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We define two types of the a-Farey maps Fo and F, }, for 0 < a < %, which were
previously defined only for % < a <1 by Natsui (2004). Then, for each 0 < a < %,
we construct the natural extension maps on the plane and show that the natural
extension of F,, ; is metrically isomorphic to the natural extension of the original
Farey map. As an application, we show that the set of normal numbers associated
with a-continued fractions does not vary by the choice of o, 0 < a < 1. This extends
the result by Kraaikamp and Nakada (2000).
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1. Introduction

The main purpose of this paper is to extend the notion of the a-Farey map to
0<a< %, and discuss its properties with applications. We start with a simple
introduction of the theory of the regular continued fraction map.
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2 K. Dajani, C. Kraaikamp, H. Nakada and R. Natsui

Let = be a real number, then it is well-known that the simple or reqular continued
fraction (RCF) expansion of z yields a finite (if x € Q) or infinite (if z € R\
Q) sequence of rational convergents (p,/q,) with extremely good approximation
properties; see e.g. [10, 15, 16, 32-34]. The RCF-expansion of z can be obtained
using the so-called Gauss map G : [0,1] — [0, 1), defined as follows:

1—\‘1J, if x #£ 0,
G(:c): x T
0, if x =0.

For 0 < x < 1, the digits (or: partial quotients) a,, = a,(z) of the RCF-expansion
of z are defined for n > 1 by a,(z) = LWL where |[§| = oo and = = 0. For
x € R, we define ag = ap(x) = |z]; if © € (0,1), we define for n > 1 the digit a,(z)
by setting a,(z) := an(z — ag).

It is well-known that for = € (0, 1) the simple continued fraction expansion of z
easily follows from the above definitions of G and a, (z):

PN S5 SN S SN N
T Ta@ T Tee) [an (@)

We put
pa@ 1 1. 1|
@ Jau@ e T @)

where p,, (), gn(z) € N and where we assume that (p,(x), ¢,(z)) = 1. This rational
number p,, (x)/qn(z) is called the nth principal convergent of . It is also well known
that for n > 1,

pn(x) = an(x)pn—l(x) +pn—2(x);
n(x)qnfl(m) + Qn72<x)u

=
3
—~
8
~
|
S

with p_1(z) =1, po(x) =0, g_1(x) =0, go(x) = 1. If a,,(x) > 2 for n > 1, then

Cpn-1(z) + pr—2()
0 Gno1(2) + gn-2(x)

, 1<l <ap(x) (1.1)

is called the (n, ¢)-mediant (or intermediate) convergent of z.

Setting
Pn
O .
an

forn >0,

one can easily show that for all irrational  and all n > 1 one has that 0 < 0,,(z) <
1; see e.g. [10, 16]. Several classical results on these approzimation coefficients ©,,(x)
have been obtained for all n > 1 and all irrational z; just to mention a few:
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min{©,,_(z), O,(z)} < 3, (Vahlen, 1913)

and
min{©,_1(x),0,(x),On+1(z)} < %, (Borel, 1903).

Borel’s result is a consequence of

min{0,_1(x),0,(z),0,11(x)} < -

\/ ai+1+4 ’

which was obtained independently by various authors; see also Chapter 4 in [10].
That the sequence (p,(x)/gn.(x)) converges extremely fast to z follows from 0 <
O, (x) < 1 for all n, and the fact that the sequence (g, (x)) grows exponentially fast.
An old result by Legendre further underlines the Diophantine qualities of the RCF:
let x € R, and let p € Z, ¢ € N, such that (p,q) = 1, and suppose we moreover
have that

‘x _ p‘ P

2 q2

then p/q is a RCF-convergent of z. Le., there exists an n such that p = p,(x) and
q = qn(z). Here the constant 1/2 is best possible. In 1904, Fatou stated (and this

was published in 1918 by Grace; see [14]), that if ’x — %‘ < q%, then p/q is either

an RCF-convergent, or an extreme mediant; i.e., an (n, £)-mediant convergent of x
from (1.1) with £ = 1 or £ = a,, — 1. Further refinements of this result can be found
in [3].

The (n, £)-mediant convergents of z from (1.1) can be obtained by the so-called
Farey-map F. The notion of the Farey map was introduced in 1989 by Ito in [17]
and by Feigenbaum, Procaccia and Tel in [13] independently. In particular, the
metric properties of F' were discussed by Ito in [17]; see also [4, 5, 7, 9, 11].

To introduce F, we write G as the composition of two maps: an inversion R :
(0,1] — [1,00) and a translation S : [1,00) — (0, 1], defined as:

1
R(z) = - for x € (0,1]

and
S(x)=xz—k, ifzxelkk+1)forsomek eN.

If we furthermore define that 0 — 0, we clearly have that G(z) = (S o R)(x) for

€ (0,1]. Note that the latter map S can be written as the k-fold composition
of a map S; : [1,00) — [0,00), defined as Si(z) = = — 1 for z > 1, so that
S(z)=(Sy0---087)(x).

(z) = (51 k 1)()

Next, we extend the inversion R to [1,00): R(x) = L for x € [1,00), so that we
map [1, 00) bijectively on the bounded interval (0, 1]. Wlth this extended definition
of the map R, we define the map F : (0,1] — [0,1) as a “slow continued fraction
map,” given by
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(Ro Syo0R)(z) = 1% if 2 € [0,1/2),
F(z) = T_2
G(z)=(S1oR)(z) = — if x €[1/2,1],

see also [11], where the relation between F' and the so-called Lehner continued
fraction is investigated.

For a given matrix A = mrdz) o GL(2,Z), we define its associated linear
a1 a22
fractional transformation as:

Ax) = aur t i for x € R. (1.2)
a21T + a2

The map F “yields” the mediant convergents together with the principal (i.e., RCF)

convergents in the following manner. For each = € (0,1), F(x) is either ;2 or 1=%,

which is a linear fractional transformation associated with matrices ( 11 (1)> and

<_1 é), respectively. We put

1
-1
1 1
0) | = 0 , if0< Fi(2) < 3,
11 -1 1
A, = Ay (x) = 1
1 -1 1
0 = . ifd < Frli(z) < 1,
11 1 0

thus yielding a sequence of matrices (A, : n > 1). Viewing this sequence as a
sequence of linear fractional transformations, we obtain a sequence of rationals
(tn :n>1) with ¢, = (A1 A - -+ Ay,)(—00) for each n > 1. It is not hard to see that
this sequence is

11 1

127 a; -1’

0O _po 1 1-pr4po 2-p1+po (a2 —1)-p1+po

1 g e+l 1-q4+q 2-qg+q ' (a2—1)-q+q’

p1 1-p2+pr 2-p2+m (a3 —1)-p2+m

o' lge+a’ 2 @+qa’  (eas=1)-@+aq’

Pot Lpntpnr Epntpnr (@npr = 1) potpny
Gn-1" 1-gn+ a1’ gt gn1’ T (g1 = 1) g+ g’

Pn 1-Pny1+pn
qn’ 1'Q7z—&-1""(]n7
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i.e., we have the sequence of the mediant convergents together with the princi-
pal convergents of z. We will find it again in §3 as a special case of Nakada’s
a-expansions from [26], with o =1.

Apart from the regular continued fraction expansion there is a bewildering
amount of other continued fraction expansion: continued fraction expansions with
even (or odd) partial quotients, the optimal continued fraction expansion, the Rosen
fractions, and many more. In this paper we will look at a family of continued
fraction algorithms, introduced by Nakada in 1981 in [26] with the natural exten-
sions as planer maps. These continued fraction expansions are parameterized by
a parameter a € (0, 1], the case =1 being the RCF. After their introduction,
the natural extension of the Gauss map played an important role in solving a con-
jecture by Hendrik Lenstra, which was previously proposed by Wolfgang Doeblin
(see [6], and also [10, 16] for more details on the proof and various corollaries of this
Doeblin-Lenstra conjecture). The notion of the natural extension planer maps lead
to various generalization, e.g. the so-called S-expansions, introduced by Kraaikamp
in [21]. The papers mentioned here, and various other papers at the time dealt
with the case % < a < 1. At that time, there was no discussion on «a-continued
fractions for 0 < a < % except for a 1999 paper by Moussa, Cassa and Marmi
[25], dealing with v2 —1 < a < % Later on, after two papers published in 2008
by Luzzi and Marmi ([24]), and Nakada and Natsui ([29]), the interest to work
on a-continued fractions was rekindled, but then for parameters a € (0, %), see
c.g. [12, 23].

In 2004, Natsui introduced and studied the so-called a-Farey maps F, in [30,
31] for parameters a € [%, 1). These maps F, relate to the a-expansion maps
G, from [26] as the Farey-map F relates to the Gauss-map G. In this paper, we
investigate these a-Farey maps F,, for 0 < a < %

Recall from [26] that the a-continued fraction map G, for 0 < o < 1, is defined
as follows (We refer to papers by A. Abrams, S. Katok and I. Ugarcovici [2] and
by S. Katok and I. Ugarcovici [18-20], where a similar idea is applied to a different
type (2-parameter family) of continued fraction maps). Let « € (0, 1] fixed, then
for x € I, = [@ — 1, ) we define the map G, as

-1 |-14+1-4q], ifz<o,
Ga(z) = 0, if £ =0, (1.3)
1-li+1-al, if 2 > 0.

For z € I, we put aq ,(x) = LG”*ill(xﬂ +1-— aJ and €4, (z) = sgn(z). Then we
have for x € I, \ {0} that:

From this one easily finds that:

cad@)] | caz@)] |
|aa,l(x) |aa72(x) |aa,n($)
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which we call the a-continued fraction expansion of 2. We define the nth principal
convergent as

Pan(z)  €ai()| Ea2()| by Ea,n ()|

— forn >1,
Qa,n(x) |aa,1(x) |aa,2(33) |aa,n($)

where pon(z) € Z, gapn(z) € N and (pa.n(x),ga,n(x)) = 1. Moreover, whenever
aan(z) > 2 we also define the mediant convergents as

L- pa,nfl(x) + Ea,n (m)pa,n72(5r)
€ qan—1(2) + €a,n(T)qa,n—2()

for 1 </ < ap(z).

To get these mediant convergents, we consider the Farey type map F,, and as in
the case a =1 we show how it is related with G,; note that G; = G and F} = F.
As in the case a=1, we consider inversions and a translation. The inversions are
now defined by

1 1
R_(x) = - for x € [ — 1,0),and R(z) = - for x > 0,
while the translation is now defined by
Si(z)=x—1 forz>a.

Of course, we again define that 0 +— 0. From this process, we have the map F,
defined on [a -1, é} by

(RoS1oR_)(z) = —1f;, ifz€la—1,0),
Fo(z)=q(RoSioR)(z) = 1%, ifzel0, 1], (1.4)
(S1 0 R)(x) = 1;—1, ifxe(p%a,é],

see Figure 1. We will see in §2 that the mediant convergents are induced from F,.
However, we should note that if e4 n+1(z) = —1,

L pan(T) = pan—1(v) _ (aan () ) Pan—1(T) + €an(T)Pa,n—2(T)
‘o

-1
1. Q(x,n(x) - QQ,n—l(z) (aa,n(x) - 1) ,n—l(Tf) + ga,n(x)QQ,n—Q(z)

)

which means that we get the same rational number more than once as a mediant
convergent. To avoid such repetitions, Natsui in 2004 introduced in [30] another
type of a Farey like map F,, , for % < a < 1, which is an induced transformation

of F,, and was defined on [« — 1, 1] by

z .
) lfa71§x<0,
£, ifo<ae<s
_ ) 1= = 2
Fa,b(x) - 17230 o1 1 (15)
z 1f§ <T< 1+a?
11—z : 1
= if Tfa <z S 1.
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a — I

Figure 1. The map F, for a = i

The definition of F, , as given in (1.5) does not work for the case 0 < a < %,

since the image of [@ — 1,0) under F, , is not contained in [a — 1,1]. Indeed,
Fop(a—1)=1=2>1 for a < 1/2. For this reason, we modify the above definition
of F,, slightly; see (2.3) in §2. Both are induced transformations, but with a
slightly different definition. In the sequel, we first show that F, certainly induces
the mediant convergents and is well-defined for 0 < a < 1/2. Then we introduce a
simple variant of I, ,. We will show that dynamically these maps are isomorphic to
the Farey map F' in the following sense. In §3, we construct a planer map F, which
is the natural extension of F, and then construct in §4 the natural extension of F, ,

(denoted by Fa,b) as an induced map of F,,. Then we show that for 0 < a < 1, all
Fa,b are metrically isomorphic to £. One of the points which we have to be careful

is that the first coordinates of planer maps of the “mediant convergent maps ﬁ'a’.,
0 < a < 1”7 are not the “mediant convergent maps F, .”, though the first coordinate
of the natural extension maps G, are exactly the a-continued fraction maps G,.
In §5, we apply the idea of the planer maps to show some results on a-continued
fractions, which are already known for % < a <1 but not for 0 < a < % We
recall some results on normal numbers and on mixing properties of G,; see [22]
and [28], respectively. The first application of the a-Farey map is a relation among
normal numbers with respect to a-continued fractions for different values of a.
In [22], it was shown that the set of normal numbers with respect to G, is the
same for any % < « < 1. It is natural to ask whether we can extend the result
to 0 < a < 1. However, the proof used in [22] does not work. The main point
o

a,n

is that the sequence of the principal convergents in > 1) is a subsequence
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2 2

anymore for 0 < o < /2 — 1. Thus it is easy to follow the proof used in [22]
for V2 -1 < a < % but not possible for a below /2 — 1. At this point, we
need the a-mediant convergents to discuss normality. The second application is the
following. In [28], we show that the ¢-mixing property fails for a.e. o € [$, 1] using
the above normal number result. Indeed, the result implies that for a.e. o € [§, 1],
{G%(ax — 1) : m > 1} is dense in [,. Then for any ¢ >0, we can find n > 1 such that
the size of either the interval [a — 1, G2 (a—1)] or [G(ax—1), ) is less than e. The
property called “matching” plays an important role there. It was proved in [26],
however it seems that nobody, not even the author of [26], noticed the importance
of this property until [29] appeared (after [28]!). It is also easy to see the matching
property for v2 —1 < a < % holds, but not easy for a below v/2 — 1. After [29]
was published, in [8] the complete characterization of the set of a’s which have
the matching property was given together with the proof of a conjecture from [29].
Actually, the matching property holds for almost all « € (0, 1). Together with the
result from §5.1, we show in §5.2 that G, is not ¢-mixing for almost every « € (0, 1).
In §5 the construction of the natural extension Fa,b of I, , as a planer map plays
an important role.

In this paper, we change the notation in [30] and [31] to adjust for the names of
Gauss and Farey:

of (Z—Z:nzl) for £ < o < 1. This also holds for V2 -1 < a < i but not

[30, 31] this note
To — Ga
Ga — F,

Fa — Fa,b

2. Basic properties of the a-Farey map F,, 0 < a <1

First of all, note that there is a strong relation between the maps G, from (1.3)
and F, from (1.4). For any a € (0,1), we get G, as a induced transformation of
F,,. This induced transformation is defined as follows.

For each @ € (0,1) and =z € I, = [a — 1,«), we put j(0) = 0 if =0, and
J(@) = ja(x) =k if

(i) = #0,
(i) Fi(2) ¢ (. 1] 0< £ <k,
(it}) FE(x) € (1, 1)

Note that from definition (1.4) of F, we then have that F**!(z) € I, which is

the domain of Gg; see (1.3). In case ‘/52_1 < a < 1 we further define j(z) = 0

whenever z € [Q%H,a); see also Remark 1(7). As usual, we set that FQ(z) = z.
Now the induced transformation F,, ; is defined as:

Foy(z) = FI@+(2) for z € I,.

The next proposition generalizes the result in [30], where « was restricted to the
interval [%, 1].
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PROPOSITION 1. For any 0 < a < 1, we have Gy (z) = Fy, j(x) for any x € L.

Proof. Since F,(0) = 0, F, j(0) = 0 = G4(0) is trivial. Next we consider the
case ¥ € [a — 1,0). If =2 € [(n — 1) + a,n + ), then F,(z) = (RoS; 0o R_)(x) €

((njHa, (n7%)+a]. Thus we get F~1(x) € (lia, 1]inductively, and j(z) = n—1in

this case. We also see that F*~1(z) = — n=ijag1 and then Fo(z)= Fg(z)ﬂ(az) =

F, (—m) =(-2-(m-1)—-1=-1—n = Gu(z). For v € (0,a), the

same proof holds since F,(z) = (Ro S1 0 R)(z) € ((n_}H_a, (n—é)+a] when 1 €
[(n—1) 4+ a,n+ «). The rest of the proof is straightforward. O

REMARK 1. We gather some results on j(z) for various values of a.

(i) Bl<a<l
In this case 1 < @ holds. It is for this reason we defined j(z) = 0 for

x € [a%rl,a). On the other hand, j(z) > 2 for a — 1 <z < 0.

(i) 0 < a < Y51,
In this case we have H% > aand 1+a < 11, which show that j(z) = 0
only for z=0, and j(z) =1 for z € [ — 1, fl_%a) U [2_%@,0[].
(iil) 0 < a < V2 — 1.
We see that j(z) > 2 for € (0,a). A

Setting A~ = <_1 O), At = ( ! ?) and Af = <_11 é), in view of (1.2)

1 1
and (1.4) we can write F, as:

Az, ifz€a—1,0),
Fo(x) = Atz, ifze|0, -1,
ARz, ifx e (2, 1]
Define
-1 0
L =(A7)"Y f FrY(z) € [a — 1,0),
Loy it F1 () = 0,
0 1
Ay(z) = A(FyH(2) =
1 0
L) (AN i) € (0, ),
0 1 _ . _
11 _(AR> 17 lng 1('%‘)6(%7%]7
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for x € I, and n > 1. We identify z with (A;(x), A2(z),..., Ap(z),...). We will

show that
nl;rr;o (A1 (2)As(z) -+ - Ap(z)) (—00) = .
Put (S" u") = Ay (z)Az(z) - A, (x) with (80 u0> = (1 O). Suppose that
n Un to Vo 0 1
= €a,1(7)| €a,2(7)| o Ean(7)|
|aa,1(2) |aa,2(x) |aan(2)

is the a-continued fraction expansion of z € I,,. Recall that e, ,(z) = sgn(G? 7 (x))
and aq () = L% +1—a] for G2~ 1(x) # 0. Then, from Proposition 1, it is

IGa (a
easy to see that (A;(x), As(z),..., Ap(x),...) is of the form
(AT AT AT AR AT AT AT AR ), (2.1)
— —
aq,1(x)—2 aq,2(x)—2
1 0 . .
unless A, = o 1) 2ppears in (2.1) for some m > 1 (which happens when

r € Q). Here A* = A~ or A" according to e, () = —1 or +1, respectively. If
Gan(7) = 1, then we read @, — 2 = 0 and delete A* before AT. More precisely,

Asr aas@ (@) = AR
A=, it eqn(x) =1,
Asr 0o @r1(@) = o ( )7
i At i eqp(x) =41 and aqnt1(z) > 2,
AZ;}:1 %,j(r)+l(x) = Af if 2</{l<aan+1,

with 22:1 aq,j(z) = 0. As usual, we have for the G,-convergents of z that:

(o sa,1<x>> (o ea,2<x>>,,,<o sa,nu))(pa,nl(x) pa,nu))_
1 aa,l(x) 1 aa,Z(x) 1 aa,n(x) q@,n71($) qa,n(x)

We have the following result.

LEMMA 1. For k,n € N, let Ii(x) = Ai(x)Az(z)- - Ax(z), and Sp(z) =
> i=1Ga,j(x). Then, if k = S, (z),

Hk(x) _ (pa,n—l(x) pa,ﬂ(@) .

qa,n—l(x) QQ,n(-T)

Furthermore, if £ > 1 and k = S, (x) + € < Sp+1(x), we have

Hk(lL‘) _ (épa,n(l') + Ea,n+1(£r)pa,n,1(x) pa,nl(x)> .

gqa,n(m) + Ea,n+1($)q¢x,n71($) QOz,nfl(x)
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Proof. The assertion of this lemma follows from an easy induction and is essentially
due to the fact that G, is an induced transformation of F,. O

With this result in mind, and analogously to the regular case (which is a=1),

we call

) - Au()(-0) = oot Eeaitns (1)

the ((n 4+ 1,¢)th) a-mediant convergent of = for ¢ > 0; see also (1.1) for the case
a=1

REMARK 2. For 0 < a < \/52_1, ao.n(x) > 2 for any z € I, and n > 1.

From Lemma 1, the convergence of the mediant convergents follows:

PROPOSITION 2. We have

lim (I (x))(—o00) = z.

k—o0

Proof. If z is rational, then the assertion follows easily. So we estimate |z —
(I (x))(—o0)| for an irrational z. We note that (¢a,n(z) : n > 1) is strictly increas-
ing for any x € I, \ Q, which follows from the fact that a, »(x) > 2if e n(z) = —1
(for any «, 0 < o < 1). This implies lim,,_, o0 ¢a,n(x) = 0o if z is irrational. As for
the RCF, see e.g. [10] or (1.1.14) in [16], 2 can be written as:

(bpan() ipa,n—l(x))F(g(x) + Pan—1(7) or Pan—1()Go(T) + Pa,n(T)

o (@) E Gon 1 (@) FE@) F dam 1@ Gan 1 @)G@) + daml@) 2

The estimate of the latter is easy since (Ij(x))(—o0) = %, |G2(x)] <

max(a, 1 — @) < 1, and |[pa,n—1(2)qan(T) — Pan(T)dan—1(x)] = 1. Anyway, it is
the convergence estimate of the a-continued fraction expansion of x. In the former
case, we see that |x — (IIx(x))(—00)| is equal to:

' (fpa,n(a:) ipa,’ﬂfl(m))F(iﬁ(x) +pa,n71<x) _ Epa,n(x) ipa,n—l(iﬂ)
(éqaﬂ’b(x) + qam—l(‘r))Fo]f(x) + q(x,n—l(m) KQ(X,n(x) + Q()z,n—l('r) ’

with k =377 aq,j(x) + £. This can be estimated as

12
’ ((éq%n(x) + Q(X,n—l(x))Fé(x) =+ Qa,n—l(x)) (&Ia,n(x) + Qa,n—l(x)) ’
1
(Qa,n(x) + %%W) ((an’n(x) + qa,n71<x))F§($> + Qmel(x))
1

<—— —= 0
qa,nfl(x)

Here we used the fact F*(z) > 0 for k not of the form Z?zl aq,;(T). O
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As mentioned in the introduction, the (n + 1, aq n+1(x) — 1)th convergent is the
same as the (n + 2, 1)th convergent if e4 n42(z) = —1, i.e.,

(aa,n-‘rl(x) B l)pa,n(x) + 5a,n+1(x)pa,n—1(x) _ pa,n-i—l(x) _pa,n(x)
(aa,n—!—l(x) - I)Qa,n(x) + 5a,n+1(x)QO¢,n—1(x) Qa,n—i-l(x) - Qa,n(!E) ’

In this sense, the map F,, makes a duplication if e, ,(z) = —1. This duplication is
k-fold if (eqnte(x), aqmte(x)) = (=1,2) for 1 < ¢ <k, i.e.,

pa,n(x) - pa,n—l(x) _ pa,n-i—l(m) pa,n( ) —
Q(x,n(z) - Q(x,n—l(x) Qa,n—i-l(:E) ( )
_ pa,n+k(x) Pa,n+k— 1( )

qa,nJrk‘( ) qa,n+k71( )

We avoid this duplication using a suitable induced transformation. First, let us
recall the definition of Fy, , for % < a < 1; see (1.5). One can see that this map
skips the (n, an+1(z) — 1)th mediant convergent of = € I, with 8n+1( )=-1. An
important observation in [30] is that for % < a <1 we have that — 115 <1 for any
a —1 < a2 < 0. This does not apply anymore when 0 < a < 7, as the definition
of F,, , should be on the interval [ov — 1,1]. To achieve this we “speed up” F, and

modify the definition of F,, , as follows:
Fa,b(x) = Folé((x)(x)7

with K(z) = min{k > 1: F¥(z) € [a — 1,1].

For a —1<u < =3}, Fo(z) = —7% > 1 (see also (1.4)), so F2(z) € I,. Thus
K(z) = 2 and we have that Folf(”:)(x) = 2% ip this case. For z € [—1,1), one
can easily see that F,(x) € [0,1] and the same holds also for z € [H%, 1]. For
T € [2, 1+a)’ we find that K(z) = 2 and F, ,(z) = % Consequently, our new
definition of F,, ; is the following:

F2(z)=-12 ifa—-1<z< -1,
Fo(z) = -5, if —4<x<0,
Fop(@) = Folz) = 1%, if0<z<l (2.3)
F2(z) = =22, 1f1<a:<1+ ,
Fo(z) = =2, 1f1+—a§m§1.

Clearly from (2.3) we have that for every = € [a — 1, 1] the sequence (Fib(x))kzo,
which is the orbit of z under F, ,, is a subsequence of the sequence (F7(x))n>0
(the orbit of z under F,). But then for every z € [a — 1,1] fixed there exists
a (unique) monotonically increasing function k : NU {0} — N U {0}, such that

Ffb(x) = F(’;c(k)(x). Setting k = k(k) for k =0,1,..., we put

0, i (7) = g (z).

From this definition, it is easy to derive the following.
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PROPOSITION 3. For any k > 1, whenever €q nt1(x) = —1, the (n+1,an41 — 1)th
mediant convergent does not appear for any n > 1 in (I, y(x)(—o0) : k > 1) and
all other mediant convergents and all principal convergents of x appear in it.

Another possibility is by skipping pp+1(z) — pn(x) and gn41(z) — gn () instead
of (an41(2) — 1))pn (2) + 2011 (2)pn1 () and (ans1(2) — 1))gn() + En 1 ()01 (2)
if en41(z) = —1. This can be done by the jump transformation F, g, defined as
follows:

F2(x), ifz <0,

Fog(r) = _ (2.4)
F.(z), ifz>0.
Note that the map F, 4 from (2.4) is explicitly given by
g Ha—-1<z<0,
Fagl)=9{ &, if0<wz< i, (2.5)
11—z

— . 1 1

This is well-defined for any 0 < a < 1. Indeed, the map F, 4 from (2.5) skips
Fi*+1(z) if F¥(z) < 0, which implies that there exists an n > 1 such that G?(x) =
F%(z) and €,(z) = —1. Thus we see that %m has been skipped in the
sequence of the mediant convergents. In this note, we do not further consider this
map F, 4 since the discussion is almost the same as that of F,, .

Now we consider z:g; = Il(x)(—o0) with sg(z),tx(x) € Z, coprime, t; > 0.

From this and (2.2) we derive that

sk(x)

tr(z)

th(2)

T —

= |F¥(x) - TI; Y (—o0)|

for z € [0 —1, 1] and n > 1. Note that F¥(x) can be interpreted as the future of x
at time k, while TI;, ' (—o0) is like the past of x at time k; see also Chapter 4 in [10].
For this reason, it is interesting to find the closure of the set

1
{(F(f(:c),ﬂ,;l(x)(—oo)) r€fa—1, a], k> O} .
This leads us to consider the following maps:

Y o —
(_1+w’ 1+y)’ fa—1<z<0,

Faley) =14 (15.75),  f0<o< i, (2:6)
g 1- e 1 1
(TaTy)a if g <2<y,
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and
(—%,—%), ifa—1§m<—%,
(—ﬁ,—ﬁ), if —3<z<0,
Fop(z,y) = (12,%,), if0<z<i, (2.7)
(1I2:c71—y2y), if § <<,
(2, 152), if o <a<1,

where (z,y) is in a ‘reasonable domain’ of the definition of each map, respectively.
The question is to find this ‘reasonable domain’ for each case. This will be done in
Theorem 1 for F, and in Theorem 2 for Fa,b- For example, for F, the domain will
be the closure of

{(Fo’f(x), (A (@) - - Ag(z)) " (—oo)) Lae [a— 13 k> o}

so that F, is bijective except for a set of Lebesgue measure 0. From this point of
view, F, is the planar representation of the natural extension of F,, in the sense
of Ergodic theory. Another point of view is that the characterization of quadratic
surds by the periodicity of the map. Indeed, it is easy to see that = € (0,1) is
strictly periodic by the iteration of F' if and only if it is a quadratic surd and its
algebraic conjugate is negative. We can characterize the set of quadratic surds in
a similar way with é;’;, see the next section, and also F,. We can apply the above
to the construction of the natural extension of F,, ;. Indeed, it is obtained as an
induced transformation of F,,. In the next section, we give a direct construction of
the natural extension of Fa as a tower of the natural extension G’j; of G,.

3. The natural extension of F, for 0 < a < %

As the case % < a < 1 was discussed in [30, 31], in the rest of this paper we will

focus on the case 0 < a < % We give some figures in the case of & = v/2 — 1

for better understanding of the construction. We selected this value of o as an
example as this is historically the first “more difficult” case; for o € (v/2 — 1,1] the
natural extensions are simply connected regions which are the union of finitely many
overlapping rectangles, while for & = v/2 — 1 the natural extension consists of two
disjoint rectangles; see [12, 24, 25]. In [12] it is shown that for « € (@, V2 — 1)
there is a countably infinite number of disjoint connected regions. For 0 < a <
V2 — 1 it is not so easy to describe Q, explicitly; see the discussion at the end of
§ 2, and also [12, 23-25].
We start with the domain Q, from [23], given by the closure

Qo = {ég(x,foo) ’ x € a— 1,a)},
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Figure 2. Qu x4 fora =v2—-1

and the natural extension map (;'a : Q4 = Qy, defined by

(z,y) = <_%_b’ﬁ>, if 2 < 0,
(

1 1 :
E—b,m), lfl'>0,

for (z,y) € Qq.
Next we change y to —%, i.e., we consider

0, = {wn): (2-1) <},

see Figure 3, and the map G : Q% — QF, defined by:

T

~Lop-L-p), i<,
(z,y) — (%—b,%—b), >0

where b = L| %| + a — 1]; this gives another version of the natural extension, with
which we work with for the rest of the paper. Recall from [23] that Go i Qo — Qo
(and therefore é;) is bijective except for a set of Lebesgue measure 0. The reason to
move from €2, to Q7 is that the first and second coordinate maps of G, are similar.
This allows for a more unified treatment. Also note that Q, C [o — 1, ] x [0,1].
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vi—2¥z2 Ul g

Qa2.— —(2,2)
Qa3.— — (3,3)
Qa3+ — (3,3)
Qaa,— — (4,4)
Qaa+ — (4,4)
Qa5,— — (5,5)

Figure 3. QF for o = v2—1

Although formally o & 1., we define kg as the first digit of a in the G,-expansion

of a, i.e., koﬁ <a< ko_;l_‘_a Furthermore, we define cylinders by
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Figure 4. Qu o+ — (1,1) fora=v2 -1

Qo = {2y €Q: iy <a<al,
QZ,k,+ = {(z,y) € Q% : k_+a <z < m}, if k> ko, (3.1)
no- = {l@y) e a-1<z< -5}
ko = {(m,y)eﬂzz—m<m§—lﬂ%&}, if k> 3.
Then we put
Qop- = (z,y): —%,—%) € Q;k’_},
Qo = {(z,9): %7&) € QZ;,k,+}~

Note that if (z,y) € Q,Lk,_ we have that z>0 and y > 0; see Figure 2. For
convenience we put 7 , = 0 for 2 < k < kq. It is easy to see that

Q= (U (Qap— — (k,k))) U ( U Qas - (k,k))) (disj. a.e.),

k=2 k=ko

where (disj. a.e.) means “disjoint except for a set of measure 0”. This disjointness
follows from the next lemma.

LEMMA 2. For every k € N, k > 2, we have:

(Qa,kﬂ,_ —(k+1,k+ 1)) N (Qa,k,+ ~ (k, k)) =0 disj. ace.,
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or equivalently,

(st = D) N (Qups = (0,0)) =0 disj. a.e.
see Figure 4.
Proof. We see
(Qa,k,i - (k’k)) =G (Ups) -
Then the assertion follows from the a.e.-bijectivity of G’; g

For j > 1, we define

Y= U (Qose— =ik =)0 U (o~ =ik =)
k=j+1 k=j+1

for j > 2, see Figure 5, and
oo
Yo=|JYas-
j=1

From Lemma 2, this is “disj. a.e.” We also see
To;NQujy =0 (disj. a.e.),

which implies
Q5N (To) ' =0 (disj. a.e.),
where (T,) ' = {(sr:,y) : <%, %) € TQ}. Note that (Y,)~! C {(z,y) : = > 0}.
Now we will define the ‘reasonable domain’ V,, for the natural extension map F,
from (2.6). We put V,, = Qf U (T4) '; see Figure 6. From the construction of V,,
it is not hard to see the following result.

THEOREM 1 The dynamical system (Va,Fa) together with the measure P, with

density (;lf‘;f;z s a representation of the natural extension of([a -1, é),Fa) with

measure Vo, which is the projection of ws on the first coordinate.

Proof. We show the following below. Then the assertion of the theorem is proved
in exactly the same way as in [31] in the case of % <a<l.

(i) The map F, defined on V, is surjective.

(iii) The measure df‘i% is the absolutely continuous ergodic invariant measure.

(iv) The Borel o-algebra B(V,,) on V, satisfies:

)

(ii) The map F,, is bijective except for a set of measure 0.
)
)

BVa)— o (v Frar B - 1,a>>) |

where B([ao — 1,«)) is the Borel o-algebra on [0 — 1,«0) and 71 : V, —
[ — 1, ) is the projection on the first coordinate.
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V22 Va—1 1
2

V241 V242

Hi
5

Tao,1 Ta,2 Ta,3 Ta,4

Figure 5. Qu x4+ — (£,0) and Ty for a =2 -1

For a.e. (x,y) € QF, x#0, there exists a unique element (zg,y9) € 2 and a

positive integer k such that

~ o

L k-1 k), if 0,
(z,y) = G4 (0, 90) = Ez_lo_k L_yok),) ;fiZiO,

? Yo

since (QF,G) is a natural extension of (I, Gy ); see [23)].
If o < 0, then we see

<_xio —(k—1), —y—lo - 1)) €Yol

This implies o < — 2= — (k — 1) < a + 1. We put

(r1 1) = (<_m_10 - 1))_1 (o - - 1))_1) ,

and have 1= < z; < 1. From (2.6), we have that (z,y) = Fa (a1, 91)-
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Figure 6. Vo, = QLU (To) P fora=v2-1

If g > 0, then
1 1
(——(k—1>,——<k—1>) € Tu

Zo Yo

N

and (I’y) = Fa(xlayl) with

‘We note that in both cases we have
(z1,51) € Y0 C (Ta) ™' (3.2)

Next we consider the case (z,y) € T,'. This means (%, %) € T, ; for some

7 > 1. We consider two cases.
Case (a): (%, %) €Ny jrre — (1,1).
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In this case, there exists (zg,yo) € Q. ji+1,+ such that (1 11/) = (zog— 1,90 —1).
Thus (21,91) = (5,45 ) € Q5 ., which imlies

1 1 1
— <t { — < —.
j+1+a j+a 1+«

Hence we find that (z,y) = F, (21, y1). Here we see
(xl,yl) S QZ (33)

Case (b): (%, %) € Ot — (k—jk—j) fork>j+1.
In this case, we have

(@0,90) = (2 + L2 4+1) € Qape —(h—=j—Lk—j=1)  (34)

and then
(x1,01) == (;10, y%) et (3.5)
This shows
(z,y) = Fa(ffl,yl)-

Consequently, we have the first statement. The second statement follows from (3.2),
(3.3), (3.4) and (3.5). The third statement is also easy to obtain. Indeed, it is well-
known that the measure given here is the absolutely continuous invariant measure
for the direct product of the same linear fractional transformation. Because G*
is an induced transformation of F, to QF . the ergodicity of E,, follows from that
of G'fl The ergodicity of the latter is equivalent to that of G, and it was proved
by Luzzi and Marmi in [24]. For the last statement, note that (2.1) allows one to
identify a point z with a one-sided sequence of matrices with entries A*, A%, As
a result, F, F, can be seen as a one-sided resp. two sided shifts, from which the
fourth statement follows. O

4. The natural extension of F,, for 0 < a < %

In the case of =1, F is the original Farey map F. We recall that

8

IN

Flz,y) = (2. 1), if0<a

(5= 5),

defined on Vi = {(z,y) : 0 <z <1, —co <y < 0} is the natural extension of F'
with the invariant measure fi; defined by dp; =

—_
8
—

1
2
1

S
|/\/\

<z

N[=

= (x y) . In particular, F is bijective
on Vi except for a set of Lebesgue measure 0. It is easy to see that F'; and Fj
are the same. In the case of % < «a < 1, the complete description was given in [31].
Here we consider the case 0 < a < % as a continuation of the previous section.
We put V,, = {(z,y) € Vo, # < 1} and consider the induced transformation

Fa’b of Fi, to V,,; see Figure 7.
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Figure 7. Vo, = Va N{(z,y) :x <1} fora =2 -1

Recall the definition of the map Fa,ba as given in (2.7).

THEOREM 2 The dynamical system (V,, ﬁ'mb, Hayb) s a representation of the nat-

ural extension of ([a —1,1], Fy 1, v, ). Here the invariant measure i, has density

(gf‘gz on Vi, and v, , 18 the projection of i, on the first coordinate.

Proof. Recall that F,,(z) = FX“)(z) with K(2) = min{K > 1: FK(2) € [o —
1,1]}, and for (z,y) € V,,, one has ¢ € [a — 1,1]. Since the first coordinate of
Fo(z,y) is Fa(z), we find ﬁ’a,b(x,y) = Af(m)(x,y). Here, we note that the first
coordinate is F,(x). Because of the general fact that an induced transformation
of a bijective map is bijective, we see that I, , is bijective. The rest of the proof

follows from a standard argument. [
Put
Dy = (Vo-+(1,1) (cW)
Dy, = Vot \Dy (c W)

with Vo - = {(z,y) € Vo, : 2 < 0} and Vo 4 = {(z,y) € V,, : @ > 0}. We write
D = Dy U D,. By the definition we see that D C Vi. We define ¢ : D — V,, by
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V2-2 \/571

Rkl M S S .

Figure 8. ¢! fora =+v2 -1

Yz, y) = (x—1y-1), ?f(:v,y)eDl,
(z,9), if (z,y) € Ds,

see Figure 8. We note that

(i) D has positive Lebesgue measure since V,,,_ has positive Lebesgue measure;
see [23],
(i) ()" (ta) = b,

(iii) ) is injective.
THEOREM 3 We have D = V; and for a.e. (z,y) € V1,
(@) 0 Fupov) (@) = Fla,y). (4:2)
In other words, for any 0 < a < %, (V%b,ﬂa,b,ﬁa’b) is metrically isomorphic to

(Vl,ﬂl,ﬁ> by the isomorphism ¢ : Vi — Vi p.

Proof. We choose (z,y) € D such that both {F™(z,y) : n > 0} and {ﬁ‘g’b(z/)(x, y)):
n > 0} are dense in V' and V,, respectively. This is possible due to the fact that
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F and Fa,b are ergodic with respect to u; and u,, respectively. We see that the
following hold:

(i) (wo,y0) =v(z,y) € Voo, <z < %
In this case, Fa,b(fﬂo) = 2” 1 < 0 since 19 < —5. Then we see (! oﬁ‘%b o
(11) (‘r07y0) = 7/’(90,1/) S Va’,, % <z < 1 A R
For Foz,b(xo) = 1_736 > 07 we see (¢_10Fa,bo¢)(xvy) = (1_Tx7 %) = F(l’,y)
(i) (2,9) ¢ ¢ (Va,-), 0 <z < 5
In this case, Fab(w( y)) = Fop(z,y) = (ﬁ,lﬁ—y) and %= > 0. Thus
we have (w Lo Fypot)(x, y) F(z,y).
(iv) (z,9) g9 (Va), s <z < s

We see w(x,y) = (z,y) again and Fa’b(w(x,y)) = Fa,b(l‘,y) =
(—1_2” 1224 However, 1=
z 'y . )

(v 0 Fusow) ) = (L2 41,122 1)

(V) (2,9) & 0 (Vo) s <@ < 1
In this case, We see

Fos W(o) = Faslo) = (55, Y)

and gt (4710 oy o) (2,) = Fas(@,):

As a consequence, we find that <1/F1 o Fa,b o 1/1) (z,y) = F(x, y) and F‘(x,y) eD
for any (z,y) € D. Since we have chosen {F"(x,y) : n > 0} and {ng(z/}( ,Y))
n > 0} are dense in V' and V,,, respectively, we find that D = V5 and (D) = V,,.
Note that from (4.2) we see that (z,y) € ¥~ (Vy) = Vi N1 (V,), then F(z,y) €

ViNy~1(V,). Choose (z,y) € V1 Ny~1(V,) such that the orbit (F’“(m y)) is dense
in Vy. Let (xo,y0) € V1, then (zg,y0) = limg o k(z,y) for some subsequence
(ng). From the above, F™* (a: y) € p=1(V,). Since ! ( V) is closed, taking limits
we see that (xq,y0) € ¥~ 1(V,). We conclude that ¢~1(V,) = Vi. Finally we see

that the choice of (z,y) implies that (4.2) holds for a.e. (z,y). This concludes the
assertion of this theorem. g

5. Some applications

As stated in the Introduction, in §5.1 we extend the result from [22]. That is, we
show that the set of normal numbers with respect to G, is the same with that of
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Gy for any « and o in (0,1]; see Theorem 4. To prove this result, we need the
natural extensions of the a-Farey maps. In §5.2 we extend the result of [28], by
proving that for a.e. a in (0,1), G, is not ¢-mixing; see §5.2 for the definition.
To do so, we use the result of §5.1 together with a result from [8]. What we need
are statements like “G%(a — 1) is dense” and “there exist ng and mqo such that
Glo(a— 1) = G (a).” The former follows from §5.1 and the latter from [8] for
a.e. a.

5.1. Normal numbers

Given any finite sequence of non-zero integers by, bo, ..., b,, we define the cylinder
set (b1, ...,bn)a as

(b1, bn)a ={x €1y i can() =b1,...,can(x) = by}, (5.1)
where ¢ () = €q,j(2)aq,;(z) for j = 1,2,...,n. An irrational number = € I, is
normal with respect to G, if for any cylinder set (by,...,b,)a,

lim #HO0<m<N—-1:G7(x) € (by,-..,bn)a}
N—oo N

= pa((b1;- -, bn)a)

holds, where u,, is the absolutely continuous invariant probability measure for G,.
An irrational number x € (0,1) is said to be a-normal if either z € [0, ) and z is
normal with respect to G, or « € [, 1) and z — 1 is normal with respect to G,.
In the sequel, we consider o = lim,|g(c — €) as an element of I,.

Now we extend this notion to the 2-dimensional case. We set €,(x,y) to be
equal to e,(z). Since éz is bijective (a.c.), we can define €, ,, and aq ., for n <0
by can(,9) = (G2 (2,9)) and aan(r,y) = aa(Gy" (1,9)).

We can define also cq,j(2,y) = €a,;(2,y)aq,;(x,y). With these definitions, we
extends the notion of a (k, ¢)-cylinder set for —oco < k < ¢ < oo by:

<bk, bk+1, Ceey bl)a,(k,@) = {(axy) S Q:; . ka(l‘) = bk, ey Ca’g<l‘) = bz}.

Then we can define normality of an element (z,y) € Q%: (2, y) is said to be normal

with respect to Gz if for any sequence of integers (bg, bgr1,-..,b0¢), —00 < k < £ <
00

. 1
lim Nﬁ{l <n< N : Ck—i—n—l(xay) = bka .. '7C€+n—1(xay) = bﬁ}

N—oc0

= fua((bks brg1s - -5 00, (k0) )5

where [i,, is the absolutely continuous invariant probability measure for G”;, satisfy-
ing dfi, = Cy (;lfcgz with the normalizing constant C,. According to this definition,

it is easy to see that (z,y) is normal with respect to @’& if and only if x is normal
with respect to G, (independent of the choice of y). For example, one may choose
y = —oo. We will show the following result.

THEOREM 4 The set of a-normal numbers is the same with that of 1-normal
numbers with respect to G = G1.
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The proof for V2-1<ac< % is basically the same as the case % <a<l1lIn
what follows, we give the proof of this theorem mainly keeping in mind the case
0 < @ < v/2 — 1. In particular, for 0 < a < 3%6 (By [23] and [27], the size of Q)

with respect to the measure (gfc?lf; is equal to that of G“i for 3%6 <a< % and is
2

larger than it for 0 < a < 3*2—‘/5)
We define an induced map Fa,b,g of Fa’b. To do so, first we define an induced
map Fa,b,l' We put

= * — ad —L N * —l<
Vabi QQU{< T2 1+y).(x,y)€Qa, 2x<0}. (5.2)

We note that the second part of the right side is
{@y o<1, (1) € UiyQan - (L1}

Hence we see V1 =V, , N {(x,y) : y < —1}. Then Fa,b,l is the induced map of
Fa,b to Va,b,l- We will write it explicitly. Recall the definition of Qa,k,i, (3.1).

(Hfa-1< 2z < —%, then F,,(xz,y) € QfF C Vupi, see (5.2), and

Fa,b,l(xay) = Fa,b(‘r’y) = GZ(xvy)

(ii) If —% < x <0, then Fa(x,y) = (_HLI’ _ﬁ

1 and —ﬁ < —1. Thus we have Fayb,l(x,y) = Fa’b(x,y).

(iii) If (z,y) € Q7 4 for some k > ko, then Fa(x,y) = <ﬁ, %) S Qa,k’+.

This shows - < 1 but 12—1/ > 1. Hence Fo(x,y) ¢ Vap.1- The same hold
for F(x,y) for 2 < ¢ < k—1 and then F¥(z,y)(= GL(z,y)) € QU C Vapa.
(iv) H0 <@ < land (1,1) € Qup— —(1,1), then (£, 1) = (,0) € Qo —
(£—1,0—1) =: (ug,vg) for 2 < £ <k —1. This implies 0 > —-- > —1 and
SO (i i) € Vipa. Moreover, u; ', € I, where (1, %) —(k—1,k—-1)=

ug, v). In other words, there exists (u’,v’) € QF such that (&,3%) —
(07 u v

(k, k) = (l l) — (k—1,k —1). Hence we have

) which implies 0 < —11—1 <

Fapal@y) = (2= (k=15 = (k= 1)) (= Gatw',0).

Consequently, we see that Fa’b,l(:c, y) satisfies:

a,b(xvy):GZ(xay)7 ifa—1§x<—%
Fayb(x,y), if —% <x<0
Gi(z,y), if 0 <2 and (v,y) € (5.3)

(l—(k—l),%—(k—1)>, if0<z<1,and
(%a %) € Qa,k,— - (171)
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Va,b,l

e Sk
0 9

Figure 9. V,,, 1 and V,, , » for a = V2-1

Next we consider Vo C Vi 1, which is defined as follows: V,, , o = V,, _ U
Va7b7+, Wlth

Va,b,— = Va,b,l N {(m,y) <0,y < _2}
QZ N {(xay) x < Ovy S _2}’

Vas+ = VapiN{(z,y):z >0}

We let ﬁ’a,m be the induced transformation on V,, , ». We see that Vi, = Vi, 4 =
W, where W is defined as:

W = [0,1] x [~o00, —1] (5.4)

and V,,, _ = (. Recall the map 1) as defined in (4.1), and notice that when ¢~ is
restricted to V,, ; o, one finds:

Tﬁ_l(i,y) _ (aj + 17y + ]-)7 lf (may) € Va,b,—a
(a:,y), if (may) € Va,b,+'

Then from Theorem 3, we have ¢ ~1(V,, , o) = W, with W from (5.4).

THEOREM 5 The induced map Fa’b’g of Fa,b,l to Vb2 i metrically isomorphic to
the natural extension of the Gauss map Gy, where the absolutely continuous invari-
ant probability measure for ﬁ’a’m is given by CQ’M%, with the normalizing
constant Cq 2, see Figures 7, 9, and Figure 8.
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Proof. 1t is easy to see that the induced map of Fyon W is the natural extension
of the Gauss map G. Indeed we see, with W from (5.4), that G* = Fy|w:

1 1
1_ | _ | =
G HERE)
is bijective on W on (a.e.). Since "'V, , o = W, the conjugacy wiloﬁ‘%b,gow = C;”f

follows from Theorem 3 and basic fact on induced transformations from Ergodic
theory. O

< =

The next step is the definition of normal numbers associated both with Fa,b,1
and Fa,b,Q-

We define a digit function d(x,y) and get a sequence (6, (x,y) : n > 1) in the
following way:

ok if(z,y) €y, k>2,
6rk i (z,y) € Q4 1, k> ko,

6(z,y) = doo if (x,y) € {(z,y): %7% IS QQ’Z, - (1,1),z < 1}’ (5.5)
60,16 if (may) € (xvy) : %7% S Qa,k,f - (]-7 1)}3 k> 27

and 4, (z,y) = 5(13’2;11@,3/)), n > 1, for (x,y) € Va1. It is easy to see that the
set of sequences (0, (z,y)) separates points of V,, ;.
Let (e, : 1 <n < ¢) be a block of §; ’s. Then we define a cylinder set of length

£>1 by

<613627 . '76[>Ot,b,l = {(xvy) e Va,b,l : 5n(xay) = eny 1 S n S g}

We denote by pi 51 the absolutely continuous invariant probability measure for

Fop.1- An element (z,y) € V,,, 1 is said to be a-1-Farey normal if

1 .
lim Nﬁ{n 01 S n S Na Fn_l(‘r7y> € <€1,€2,. . '7ef>a,b,1}

N—o0 ab,1

= Ma,b,1(<€1,€27 .- ~7€Z>a,b,1) (5-6)

holds for every cylinder set of length ¢ > 1. We can define the notion of the a-2-
Farey normality in a similar way, compare (5.6) and (5.7). We may use the same
notation d(x,y) restricted on V,,;, o; c.f. (5.5). However, we use 7(z,y) to describe
the difference between Fa,hl and Faﬂ,)g: from a digit function 7n(z,y) we get a
sequence (1, (x,y) : n > 1) as follows.

oo if (z,y) €y, k>2, y< -2,
Opp i (z,y) €Q 4y k2> ko,

MY =9 50, i (a,y) € 11 693,27_—(1,1),x<1},
dos it (@) e{(L 1) e, _ (1,1)}, k> 2,
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and n,(z,y) = n(FS;é(m,y)), n > 1, for (z,y) € V,, 2. It is easy to see that the
set of sequences (n,(x,y)) separates points of V, 5.

Let (e, : 1 < n < £) be a block §; s, then we define a cylinder set of length
£>1by

<€17627 s 7e@>04,b,2 = {(‘Tvy) € Va,b,Q : nn(xay) = ena]- <n< f}

We denote by piqp 2 the absolutely continuous invariant probability measure for

Fi b 2. An element (z,y) € V, 2 is said to be a-2-Farey normal if

. 1 ~
]\/lgnoo Nﬂ{n 1 <n< Nv F(;L’b’lg(xay) € <61, €2,..., €é>a,b,2}
= ,Ua,b,2(<61’€27'"76€>a,b,2) (57)

holds for every cylinder set of length ¢ > 1. Here we have to be careful with the
measures fiqp 1 and fip o, which take different values only by the normalizing
constants for any measurable set A C V,  o.

The proof of Theorem 4 is done in steps. We first prove that under the induced
transformation Fa,b,h a-1-Farey normality is equivalent to a-normality. After that
we proceed to the induced system Fa’b’g, that is isomorphic to the Gauss map
G1, and show that a-2-Farey normality is equivalent to normality w.r.t. G1. On
the other hand, one can prove that for points in the domain of the Fa,bﬂ map, a
point is a-1-Farey normal if and only if it is a-2-Farey normal. From the above
equivalences, one then concludes that a-normality is equivalent to 7-normality.

Define ry := 1 and set for j > 2, r; = rj(x,y) := n whenever F;;ll (z,y) €

and I:Z?b’l(x,y) ¢ Qf,ris1 <m<n.

LEMMA 3. Suppose that

(x,y) € {(w,y) rx <1, (%, %) € U Qo — (1,1)}.
k=2

Then (z,y) is a-1-Farey normal if and only if Fa7b71(ac,y) e QO is a-1-Farey
normal.

Proof. From the 4th line of the right side of (5.3), we have F, , 1 (z,y) € Q. Then
the equivalence of the normality is easy to follow. O

From this lemma, it is enough to restrict the a-1-Farey normality only for (z,y) €

LEMMA 4. An element (zg,y0) € QF is a-1-Farey normal if and only if x¢ is
a-normal.

https://doi.org/10.1017/prm.2025.10068 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10068

30 K. Dajani, C. Kraaikamp, H. Nakada and R. Natsui

Proof. Suppose that r; = r;(xg,y0), and decompose N as N; U Ny with
Ny ={r; : i>1}(={n €N : d,(x0,y0) = 0+ for some k}),
and
=N\N; ={n € N:d,(xo,y0) = o for some k},
which corresponds to

Fg’;’i(xo,yo) e O if n € Ny,

and
ﬁ’g’;711(xo,yo) € {(x Y) ( ) €U QQa k- — (1, 1)} if n € Na.

REMARK 5.1. We easily find that the following properties hold:

(i) a,b,1(<5 2ap1 N{(@,y) 1 =3 <2 <0}) = (02051,

(i) Fup1((6-2)apa N{(z,y) ra—1<2< —3}) = (0_ 1)ap for some k > 2,
(iil) Fop1((0—r)ab1) = (Gok)ap for k=3,
(iv) Fap1({0+ k) ap,1) C Qe

Furthermore, if n € Ny and either 6,,(zo, yo) = 0— &, k > 3, or 6, (20, Yo) = 6_ 2 and
the first coordinate of F;’;ll (20,yo0) is in (—%, O)7 thenn+1¢€ Ny and n+2 € Nj.
Otherwise n + 1 € Nj.

We note that ry41 —r, =1 or 2 for any k > 1. Moreover, if d,+1(z0, yo) = o,k
then 6, (zo, yo) = 0— &

The properties from Remark 5.1 show that we can reproduce (6, (xo,yo) : j > 1)
if (¢; : j > 1) is given as a sequence of integers, or equivalently, (6., (zo,%0) : 7 > 1);
c.f. (5.1). Indeed, for (z,y) € Q7 we see the following:
on(z,y) =6_1 <= Opyi(z,y) =0k if k>3
n+1(2,y) = o2,
and dpq2(7,y) =04k, k> ko (5.8)

6n<x7y> = 67,2 =
or
5n+1($7y) = 6—,k77 k > 2

and for ¢ > ko,

Ont1(z,y) =04k k> ko
on(@,y) =040 = or (5.9)
Ont1(z,y) =0_ k> 2.

So for any (z,y) € Qf, from (5.8) and (5.9), we have

6n(m7y) = 60,1{: = 6n 1(.’17 y) = 6( ab, 1( )) = (57,]9 if k > 3,
dn(z,y) =02 = On_1(z,y) =09_2 and dpt1(z,y) =40, £ > ko.

Let (b; : 1 <4 < n) (see (5.1)) be a sequence of non-zero integers such that
(b1,b2,...,bn)q # 0. From the above discussion, if (zo,%0) € (b1,b2,...,bn)a, We
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can construct a sequence (51,52,...,5m) satisfying 5” = b;, where r; is the ith
occurrence of the form 04 5 with 71 = 1 (since we start in QOr *Yand r,, =mor m—1,
and such that (zg,y0) € <(§1,... Om Jab,1- The latter happens when §,, = = Jp,2.
Similarly, we can construct (b1, ba, . .., by) from (81,0a,...,0m), where b, = 0, or
by = Oyt

To show the statement of the lemma, first we assume that (xg,y0) is a-1-Farey
normal. It is easy to see that:

K
lim —ﬂ{n 1<n<N,neNy}= hm Ko <U<5O,k>ab1>
N—oco N o 7

= Hab,1 (U {60,k a,b,l) : (5.10)

The equality (5.10) also shows that

lim —ﬁ{n 1<n<NneN} = pia,1(05), (5.11)
N—oo N
By the same argument, we can show that for any sequence (51, . ,5m),

Ma,b,1(<517 827 cee ’5m>o<,b,1) = ,Ufa,b,l(<b1»b2, BN bn>a)

if §,, is of the form 0+ i, otherwise

Na,b,1(<817523~~~a ap,1) Zﬂa,m (b1,b2,...,bn, 0)a).

We have

1 ..
*ﬂ{] 1 <Ek<N,05=01,0j41=0ba,...,054n1="0pn}
N

NNﬂ{j 1<5< N ,Cj = bl,CJ+1 = bg,...,Cj+n—1 = bn} (512)

where N = max{j : r; < N} and ¢; = £;(z0 - a;(x0).

With this notation, the left side converges to ua,b71(<<§1, .. 7Sm>a,b,l> and the first
term of the right side goes to fiqp,1(2%) (see (5.11)). Thus the second term of the
right side goes to

N(x,b,l(<§17 527 e 75m>oz,b,1)
Moz,b,l(ﬂoz)
as N — oo and its numerator is

/La,b,l({(xay) $Cry (Ca y) = blaCTz(x’y) = b?a <o Cry (SE,y) = bn}

The definition of u, and papq implies that changes fio51 to fq.

1
Ha,b,1(22)
Consequently, we get the limit of the second term as 14 ({b1,b2,...,bn)q). This
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shows that(z, yo) is normal with respect to C;’Z, which implies the a-normality of
Zo-

Next we suppose that (zg,yo) is not a-1-Farey normal. We want to show that
(20, Y0) is also not a-normal. We check the equality (5.11) again. If & does not
conveges to [y p, 1((2 ), then it is easy to see that z( is not a-normal. On the other

hand if limpy_, o % Pap(€2,), then, by the same argument, we see that the
second term of the right side of (5.12) does not converge to o ({(b1,b2,...,bn)a),
which shows that z¢ is not a-normal. Indeed, from Remark 5.1 we can construct
a sequence (51,52,...,5m) such that JTJ = Osgn(p,), |b;] and m = r; = N ie.,

3” = Osgn,lp,|, 1 < j < J and for other £ (¢ # rj, 1 < j < J) are of the form 50’k,
and it is determined uniquely by Sg_l since £ — 1 is r; for some 1 < j < J. Indeed,
35 = do, implies 55_1 = 0_ ;. Note that 55_1 = J_ o does not mean 54 = dp,2 since
{—1=r;, £ =r;4 can happen. But b1 = 0_k, k> 3, implies r; + 1 # rj41.
Then we can show the estimate in the above. 0

The same idea shows that the a-1-Farey normality is equivalent to the a-2-
Farey normality. Here we note that Fa b2 is an induced map of F, b1 and for
(@,Y) € Vb2, Mz, y)nti1(z,y) # (5,’250,2 So in the n-code of a point (z,y) the
digit 09,2 serves as a marker for the missing preceding digit §_ 5 in the corresponding
d-code of (z, y).

LEMMA 5. An element (x,y) € QF is a-2-Farey normal if and only if it is a-1-
Farey normal.

Proof. Sketch of the proof. From the sequence d,(z,y), we can construct 1, (x,y) €
Vap,2 by deleting the digit _ o that is followed by a digit dg 2. More precisely,

5“*1(1;7 y)7 én(xvy) = 57,27 6n+1(($7y) = 60’*2
= Nm = 5n—1(xay)anm+l($ay) = 5n+17

where m is the cardinality of n such that 6,0,4+1 = d_ 2dp,2. On the other hand,
given the sequence (ny,(z,y) : —oo < m < 00), we can construct the sequence
(On(z,y) : —00 < n < 00) by inserting d_ o before every occurrence of every dg o.
Following the proof of Lemma 4, we get the result. a

LEMMA 6. An element (xq,vo) € 2 is a-2-normal if and only if v~ (zo,y0) € W
is normal with respect to G*.

Proof. Following the above proofs, cylinder sets associated with Fa’bQ are approx-
imated by each other (using ¢ and ¥~!); see Theorem 5. Suppose that (zg, o)
is a-2-Farey normal. Every cylinder set associated with é*(z CA?T) is a rectangle.

Pn pn+pn—1) «
qn’ qntqn—1

[—00, —1], or (Z"i%, Z—"] X [~o0, —1]. We divide it into three parts such that

m(z,y) = 4%, § = +,0, and —. Then ¢~ '-image of each part is a countable union

To be more precise, a cylinder set (a1, as,...,a,)1 is of the form {

of Fa7b72 cylinder sets, just as discussed in the above. Hence we can prove that
(x0,y0) (or (zo + 1,y0 + 1) is normal with respect to G* in the same way.
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Now suppose that (zg,%0) is not a-2-normal and ¥ ~1(x¢,y) is normal with
respect to G*. Then there exist € >0 and a cylinder set with respect to F, ; o such
that either

1 .
1\}51100 N#{n :0 S m S N — 1) Fa7b’2('x07y0) S <61,€2, .. '7€l>a,b,2}

> UQ,b,2(<ela€27~'~7€[>a,b,2) + €, (513)
or
. 1 “m
A}E}loo N#{n :0<m <N -1, Fa7b,2(ﬂ3o,yo) € (e1,€2,...,€0)apat
< /’La,b,2(<617 €2,..., €[>a,b,2) -6 (514)
and
. 1 am,
J\flgnoo N#{O S m S N—-1:G* (¢ 1(330790)) S <b17 .. '7bn>1,(1,n)}
:la(<b17"'7bn>l,(l,n)) (515)
for any sequence of positive integers (b1, ba, ..., b, ), where /i is the measure defined
by 10;2 (;lfzgz. Note that (---)q (1,,) means a cylinder set with respect to G* = G,
with a=1.

We start by assuming (5.13) and (5.15) hold, and show it will lead to a con-
tradiction. Since the set of cylinder sets associated with G* generates the Borel
o-algebra, there exist a finite number of pairwise disjoint cylinder sets

<bj71,bj72, .. .,bj)]fj>1,(1’kj), 1<j<M<ooand1<Ek; <oo,
such that
M
b (e e, eodap2) C (J0insbj2s - ik 1Lk
j=1
and
M
ﬂ U(bj,labj,Qa"'abj,kJ')l < [L(ﬂ)il«el’e?a"'ae£>a,b,2)) + %6'
j=1

Since v is an isomorphism (see Theorem 5), we have

Fopo(20,90) = wG* ™ (20, o)

and

M&,b,2(<ela €2,..., ee>a,|7,2) = ﬂ(¢_1<<el7 €2,... ;€€>o¢,b,2))'
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Thus,
. 1 A
A N#{O Sm<N-—1: FJ, o(x0,50) € (e1, €2, ~7€€>a,b,2}
1 M
S ]\;gnooﬁ#{OSmSNil : G* (’l/) ($0,y0)) LJ1<bj,17"'7bj7kj>1}
J_
M
= U<bj,1abj,27~-~7bj,kj>1
j=1
A ((er, €2, .. e0)ap2)) + 5€
= Ma,b 2(<el7 €2,... a€€>o¢,b,2) + %6'

Combining this with (5.13) yields e < e which is a contradiction.

On the other hand, if (5.14) and (5 15) hold, a proof similar to the one above
but now approximating the cylinder ¥~ ((e1,€a,...,€¢)ap2) from “inside” by a
union of cylinders leads to the same contradiction. O

Proof. Proof of Theorem 4. This is a direct consequence of Lemmas 3, 4, 5
and 6. 0

5.2. Non-¢-mixing property
We start with some definitions of mixing properties. Let (£2,8, P) be a probability
space. For sub o-algebras A and B C B, we put

P(ANB)

¢(A,B)sup{‘ b~ PWB)|iAcA BeB, P(A)>()}.

Suppose that (X, : n > 1) is a stationary sequence of random variables. We
denote by F; the sub-o algebra of B generated by X,,, Xin+1, Xmy2, ..., Xn. We
define ¢(n) = sup,,>; ¢(F1", Foryp,) and @™ (n) = sup,,,>1 ¢(F o7, F17)-

The process (X, : n > 1) is said to be ¢-mixing if lim,,_, ¢(n) = 0 and reverse
¢-mixing if lim, o ¢*(n) = 0, respectively.

G, is said to be ¢-mixing (or reverse ¢-mixing) if (aq,n,€q,n) IS ¢-mixing (or
reverse ¢-mixing), respectively. In [28], it is shown that G, is not ¢-mixing for a.e.
Q, % < a < 1. On the other hand, G, is reverse ¢-mixing for every o, 0 < o < 1,
which follows from [1].

In [28], it is shown that G, is weak Bernoulli for any % < a < 1 but is not
¢-mixing. It is not hard to show that G, is weak Bernoulli for any 0 < o < %
following the proof given in [28]. On the other hand, it follows that G, is reverse
¢-mixing for any 0 < a < 1; see [1]. In the proof of the next Theorem we outline

how one can extend the proofs of [28] to the case 0 < o < 3.
THEOREM 6 For almost every o, 0 < a < 1, G, is not ¢-mizing.

REMARK 5.2. One has ¢-mixing whenever the orbit of & —1 and the left-orbit of «
are ultimately periodic. This is the case when « is rational or quadratic irrational.
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Proof. Sketch of the proof. The proof of the non-¢-property in [28] is based on the
following two properties:

(i) For almost every o, £ < a <1, (G%(a) : n > 0) is dense in I,.
(ii) For every o, 3 < a < %7 G?(a) = G%(a — 1) and for every a, @ <
a <1, G%(a) = Go(a — 1), respectively.

The first statement follows from the fact that the set of normal numbers w.r.t. « is
independent of « ([22]). Because of Theorem 4 above, we can extend (i) to almost
every 0 < a < 1.

The second statement is generalized in [8]: for almost every «, there exists n,m
such that G2 (a) = G7(ar—1). From this, we can show that thin cylinders exist for
almost every « and for any § > 0. To be more precise, for any § > 0, a cylinder set
C={(Ca1,Ca2s---,Cae)a is said to be a §-thin-cylinder if

a) G%/(C) is an interval,
b) G% : C — G%(C) is bijective,

and
) |GL(C)] < 4.

Once we have a sequence of §,,-thin cylinders with §,, \, 0, the proof is completely
the same as one given in [28] if we choose a so that the matching property holds
and a— 1 is a-normal. For in this case, there exist ng, mgo such that G,(a—1)" =
G0 («) (matching property). Moreover, there exists ns > max(ng, mo) such that
min(ja— G2 (a—1)|,|(e¢—1) = G (a —1)| < §), which follows from the normality

of a — 1.
We suppose that |(a — 1) — Go(a — 1)| < d. Because of the matching property,
see [8], either (c1(a—1),co(a—1),...,cns(a —1))q or (c1(a),ca(@), ..., cn;(@))a

is an d-thin-cylinder set. This is because of the following: If « is normal, then it
means « is not rational nor quadratic. The iteration G7, associated with a and
G™ associated with oo — 1 are linear fractional transformations. Hence o — G%(«)
and (o — G o “ —17)(a) define the same linear fractional transformation, oth-
erwise « is a fixed point of a linear fractional transformation which means « is
either rational or quadratic. We denote by L., Ly, and S the linear fractional
transformations which induce G”(«a), G7(a — 1) and « — xz — 1, respectively.
Then L,({c1(a),...,cns(@))a) = (Le o S)({c1(),...,cns())a). This shows that
Gl ({c1(a), ..., cns(a))) and G ({c1(av — 1),. .., cps(a — 1)),) have one common
end point G(a) and no common inner point. In the case of |a — G (o — 1)| < 4,
the same holds exactly. In this way, we can choose a sequence of d,-thin cylinders
and Theorem 6 follows in exactly the same way as in [28]. O
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