K in

(2.28), in which the total magnetisation is conserved because we consider exchanges
of nearest-neighbour spins.
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2.2.1. Non-conserved order parameter: TDGL theory
The master equation for the Glauber model is

dPG({Si }, t)

dt
= −

N∑
j=1

wG(S1, . . . , S j , . . . , SN |S1, . . . ,−S j , . . . , SN )PG({Si }, t)

+
N∑

j=1

wG(S1, . . . ,−S j , . . . , SN |S1, . . . , S j , . . . , SN )PG({S′
i }, t);

(2.19)

on the right-hand side the first and second terms arise, respectively, from the loss and gain
of probability. The loss is associated with the spin flip S j → −S j ; the gain is because
of the flip S′

j → −S′
j , in a state {S′

i } with S′
i = Si ∀ i �= j and S′

j = −S j . The master
equation (2.19) has the long-time (t → ∞) equilibrium solution

Peq({Si })= 1
Z exp

[−H
kB T

]
(2.20)

if the transition matrix wG({Si }|{S′
i }) satisfies the condition of detailed balance (see, e.g.,

Van Kampen 1981; Martinelli 1999; Puri & Wadhawan 2009)

wG({Si }|{S′
i })Peq({Si })=wG({S′

i }|{Si })Peq({S′
i }). (2.21)

This condition does not specify wG({Si }|{S′
i }) completely; one convenient choice is the

Suzuki–Kubo form (see, e.g., Suzuki & Kubo 1968; Puri & Wadhawan 2009)

wG({Si }|{S′
i })=

1
2τG

[
1 − tanh

(
�H

2kB T

)]
, (2.22)

where τG is the relaxation time scale and �H is the change in the energy because of the
spin flip. If we substitute (2.22) in the master equation (2.19) and then calculate the mean
value of the magnetisation at site i ,

〈Si 〉 =
∑
{S j }

Si PG({S j }, t), (2.23)

standard calculations yield (see, e.g., Puri & Wadhawan 2009)

τG
d
dt

〈Si 〉 = −〈Si 〉 +
〈

tanh

[
(hi + J

∑
j∈[nni] S j )

(kB T )

]〉
. (2.24)

This equation can be solved analytically only if d = 1 and hi = 0 ∀i (see, e.g.,
Glauber 1963; Siggia 1977; Pandit, Forgacs & Rujan 1981). For d > 1, we must either
use approximations, such as mean-field theory, or finite-size calculations, numerical
simulations or renormalisation groups (see, e.g., Pandit et al. 1981; Münkel 1993; Chaikin
et al. 1995; Kardar 2007; Täuber 2013; Goldenfeld 2018; Ma 2018). We follow Puri &
Wadhawan (2009) and use following the mean-field approach, which builds on the Curie–
Weiss approximation (2.7) for the equilibrium magnetisation Mi . A direct expansion of
the second term on the right-hand side of (2.29) yields moments, of all orders, of the spins
Si . In the mean-field dynamical model we use the approximation

τG
d
dt

〈Si 〉 
 −〈Si 〉 + tanh

[
(hi + J

∑
j∈[nni]〈S j 〉)

(kB T )

]
, (2.25)
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whose steady-state solution yields the Curie–Weiss self-consistency equation for the
mean-field magnetisation given in (2.7). If we now take the continuum limit (2.9), we get

τG
∂φ

∂t
= −δFCW

δφ
, (2.26)

and, if we make a small-φ expansion (valid, strictly speaking, near the Curie–Weiss
critical point), we obtain the TDGL equation

∂φ

∂t
= −D

δFLG

δφ
, (2.27)

where we measure time in units of τG (so we set τG = 1). The TDGL equation (2.27)
is often postulated phenomenologically and its right-hand side includes a Gaussian
white-noise term θ(r, t) with zero-mean and a variance 2DkB T that satisfies the
fluctuation-dissipation theorem; this is referred to as Model A in the critical-dynamics
literature (see, e.g., Hohenberg & Halperin 1977; Puri & Wadhawan 2009; Täuber 2013;
Ma 2018). This noise term plays an important role in the calculation of critical exponents,
in general, and the dynamic critical exponent z, in particular, which characterises the
critical-point divergence of the correlation time τc ∼ ξ z . At the simplest mean-field level,
Model A yields z A

M F = 2.

2.2.2. Conserved order parameter: CH theory
The master equation for the Kawasaki model is (see Kawasaki 1966, 1970; Puri &
Wadhawan 2009)

dPK ({Si }, t)

dt

= −
N∑

j=1

∑
k∈[nnj]

wK (S1, . . . , S j , Sk, . . . , SN |S1, . . . , Sk, S j , . . . , SN )PK ({Si }, t)

+
N∑

j=1

∑
k∈[nnj]

wK (S1, . . . , Sk, S j , . . . , SN |S1, . . . , S j , Sk, . . . , SN )PK ({S′
i }, t),

(2.28)

where the subscript K stands for Kawasaki, we set h = 0 in the Hamiltonian (2.1), and
we work in the ensemble with fixed total magnetisation Mtot =∑

i Si . Note that (2.28)
accounts for nearest-neighbour spin exchanges S j ↔ Sk that conserve Mtot . If we proceed
as we did in the Glauber case, with the Suzuki–Kubo form (2.22) for the transition matrix
wK , we obtain (see, e.g., Puri & Wadhawan (2009) for details)

τK
d
dt

〈Si 〉 = −2d〈Si 〉 +
∑

j∈[nni]
〈S j 〉

+
∑

k∈[nni]

〈
(1 − Si Sk) tanh

[
J
(∑

j∈[nni;�=k] S j −∑
j∈[nni;�=i] S j

)
(kB T )

]〉
.

(2.29)

The dynamical analogue of the Curie–Weiss approximation, followed by a continuum
approximation, and an expansion in powers of φ, yields the CH equation (see Cahn &
Hilliard 1958, 1959; Cahn 1961; Puri & Wadhawan 2009)
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∂φ

∂t
= D∇2

[
δFLG

δφ

]
, (2.30)

where we set τK = 1; note that
∫

drφ is conserved by this CH equation (2.30), which
is often postulated phenomenologically (see, e.g., Hohenberg & Halperin 1977; Puri &
Wadhawan 2009; Täuber 2013; Ma 2018) and which has been used extensively in studies
of phase separation, nucleation, and spinodal decomposition. If the right-hand side of the
CH equation (2.30) includes a φ-conserving Gaussian white-noise term θ(r, t) with zero-
mean and with a variance that satisfies the fluctuation-dissipation theorem, it is known as
Model B or the Cahn–Hilliard–Cook equation. This noise term plays an important role
in the calculation of critical exponents. For Model B, at the simplest level, (2.30) yields
zB

M F = 4, which should be contrasted with the Model-A result z A
M F = 2.

Before we proceed to our discussion of the CHNS PDEs, we summarise below the types
of time-dependent phenomena that can be studied by using the TDGL and CH equations.

(i) Space and time dependent correlation functions, e.g.

C(r, t)≡ 〈φ(R, t0)φ(R + r, t0 + t)〉t0,R − 〈φ(R, t0)〉t0,R〉2
t0,R, (2.31)

which can be used to study critical dynamics (see, e.g., Hohenberg & Halperin 1977;
Täuber 2013) and the kinetics of phase separation (see, e.g., Bray 2002; Puri 2004;
Puri & Wadhawan 2009).

(ii) Consider the schematic plot of g(φ), which appears in (2.11) for FLG , in
figure 4(b) (we set h = 0) and the associated schematic phase diagram shown
in figure 4(a). The early stages of phase separation can occur via nucleation,
or droplet-type fluctuations, and spinodal decomposition, or small-amplitude
long-wavelength fluctuations (see, e.g., Oki et al. (1977), Gunton et al. (1983)
and, in particular, figure 3 in Gunton et al. (1983), which has been reproduced
from Oki et al. (1977)). At the level of LG theory, the loci of points along which
g′′(φ)= 0 is the spinodal curve that provides a clear boundary between the
regions with nucleation-dominated (g′′(φ) > 0) growth and spinodal decomposition
(g′′(φ) < 0) in figure 4(a). If we go beyond mean-field or LG theory and consider
the early stages of phase separation, the sharp spinodal curve is replaced by a
crossover regime across which the phase-separating system moves from nucleation-
dominated to spinodal-decomposition-initiated growth (see, e.g., Oki et al.
1977; Gunton et al. 1983).

(iii) Late stages of phase separation. Here, we must distinguish Lifshitz–Slyozov and
Lifshitz–Allen–Cahn scaling laws, for conserved and non-conserved φ, respectively;
the former (latter) leads to domain growth in time t that is characterised by the
power-law growth of the length L(t)∼ t1/3 L(t)∼ t1/2 as discussed, e.g., in Lifshitz
& Slyozov (1961), Lifshitz (1962), Fogedby & Mouritsen (1988), Bray (2002),
Puri (2004) and Puri & Wadhawan (2009). Hydrodynamical effects can modify
the domain-growth power-law exponent (see, e.g., Bray 2002; Puri 2004; Puri &
Wadhawan 2009).

3. Cahn–Hilliard–Navier–Stokes models
Henceforth, we will not consider critical phenomena in the CHNS system and its
generalisations. We will concentrate on turbulence in these systems, well below the
transition temperature Tc, and the effects it has on the suppression of phase separation
(also called coarsening arrest) or droplet motion in turbulent binary- or ternary-fluid flows,
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the coalescence of droplets or lenses, and turbulence and self-propelled droplets in active-
CHNS models. Therefore, it will be convenient to work at a fixed temperature below Tc
and use a LG free-energy functional in which parameters are scaled in such a way that
the minima of FLG are at φb = ±1 in the two-fluid case. For related derivations of the
CHNS model and reviews of diffuse-interface models (see, e.g., Gurtin et al. 1996 and
Anderson et al. 1998). We define below the CHNS models that we consider. Sections 3.1
and 7.1 cover, respectively, binary- and ternary-fluid systems. In § 7.1.1 describes the
Boussinesq approximation for the ternary-fluid case. We then turn to active models: in
§ 7.6 we introduce the active Model H and in § 7.7 a generalisation that allows us to study
the self-propulsion of an active droplet.

3.1. Binary-fluid CHNS
(i) For the binary-fluid case (see, e.g., Guo et al. 2021; Borcia et al. 2022) we use the

following free-energy functional for our CHNS equations:

F[φ,∇φ] =
∫
Ω

dΩ
[
V(φ)+ 3

4
σε|∇φ|2

]
, (3.1)

where V(φ) is the potential, σ is the bare interfacial tension and ε is the width of the
interface. The following two forms of V(φ) are used in the CHNS literature:

(a) Curie–Weiss-type potential,

VCW (φ)= a

2
[(1 + φ) ln(1 + φ)+ (1 − φ) ln(1 − φ)] − b

2
φ2; (3.2)

this potential has the virtue that φ ∈ [−1, 1]. (In some studies VCW is called the
Flory–Huggins logarithmic potential (see, e.g., Giorgini & Temam 2020), as in
the theory of polymer solutions (see, e.g., Rubinstein & Colby 2003).)

(b) LG-type φ4 potential,

VLG(φ)= 3
16
σ

ε
(φ2 − 1)2; (3.3)

this parametrisation has the virtue that the global minima of VLG(φ) are at
φb = ±1. However, now φ ∈ [−∞,∞]. We use VLG(φ) in most of our CHNS
studies.

(ii) If we allow the shear viscosity η and the density ρ to depend on φ, so that the two
coexisting phases have different viscosities (η1 and η2) and densities (ρ1 and ρ2), far
away from interfaces, the incompressible CHNS equations can be written as follows:

ρ(φ)(∂t u + (u · ∇)u)= −∇ P + ∇ ·
[
η(φ)(∇u + ∇uT )

]
− φ∇μ+ ρ(φ)g − αu + f ext ;

∇ · u = 0;
∂tφ + (u · ∇)φ = M∇2μ;

μ= δF
δφ

;

η(φ)= η1

(
1 + φ

2

)
+ η2

(
1 − φ

2

)
;

ρ(φ)= ρ1

(
1 + φ

2

)
+ ρ2

(
1 − φ

2

)
. (3.4)
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Dimensionless numbers Formulae

Reynolds number Re = U0 L0/ν

Peclet number Pe = U0 L0/ν

Bond number Bo =AρL2
0g/σ

Ohnesorge number Oh = ν
√

ρ
σ L0

Capillary number Ca = ρνU0/σ

Weber number W e = ρU 2
0 L0/σ

Cahn number Cn = ε/L0

Table 2. Important dimensionless numbers for the binary-fluid CHNS system.

Here, g, f ext and α are, respectively, the acceleration because of gravity, an external
forcing, and the coefficient of friction (which is required typically in two-dimensional
(2-D) settings, e.g. to account for bottom friction).

(iii) Boussinesq approximation. If the density difference between the two phases is not too
large, in the NS part of the above equations we can use the Boussinesq approximation
(see, e.g., Celani et al. 2009; Boffetta et al. 2010; Lee & Kim 2013a,b; Shah, Saeed
& Yuan 2017; Khan & Shah 2019; Zanella et al. 2020; Forbes, Turner & Walters
2022; Huang & Yang 2022). Furthermore, this approximation holds only when the
vorticity is not too strong; otherwise, non-Boussinesq effects, such as interfacial
instabilities, can emerge even at low Atwood numbers (see, e.g., Ramadugu, Perlekar
& Govindarajan 2022). In this Boussinesq approximation the NS equations can be
written as follows:

∂t u + (u · ∇)u = − 1
ρ0

∇ P + ν∇2u − 1
ρ0
(φ∇μ)+ [ρ(φ)− ρ0]

ρ0
g − αu,

∇ · u = 0, (3.5)

where the mean density is ρ0 = (ρ1 + ρ2)/2. This approximation neglects density
differences except in the term with gravity. We can write

(ρ(φ)− ρ0)

ρ0
= −�ρ

ρ0
φ ≡ −Aφ, (3.6)

with the Atwood number A� 1.

In table 2 we give the important dimensionless parameters that govern the states of the
binary-fluid CHNS system. The larger the Reynolds number Re, the more the inertia-
induced turbulence, which can lead, e.g., to coarsening arrest (§ 6.3). The Bond number
Bo plays a crucial role in gravity-driven flows that include the evolution of antibubbles
(§ 6.4) or a bubble passing through a liquid–liquid interface (§ 7.4); the Ohnesorge number
Oh is important in the coalescence of droplets or liquid lenses (§ 7.5); and the Weber
(W e) and Capillary (Ca) numbers affect interface-induced low-Re turbulence (§ 6.5). The
Cahn number governs the thickness of the interface. Other dimensionless numbers must
be introduced as we increase the complexity of the multiphase system; e.g., in three-phase
flows, density, surface-tension and viscosity ratios are relevant (§ 7.2), and the activity
parameter is important in active CHNS systems (§§ 7.8 and 7.9).

4. Numerical methods
Various numerical methods have been employed successfully to simulate multiphase flows
using phase-field methods, in general, and the CHNS equations, in particular. To capture
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the underlying physics, it is crucial to resolve interfaces accurately and to track their
evolution. Common numerical discretisation techniques include the finite element method
(see, e.g., Elliott & French 1987; Barrett et al. 1999, 2001; Vey & Voigt 2007; Lowengrub
et al. 2009), finite difference methods (see, e.g., Furihata 2001; Kim & Kang 2009; Teigen
et al. 2011) and the LBM (see, e.g., Benzi & Succi 1990; Benzi, Succi & Vergassola 1992;
Shan & Chen 1993, 1994; Chen & Doolen 1998; Scarbolo & Soldati 2013; Timm et al.
2016), each one of which offers distinct advantages that depend on both the complexity of
the problem and the computational demands of the numerical simulation. In this article,
we adopt DNSs that are based on the pseudospectral approach (see, e.g., Canuto, Hussaini
& Quarteroni 1988).

Direct numerical simulations play an important role in obtaining solutions of the CHNS
equations. Interfaces are diffuse in CHNS systems, so we do not have to impose BCs on
complicated interfaces that evolve in time. A DNS must, of course, accurately resolve
all relevant scales of motion, given initial and BCs. Such DNSs can achieve a high level
of accuracy by retaining the governing equations in their complete (rather than reduced)
forms. However, DNSs can be computationally expensive, particularly at high Reynolds
numbers and for coupled hydrodynamical equations, such as the CHNS equations, which
contain many nonlinear terms. In §§ 4.1 and 4.2 we give, respectively, overviews of
the pseudsoectral and volume-penalisation methods that we use in our direct numerical
simulations of CHNS models.

4.1. Pseudospectral method
The pseudospectral method, a widely used numerical technique for solving
hydrodynamical PDEs, was pioneered over 50 years ago by Patterson Jr & Orszag (1971)
and has been used, inter alia, to study fluid turbulence (see, e.g., McWilliams 1984;
Canuto et al. 1988; Pandit, Perlekar & Ray 2009; Celani, Musacchio & Vincenzi 2010;
San & Staples 2012; Buaria & Sreenivasan 2022, 2023), magnetohydrodynamic (MHD)
turbulence (see, e.g., Basu et al. 1998; Müller & Biskamp 2000; Verma 2004; Gómez,
Mininni & Dmitruk 2005; Sahoo et al. 2011, 2020; Dritschel & Tobias 2012; Yadav, Miura
& Pandit 2022), CHNS turbulence (see, e.g., Scarbolo & Soldati 2013; Perlekar et al. 2014;
Pal et al. 2016; Pandit et al. 2017; Vela-Martín & Avila 2021; Pal et al. 2022; Vela-Martín
& Avila 2022), the coalescence of droplets and liquid lenses (see, e.g., Padhan & Pandit
2023b); Soligo, Roccon & Soldati 2019), elastic turbulence in polymer solutions (see, e.g.,
Berti et al. 2008; Gupta & Pandit 2017; Plan, Vincenzi & Gibbon 2017; Singh et al. 2024)
and active turbulence and active droplets (see, e.g., Gao & Li 2017; Rana & Perlekar 2020;
Mukherjee et al. 2021, 2023; Li & Koch 2022; Gibbon et al. 2023; Kiran et al. 2023;
Padhan & Pandit 2023a; Puggioni Leonardo & Stefano 2023; Backofen et al. 2024).

We employ the Fourier pseudospectral method, which is known for its accuracy and
efficiency in comparison with other numerical methods (see, e.g., Orszag & Pao 1975;
Canuto et al. 1988); in its most common form, this method uses plane waves as basis
functions. We solve the coupled CHNS equations in a periodic domain D ≡ ld , with l
the length of the side of (typically) d-dimensional hypercubic domain. To illustrate this
method, we simplify (3.4) by making the following two key assumptions: all fluids have
identical densities (i.e. ρ1 = ρ2 = ρ0 = 1) and identical viscosities (i.e. η1 = η2 = η). The
equations are given below for two dimensions and three dimensions.

4.1.1. Equations in two dimensions
In two dimensions, we solve the CHNS equations in its vorticity–stream function form
(see, e.g., Boffetta & Ecke 2012; Pal et al. 2016; Padhan & Pandit 2023a),
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∂tω+ (u · ∇)ω= ν∇2ω− αω− [∇ × (φ∇μ)] · êz + f ω;
∇ · u = 0; ω= (∇ × u) · êz;

∂tφ + (u · ∇)φ = M∇2μ; μ= −3
2
σε∇2φ + 3

4
σ

ε
(φ3 − φ). (4.1)

4.1.2. Equations in three dimensions
In three dimensions, we use

∂t u + (u · ∇)u = −∇ P + ν∇2u − φ∇μ− αu + f ext ;
∇ · u = 0;

∂tφ + (u · ∇)φ = M∇2μ; μ= −3
2
σε∇2φ + 3

4
σ

ε
(φ3 − φ). (4.2)

Here ν = η/ρ0 is the kinematic viscosity. In most three-dimensional (3-D) applications,
α= 0.

Our representation of the phase fields, velocity fields, vorticity fields and pressure fields
utilises the (truncated) Fourier projection onto a grid of N d points, which are expressed as
follows (carets denote spatial Fourier transform):

φ(x, t)=
∑

|k|<N

φ̂(k, t) exp(ι̇k · x); (4.3)

u(x, t)=
∑

|k|<N

û(k, t) exp(ι̇k · x); (4.4)

ω(x, t)=
∑

|k|<N

ω̂(k, t) exp(ι̇k · x); (4.5)

P(x, t)=
∑

|k|<N

P̂(k, t) exp(ι̇k · x). (4.6)

There are N d wavenumbers: k ≡ k0n = k0
∑d

i=1 ni êi , where k0 = 2π/ l is the lowest
wavenumber and ni are integers with values ranging from (−(N/2)+ 1) to N/2. In
each direction, the largest wavenumber is kmax = k0 N/2. (The spectral representation
mentioned above aligns with representing the fields in physical space on an N d grid with
uniform spacing �x = l/N = π/kmax .) We write, below, the CHNS equations in terms of
the above Fourier modes.

4.1.3. Two-dimensional CHNS equations in Fourier space
We write (4.1) in Fourier space as follows:

∂t ω̂(k, t)= − ̂(u · ∇ω)(k, t)− νk2ω̂(k, t)− ι̇k × (̂φ∇μ)(k, t)− αω̂(k, t); (4.7)

ι̇k · û(k, t)= 0; ω̂(k, t)= ι̇k × û(k, t); (4.8)

ψ̂(k, t)= ω̂(k, t)

k2 ; (4.9)

∂t φ̂(k, t)= − ̂(u · ∇φ)(k, t)− Mk2μ̂(k, t); (4.10)

μ(k, t)= 3
2
σεk2φ̂(k, t)+ 3

4
σ

ε
[φ̂3(k, t)− φ̂(k, t)]. (4.11)
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4.1.4. Three-dimensional CHNS equations in Fourier space
We write (4.2) in Fourier space as follows:

∂t û(k, t)= P(k) ·
[
− ̂(u · ∇u)(k, t)− (̂φ∇μ)(k, t)

]
− νk2û(k, t)− αû(k, t); (4.12)

ι̇k · û(k, t)= 0; (4.13)

∂t φ̂(k, t)= − ̂(u · ∇φ)(k, t)− Mk2μ̂(k, t); (4.14)

μ(k, t)= 3
2
σεk2φ̂(k, t)+ 3

4
σ

ε
[φ̂3(k, t)− φ̂(k, t)]; (4.15)

where P is the transverse projection operator with components

Pi j (k)=
(
δi j − ki k j

k2

)
. (4.16)

To perform Fourier transforms, we utilise the FFTW library (Frigo & Johnson 1998),
which employs the Cooley–Tukey fast-Fourier-transform algorithm (see Cooley & Tukey
1965). The nonlinear terms such as u · ∇u, u · ∇φ and μ∇φ lead to convolution sums
that require N 2d operations; and the cubic nonlinear term φ3 requires N 3d operations
in Fourier space. To bypass the high computational cost of these operations, we use
the pseudospectral method in which we evaluate these nonlinear terms as follows. First,
we transform the fields back to real space; and then we perform the multiplications in
real space and transform them back to Fourier space again. This procedure improves
greatly the computational efficiency of the pseudospectral method compared with the
ordinary spectral methods. However, the Fourier pseudospectral method leads to aliasing
errors while evaluating the nonlinear terms, which we remove by using the 1/2-dealiasing
scheme (see, e.g., Patterson Jr & Orszag 1971; Hou & Li 2007; Padhan & Pandit 2023a),
because of the cubic nonlinearity.

The computational cost of such a pseudospectral DNS (see, e.g., Moin & Mahesh 1998)
increases with the number of grid points, which must increase in turn to resolve small-scale
structures. For statistically homogeneous and isotropic turbulence in three dimensions, the
standard estimate (based on Kolmogorov 1941 phenomenology) is N ∼ Re9/4, where Re
is the Reynolds number. A DNS of turbulence in the CHNS PDEs the grid spacing �x
must be small enough to capture both the (Kolmogorv) dissipation scale and the widths of
interfaces.

For the time integration of (4.7)–(4.15) we use a semi-implicit exponential time-
differentiating Runge–Kutta2 (ETDRK2) approach, which treats the linear terms
implicitly with their exact solutions as described in Cox & Matthews 2002). This method,
which combines the ETD method with the RK2 method, offers several advantages over
other numerical techniques, including enhanced accuracy, efficiency, stability and ease of
implementation. We write the CHNS equations (4.7), (4.10) and (4.11) in the following
general form:

dq1(t)

dt
= λ1q1(t)+ G(q1, q2); (4.17)

dq2(t)

dt
= λ2q2(t)+H(q1, q2); (4.18)
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here,

q1(t)≡ ω̂(k, t); λ1 ≡ (−νk2 − α);
q2(t)≡ φ̂(k, t); λ2 ≡

(
−3

2
Mσεk4 + 3

4
σ

ε
Mk2

)
;

G(q1, q2)≡ − ̂(u · ∇ω)(k, t)+ ι̇k × (̂μ∇φ)(k, t);
H(q1, q2)≡ − ̂(u · ∇φ)(k, t)− 3

4
σ

ε
Mk2φ̂(k, t). (4.19)

In the ETDRK2 algorithm, (4.17) and (4.18) have the solution

an
1 = qn

1 exp(λ1�t)+ G(qn
1 , qn

2 )

(
exp(λ1�t)− 1

λ1

)
; (4.20)

an
2 = qn

2 exp(λ2�t)+H(qn
1 , qn

2 )

(
exp(λ2�t)− 1

λ2

)
; (4.21)

qn+1
1 = an

1 + [G(an
1 , an

2 )− G(qn
1 , qn

2 )
] (exp(λ1�t)− 1 − λ1�t

λ2
1�t

)
; (4.22)

qn+1
2 = an

2 + [H(an
1 , an

2 )−H(qn
1 , qn

2 )
] (exp(λ2�t)− 1 − λ2�t

λ2
2�t

)
; (4.23)

for simplicity, we use qn+1
1 ≡ q1(t +�t) and qn

1 ≡ q1(t).

4.2. Volume-penalised CHNS
Fluid–structure interactions play a crucial role in multiphase flows, where solid
boundaries or immersed objects influence phase separation, interfacial dynamics and
transport properties (see, e.g., HUAT 2015; Zheng et al. 2021; Hester et al. 2023; Pavuluri
et al. 2023; Treeratanaphitak & Abukhdeir 2023; Hou et al. 2024). These interactions
are challenging in computational fluid dynamics because of the enforcement of BCs at
the fluid–solid interface (see, e.g., Mokbel, Abels & Aland 2018; Pramanik, Verstappen
& Onck 2024). The numerical implementation of these BCs is especially difficult when
the immersed solid is in motion. The immersed boundary method has been used widely
in computational fluid dynamics to handle such interactions (see, e.g., Mittal & Iaccarino
2005; Mittal & Seo 2023). The volume penalisation method (VPM) is a type of immersed
boundary method that is simple and versatile in modelling objects in fluid flows; it
is gaining in popularity, given its ease of implementation (see, e.g., Kolomenskiy &
Schneider 2009; Kadoch et al. 2012; Morales et al. 2014; Engels et al. 2016, 2022; Hester,
Vasil & Burns 2021; Sinhababu & Bhattacharya 2022; Mittal & Seo 2023; Puggioni
Leonardo & Stefano 2023). Without imposing explicit BCs, the VPM uses an extra force
as a penalisation term in the classical NS equations; the modified equation is known as the
Brinkman model (see, e.g., Angot, Bruneau & Fabrie 1999). The VPM approximates solid
boundaries in a fluid by applying rapid linear damping within a fictitious solid region. This
approach allows for the simulation of complex, moving objects within general numerical
solvers without the need for specialised algorithms or boundary-conforming grids. The
VPM treats solids as porous media that are characterised by negligible permeability,
resulting in the velocity of the adjacent fluid becoming zero at the fluid–solid interface.
This method can be easily incorporated into a DNS solver that employs periodic BCs. The
VPM has been successfully implemented in the NS equations, passive scalar equations,
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MHD equations, CH equations and the Toner–Tu–Swift–Hohenberg equations (see, e.g.,
Kadoch et al. 2012; Morales et al. 2014; Engels et al. 2016, 2022; Sinhababu, Bhattacharya
& Ayyalasomayajula 2021; Puggioni Leonardo & Stefano 2023). We extend the VPM
method to the CHNS equations as follows (for illustration we use the 2-D CHNS system):

∂tω+ (u · ∇)ω= ν∇2ω− αω− [∇ × (φ∇μ)] · êz + f ω − ∇ ×
[
χ

ηp
u
]

;
∇ · u = 0; ω= (∇ × u) · êz;

∂tφ + [(1 − χ)u] · ∇φ = ∇ · ([M(1 − χ)+ Mpχ ]∇μ). (4.24)

Here, ηp and Mp are the penalisation parameters (or permeabilities) associated with the
velocity and φ fields, respectively. Here χ is the mask function to distinguish solid and
fluid regions, which is defined as follows:

χ(x)=
{

1 for x ∈Ωs;
0 for x ∈Ω f ; (4.25)

where Ωs and Ω f are the volumes representing solid and fluid regions. The term [M(1 −
χ)+ Mpχ ] takes into account the no-flux BCs at the solid–fluid interface ∇φ · n̂|Ω f = 0;
n̂ is the unit vector that is normal to the solid wall.

5. Mathematical challenges
The Euler PDEs for an inviscid fluid (see, e.g., Euler 1761; Darrigol & Frisch 2008; Gibbon
2008) predate their viscous version by 61 years. Given analytic initial data, solutions of
the incompressible 2-D Euler equation, do not exhibit a finite-time singularity; however,
it is still not known if any solutions of the 3-D Euler equations develop a singularity in a
finite time, if we start with analytic initial data (see, e.g., Majda, Bertozzi & Ogawa 2002;
Bardos & Titi 2007; Gibbon 2008; Drivas & Elgindi 2023); there has been some recent
progress on a possible finite-time singularity for the 3-D axisymmetric Euler equation (see
Luo & Hou 2014; Hertel, Besse & Frisch 2022; Kolluru, Sharma & Pandit 2022). For the
NS PDEs global regularity of solutions, with analytic initial data, can be proved in two
dimensions but not in three dimensions (see, e.g., Constantin & Foiaş 1988; Doering &
Gibbon 1995; Galdi 2000; Doering 2009; Robinson, Rodrigo & Sadowski 2016; Lemarié-
Rieusset 2018; Robinson 2020). The proof of regularity (or lack thereof), for all time, of
solutions of the 3-D NS PDEs is one of the Clay Millennium Prize Problems (for domains
without boundary; see, e.g., Robinson 2020).

Since its introduction by Cahn & Hilliard 1958), the CH PDE has been used extensively
in multiphase statistical mechanics, nucleation, spinodal decomposition and the late stages
of phase separation (see, e.g., Cahn 1961; Lifshitz & Slyozov 1961; Lothe & Pound 1962;
Hohenberg & Halperin 1977; Gunton et al. 1983; Chaikin et al. 1995; Anderson et al.
1998; Bray 2002; Onuki 2002; Badalassi et al. 2003; Berti et al. 2005; Puri & Wadhawan
2009; Perlekar et al. 2014). The well-posedness of the CH PDE has been considered in
several works, such as Elliott & Songmu (1986), Elliott & Mikelić (1991), Dlotko (1994),
Liu, Qi & Yin (2006), Miranville (2019) and Wu (2021), to which we refer the reader.

The important questions for the CHNS PDEs concern the smoothness, or lack thereof,
of the contours of φ within fluid interfaces and their interplay with the regularity of the
solutions of the NS part of this system. We turn now to a brief overview of mathematical
results for the regularity of solutions of the CHNS PDEs.

Several results are available in two dimensions; for the 2-D CHNS system see, e.g.,
Abels (2009a,b) and Gal & Grasselli (2010). In particular, Gal & Grasselli (2010) have
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shown that, in a bounded domain or with periodic BCs, and with suitably smooth initial
data, this system possesses a global attractor A; the existence of an exponential attractor
E has also been established, whence it is concluded (see Gal & Grasselli 2010) that the
fractal dimension of A is finite; this dimension can be estimated. Furthermore, it has been
demonstrated that each trajectory converges to a single equilibrium.

As we have mentioned above, the regularity of solutions of the 3-D NS equations
continues to be a major open challenge (see, e.g., Constantin & Foiaş 1988; Doering &
Gibbon 1995; Galdi 2000; Doering 2009; Robinson et al. 2016; Lemarié-Rieusset 2018;
Robinson 2020). The coupling to the 3-D CH equations brings with it the difficulties
associated with the smoothness of contours of φ, which could, for example, lead to
finite-time singularities in arbitrarily large spatial derivatives of φ. Such issues have been
addressed by Gibbon et al. (2016b, 2018), who adopt an approach related to the Beale–
Kato–Majda (BKM) strategy (see Beale, Kato & Majda 1984) for the incompressible 3-D
Euler equations. In particular, BKM showed that, if

Iω(T ∗)=
∫ T ∗

0
‖ω‖∞ dτ, (5.1)

where the subscript ∞ indicates the L∞-norm (also called the sup- or maximum norm),
is finite, then the solution is regular up until time T ∗; by contrast, if Iω(T ∗) becomes
infinite at T ∗, then the solution loses regularity or, in common parlance, it blows up. To
monitor such blow up, it suffices to consider (5.1) alone; specifically, if it is finite, high-
order spatial derivatives of the velocity cannot develop singularities. Similarly, for the 3-D
CHNS system it has been shown that (see Gibbon et al. 2016b, 2018) it is possible to obtain
a BKM-type regularity criterion by using the energy of the CHNS system

E(t)=
∫

V

[
Λ

2
|∇φ|2 + Λ

4ε2 (φ
2 − 1)2 + 1

2
|u|2

]
dV, (5.2)

which comprises a combination of squares of L2-norms, whose L∞ version, the maximal
energy, is

E∞(t)= 1
2
Λ‖∇φ‖2∞ + Λ

4ε2

(
‖φ‖2∞ − 1

)2 + 1
2
‖u‖2∞; (5.3)

with the coefficient Λ= (3/4)σε. Gibbon et al. (2016b, 2018) have proved that

IE (T
∗)=

∫ T ∗

0
E∞(τ ) dτ (5.4)

controls the regularity of solutions of the 3-D CHNS PDEs exactly as I(T ∗)ω does for
the 3-D Euler equations (see Beale et al. 1984). Although we have used the LG form of
(2.11) here, these results also follow for the CW form of (2.10). Furthermore, Gibbon et al.
(2016b, 2018) have examined the time dependence of scaled L2m-norms of the vorticity
and gradients of φ and compared them with their counterparts for the NS and related
equations (see Donzis et al. 2013; Gibbon et al. 2014, 2016a).

Several other groups (see, e.g., Giorgini, Miranville & Temam 2019; Giorgini & Temam
2020; Giorgini 2021) have considered weak and strong solutions of the CHNS system (they
refer to it as the Navier–Stokes–Cahn–Hilliard system), in bounded smooth domains in
two dimensions and three dimensions, with a concentration-dependent viscosity and both
LG and CW forms of (2.11) and (2.10) for the variational free energy. In two dimensions
and three dimensions, they have proved the existence of global weak solutions and the
existence of strong solutions with bounded and strictly positive density. Furthermore
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(see Giorgini et al. 2019; Giorgini & Temam 2020; Giorgini 2021), the strong solutions
are local in time (in three dimensions) and global in time (in two dimensions).

6. Illustrative CHNS-based DNS studies of multiphase flows
We now present illustrative examples of the use of the CHNS framework for studies of a
variety of multiphase flows. We begin with the RT and KH instabilities in the binary-fluid
CHNS system in §§ 6.1 and 6.2, respectively. Then, in § 6.3 we describe how the CHNS
framework can be used to study phase separation, and its turbulence-induced suppression,
in binary-fluid mixtures. Section 6.4 discusses the spatiotemporal evolution of antibubbles.
In § 6.5 we show how interfacial fluctuations in a binary mixture of immiscible fluids can
lead to turbulence at low Reynolds numbers.

6.1. Rayleigh–Taylor instability: CHNS (two dimensions)
We illustrate how the CHNS framework can be used to simulate the gravity-induced RT
instability (see, e.g., Drazin 2002; Charru 2011; Livescu, Wei & Petersen 2011), which
occurs when a dense fluid is positioned, initially, above a less dense one (see, e.g.,
Tryggvason 1988; Youngs 1992; Young et al. 2001; Kadau et al. 2004; Celani et al. 2009;
Livescu et al. 2011; Lee & Kim 2013; Khomenko et al. 2014; Gibbon et al. 2016; Talat et al.
2018; Gonzalez-Gutiérrez & de Andrea González 2019; Khan & Shah 2019; Lherm et al.
2021; Garoosi & Mahdi 2022; Lherm et al. 2022; Pandya & Shkoller 2023). The CHNS
framework has been shown to be useful in studying RT instabilities in immiscible fluids
(see, e.g., Celani et al. 2009; Lee & Kim 2013; Gibbon et al. 2016b). We demonstrate this
by an illustrative pseudospectral DNS of the 2-D CHNS equations, with the Boussinesq
approximation (3.5)–(3.6), in a 2-D rectangular box (Lx , L y)= (2π, 4π); we incorporate
impenetrable boundaries in the y-direction by using the volume-penalisation method,
withsix grid points on both the top and bottom boundaries for penalisation. The initial
conditions we use are as follows:

φ(x, y, t = 0)= tanh
[

y − L y/2 − h0 cos(mx)

ε/2

]
; (6.1)

ω(x, y, t = 0)= 0;
where h0 is the amplitude of the perturbation we impose on top of a flat interface at
L y/2. In figure 6(a,b), we present pseudocolour plots of φ and ω; these show how the
RT instability develops in time (which increases from left to right); the top phase (in red)
has a higher density than the bottom phase (in blue); and the Atwood number is A= 0.6.
We can quantify the temporal growth of the RT instability by computing the normalised
square of the vertical velocity

〈u2
y(t)〉
U 2

0
≡ 2

Lx L y

∫ Lx

0
dx
∫ 3L y

4

L y
4

u2
y(t)dy, (6.2)

with U0 = gh2
0/ν the natural velocity scale for this problem, which is shown in the red

semi-log plot in figure 6(c). The blue semi-log plot in figure 6(c) shows the maximum
scaled height h(t)/h0 of the interface (the maximal deviation of the φ = 0 contour line
from the t = 0 interface position L y/2). The linear regions in both semi-log plots in
figure 6(c) are consistent with the exponential growth of the RT instability at early times.

For a CHNS-based study of the RT instability in three dimensions, we refer the reader
to Gibbon et al. (2016b). This DNS study was designed to obtain E∞(t) (5.3) by obtaining
large-m estimates for the Lm norm of the energy E(t) (5.2); and the results, based on
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Time

(a)

(b)

(c)

0 1–1

10–2

101

〈u
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(t)
〉/

U
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h
(t)

/
h 0

10–4

10–6

20 40 60 80 100 120

t/T0

Figure 6. Rayleigh–Taylor instability in the 2-D CHNS system: pseudocolour plots of (a) the φ field and
(b) the corresponding vorticity field at different times (increasing from left to right). (c) Semi-log plots versus
the scaled time T/T0 of [〈u2

y(t)〉]/[U 2
0 ] (red) and the maximum scaled height h(t)/h0 (blue) (see the text). The

simulation box size is (Lx , L y)= (2π, 4π) with 512 × 1024 grid points; ν = 0.01, α = 0, σ = 0.1, g = 1,
A= 0.6, ρ0 = 1, h0 = 0.1 and m = 2. The characteristic velocity and time scales are U0 = gh2

0/ν and
T0 ≡ h0/U0 = ν/gh0. The simulation box is periodic in the x-direction; BCs in the y-direction are implemented
by the volume-penalisation method (see the text).

the BKM-type criterion (5.4), were consistent with no finite-time singularity, given the
resolution of the DNS runs.

6.2. Kelvin–Helmholtz instability: CHNS (two dimensions)
If there is a significant difference in the velocities of two fluid layers, which are separated
by an interface, then this interface becomes unstable because of the well-known KH
instability (see, e.g., Aref & Siggia 1981; Drazin 2002; Cushman-Roisin 2005; Charru
2011; Yilmaz et al. 2011; Lee & Kim 2015; Tian & Chen 2016; Hoshoudy & Cavus 2018;
Budiana et al. 2020; Zhou, Dong & Li 2020; Delamere et al. 2021; Jia et al. 2023;
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02
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Figure 7. Our DNS of the KH instability in the 2-D CHNS system: pseudocolour plots of (a) the φ field and
(b) the corresponding vorticity field at different simulation times (increasing from left to right); the vorticity
field is normalised by its absolute maximum value. (c) Plots versus the scaled time t/T0 of [〈u2

y(t)〉]/[U 2
0 ] (red

semi-log plot), where T0 ≡ h0/U0, and θ(t) (blue linear plot) (see (6.4) and (6.5)). The simulation box size
is (Lx , L y)= (2π, 2π) with 1024 × 1024 grid points; and U0 = 2, h0 = 0.1, ν = 0.01; α = 0.01, σ = 0.05,
g = 1,A= 0.01, ρ0 = 1. The simulation box is periodic in the x-direction and we use volume penalization
in the y-direction to incorporate solid boundaries; we incorporate impenetrable boundaries in the y-direction
by using the volume-penalisation method, with 6 grid points on both the top and bottom boundaries for
penalisation.

Kumar et al. 2023) that plays an important role in various marine, geophysical, solar
and astrophysical processes (see, e.g., Mishin & Tomozov 2016; Gregg et al. 2018). The
CHNS framework has been used to study KH instabilities in binary and ternary fluids
(see Lee & Kim 2015). To illustrate how this is done, we perform a pseudospectral DNS
of the CHNS equations within the Boussinesq approximation (3.5)–(3.6) in a 2-D box
(Lx , L y)= (2π, 2π). Our simulation box is periodic in the x-direction and we incorporate
solid boundaries in the y-direction by using the volume-penalisation method, where we
consider six grid points on both the top and bottom sides for penalisation. We use the
following stably stratified initial conditions, so that there is no RT instability:

φ(x, y, 0)= tanh
[

y − L y/2 − h0 sin(2x)

ε/2

]
;

ux (x, y, 0)= U0φ(x, y, 0);
uy(x, y, 0)= 0. (6.3)

In figures 7(a) and 7(b), we portray the φ and vorticity fields, respectively, via
pseudocolour plots. We also quantify the temporal growth of the KH instability by
computing the normalised square of the vertical velocity
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〈u2
y(t)〉
U 2

0
≡ 2

Lx L y

∫ Lx

0
dx
∫ 3L y

4

L y
4

u2
y(t)dy, (6.4)

which we plot versus the scaled time t/T0 in figure 7(c) (red semi-log plot), where
T0 ≡ h0/U0; the limits on the integral over y are chosen to exclude the effects of the
boundaries. The initial increase in 〈u2

y(t)〉/U 2
0 signals the KH instability; this ratio

decreases eventually because, in our DNS, the shear is present only in the initial condition.
We also calculate the momentum thickness (Aref & Siggia 1981)

θ(t)=
∫ 3L y

4

L y
4

dy

√〈u2
x (y, t)〉x√

〈u2
x (L y/2, t)〉x

; (6.5)

a linear plot of θ(t) versus the scaled time t/T0 is shown in figure 7(c) (blue line).

6.3. Phase separation in the binary-fluid CHNS
A homogeneous binary-fluid mixture spontaneously phase separates into domains of pure
phases when the system is quenched from a high temperature to a low temperature, which
lies below the critical temperature Tc (see, e.g., Chaikin et al. 1995; Bray 2002; Puri &
Wadhawan 2009); in equilibrium, pure phases are separated by an interface. If the order
parameter is conserved, the early stages of phase separation proceed via nucleation or
spinodal decomposition; thereafter, the system approaches the state with complete phase
separation via the coarsening of domains of the pure phases (see § 2.2.2).

The CHNS framework has been used for studying the coarsening of phase-separating
binary-fluid mixtures in both two and three dimensions (see, e.g., Berti et al. 2005;
Perlekar, Pal & Pandit 2017; Wang et al. 2019). To study the coarsening process in a
symmetric binary fluid mixture, we define the domain length scale L(t) and integral length
scale L I (t) in terms of the phase-field spectrum S(k, t) and energy spectrum E(k, t),
respectively, as follows:

L(t)= 2π

∑
k

k−1S(k, t)

∑
k

S(k, t)
; L I (t)= 2π

∑
k

k−1 E(k, t)

∑
k

E(k, t)
;

S(k, t)=
∑

k−1/2<k′<k+1/2

[
φ̂(k′, t) · φ̂(−k′, t)

]
;

E(k, t)= 1
2

∑
k−1/2<k′<k+1/2

[
û(k′, t) · û(−k′, t)

]
. (6.6)

The length scale L(t) displays self-similar power-law growth with L(t)∼ tβ : (i) in the
diffusion-dominated regime (governed by the CH equation) β 
 1/3, the well-known
Lifshitz–Slyozov exponent (see, e.g., Lifshitz & Slyozov 1961; Bray 2002; Puri &
Wadhawan 2009); (ii) in the viscous-hydrodynamic regime, β 
 1 (see Siggia 1979;
Perlekar et al. 2014); and (iii) in the inertia-dominated regime, β 
 2/3 (Furukawa 2000).

We carry out an illustrative pseudospectral DNS of the CHNS (two dimensions)
equations to obtain the scaling exponent β 
 2/3 in the inertial-hydrodynamic regime. We
illustrate domain coarsening by the pseudocolour plots of φ and ω in figures 8(a) and 8(b).
The power-law growth of L(t) and L I (t), in the low-viscosity inertial regime, is shown
in figure 8(c); the growth of both these lengths is consistent with the same power-law
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Figure 8. Coarsening in a binary-fluid mixture from our DNS of the 2-D CHNS equations. (a) Pseudogreyscale
plots of the phase-field φ(x, t) at simulation times t = 0, 0.24, 5.52(≡ t∗), 8.88, increasing from left to right;
(b) pseudocolour plots of the corresponding vorticity fields ω(x, t) (normalised by their absolute maximum for
ease of visualisation). (c) Log–log plots versus t/tν , with tν = ν3/σ 2, of the scaled lengths L(t)/L0 (red) and
L I (t)/L0 (blue), with L0 = 2π the side of the simulation domain. (d) The energy spectrum (red line) E(k, t =
t∗) and the phase-field spectrum (blue line) S(k, t = t∗) show power-law behaviour with scaling exponents
∼ k−3 and ∼ k−2, respectively.

exponent β 
 2/3. We show the energy spectrum and phase-field spectrum in figure 8(d);
E(k)∼ k−3 (consistent with the scaling exponent obtained in 2-D turbulence (Boffetta &
Ecke 2012)) and S(k)∼ k−2 (consistent with the results obtained by Furukawa (2000)).
We solve the 2-D CHNS equations via a pseudospectral DNS in a doubly periodic box of
size 2π × 2π with grid points 1024 × 1024. The relevant dimensionless numbers are the
Reynolds number Re = urms L I /ν and the Ohnesorge number Oh = ν(ρ/σ L I )

1/2. The
simulation parameters are ν = 5 × 10−3, σ = 0.4, ρ = 1, ε = 0.018 and M = 10−4. The
dimensionless numbers, calculated at t = t∗ (see figure 8), are Re = 24 and Oh = 0.01.

Fluid turbulence can mix immiscible fluids and lead to the arrest of phase separation,
which is also referred to as coarsening arrest. The CHNS PDEs have been used to study
such turbulence-induced coarsening arrest in both two dimensions and three dimensions
(see, e.g., Perlekar et al. 2014, 2017). If parameters are chosen such that the CH equations
lead to complete phase separation of the two fluids in the binary mixture, then the inclusion
of turbulence, obtained by forcing the coupled CHNS equations, suppresses this phase
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separation. This can be characterised by using the lengths and spectra that we have defined
in (6.6). In the absence of turbulence, the spectrum S(k, t) displays an inverse cascade to
small wavenumbers k as time t increases; this leads to the power-law growth of L I (t)
as t → ∞, with the Lifshitz–Slyozov, viscous-hydrodynamic and inertial-hydrodynamic
exponents mentioned above. This inverse cascade and the associated power-law growth of
L I (t) are arrested by turbulence. In particular, it has been shown (see the pseudospectral
DNS of Perlekar et al. (2017) and the Lattice–Boltzmann study of Perlekar et al. (2014) in
two dimensions and three dimensions, respectively), which L I (t)∼ L H as t → ∞, where
the Hinze length scale L H ∼ ε

−2/5
in j σ 3/5, with εin j the energy injection into the NS part

of the CHNS system. We will show in § 7.8 that active turbulence, which occurs in the
active-CHNS system, also leads to qualitatively similar coarsening arrest.

6.4. Spatiotemporal evolution of antibubbles
A shell of a low-density fluid inside a high-density fluid is known as an antibubble. It
seems to have been described first by Hughes and Hughes (see, e.g., Hughes & Hughes
1932; Dorbolo et al. 2006; Kim & Vogel 2006; Kalelkar 2017; Vitry et al. 2019; Pal et al.
2022; Zia et al. 2022). An antibubble has two surfaces, and a certain volume of fluid
is trapped between these two surfaces. Clearly, an antibubble is unstable under gravity:
if the fluid in its inner core is denser than that in the outer core, the antibubble rises;
and the fluid in the shell forms a bulb at the top while its bottom thins until the shell
collapses completely. For experimental investigations of the dynamics of an antibubble,
see, for example, Dorbolo et al. (2006), Kim & Vogel (2006), Vitry et al. (2019) and
Zia et al. (2022); and for theoretical work consult, for example, Scheid et al. (2012),
Zou et al. (2013), Sob’yanin (2015) and Pal et al. (2022). It is important to note that the
inherent instability of antibubbles makes experimental studies challenging; in some cases
surfactant molecules have to be introduced to obtain some stabilisation of an antibubble.
Furthermore, antibubbles have several applications that include sonoporation (see, e.g.,
Kotopoulis et al. 2014), drug delivery (see, e.g., Johansen et al. 2015a); Kotopoulis et al.
2015) and active leakage detection (see, e.g., Johansen et al. 2015b).

It was recognised by Pal et al. (2022) that the CHNS system provides an ideal theoretical
framework for the elucidation of the spatiotemporal evolution of antibubbles. The initial
condition for φ is an annulus in two dimensions or a shell in three dimensions of the
lighter fluid (shown in red) with the heavier fluid (shown in blue) both inside and outside
the shell. The initial outer and inner radii of the shell are, respectively, R0 and R1, and h0
is the initial thickness of the antibubble shell, so it is natural to define the Bond number Bo
with L0 replaced by h0 (see table 2). The spatiotemporal evolution of such an antibubble
in the 2-D CHNS system is shown via pseudocolour plots of φ in figures 9(a) and 9(c)
at representative times; the associated evolution of the vorticity ω is given, respectively,
in figures 9(b) and 9(d). (These figures have been provided very kindly by N. Pal.) From
figures 9(a) and 9(c) we see that gravity induces a thinning of the bottom of the antibubble
while forming a slight dome on the top of it; eventually this makes the antibubble rupture.
A similar rupture also occurs for antibubbles in the 3-D CHNS system (see Pal et al.
2022 for details). These DNSs yield the scaled rupture time τ1/τg , with τg ≡ √

R0/Ag,
the velocity vrim of the retracting rim of the collapsing antibubble, and they find that
vrim ∼ √

σ , in agreement with the theoretical estimate of Sob’yanin (2015) and
experiments of Scheid et al. (2012) and Zou et al. (2013). Furthermore, this CHNS study
(Pal et al. 2022) obtains the dependence of τ1/τg on the Bond number Bo and shows,
by obtaining the energy (E(k)) and concentration (S(k)) spectra, that the rupture of the
antibubble leads to some turbulence. Finally Pal et al. (2022) provide a comparison of
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Figure 9. Illustrative pseudocolour plots of (a) and (c) the field φ and the associated plots of the vorticity ω
showing the spatiotemporal evolution of antibubbles for low (a) and (b) and high (c) and (d) values of R0 and
R1, the initial outer and inner radii of the shell of the antibubble (see the text and Pal et al. (2022) for details).
We thank N. Pal for these figures.

the spatiotemporal evolution of antibubbles by using both the CHNS framework and a
VOF DNS.

6.5. Low-Reynolds-number interface-induced turbulence in the CHNS system
Emergent turbulence-type states have been found at low Reynolds numbers in a variety of
systems, for instance, in fluids with polymer additives (see, e.g., Groisman & Steinberg
2000; Majumdar & Sood 2011; Gupta & Pandit 2017; Benzi & Ching 2018; Steinberg
2021; Singh et al. 2024) and in dense bacterial suspensions (see, e.g., Wensink et al. 2012;
Dunkel et al. 2013; Bratanov, Jenko & Frey 2015; Linkmann et al. 2019; Alert, Casademunt
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& Joanny 2021; Kiran et al. 2023; Mukherjee et al. 2023). In the former, this turbulence
is driven by an increase in the Weissenberg number, whereas in the latter, it is obtained
by increasing the activity of the bacterial suspension. Recently Padhan et al. (2024b) have
demonstrated that low-Re turbulence occurs in the 2-D CHNS system if we increase the
Weber number We or the Capillary number Ca (i.e. we decrease the interfacial tension;
see table 2) and hence enhance interfacial fluctuations.

To obtain such interface-induced turbulence, Padhan et al. (2024b) begin with a periodic
arrangement of vortices and antivortices, which is referred to as a vortex crystal or a
cellular flow. Such cellular flows, imposed by a spatially periodic forcing with an amplitude
f0 and wavenumber k f , can be disordered via turbulence as shown for 2-D fluid turbulence
by Perlekar & Pandit (2010) and for 2-D fluids with polymer additives by Gupta & Pandit
(2017) and Plan et al. (2017). For the 2-D CHNS system, we follow the discussion of
Padhan et al. (2024b) and examine the dependence of the statistically steady state of the
system as we increase the Capillary number Ca. The natural length, time, and velocity
scales are, respectively, k−1

f , νk f / f0 and U ≡ f0/(νk2
f ).

In figures 10(a) and 10(e) we plot the scaled total kinetic energy e(t)/e0 versus time
t , with e0 = U 2; figures 10(b) and 10(f ) display the corresponding power spectra |ẽ( f )|
of e(t)/e0. Figures 10(c) and 10(g) depict pseudocolour plots of the vorticity ω overlaid
with the φ = 0 contour (black lines) at a representative time. In figures 10(d) and 10(h)
we present pseudocolour plots of the energy spectra E(kx , ky) at a representative time;
these spectra are not averaged over wavenumber shells because the underlying crystalline
state is not isotropic. Figures 10(a–e) and 10(f –j) help us to distinguish between states
that are temporally periodic (Ca = 0.17) from those that are chaotic (Ca = 0.19); figures
10(k–o) and 10(p–t) aid the identification of the spatial order of the state. If the state
is periodic in space, E(kx , ky) shows Bragg peaks in the reciprocal lattice of the vortex
crystal (e.g., the strong red peaks in figure 10h), where we use the standard terminology of
crystal physics. We find a rich variety of states: STPO, spatially and temporally periodic
(i.e. a spatiotemporal crystal of the type discussed in Perlekar & Pandit (2010) and
Gupta & Pandit (2017)); STPOG, is like STPO, but with a grain boundary separating
two crystalline parts; STC denotes spatiotemporal chaos. Here, TPO denotes temporally
periodic oscillations. For similar states in studies of turbulence-induced melting of a vortex
crystals see Perlekar & Pandit (2010) for fluids and Gupta & Pandit (2017) for fluids with
polymer additives. In the latter case, the melting of the vortex crystal can be induced
by elastic turbulence at low Re; this is akin to the low-Re interface-fluctuation-induced
melting we discuss here. In particular, the study of Gupta & Pandit (2017) has noted that
the boundary between spatially and temporally periodic states and ones that exhibit STC
is non-monotonic, i.e. there is re-entrance from one state into another and back. Interface-
induced turbulence in the 2-D CHNS system also displays such re-entrance, as a function
of Ca; Padhan et al. (2024b) have found the following re-entrant sequence of states:
chaotic→temporally periodic→chaotic.

7. Beyond binary-fluid CHNS: challenging problems
We now discuss some illustrative examples that go beyond the use of the binary-fluid
CHNS PDEs that we have considered so far. In particular, we consider three-fluid flows,
at low and high Reynolds numbers, and the active-CHNS PDEs that have been used,
inter alia, to model scalar active turbulence. Section 7.1 outlines the CHNS framework
for a ternary-fluid mixture; we give the Boussinesq approximation for this case in
§ 7.1.1. In § 7.2 we describe how the CHNS framework can be used to study phase
separation, and its turbulence-induced suppression, in ternary-fluid mixtures. Section 7.3
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Figure 10. (a–e) The scaled total kinetic energy e(t)/e0 versus time t [here, e0 = U 2 and U = f0/(νk2
f )]; (f –j)

the corresponding power spectra ẽ( f ) of e(t)/e0. Pseudocolour plots, at a representative time, of (k–o) the
vorticity ω overlaid with the φ = 0 contour (black lines) and (p–t) the energy spectra E(kx , ky) (see Padhan,
Vincenzi & Pandit 2024b for details); the capillary number Ca increases from 0.01 in the bottom row to 0.2 in
the top row.
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Figure 11. Pseudocolour plot of F({ci }) projected onto a Gibbs triangle for the CHNS3 model (7.1). The three
vertices yield the three minima of F({ci }): the top vertex is (c1, c2, c3)= (1, 0, 0); the left-hand vertex is
(c1, c2, c3)= (0, 1, 0); the right-hand vertex is (c1, c2, c3)= (0, 0, 1).

contains an examination of the spatiotemporal evolution of droplets and compound
droplets in turbulent flows. Section 7.4 discusses the passage of a bubble of one phase
through the interface between two other fluid phases. In Section 7.5 we show how
the CHNS framework allow us to study the coalescence of liquid lenses and droplets
quantitatively. Section 7.6 introduces the active-CHNS model (also called active Model H).
Sections 7.8 and 7.9 are devoted, respectively, to turbulence in the active CHNS system and
activity-induced droplet propulsion in the generalised active CHNS model (7.24)–(7.29).

7.1. Ternary-fluid CHNS
The CHNS3 model for a ternary-fluid mixture uses the following variational free energy
in the domain Ω (see, e.g., Boyer & Lapuerta 2006; Kim 2007; Boyer et al. 2010; Shek &
Kusumaatmaja 2022a; Padhan & Pandit 2023b):

F({ci ,∇ci })=
∫
Ω

dΩ

[
12
ε

F({ci })+ 3ε
8

3∑
i=1

γi (∇ci )
2

]
, (7.1)

where the concentration fields ci (i = 1, 2, 3) are conserved order parameters that satisfy
the constraint

∑3
i=1 ci = 1, ε is the thickness of the interface, the variational bulk free

energy

F({ci })=
3∑

i=1

γi c
2
i (1 − ci )

2, (7.2)

and the gradient terms give the surface-tension penalties for interfaces, with

σi j = (γi + γ j )/2 (7.3)

the bare surface (or interfacial) tension for the interface between the phases i and j ; the
equilibrium values of ci follow from the global minima of F({ci }). In figure 11, we show
a pseudocolour plot of F({ci }) projected onto a Gibbs triangle (see, e.g., Kim 2007).
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The equilibrium chemical potential of fluid-i is μi = (δF/δci )+ β(ci ), with β(ci ) the

Lagrange multiplier that ensures
3∑

i=1

ci = 1, whence we get

μi = −3
4
εγi∇2ci + 12

ε

[
γi ci (1 − ci )(1 − 2ci )

− 6γ1γ2γ3(c1c2c3)

γ1γ2 + γ1γ3 + γ2γ3

]
. (7.4)

The incompressible CHNS3 equations can be written as follows (see, e.g., Kim &
Lowengrub 2005; Boyer et al. 2010; Tóth, Zarifi & Kvamme 2016; Padhan & Pandit
2023b):

ρ({ci })(∂t u + (u · ∇)u)= −∇ P + ∇ ·
[
η({ci })(∇u + ∇uT )

]

−
3∑

i=1

ci∇μi + ρ({ci })g − αu + f ext ;

∇ · u = 0;
∂t ci + (u.∇)ci = M

γi
∇2μi , i = 1 or 2;

η({ci })=
3∑

i=1

ηi ci ;

ρ({ci })=
3∑

i=1

ρi ci . (7.5)

Here, g, f ext and α are, respectively, the acceleration because of gravity, an external
forcing, and the coefficient of friction. ηi and ρi are the viscosity and density of fluid i ,
respectively. The CHNS3 model becomes the binary-fluid CHNS model for (c1, c2, c3)=
(c, 0, 0).

7.1.1. Boussinesq approximation
If we use the Boussinesq approximation, the CHNS3 equations can be written as follows:

∂t u + (u · ∇)u = − 1
ρ0

∇P + ν∇2u − 1
ρ0

3∑
i=1

(ci∇μi )+ [ρ({ci })− ρ0]
ρ0

g − αu, (7.6)

∇ · u = 0. (7.7)

We write the density in the form

ρ({ci })=
3∑

i=1

ρi ci

= ρ1c1 + ρ2c2 + ρ3(1 − c1 − c2)

= ρ3 + (ρ1 − ρ3)c1 + (ρ2 − ρ3)c2; (7.8)
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Figure 12. Coarsening in a ternary-fluid mixture from our DNS of the 2-D CHNS3 equations.
(a) Pseudocolour plots of the phase-fields c2 − c1 at simulation times t = 0.8, 2, 7, 13, increasing from left
to right. (b) Pseudocolour plots of the corresponding vorticity fields ω(x, t) (normalised by their absolute
maximum for ease of visualisation). (c) Log–log plots versus t of the scaled lengths L1(t)/L0 and L2(t)/L0,
with L0 = 2π the side of the simulation domain. (d) The energy spectrum E(k, t) at simulation times
t = 2, 7, 13. Simulation parameters: viscosity ν = 10−3; grid points 256 × 256; surface tension coefficients
(σ12, σ23, σ13)= (1, 1, 1).

we use ρ0 = ρ3, so

[ρ({ci })− ρ0]
ρ0

=
(
ρ1 − ρ3

ρ0

)
c1 +

(
ρ2 − ρ3

ρ0

)
c2

=A1c1 +A2c2, (7.9)

where A1 and A2 are the Atwood numbers and A1, A2 � 1.

7.2. Phase separation in the ternary-fluid CHNS3
We turn now to the phase separation of ternary-fluid mixtures that occurs in a variety
of settings (see, e.g., Huang, de La Cruz & Swift 1995; Singh et al. 2015a; Wang
et al. 2019; Shek & Kusumaatmaja 2022b). In figure 12, we show illustrative results for
coarsening in such a mixture, from our DNS of the 2-D CHNS3 equations, which we
visualise via pseudocolour plots of the difference of the phase-fields (c2 − c1) (figure 12a)
and the corresponding vorticity fields ω(x, t), normalised by their absolute maximum
(figure 12b), at simulation times t = 0.8, 2, 7, 13, which increase from left to right. We
define the following scaled lengths (cf. (6.6) for the two-fluid CHNS):
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L1(t)= 2π

∑
k

S1(k, t)

∑
k

kS1(k, t)
; L2(t)= 2π

∑
k

S2(k, t)

∑
k

kS2(k, t)
. (7.10)

The scaled lengths L1(t)/L0 and L2(t)/L0, with L0 = 2π , increase with time, in a manner
that is consistent with ∼ t2/3, the power-law growth for the inertia-dominated regime
(see the log–log plot in figure 12c). This power-law growth has also been seen in the
molecular-dynamics simulations of Singh & Puri (2015a). We expect that such ternary-
fluid phase separation will also be suppressed by turbulence in the CHNS3 equations,
just as turbulence leads to coarsening arrest in the binary-fluid case (see, e.g., Perlekar
et al. 2014, 2017), but we must account for additional non-dimensional control parameters
such as the ratios of the surface tensions between the three fluid phases that coexist in
equilibrium. To the best of our knowledge, a complete study of such turbulence-induced
coarsening arrest in three-phase fluid mixtures has not been carried out so far.

7.3. Spatiotemporal evolution of droplets in turbulent flows
We follow and generalise, to the case of compound droplets, the investigation of the
spatiotemporal evolution of droplets in binary-fluid turbulent flows by Pal et al. (2016),
who studied the advection of a droplet, initially circular with a diameter d0, by a turbulent
binary-fluid flow for which they used the CHNS system in two dimensions. The droplet
was active, insofar as it affected the flow, and was, in turn, deformed by the flow. Pal et al.
(2016) obtained the acceleration components of the droplet centre of mass and showed that
their probability distribution function (PDF) had wide, non-Gaussian tails. They uncovered
multifractal fluctuations in the time series of the scaled perimeter (see below) of the
droplet. Finally they showed that the droplet fluctuations led to an enhancement of the
energy spectrum E(k) for large wave numbers k, and thence to dissipation reduction,
as in fluid turbulence with polymer additives (see, e.g., Perlekar, Mitra & Pandit 2006;
Perlekar, Mitra & Pandit 2010; Gupta, Perlekar & Pandit 2015). We refer the reader to
Pal et al. (2016) for the details of their DNS. Our investigations of a compound droplet
are motivated by studies of compound droplets in external electric fields (see Santra et al.
2020), the examination of the breakup of double-emulsion droplets in linear flows (see
Stone & Leal 1990), the numerical and theoretical investigations of the dynamics of a
compound vesicle (a lipid bilayer membrane enclosing a fluid with a suspended particle)
in a shear flow (see Veerapaneni et al. 2011) and a compound vesicle in shear flow (see
Sinha & Thaokar 2019). Experiments have also suggested that a compound droplet can
be used as a model for a white-blood cell (see Levant & Steinberg 2014). Furthermore,
the deformation and breakup of a compound droplet has been studied in a 3-D oscillatory
shear flow (see Liu et al. 2021) and in a channel flow (see Lanjewar & Ramji 2024).

We now give illustrative results for the turbulent advection of a simple droplet, initially
circular with a radius R0, and for a compound droplet, initially concentric circles with
inner and outer radii Rin and Rout ; for the former we employ the binary-fluid CHNS in two
dimensions; and for the latter we use the 2-D ternary-fluid CHNS; in both cases we impose
periodic BCs, obtain statistically steady turbulence via a Kolmogorov-type forcing with
amplitude F0, as in Pal et al. (2016), and a forcing wavenumber k f that yields an energy
spectrum in which the forward-cascade regime is dominant. The pseudocolour plots in
figure 13(a) show the phase field φ, for a simple droplet, at different representative times,
which increase from left to right. For the compound droplet we present pseudocolour
plots of (c2 − c1) with the radius ratios (b) Rin/Rout = 0.5 (figure 13b,c) Rin/Rout = 0.9
(figure 13c).
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Time

(a)

(b)

(c)

Figure 13. The pseudocolour plots of (a) the phase field c2 for a simple droplet, and the phase field c2 − c1
for the compound droplets with radius ratios (b) Rin/Rout = 0.5 and (c) Rin/Rout = 0.9.

To characterise droplet fluctuations, we use the time dependence of the deformation
parameter defined in Pal et al. (2016),

Γ (t)= S(t)
S0(t)

− 1, (7.11)

with S(t), the perimeter of the droplet, and S0(t), the perimeter of an undeformed droplet.
In the binary-fluid case we track the perimeter via the φ = 0 contour; in the ternary-fluid
case we use the contours c1 = 0.5 and c2 = 0.5 for the perimeters of the inner and outer
droplets, respectively. The strength of the non-dimensionalised forcing is given by the
Grashof number Gr = L4 F0/ν

2; and the forcing-scale Weber number W e ≡ ρk−3
f F0/σ

measures the non-dimensionalised inverse surface tension; these parameters are chosen
such that the droplets are not torn asunder during our DNSs. In figure 14(a) we plot Γ (t)
versus time (scaled by the forcing time scale T = νk f /F0) for a simple droplet (red line)
and compound droplets with radius ratios Rin/Rout = 0.5 (green line) and Rin/Rout = 0.9
(blue line). In figures 14(b) and 14(c) we plot, respectively, the PDF of Γ and the multi-
fractal spectrum D(h) of the time series Γ (t). From figures 14(a) and 14(c) we clearly see
that the temporal fluctuations Γ , its PDF and its multifractal spectrum D(h) are similar for
simple droplet interface and outer droplet interface in the compound droplet with a radius
ratio Rin/Rout = 0.5. By contrast, all these measures are reduced for the perimeter of the
outer droplet interface in a compound droplet with a radius ratio Rin/Rout = 0.9 because
the fluctuations of the outer interface are constrained by the presence of the inner droplet.

The energy spectra E(k) for a single-phase turbulent fluid, a binary fluid with a simple
droplet and a ternary fluid with a compound droplet (with radius ratios Rin/Rout = 0.5 and
Rin/Rout = 0.9) are given in figure 14(d). These spectra show that droplet fluctuations, of
both single and compound droplets, enhance E(k) at large k, relative to its counterpart for
single-fluid turbulence. This enhancement is reminiscent of a similar enhancement of E(k)
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Figure 14. (a) Plot versus time of the deformation parameter Γ (t) for a simple droplet (red line) and compound
droplets with radius ratios Rin/Rout = 0.5 (green line) and Rin/Rout = 0.9 (blue line); the horizontal axis is
scaled by the forcing time scale T = νk f / f0. The corresponding (b) PDFs of Γ (semi-log plots) and (c) the
multifractal spectra D(h) of Γ . (d) Log–log plots of the energy spectrum E(k) for a single-phase turbulent
fluid, a binary fluid with a simple droplet, and a ternary fluid with a compound droplet (with radius ratios
Rin/Rout = 0.5 and Rin/Rout = 0.9); the inset shows a pseudocolour plot of the vorticity in the presence of a
compound droplet.

in fluid turbulence by polymer additives, where it is associated with dissipation reduction
can be understood as a k-dependent correction to the viscosity (see Perlekar et al. 2010;
Gupta et al. 2015). Such a scale-dependent correction to the viscosity also occurs for a
single droplet in a turbulent flow as has been discussed by Pal et al. (2016).

7.4. Bubble passing through an interface between two fluids
How do bubbles or droplets pass through an interface between two fluids? This problem
has attracted considerable attention (see, e.g., Manga & Stone 1995; Dietrich et al. 2008;
Bonhomme et al. 2012; Li et al. 2014; Natsui et al. 2014; Singh & Bart 2015; Feng et al.
2016; Prosperetti 2017; Emery, Raghupathi & Kandlikar 2018; Emery & Kandlikar 2019;
Kumar, Rohilla & Das 2019; Choi & Park 2021; Chowdhury, Mahapatra & Sen 2022;
Rabbani & Ray 2024) in the fluid dynamics, chemical engineering and microfluidics
literature. Modern experiments that use high-speed cameras to track the passage of bubbles
through fluid–fluid interfaces have led to theoretical and numerical investigations of this
problem.
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Figure 15. A bubble passing through a fluid–fluid interface. (a) The isosurface plot of the (c1, c2) fields.
(b) The isocontour plot of the z component of the vorticity field. (c) The kinetic energy time series of the
droplet (blue line), where e(t)= 〈|u(x)|2〉x∈(c1�0.5). The red line shows line shows the kinetic energy time
series of the fluid–fluid interface defined as e(t)= 〈|u(x)|2〉x∈(0.1�c2�0.9). We use the characteristic velocity
and time scales as U0 = gε2/ν and T0 = ν/gε.

In figure 15 we present our results from an illustrative DNS of a bubble passing through
a fluid–fluid interface; for this we employ the three-component 3-D CHNS3 equations
(7.7)–(7.9) and choose parameters such that the bubble does go through the interface
and does not get trapped there. For such studies it is natural to use the characteristic
velocity and time scales U0 = gε2/ν and T0 = ν/gε, an elongated simulation domain
((Lx , L y, Lz)= (4π, π, π), with 512 × 128 × 128 grid points) with periodic BCs in the
directions normal to gravity, and volume penalisation in the direction of gravity to
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incorporate solid boundaries. We use six grid points at both top and bottom boundaries in
our volume-penalisation scheme and the following simulation parameters: ν = 3.5 × 10−3,
g = 1, A1 = 0.132, A2 = 0.132, ρ1 = 1.132, ρ2 = 0.868, ρ3 = 1 (with ρ3 as the reference
density), and σ12 = σ13 = 0.5 and σ23 = 0.01. Figures 15(a) and 15(b) show, respectively,
isosurface plots of the c1 and c2 fields and isocontour plots of the z component of
the vorticity field, which illustrate how a c1 droplet of the first fluid (in red), with
concentration field c1, passes through the c2 − c3 interface (light brown) between the
second and third fluids. As it passes through the interface, this droplet entrains some of
the heavy fluid, which forms a slender neck that collapses eventually to yield droplets
of the heavy fluid that fall back onto the interface (see, e.g., Singh & Bart 2015 and
Emery et al. 2018). In figure 15(c) we show that we can track the passage of this
bubble through the interface by monitoring the temporal evolution of the droplet’s kinetic
energy [ed(t)≡ 〈|u(x)|2〉x∈(c1�0.5) (blue line)] and the energy of the c2 − c3 interface
(eI (t)= 〈|u(x)|2〉x∈(0.1�c2�0.9) (red line)); both these quantities display maxima when the
bubble passes through the interface.

7.5. The coalescence of liquid lenses and droplets
The coalescence of liquid droplets and lenses is a problem of fundamental importance in
fluid mechanics and statistical mechanics (see, e.g., Paulsen et al. 2014; Pal 2016; Heinen
et al. 2022; Padhan & Pandit 2023b; Scheel et al. 2023). Our DNS for the CHNS3 (Padhan
& Pandit 2023b) model can be used to examine the development of liquid-lens mergers
in phase-separated ternary-fluid systems as we summarise below. The coexistence of three
immiscible fluids leads to three distinct interfaces with three interfacial tensions: σi j is the
surface-tension coefficient for the i j interface, where the integers i and j (= 1, 2 or 3)
label the coexisting phases. We prepare neutrally buoyant, symmetrical or asymmetrical,
lenses in two dimensions by starting our DNS with the following configuration for a single
circular droplet of fluid 1, with radius R0 and centre at (π, π), placed at the interface
between fluids 2 and 3 (see figure 16a):

c1(x, y, 0)= 1
2

[
1 − tanh

(√
(x − π)2 + (y − π)2 − R0

2
√

2ε

)]
;

c2(x, y, 0)= 1
2

[
1 − tanh

(
y − π

2
√

2ε

)]
− c1(x, y, 0); (7.12)

ω(x, y, 0)= 0.

The initial and equilibrium configurations in three dimensions are a sphere and a
lenticular biconvex lens, respectively. As time evolves in our (2-D) DNS, the initial circular
droplet relaxes to its equilibrium-lens shape as shown in figures 16(b) and 16(c) for
(σ12, σ13, σ23)= (1, 1, 1) and (σ12, σ13, σ23)= (1.4, 0.8, 1), respectively. Now we verify
the Young relations for liquid lenses at equilibrium (see, e.g., Boyer & Lapuerta 2006;
McHale et al. 2022). The theoretical distance dth between the two triple-phase junctions
in figures 16(b) and 16(c) are given by the following Young relations:

dth = (l1 + l2)
− 1

2 ;
l1 = 2(π − θ3)− sin(2(π − θ3))

8A sin(π − θ3)
; (7.13)

l2 = 2(π − θ1)− sin(2(π − θ1))

8A sin(π − θ1)
.
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(c)(b)(a)

σ13

σ23

σ12

Ω2

Ω3

Ω1

θ3

θ2

θ1

Figure 16. Plots showing the three coexisting phases 1 (blue), 2 (red) and 3 (green) in regions Ω1, Ω2 and
Ω3, respectively. (a) The initial profile with a circular droplet of radius R0/L = 0.15 of fluid 1 at the interface
between fluids 2 and 3. (L = 2π is the side length of the simulation domain.) (b) The equilibrium profile of
the droplet is a symmetrical lens, because we choose (σ12, σ13, σ23)= (1, 1, 1); the three contact angles are
θ1, θ2 and θ3. (c) The equilibrium profile of the droplet is an asymmetrical lens if we choose (σ12, σ13, σ23)=
(1.4, 0.8, 1).

Runs (σ12, σ13, σ23) dth dsim Relative error (%)

R1 (1, 1, 1) 2.15 2.18 1.4
R2 (1.4, 0.8, 1) 1.3 1.35 3

Table 3. The distance between two triple-phase junctions calculated from theory dth (see (7.14)] and
numerical simulations dsim for the symmetrical lens (figure 16b) and the asymmentrical lens (figure 16c).

The contact angles are related as follows:

sin θ1

σ23
= sin θ2

σ13
= sin θ3

σ12
. (7.14)

We calculate the distance between the triple-phase junctions dsim from our simulations
(see figures 16b and 16c) and compare them with dth in table 3. The agreement between
these values is good. Furthermore, we can compare the results of our DNS with the
prediction of the Laplace law for pressure jumps, at equilibrium; these jumps are defined as
follows:

σ13

R13
= P1 − P3 = P1 − P2 = σ12

R12
;

P2 − P3 = 0; (7.15)

where R12 and R13 are the radii of curvatures of the interfaces between fluids 1 and 2 and
between fluids 1 and 3, respectively. To calculate the radii of curvatures, we use the circle
Hough transform (CHT) in MATLAB (see Atherton & Kerbyson 1999). In figure 17, we
illustrate the CHT of the images in figures 16(b) and 16(c); red circles are the best-fit circles
to the curves. The CHT gives the coordinates of the centres and the radii of the red circles.
We calculate the theoretical values of the pressure jumps from these radii of curvatures.
To compare our DNS results with these theoretical values, we evaluate the pressure jumps
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(b)(a)

Figure 17. Illustrations of the CHT (see the text) that we use to fit circles for the lens interfaces for
(a) (σ12, σ13, σ23)= (1, 1, 1) (run R1) and (b) (σ12, σ13, σ23)= (1.4, 0.8, 1) (run R2).

(a) (b)
0.45

0.40

0.35

0.30

0.25
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0 0
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0.5

0.6

0.7

0.8

Figure 18. Pseudocolour plot of illustrative equilibrium-pressure profiles for (a)
(σ12, σ23, σ13)= (0.6, 1, 0.8) (run RN3) and (b) (σ12, σ23, σ13)= (1.4, 1, 0.6) (run RN4).

from the following pressure-Poisson equation:

∇2 P = ∇ ·
(

−
3∑

i=1

ci∇μi

)
, (7.16)

which we portray via pseudocolour plots of illustrative equilibrium-pressure profiles for
runs RN1 and RN2 in figure 18. We present our DNS results in table 4 for various runs.
These results are in good agreement with their theoretical counterparts. We obtain similar
results from 3-D DNSs of the CHNS3 model: in figure 19(a) we give an isosurface plot,
with c1 = 0.5, for a 3-D lenticular biconvex lens. We then calculate its Gaussian curvature
κ by implementing, in MATLAB, the algorithm described in Meyer et al. (2003). The
isosurface plot of κ is shown in figure 19(b); clearly, κ is constant throughout the lens
surface, except at the edges. So, in figure 19(c), we present the PDF of κ to find out the
most probable value of κ . We consider the values of κ with the highest probability, namely,
0.59,−0.04, 1.23; the average value is κ 
 0.593. The Gaussian curvature κ = 1/R2

G for a
sphere of radius RG (see, e.g., Nothard et al. 1996). The symmetric 3-D lens in figure 19(a)
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Runs (σ12, σ23, σ13) R0/L Theory Simulation Relative error (%)
�P �P

RN1 (1, 1, 1) 0.2 0.989 0.994 0.5
RN2 (1, 0.8, 1) 0.2 1.148 1.132 1.3
RN3 (0.6, 1, 0.8) 0.2 0.465 0.460 1
RN4 (1.4, 1, 0.6) 0.2 0.889 0.891 0.2

RN-3D (1, 1, 1) 0.13 1.54 1.56 1.2

Table 4. Illustrative comparisons of theoretical and our DNS results for Laplace-pressure jumps for different
lens shapes, �P ≡ P1 − P2 = P1 − P3. There is good agreement between these results. While evaluating �P ,
we calculate the values of P1, P2 and P3 at points that are far from the interface.

(a) (b) (c)
250

200

150

50

50

0

0

–50

–50
10–4

10–3

10–2

P
D

F
(κ

) 10–1

100

100

κ

Figure 19. (a) The isosurface plot of c1 = 0.5, at equilibrium, illustrating a lens in three dimensions. (b) The
isosurface plot of the corresponding Gaussian curvature κ . (c) The PDF of the Gaussian curvature.

is a combination of two surfaces that are parts of spheres of equal radii. Then we follow
the Laplace law in three dimensions to evaluate the pressure jumps,

2σ13

R13
= P1 − P3 = P1 − P2 = 2σ12

R12
;

P2 − P3 = 0; (7.17)

where R13 = R12 = RG = 1/
√
κ . The theoretical values of the pressure jumps are given in

table 4 (see run RN-3D); we solve the pressure-Poisson equation (7.16) numerically; we
find good agreement between the theoretical and numerical values of these jumps.

We turn now to an overview of our recent study (Padhan & Pandit 2023b) that has
shown how to use DNSs of the CHNS3 system (7.7)–(7.9) and their 2-D counterparts to
study the spatiotemporal evolution of the merger of liquid lenses in both two dimensions
and three dimensions. In figure 20 we present illustrative results from these DNSs in two
dimensions (figure 20a,b) and three dimensions (figure 20c,d). In two dimensions we give
pseudocolour plots of ω, with overlaid velocity vectors in (figure 20a) the viscous regime
and (figure 20b) the inertial regime; the c1 = 0.5 contour (magenta line) indicates the
lens interface; ω is normalised by its maximal absolute value for ease of visualisation.
Isosurface plots of c1 (green) and |ω| (brown) for (figure 20c) the viscous regime and
(figure 20d) the inertial regime. In the viscous regime, i.e. at large values of the Ohnesorge
number Oh, a vortex quadrupole dominates the flow in the region of the neck in both
2-D and 3-D lens mergers, shown in figures 20(a) and 20(c), respectively. In the small-
Oh inertial regime (figures 20b and 20d) for two dimensions and three dimensions,
respectively, this quadrupole moves away from the region of the neck with the passage
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Figure 20. Illustrative results from our DNSs of liquid-lens mergers in the CHNS3 model in (a,b) two
dimensions and (c,d) three dimensions: pseudocolour plots of ω, with overlaid velocity vectors in (a) the
viscous regime and (b) the inertial regime; the c1 = 0.5 contour (magenta line) indicates the lens interface; ω
is normalised by its maximal absolute value for ease of visualisation. Isosurface plots of c1 (green) and |ω|
(brown) for (c) the viscous regime and (d) the inertial regime.

of time. We quantify the growth of the height h(t) of the neck, in the low-Oh case, in
figure 21 that contains a log–log plot of h versus the time t . This plot shows clearly
the crossover from the viscous regime with h(t)∼ t , at early times, to h(t)∼ t2/3, at
late times. The exponent 2/3 is typical of inertial-regime neck growth; the early-time
growth is similar to that found in the viscous case (because the early-time quadrupolar
configuration is similar to that in the viscous case). The inset shows the velocity vectors
near the neck region at a representative time. In figure 21(b) we show the profile of the
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Figure 21. (a) Log–log plot of the neck height h versus time t . The axes are scaled by their respective viscous
length scales for Oh = 0.08. The plot shows the crossover in the neck growth from the viscous regime with
h(t)∼ t to the inertial regime with h(t)∼ t2/3. The inset shows the velocity vectors near the neck region at
a representative time. (b) The profile of the y component of the velocity field uy(L/2, y) along the vertical
direction; the arrows show the direction of the evolution of the profiles.

y-component of the velocity field uy(L/2, y), along the vertical direction; the arrows show
how the profiles flatten as t increases.

7.6. Active CHNS model
We consider the following incompressible CHNS equations (also called active model H)
to study active turbulence in systems of contractile swimmers (see, e.g., Tiribocchi et al.
2015; Padhan & Pandit 2023a; Cates & Nardini 2024; Padhan et al. 2024a; Padhan &
Voigt 2025) in two spatial dimensions:

∂tφ + (u · ∇)φ = M∇2
(
δF
δφ

)
; (7.18)

∂tω+ (u · ∇)ω= ν∇2ω+ 3
2
ε∇ × (∇ · Σ A)− αω ; (7.19)

∇ · u = 0; (7.20)

where ω is the vorticity field; ν, α and M are the kinematic viscosity, bottom friction and
mobility, respectively. Here F is the LG variational free-energy functional

F[φ,∇φ] =
∫
Ω

[
3
16
σ

ε
(φ2 − 1)2 + 3

4
σε|∇φ|2

]
, (7.21)

in which the first term is a double-well potential with minima at φ = ±1. The scalar order
parameter φ is positive (negative) in regions where the microswimmer density is high
(low); in the interfaces between these regions, φ varies smoothly, over a width ε. The free-
energy penalty for an interface is given by the bare surface tension σ . In the inherently
non-equilibrium active model H all terms in the stress tensor do not follow from F .
In particular, we must include the stress tensor Σ A, which has the form of a nonlinear
Burnett term and has the components (see, e.g., Tiribocchi et al. 2015; Das, Bhattacharjee
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& Kirkpatrick 2020; Bhattacharjee & Kirkpatrick 2022; Padhan & Pandit 2023a; Padhan
et al. 2024a)

Σ A
i j = −ζ

[
∂iφ∂ jφ − δi j

2
|∇φ|2

]
, (7.22)

where ζ , the activity coefficient, can take both positive and negative values: ζ < 0 (ζ > 0)
for contractile (extensile) swimmers. We emphasise that the free-energy functional used in
this active model is a mathematical construct without a direct physical origin. The activity
is introduced phenomenologically. For instance, an active-stress term with an effective
negative surface tension coefficient has been incorporated into the model to capture the
coarsening-arrest mechanism in contractile systems (see, e.g., Tiribocchi et al. 2015; Cates
& Nardini 2024).

7.7. Generalised active CHNS model for an active self-propelling droplet
To study active, self-propelling droplets, we follow Padhan & Pandit (2023a) and use
two scalar fields φ and ψ , with ψ an active scalar, in the active-matter sense (see, e.g.,
Marchetti et al. 2013). (The terminology used in active matter and conventional fluid
dynamics differs slightly. In fluid dynamics, both φ and ψ are considered active scalars
because they influence the velocity field u. However, in active matter, only ψ is regarded
as active, whereas φ is not.) We employ the following free-energy functional,

F[φ,∇φ, ψ,∇ψ] =
∫
Ω

3
16

(
σ1

ε1
(φ2 − 1)2 + σ2

ε2
(ψ2 − 1)2

)
− βφψ

+ 3
4

(
σ1ε1|∇φ|2 + σ2ε2|∇ψ |2

)
dΩ, (7.23)

whereΩ is the region we consider. This model allows for interfaces of φ andψ , with (bare)
positive interfacial tensions σ1 and σ2 and widths ε1 and ε2, respectively; the coupling
constant β > 0, so there is an attractive coupling between φ and ψ . Experiments on active
droplets are carried out confined planar domains, so we use the following generalisation
of the 2-D active incompressible CHNS equations given in § 7.6:

∂tφ + (u · ∇)φ = M1∇2
(
δF
δφ

)
; (7.24)

∂tψ + (u · ∇)ψ = M2∇2
(
δF
δψ

)
; (7.25)

∂tω+ (u · ∇)ω= ν∇2ω− αω+ [∇ × (Sφ +Sψ)]; (7.26)

∇ · u = 0; ω= (∇ × u); (7.27)

Sφ = −(3/2)σ1ε1∇2φ∇φ; (7.28)

Sψ = −(3/2)σ̃2ε2∇2ψ∇ψ; (7.29)

where, the vorticity, kinematic viscosity and the bottom friction are, respectively, ω, ν and
α and we set the constant fluid density ρ = 1. We use the constant mobilities M1 and M2
for φ and ψ , respectively; the φ interfacial stress Sφ (7.28) follows from F ; in contrast,
for the active stress Sψ (7.29) from ψ , we use the active-model-H formulation (see, e.g.,
Wittkowski et al. 2014; Tiribocchi et al. 2015; Shaebani et al. 2020; Padhan & Pandit
2023a). It is important to note that (i) both ω and [∇ × (Sφ +Sψ)] are orthogonal to the
2-D plane and (ii) the mechanical surface tension σ̃2 �= σ2, which can be either negative
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Figure 22. (a–c) Pseudocolour plots of the active-scalar field φ, at three representative times, which increase
from left to right, for the activity parameter ζ = 0.1 (see (7.18)–(7.22)); (d–f ) pseudocolour plots of the vorticity
ω corresponding, respectively, to the pseudocolour plots φ in (a–c).

or positive values, unlike σ1 and σ2 that are positive. For contractile swimmers σ̃2 < 0 and
for extensile swimmers σ̃2 > 0; the former show arrested phase separation, whereas the
latter display complete phase separation (see, e.g., Tiribocchi et al. 2015; Padhan & Pandit
2023a). We will show in § 7.9 that the activity

A = |σ̃2|/σ2, (7.30)

is the most important control parameter here.

7.8. Active CHNS turbulence
Turbulence in active fluids, which include dense bacterial suspensions, has garnered
considerable attention over the past decade (see, e.g., Wensink et al. 2012; Dunkel et al.
2013; Bratanov et al. 2015; Alert et al. 2021). Many models of active fluids consider
systems of polar active swimmers (e.g., Jain et al. 2024; Rana et al. 2024) or Toner–Tu type
systems and their generalisations (see, e.g., Toner & Tu 1998; Toner, Tu & Ramaswamy
2005; Rana & Perlekar 2020; Alert et al. 2021; Mukherjee et al. 2021; Gibbon et al. 2023;
Kiran et al. 2023, 2024). In a recent paper, Padhan et al. (2024a) have demonstrated that
a new type of active-scalar turbulence occurs in active-model H (see (7.18)–(7.22)), whose
stochastic version has been studied in the context of MIPS that has been discussed at very
low Reynolds numbers by Tiribocchi et al. (2015) and Cates & Tailleur (2015). We give
an overview of the work of Padhan et al. (2024a) in figures 22 and 23, which examines
activity-induced turbulence in (7.18)–(7.22) by increasing ζ in this active model H; positive
values of ζ are used for contractile swimmers, whereas negative values of ζ are appropriate
for extensile swimmers. Padhan et al. (2024a) concentrate on ζ < 0, which yields activity-
induced turbulence that suppresses phase separation. It has been suggested in Padhan
et al. (2024a) that this model, with ζ < 0, might be applicable to a dense suspension of
Chlamydomonas reinhardtii.
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Figure 23. (a) Log–log plots of the energy spectra E(k) versus the wavenumber k, for the activities |ζ | = 0.1
and |ζ | = 1.5 in (7.18)–(7.22); power-law regimes in these spectra are consistent with the dashed line E(k)∼
k−5/3; (b) plot of the root-mean-squared velocity urms versus |ζ |; (c) log–linear plots versus |ζ | of (c) the mean
coarsening length scale Lc ≡ 〈L(t)t 〉 and (d) the integral length scale L I .

In figures 22(a) and 22(c) we show greyscale plots of the active-scalar field φ, at three
representative times, which increase from left to right, for the activity parameter |ζ | = 0.1
(see (7.18)–(7.22)); figures 22(d) and 22(f ) contain pseudocolour plots of the vorticity ω
corresponding, respectively, to the pseudocolour plots φ in figures 22(a) and 22(c). These
plots indicate that, as time increases, the activity induces spatiotemporal chaos and turbu-
lence; eventually the systems reaches a non-equilibrium statistically steady state in which
coarsening is arrested by active turbulence (much as it is arrested by conventional fluid tur-
bulence as we have discussed in § 6.3). We can characterise the statistical properties of this
turbulence using the spectra and lengths that we have defined in (6.6) for phase separation
in the binary-fluid case. In figure 23(a) we present log–log plots of the energy spectra E(k)
versus the wavenumber k, for the activities |ζ | = 0.1 and |ζ | = 1.5 in (7.18)–(7.22). Clearly,
the energy is spread out over a large range of k as it is in fluid turbulence; furthermore,
the power-law regimes in these spectra are consistent with E(k)∼ k−5/3 (indicated by
the dashed line). The root-mean-squared velocity urms grows with |ζ | (figure 23b). In
figures 23(c) and 23(d) we present log–linear plots versus |ζ | of the mean coarsening
length scale Lc ≡ 〈L(t)〉t and the integral length scale L I , respectively. Figures 23(b) and
23(d) quantify the enhancement of turbulence in (7.18)–(7.22) with increasing |ζ |; and
figure 23(c) characterises coarsening arrest by this form of active turbulence.
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Figure 24. Activity-induced droplet propulsion: pseudocolour plots of ψ (the magenta contour shows φ = 0),
at various times t and activities A (t increases from the top row to the bottom row): (a)–(d) A = 0 (complete
phase separation in ψ and no droplet propulsion); (e)–(h) A = 0.15 (rectilinear droplet propulsion); and (m)–
(p) A = 1 (chaotic droplet propulsion). (i)–(l) For A = 0.15: vector plots of u, with the overlaid φ = 0 contour
line (magenta) and the pseudocolour plot of ω, normalised by its maximal value (velocity vectors have lengths
proportional to |u|).

7.9. Activity-induced droplet propulsion
We now use (7.23)–(7.29) (see § 7.7) to demonstrate activity-induced droplet propulsion in
a model that has been studied in detail by Padhan & Pandit (2023a). This model employs
two scalar fields φ and ψ ; both affect the velocity field u by which they are advected; but
only ψ is active in the parlance of active matter. Negative and positive values of φ and ψ
lead, respectively, to low and high densities of these scalars. We begin with the following
initial data: a circular droplet, of radius R0 and centre at (x0,1, x0,2)= (π, π):

u(x, t = 0)= 0;
φ(x, t = 0)= tanh

(
R0 −√

(x1 − x0,1)2 + (x2 − x0,2)2

ε1

)
;

ψ(x, t = 0)=
{
ψ0(x) for |x|� R0;
−1 for |x|> R0; (7.31)

1010 P1-49

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

22
2 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2025.222


N.B. Padhan and R. Pandit

(a)

A = 0.15

A = 0.5

A = 1.5

A = 1.5 (Multifractal)

Monofractal

0.4300025002000150010005000
0

0.2

0.2

0.3

0.4

0.5

0.6

0.7

0.1

0.4

0.6

0.8

1.0

1.2

0.6 0.8 1.0 1.2 1.4

50–5

–5

0

5

1.6

h

q

τ 
(q

)

D
(h

)

(b)
Γ

(t)

tν/R2
0

Figure 25. (a) The multifractal time series for the scaled perimeter-deformation parameter Γ (t) for various
values of the activity. (b) The multifractal spectrum for representative activity A = 1.5. We present the spectrum
for a monofractal time series (given in blue) to show the robustness of the multifractal spectrum. The inset
shows the plot of generalised exponent τ(q) as a function of the order q for the representative value A = 1.5;
the deviation from the linearity suggests the multifractality of Γ (t).

where ψ0(x) is distributed uniformly and randomly on the interval [−0.1, 0.1]. We then
monitor the spatiotemporal evolution of φ, ψ and the normalised ω, which we depict in
figure 24 via pseudocolour plots with an overlaid φ = 0 contour; the pseudocolour plots
of ω also have superimposed vector plots of the velocity field u. The non-dimensional
Weber numbers We1 = R0U 2

0 /σ1 and We2 = R0U 2
0 /σ2, Cahn numbers Cn1 = ε1/R0

and Cn2 = ε2/R0, Peclet numbers Pe1 = R0U0ε1/(M1σ1) and Pe2 = R0U0ε2/(M2σ2),
Reynolds number Re = R0U0/ν, where U0 = 〈UC M (t)〉t , with UC M , the speed of the
droplet’s centre of mass (subscript C M), the order-parameter couplings β ′

1 = βε1/σ1 and
β ′

2 = βε2/σ2, and the friction α′ = αR0/U0, all affect the detailed dynamics of this initial
droplet. However, most important of all these control parameters is the activity A (7.30).

In figure 24 we exhibit activity-induced droplet propulsion in this model by illustrative
pseudocolour plots of ψ , with the φ = 0 contour shown in magenta; we show such plots
at different representative times, which increase from top to bottom, and three values of
A, which move from low to high values, as we move from left to right. In figure 24(a–d)
we show the spatiotemporal of this droplet for the case of vanishing activity A = 0; there
is no droplet propulsion and the system proceeds towards complete phase separation of
ψ , inside the φ = 0 contour, by the formation of alternating annuli of regions with ψ > 0
and ψ < 0, which is reminiscent of the phase separation of oil and water in a microfluidic
droplet (see Moerman et al. 2018). Figure 24(e–h) show that, when A = 0.15, the system
displays rectilinear propulsion of an active droplet; this is driven by the formation of an
oscillating dipole that is visible clearly in figure 24(i–l), where we show, for A = 0.15,
vector plots of the velocity field u, with the φ = 0 contour line (magenta), overlaid on a
pseudocolour plot of the vorticity ω normalised by its maximal value. Finally, we show
in figure 24(m–p), where A = 1, chaotic droplet propulsion, which is characterised by
significant fluctuations inside the droplet and on its boundary; the former suppress phase
separation within the droplet and lead to diffusive or superdiffusive meandering of the
centre of mass of the droplet (see Padhan & Pandit (2023a) for details). The fluctuations
of the boundary can be quantified by using the scaled droplet perimeter Γ (t) (see (7.11)
and figure 14 in § 7.3). In figure 25(a) we show that Γ (t) has multifractal time series
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for various values of the activity A; we characterise this in figure 25(b) by showing the
multifractal spectrum for the representative value A = 1.5; for comparison we present this
spectrum for a monofractal time series in blue; the inset shows a plot of the generalised
exponent τ(q) as a function of the order q; the deviation of the red curve from linearity
quantifies the multifractality of Γ (t).

8. Conclusions and perspective
We have demonstrated that the CHNS framework offers an excellent theoretical foundation
for probing diverse aspects of multiphase fluid flows in binary and ternary systems and
in active fluids. We have given an introduction to the statistical mechanics of systems
in which two or more coexisting phases, distinguished from each other by one or more
scalar order parameters, are separated by an interface. Our discussion of systems with
non-conserved and conserved order parameters leads, respectively, to the TDGL and
CH PDEs. We have then considered models in which the coexisting phases are fluids;
in particular, we have shown that two immiscible fluids require that we use the CHNS
equations. We have given generalisations of the CHNS equations for (i) coexisting phases
with different viscosities, (ii) CHNS with gravity, (iii) three-component fluids (CHNS3)
and (iv) CHNS for active fluids. We have provided brief discussions of the methods we
use for our DNSs of these CHNS systems and, in the antibubble case, we have contrasted
the CHNS diffuse-interface approach with the VOF scheme that tracks the spatiotemporal
evolution of sharp fluid–fluid interfaces. Furthermore, we have discussed mathematical
issues of the regularity of solutions of the CHNS PDEs. Then we have provided a survey
of the rich variety of results that have been obtained by numerical studies of CHNS-type
PDEs for diverse systems, including droplets in turbulent flows, antibubbles, droplet and
liquid-lens mergers, turbulence in the active-CHNS model and its generalisation that can
lead to a self-propelled droplet. We hope that our overall perspective of this field will
lead to more studies of multiphase flows in which interfaces and their fluctuations play
important roles.

There are several other exciting areas in which the CHNS system can play (or has already
played) an important role. We have not been able to cover all these areas here. We give an
illustrative list of such areas along with representative references.

(i) We do not cover quasicompressible CHNS models; for these we refer the reader to
Lowengrub & Truskinovsky (1998) and Abels, Garcke & Giorgini (2023); and for
high-order CHNS PDEs readers should consult Pan, Xing & Luo (2020), Dlotko
(2022), and references therein.

(ii) There are intriguing links between the 2-D CHNS system and 2-D MHD; these have
been explored in, e.g., Fan et al. (2016, 2017, 2018)and Ramirez & Diamond (2024).

(iii) For simplicity we have considered coexisting phases with equal viscosities and
densities. This constraint can be relaxed easily by using the CHNS (see (3.4)); and
then this system can be used to study a variety of laboratory experiments, such as the
droplet coalescence considered in Paulsen et al. (2011, 2014).

(iv) There has been considerable interest in the study of the CH-type PDEs on curved
surfaces; we refer the reader to Voigt & Hoffman (2002) and Rätz & Voigt (2006).

(v) There has been a lot of recent work on non-reciprocal CH systems (see, e.g., Saha,
Agudo-Canalejo & Golestanian 2020; You, Baskaran & Marchetti 2020; Frohoff-
Hülsmann & Thiele 2023; Suchanek, Kroy & Loos 2023; Brauns & Marchetti 2024);
we expect that these models will be coupled to the NS PDEs in future studies (for a
recent study, see Pisegna et al. 2025).
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(vi) Studies of the statistics of Lagrangian tracers or heavy inertial particles in CHNS
systems are in their infancy (see, e.g., Padhan & Pandit 2024); we expect that such
investigations will increase in the coming years.

Acknowledgements. We thank J.K. Alageshan, J.D. Gibbon, A. Gupta, K.V. Kiran, B. Maji, D. Mitra, N.
Pal, P. Perlekar, D. Vincenzi and M. Wortis for discussions on different aspects of the CHNS system. We thank
the Anusandhan National Research Foundation (ANRF), the Science and Engineering Research Board (SERB)
and the National Supercomputing Mission (NSM), India for support, and the Supercomputer Education and
Research Centre (IISc) for computational resources.

Declaration of interests. The authors report no conflict of interest.

REFERENCES

ABELS, H. 2009a Existence of weak solutions for a diffuse interface model for viscous, incompressible fluids
with general densities. Commun. Math. Phys. 289 (1), 45–73.

ABELS, H. 2009b Longtime Behavior of Solutions of a Navier–Stokes/Cahn–Hiilliard system. Banach Centre
Publications.

ABELS, H., GARCKE, H. & GIORGINI, A. 2024 Global regularity and asymptotic stabilization for the
incompressible Navier–Stokes–Cahn–Hilliard model with unmatched densities. Math. Ann. 389 (2),
1267–1321.

ALERT, R., CASADEMUNT, J. & JOANNY, J.-F. 2022 Active turbulence. Annu. Rev. Condens. Matter Phys.
13 (1), 143–170.

AMIT, D.J. & MARTIN-MAYOR, V. 2005 Field Theory, the Renormalization Group, and Critical Phenomena:
Graphs to Computers. World Scientific Publishing Company.

ANDERSON, D.M., MCFADDEN, G.B. & WHEELER, A.A. 1998 Diffuse-interface methods in fluid
mechanics. Annu. Rev. Fluid Mech. 30 (1), 139–165.

ANGOT, P., BRUNEAU, C.-H. & FABRIE, P. 1999 A penalization method to take into account obstacles in
incompressible viscous flows. Numer. Math. 81 (4), 497–520.

ANNA, S.L. 2016 Droplets and bubbles in microfluidic devices. Annu. Rev. Fluid Mech. 48 (1), 285–309.
AREF, H. & SIGGIA, E.D. 1981 Evolution and breakdown of a vortex street in two dimensions. J. Fluid Mech.

109, 435–463.
ATHERTON, T.J. & KERBYSON, D.J. 1999 Size invariant circle detection. Image Vis. Comput. 17 (11),

795–803.
BACKOFEN, R., ALTAWIL, A.Y., SALVALAGLIO, M. & VOIGT, A. 2024 Nonequilibrium hyperuniform states

in active turbulence. Proc. Natl Acad. Sci. USA 121 (24), e2320719121.
BADALASSI, V.E., CENICEROS, H.D. & BANERJEE, S. 2003 Computation of multiphase systems with phase

field models. J. Comput. Phys. 190 (2), 371–397.
BALACHANDAR, S. & EATON, J.K. 2010 Turbulent dispersed multiphase flow. Annu. Rev. Fluid Mech. 42

(1), 111–133.
BANANI, S.F., LEE, H.O., HYMAN, A.A. & ROSEN, M.K. 2017 Biomolecular condensates: organizers of

cellular biochemistry. Nat. Rev. Mol. Cell Biol. 18 (5), 285–298.
BANDAK, D., GOLDENFELD, N., MAILYBAEV, A.A. & EYINK, G. 2022 Dissipation-range fluid turbulence

and thermal noise. Phys. Rev. E 105 (6), 065113.
BARDOS, C. & TITI, E. 2007 Euler equations for incompressible ideal fluids. Russian Math. Surv. 62 (3),

409–451.
BARRETT, J.W., BLOWEY, J.F. & GARCKE, H. 1999 Finite element approximation of the Cahn–Hilliard

equation with degenerate mobility. SIAM J. Numer. Anal. 37 (1), 286–318.
BARRETT, J.W., BLOWEY, J.F. & GARCKE, H. 2001 On fully practical finite element approximations of

degenerate Cahn–Hilliard systems. ESAIM: Math. Model. Numer. Anal. 35 (4), 713–748.
BASU, A., SAIN, A., DHAR, S.K. & PANDIT, R. 1998 Multiscaling in models of magnetohydrodynamic

turbulence. Phys. Rev. Lett. 81 (13), 2687–2690.
BATCHELOR, G.K. 1967 An Introduction to Fluid Dynamics. Cambridge University Press.
BAXTER, R.J. 2016 Exactly Solved Models in Statistical Mechanics. Elsevier.
BEALE, J., KATO, T. & MAJDA, A. 1984 Remarks on the breakdown of smooth solutions for the 3-D Euler

equations. Commun. Math. Phys. 94 (1), 61–66.
BENZI, R. & CHING, E.S. 2018 Polymers in fluid flows. Annu. Rev. Condens. Matter Phys. 9 (1), 163–181.
BENZI, R. & SUCCI, S. 1990 Two-dimensional turbulence with the lattice Boltzmann equation. J. Phys. A:

Math. Gen. 23 (1), L1–L5.

1010 P1-52

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

22
2 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2025.222


Journal of Fluid Mechanics

BENZI, R., SUCCI, S. & VERGASSOLA, M. 1992 The lattice Boltzmann equation: theory and applications.
Phys. Rep. 222 (3), 145–197.

BERTI, S., BISTAGNINO, A., BOFFETTA, G., CELANI, A. & MUSACCHIO, S. 2008 Two-dimensional elastic
turbulence. Phys. Rev. E 77 (5), 055306.

BERTI, S., BOFFETTA, G., CENCINI, M. & VULPIANI, A. 2005 Turbulence and coarsening in active and
passive binary mixtures. Phys. Rev. Lett. 95 (22), 224501.

BETCHOV, R. 1977 Transition. In Handbook of Turbulence, vol. 1 Fundamentals and Applications,
pp. 147–164. Springer.

BHATTACHARJEE, J. & KIRKPATRICK, T. 2022 Activity induced turbulence in driven active matter. Phys.
Rev. Fluids 7 (3), 034602.

BINDER, K., KALOS, M., LEBOWITZ, J. & MARRO, J. 1979 Computer experiments on phase separation in
binary alloys. Adv. Colloid Interface 10 (1), 173–214.

BISTAFA, S.R. 2018 On the development of the Navier–Stokes equation by Navier. Rev. Bras. Ensino Fís.
40 (2), e2603.

BODENSCHATZ, E., MALINOWSKI, S.P., SHAW, R.A. & STRATMANN, F. 2010 Can we understand clouds
without turbulence? Science 327 (5968), 970–971.

BOFFETTA, G. & ECKE, R.E. 2012 Two-dimensional turbulence. Annu. Rev. Fluid Mech. 44 (1), 427–451.
BOFFETTA, G., MAZZINO, A., MUSACCHIO, S. & VOZELLA, L. 2010a Rayleigh–Taylor instability in a

viscoelastic binary fluid. J. Fluid Mech. 643, 127–136.
BOFFETTA, G., MAZZINO, A., MUSACCHIO, S. & VOZELLA, L. 2010b Statistics of mixing in three-

dimensional Rayleigh–Taylor turbulence at low Atwood number and Prandtl number one. Phys. Fluids
22 (3).

BONHOMME, R., MAGNAUDET, J., DUVAL, F. & PIAR, B. 2012 Inertial dynamics of air bubbles crossing a
horizontal fluid–fluid interface. J. Fluid Mech. 707, 405–443.

BORCIA, R., BORCIA, I.D., BESTEHORN, M., SHARMA, D. & AMIROUDINE, S. 2022 Phase field modeling
in liquid binary mixtures: isothermal and nonisothermal problems. Phys. Rev. Fluids 7 (6), 064005.

BOUROUIBA, L. 2021 The fluid dynamics of disease transmission. Annu. Rev. Fluid Mech. 53 (1), 473–508.
BOYER, F. & LAPUERTA, C. 2006 Study of a three component Cahn–Hilliard flow model. ESAIM: Math.

Model. Numer. Anal. 40 (4), 653–687.
BOYER, F., LAPUERTA, C., MINJEAUD, S., PIAR, B. & QUINTARD, M. 2010 Cahn–Hilliard/Navier–Stokes

model for the simulation of three-phase flows. Transp. Porous Med. 82 (3), 463–483.
BRATANOV, V., JENKO, F. & FREY, E. 2015 New class of turbulence in active fluids. Proc. Natl Acad. Sci.

USA 112 (49), 15048–15053.
BRAUNS, F. & MARCHETTI, M. 2024 Nonreciprocal pattern formation of conserved fields. Phys. Rev. X

14 (2), 021014.
BRAY, A.J. 2002 Theory of phase-ordering kinetics. Adv. Phys. 51 (2), 481–587.
BRENNEN, C.E. 2005 Fundamentals of Multiphase Flow. Cambridge University Press.
BUARIA, D. & SREENIVASAN, K.R. 2022 Intermittency of turbulent velocity and scalar fields using three-

dimensional local averaging. Phys. Rev. Fluids 7 (7), L072601.
BUARIA, D. & SREENIVASAN, K.R. 2023 Forecasting small scale dynamics of fluid turbulence using deep

neural networks. Proc. Natl Acad. Sci. USA 120 (30).
BUDIANA, E.P., PRANOWO, INDARTO & DEENDARLIANTO 2020 The meshless numerical simulation of

Kelvin–Helmholtz instability during the wave growth of liquid–liquid slug flow. Comput. Math. Applics.
80 (7), 1810–1838.

CAGINALP, G. & FISHER, M.E. 1979 Wall and boundary free energies: II. General domains and complete
boundaries. Commun. Math. Phys. 65 (3), 247–280.

CAHN, J.W. 1961 On spinodal decomposition. Acta Metall. 9 (9), 795–801.
CAHN, J.W. 1977 Critical point wetting. J. Chem. Phys. 66 (8), 3667–3672.
CAHN, J.W. & HILLIARD, J.E. 1958 Free energy of a nonuniform system. I. Interfacial free energy. J. Chem.

Phys. 28 (2), 258–267.
CAHN, J.W. & HILLIARD, J.E. 1959 Free energy of a nonuniform system. III. Nucleation in a two-component

incompressible fluid. J. Chem. Phys. 31 (3), 688–699.
CANUTO, C., HUSSAINI, M. & QUARTERONI, A. 1988 Spectral Methods in Fluid Dynamics, p. 275. Springer-

Verlag.
CATES, M. & NARDINI, C. 2024 Active phase separation: new phenomenology from non-equilibrium physics.

arXiv preprint arXiv: 2412.02854.
CATES, M.E. & TAILLEUR, J. 2015 Motility-induced phase separation. Annu. Rev. Condens. Matter Phys.

6 (1), 219–244.
CELANI, A., MAZZINO, A., MURATORE-GINANNESCHI, P. & VOZELLA, L. 2009 Phase-field model for the

Rayleigh–Taylor instability of immiscible fluids. J. Fluid Mech. 622, 115–134.

1010 P1-53

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

22
2 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://arxiv.org/abs/2412.02854
https://doi.org/10.1017/jfm.2025.222


N.B. Padhan and R. Pandit

CELANI, A., MUSACCHIO, S. & VINCENZI, D. 2010 Turbulence in more than two and less than three
dimensions. Phys. Rev. Lett. 104 (18), 184506.

CHAIKIN, P.M., LUBENSKY, T.C. & WITTEN, T.A. 1995 Principles of Condensed Matter Physics, vol. 10.
Cambridge University Press.

CHARRU, F. 2011 Hydrodynamic Instabilities, vol. 37. Cambridge University Press.
CHEN, S. & DOOLEN, G.D. 1998 Lattice Boltzmann method for fluid flows. Annu. Rev. Fluid Mech. 30 (1),

329–364.
CHOI, K. & PARK, H. 2021 Interfacial phenomena of the interaction between a liquid–liquid interface and

rising bubble. Exp. Fluids 62 (6), 126.
CHOWDHURY, I.U., MAHAPATRA, P.S. & SEN, A.K. 2022 A wettability pattern-mediated trapped bubble

removal from a horizontal liquid–liquid interface. Phys. Fluids 34 (4), 042109.
COLAGROSSI, A. & LANDRINI, M. 2003 Numerical simulation of interfacial flows by smoothed particle

hydrodynamics. J. Comput. Phys. 191 (2), 448–475.
CONSTANTIN, P. & FOIAŞ, C. 1988 Navier–Stokes Equations. University of Chicago Press.
COOLEY, J.W. & TUKEY, J.W. 1965 An algorithm for the machine calculation of complex Fourier series.

Maths Comput. 19 (90), 297–301.
COX, S.M. & MATTHEWS, P.C. 2002 Exponential time differencing for stiff systems. J. Comput. Phys.

176 (2), 430–455.
CUSHMAN-ROISIN, B. 2005 Kelvin–Helmholtz instability as a boundary-value problem. Environ. Fluid Mech.

5 (6), 507–525.
DARRIGOL, O. 2005 Worlds of Flow: A History of Hydrodynamics From the Bernoullis to Prandtl. Oxford

University Press.
DARRIGOL, O. & FRISCH, U. 2008 From Newton’s mechanics to Euler’s equations. Phys. D: Nonlinear

Phenom. 237 (14-17), 1855–1869.
DAS, A., BHATTACHARJEE, J. & KIRKPATRICK, T. 2020 Transition to turbulence in driven active matter.

Phys. Rev. E 101 (2), 023103.
DELAMERE, P.A., BARNES, N.P., MA, X. & JOHNSON, J.R. 2021 The Kelvin–Helmholtz instability from

the perspective of hybrid simulations. Front. Astron. Space Sci. 8, 801824.
DEVENISH, B. et al.et al. 2012 Droplet growth in warm turbulent clouds. Q. J. R. Meteorol. Soc. 138 (667),

1401–1429.
DÍAZ-DAMACILLO, L., SIGALOTTI, L.D.G., ALVARADO-RODRÍGUEZ, C.E. & KLAPP, J. 2023 Smoothed

particle hydrodynamics simulations of the evaporation of suspended liquid droplets. Phys. Fluids 35 (12),
122111.

DIETRICH, N., PONCIN, S., PHEULPIN, S. & LI, H.Z. 2008 Passage of a bubble through a liquid–liquid
interface. AIChE J. 54 (3), 594–600.

DLOTKO, T. 1994 Global attractor for the Cahn–Hilliard equation in h2 and h3. J. Differ. Equ. 113 (2),
381–393.

DLOTKO, T. 2022 Navier–Stokes–Cahn–Hilliard system of equations. J. Math. Phys. 63 (11), 111511.
DOERING, C.R. 2009 The 3D Navier–Stokes problem. Annu. Rev. Fluid Mech. 41 (1), 109–128.
DOERING, C.R. & GIBBON, J.D. 1995 Applied Analysis of the Navier–Stokes Equations. Cambridge

University Press.
DONZIS, D.A., GIBBON, J.D., GUPTA, A., KERR, R.M., PANDIT, R. & VINCENZI, D. 2013 Vorticity

moments in four numerical simulations of the 3D Navier–Stokes equations. J. Fluid Mech. 732, 316–331.
DORBOLO, S., VANDEWALLE, N., REYSSAT, E. & QUÉRÉ, D. 2006 Vita brevis of antibubbles. Europhys.

News 37 (4), 24–25.
DRAZIN, P.G. 2002 Introduction to Hydrodynamic Stability, vol. 32. Cambridge University Press.
DRITSCHEL, D.G. & TOBIAS, S.M. 2012 Two-dimensional magnetohydrodynamic turbulence in the small

magnetic Prandtl number limit. J. Fluid Mech. 703, 85–98.
DRIVAS, T.D. & ELGINDI, T.M. 2023 Singularity formation in the incompressible Euler equation in finite and

infinite time. EMS Surv. Math. Sci. 10 (1), 1–100.
DUNKEL, J., HEIDENREICH, S., BÄR, M. & GOLDSTEIN, R.E. 2013 Minimal continuum theories of structure

formation in dense active fluids. New J. Phys. 15 (4), 045016.
EBENBECK, M., GARCKE, H. & NÜRNBERG, R. 2020 Cahn–Hilliard–Brinkman systems for tumour growth.

arXiv preprint arXiv: 2003.08314.
ELLIOTT, C.M. & FRENCH, D.A. 1987 Numerical studies of the Cahn–Hilliard equation for phase separation.

IMA J. Appl. Maths 38 (2), 97–128.
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