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Abstract

We study a question on minimal asymptotic bases asked by Nathanson [‘Minimal bases and powers of 2’,
Acta Arith. 49 (1988), 525-532].
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1. Introduction

Let A be a subsetof N=1{0,1,2,...}. For h > 2, let
hA={a 1+ ---+a,:a;,€A,i=1,...,h}

and, for ¢ € N, let
A—-c={a—-c:aeA}

The set A is called an asymptotic basis of order h if hA contains all sufficiently large
integers. Let P be a subset of an asymptotic basis A of order ~. We say that P is
necessary if A\ P is not an asymptotic basis of order 4 and unnecessary if A\ P is
an asymptotic basis of order A. An asymptotic basis A of order & is minimal if {a} is
necessary for every a € A. Let W be a nonempty subset of N. Denote by 7 *(W) the
set of all finite, nonempty subsets of W and by A(W) the set of all numbers of the form
Y rer 2/, where F € F*(W).

In 1988, Nathanson [8] gave a construction of minimal asymptotic bases of order 4.

THEOREM 1.1 [8]. Let h>2. Fori=0,1,...,h—1, let W;={neN:n=i (mod h)}.
Then Uﬁ’z‘olA(W,-) is a minimal asymptotic basis of order h.

Nathanson posed the following problem in [8]. (Jia and Nathanson restated this
problem in [3].)
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ProBrEM 1.2 [8]. Characterise the partitions N = Wy U --- U Wj,_; with the property
that A = A(Wp) U --- U A(W),_1) is a minimal asymptotic basis of order /.

In 2011, Chen and Chen [1] resolved Problem 1.2 for # = 2 and partially for 4 > 3.

TueorREM 1.3. Let N = Wy U W, be a partition with 0 € Wy such that W\ and W, are
infinite. Then A = A(Wy) U A(W,) is a minimal asymptotic basis of order two if and
only if either W\ contains no consecutive integers or W, contains consecutive integers
or both.

THEOREM 1.4. Let h > 2 and let t be the least integer with t > logh/log2. Let
N=WyU:--UW,_ be a partition such that each set W; is infinite and contains t
consecutive integers for i =1,...,h. Then A =AWp) U ---UAW),_) is a minimal
asymptotic basis of order h.

For other related problems on minimal asymptotic bases, see [2, 4—7, 9]. Up to now,
there are few results on Problem 1.2. We focus on Problem 1.2 for & = 3.

Let N = Wy U W; U W, be a partition such that each set W; (i = 0, 1,2) is infinite.
There are four possible classes of problems to consider.

Class 1. Each W; contains no consecutive integers.
Class 2. Each W; contains consecutive integers.

Class 3. One of the W; contains consecutive integers; the other two W; contain no
consecutive integers.

Class 4. One of the W; contains no consecutive integers; the other two W; contain
consecutive integers.

Theorem 1.1 gives an example of a minimal asymptotic basis belonging to Class 1.
Theorem 1.4 shows that, for & = 3, the answer to Problem 1.2 is affirmative for Class 2.
We study Class 3 of Problem 1.2 for & = 3 and obtain the following two results.

THEOREM 1.5. Let Wy ={neN|n=0,1 (mod 6)}, Wi ={neN|n=2,4 (mod 6)}
and Wy ={neN|n=3,5 (mod 6)}. Then A = A(Wy) U A(W;) UAW,) is a minimal
asymptotic basis of order three.

RemMark 1.6. By a similar proof to that of Theorem 1.5, for any i € {0, 1,2, 3,4, 5},
if Wo=neN|n=ii+1 (mod6), Wi=neN|n=i+2,i+4 (mod 6)} and
Wo={neN|n=i+3,i+5 (mod 6)},then A = A(Wp) U A(W;) U A(W>) is a minimal
asymptotic basis of order three.

TueorREM 1.7. Let N = Wy U Wy U W, be a partition such that each set W; is infinite
fori€{0,1,2}. Suppose that Wy contains consecutive integers, Wi and W, contain no
two consecutive integers and Wi — 1 C Wy. Then A = A(Wy) U A(W) U A(W,) is not
a minimal asymptotic basis of order three.
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2. A lemma
For WC N, set W(x)=|{ne W|n<x}.
Lemma 2.1 [8, Lemma 1].

(a) If Wy and W, are disjoint subsets of N, then A(W;) N A(W>) = 0.
() If WC N and W(x) = 0x + O(1) for some 6 € (0, 1], then there exist positive
constants ¢, and ¢, such that

c1x? < A(W)(x) < cx?

for all x sufficiently large.

(¢) SupposethatN = WyU W U---UW,_y, where W; # 0 fori=0,...,h— 1. Then
A=AWy) UAW) U ---UAW,,_1) is an asymptotic basis of order h. Indeed,
hA ={neN|n > h}and (AU {0}) =N.

3. Proof of Theorem 1.5

By Lemma 2.1, A is an asymptotic basis of order three. To prove that A is minimal,
it is sufficient to prove that {x} is necessary for every x € A. Let x € A. Then x € A(W,)
for some u € {0, 1,2} and so x has a unique 2-adic representation of the form

X = Z 2f,
JeFy

where F, is a finite, nonempty subset of W,,. Let f, be the maximal element of the set
F,. Then there exists a unique k € N such that

Ju =06k + vy (3.1)
for some v, € {0, 1,2,3,4,5}. If x € A(Wp), then choose

k k
m= x4 (Z(ZGHZ 42604y 4 26t+2) + (2(26i+3 426045 4 26t+3)' 3.2)
i=0 i=0

If x € A(W;), then choose
fex 1 k k
= (Z 260 Z 26+l 261) x4 (Z(zém 1265y 4 26t+3)' (3.3)
i=0 i=0 i=0
If x € A(W,), then choose
k+1 k+1 k
= (Z(Zei 4261y 4 261) + (Z 26142 | Z 264 | 26t+2) tx (3.4)
i=0 i=0 i=0

In all cases, ¢ is any positive integer greater than k + 1.
By Lemma 2.1(c), for each i € {0, 1,2}, there are a j; € {0, 1,2} and an m; € A(W})
so that
m=mg+m; +ms. 3.5
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For i=0,1,2, let cl(,") be the least nonnegative residue of m; modulo 2". Write
M = {mgy, m;, mp}. We shall show that, for any j € {0, 1,2},

M¢ U AW).

i€{0,1,21\{}

Case 1: x € A(Wy). By (3.1), fo =6k or fy = 6k + 1.
Suppose that M € A(W;) U A(W;). Then

2 k-1 k=1 k k-1
Z c§f°+1) <3. Z(zei+3 +261+5) = Z 26itd Z 26i 2(26i+3 1 200+5),
i=0 i=0 i=0 =l i=0

By (3.2),
k=l ' k=l ‘
m=x+ Z(Zez+2 + 261+4) + 2(261+3 + 261+5) (mod 2f0+1).
i=0 i=0

Thus, m # Y2, c§f°+1) (mod 2/0*1), which contradicts (3.5).
Suppose that M € A(Wp) U A(W;). Then

2 k k=1 k k k k=1
Z c§6k+5) <3. (Z 26i+3 | Z 261+5) — Z 26i+d | Z 26i Z 26i+3 Z 96i+5
i=0 i i=0 i=1 i=0 i=0

i=0 i=0
By (3.2),
k _ ' k ‘ k=l
m=x+ 2(261+2 + 26z+4) " Z 26i+3 | Z 26i+5 (mod 26k+5)'
i=0 i=0 i=0

Thus, m % 32, ¢®™ (mod 29+5), which contradicts (3.5).
Suppose that M € A(Wy) U A(Wy). Then

2 k k k
Z 656(k+1)) <3. Z(z(mz + 20y = Z(Zmz + 204y 4 Z(z6i+3 + 2615,
i=0 i=0 i=0 i=0

By (3.2),

k k
m=x+ 2(26i+2 + 26i+4) + 2(26i+3 + 26i+5) (mOd 26(k+1)).
i=0 i=0

Thus, m # Y2, cgé(kﬂ)) (mod 2°**D) which contradicts (3.5).

Case 2: xe A(Wy). By (3.1), fi =6k +2or f| = 6k + 4.
Suppose that M € A(W;) U A(W;). Then

2 k=1 k k=1 k=1
C§6k+2) <3. Z(zma + 2045y = Z 26i Z 26i+d Z(z6z+3 + 2615,
i=0 i=0 i=1 i=0 i=0

https://doi.org/10.1017/5S0004972719001345 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972719001345

[5] Minimal asymptotic bases of order three 25

By (3.3),
k . k_l . .
m= 2(261' + 26t+1) + Z 2f + 2(261+3 + 26l+5) (mod 26k+2).
i=0 fEF,f<6k+2 i=0

Thus, m # Y2, ¢®* (mod 2%+2), which contradicts (3.5).
Suppose that M € A(Wp) U A(W,). If fi = 6k + 2, then

22: 6K+ <2. 2(261 26l+1) + Z 26i+3 Z 96i+5

i=0 i=0

_ 2(261' + 261y 4 2(261' + 261y 4 Z 26i+3 | S 96i+5
i=0 i=0 i=0 i=0

By (3.3),

k—1

m= 2(2@ 26!+1) + x4 Z 26l+3 + Z 261+5 (mOd 26k+4)

i=0

Thus, m # Z —0 c(6k+4) (mod 2%*4), which contradicts (3.5). If f; = 6k + 4, then

Zzl k) 5 (Zk: 26143 kz_ll 26i+5)

i=0
k k—
_ Z Z 906i+d | HOk+4 Z 206i+3 Z 0i+5.
i=1 i=0
By (3.3),
k—1
m= 2(261 + 26H—1) + x4 Z 261+3 + Z 261+5 (mOd 26k+5)'
i=0

Thus, m # Z —0 c(6k+5) (mod 2%+3), which contradicts (3.5).
Suppose that M C A(Wp) U A(Wy). Then

k+1

Z Ok+D+1) Z 26 | Zzsm 1. Z(ZGHZ 26z+4

By (3.3),
k+1
m= Z 261 + Z 261+l + x4+ 2(26l+3 26!+5) (mod 26(k+l)+l)
i=0 i=0

Thus, m # Zl 0 fé(kﬂm) (mod 2°¢+D+1) "which contradicts (3.5).
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Case 3: x€e A(W,). By 3.1), =6k +3o0or f, =6k +5.
Suppose that M € A(W;) U A(W;). Then

2 k k-1 k=1
Z cl(6k+3> < Z 26i+2 Z 26i+4 4 o Z(zem 1+ 200+5),
i=0 i=0 i=0 i=0
By (3.4),
k . k k-1 .
m= 2(261 + 261+l) + Z 261+2 + Z 26!+4 + Z 2f (mOd 26k+3)‘
i=0 i=0 i=0 feF,,f<6k+3

Thus, m # Z —0 c(6k+3) (mod 2%+3), which contradicts (3.5).
Suppose that M C A(Wp) U A(W,). Then

2 k+1 k+1
Z & (6(k+1)+3) <2. 2(261 261+1) + Z 26i Z 6i+1
i=0
) IEEEDY
— (26! 26H—1)+ 26!+2 + 261+l
By (3.4),
k+1 k+1
m= 2(261 261+1) + szz + 2261+4 +x (mod 26(k+1)+3)

i=0 i=0

Thus, m# Y2, ¢ fé(k+l)+3) (mod 2°*+D+3) "which contradicts (3.5).
Suppose that M € A(Wy) U A(Wy). If f, = 6k + 3, then

22: L6k _ 3 (Zk: 26142 kz_i 26i+4)
, <

i=0
k— k-1
2(261+3 + 261+5) + Z 26i+2 | Z 90i+d | H6k+3
i=0 i=0 i=0

By (3.4),

m= 2(261 " 261+1) + Z 26i+2 | Z o6i+d | (mod 26k+4)

i=0

Thus, m # Y2, c§6k+4) (mod 2%*%), which contradicts (3.5). If f, = 6k + 5, then

2 k+1
Z & (6(k+1)+1) < Z 26 | Z 26i+l | 5, Z(Zez+2 26z+4
i=0 i=0
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By (3.4),

k+1 k

k
m= Z(; 26i | Zol 26+l | ;:(26142 " 26i+4) +x (mod 26(k+1)+1).

Thus, m # Y2, cgé(kﬂ)ﬂ) (mod 2°*+D+1) "which contradicts (3.5).

In all, we have proved that M & ;0,12\ A(W)) for any j € {0, 1,2}, that is, m; = x
for some i € {0, 1,2}. Moreover, the 2-adic representation of m is unique and thus
m & 3(A\ {x}).

This completes the proof of Theorem 1.5.

4. Proof of Theorem 1.7

By Lemma 2.1, A is an asymptotic basis of order three. Choose w € Wy such that
w—1¢€ Wy and set a = 2. We will show that A \ {a} is an asymptotic basis of order
three, so A is not a minimal asymptotic basis of order three. For every sufficiently large
integer n, we have n = a; + a, + as, where aj,a;,a3 € A. If a; # a for all i € {1, 2,3},
then n € 3(A \ {a}). So, it suffices to show that if a;,a, € A and n = a + a; + a,, then
n € 3(A \ {a}) for all but at most finitely many integers a;,a,. By symmetry, we need
to discuss the following six cases.

Case 1: ay,a; € A(Wy). Write

a1=22i, a2222‘i,

icl jeJ
where [, J are finite, nonempty subsets of Wy. If I N J = (), then

n=2""14+2"" 4 (a; +a) € 3(A\ {a)).
Now suppose that I N J # 0.

Subcase 1.1: I,J € {w,w— 1}. If [I| > 2, then

n=(2" +20)+ Z 2f+22f

iel\{io} jel

forsome ip e Iandip =wifwel,sone3(A\{a}). If I ={i}, theni # w,w — 1 and

n=2""14 2" 420+ Z 27 € 3(A\ {a)).
jeJ

Subcase 1.2: 1,J € {w,w — 1}. There are only finitely many integers # in this case.
Subcase 1.3: I C{w,w—1}and J £ {w,w — 1}.

Subcase 1.3.1: I ={w}. Then

n=2""14+ 2" 42"+ Z 27 € 3(A\ {a)).
jeJ
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Subcase 1.3.2: I ={w—1}. Since INJ # 0, we have |J| > 2. If |J| =2, then
J={w -1, j} for some j # w and
n=Q2"+2" N+ 2"+ 2 e 3(4\ {a}).
If |J| = 3, choose a jj € J such that jj # w. Then
n=Q"+2" 4200 4 Z 2/ € 3(A\ {a)).
Jj€\jo}
Subcase 1.3.3: I ={w,w — 1}. Then
n=2" vty Z 27 € 3(A\ {a)).
jeJ
Case 2: ay € A(Wy),a, € A(Wy). Write

aq ZZZS, 022221,

seS teT

where S, T are finite, nonempty subsets of W, and W, respectively.

Subcase 2.1: |S| > 3. Then
n=QR" 420+ Y 274 2
s€S\{so} teT

for some sg € S and hence n € 3(A \ {a}).

Subcase 2.2: |S|=2. Write S = {51, s2}. f w,w—1¢ S, then
n=(2%+2%)+2% + Z 2 e 3(A\ {a)).

teT
IfweSandw-1¢S, then
n=2""14 @420 42 4 Z 2" e3(A\ {a)).

teT

Ifw—-1eSandw¢S,thenS ={w-1,s}and
n:(2W+2W-1)+2S+sze3(A\{a}).

teT

Ifw,w—1€S, then
n=2" vl g Z 2" e 3(A\ {a)).

teT

Subcase 2.3: |S|=1.LetS ={s}. If s #w — 1, then
n=2""14+2" 1 4+2%+ Z 2 e 3(A\ {a)).

teT
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If s=w-—1, then

_jer+ 2wy 4 20 4 Duerin) 25 A [T > 2,
Cl@r v 20t 20h T = (1)
and hence n € 3(A \ {a}) except for finitely many integers n.

Case 3: a; € A(Wy), ay € A(W,). Proceeding as in Case 2, n € 3(A \ {a}) except for
finitely many integers n.

Case 4: ay € A(Wy),a, € A(W,). Write
a) = Z 2k,
keK

where K is a finite, nonempty subset of W;. Since w,w — 1 € W, it follows that
w—1¢K-1.Since K —1C W,,

n= (2W-1 > 2k—1) ; (2W—1 > 2’<—1) +ar €3(A\ {a)).

keK keK

Case 5: aj,ar € A(Wp). Proceeding as in Case 4, n € 3(A \ {a}) except for finitely
many integers 7.

Case 6: ay,a; € A(W,). Write
a1=22”, QQZsz,
uelU veV

where U, V are finite, nonempty subsets of W,. If U NV = (), then
n=2""142""1 4 (a; + ay) € 3(A\ {a)).

Now suppose that U NV # (0. We claim that x + 1 € W, for all x € U N V. Otherwise,
since Wi — 1 C W,, if there exists an x € U NV such that x + 1 € Wy, then x =
(x+1)— 1€ Wy, which is a contradiction. Let Uy = (U U V)\ (U N V).

Subcase 6.1: Uy # 0. If[lUNV|>2,thenw ¢ (UNV)+ 1and
n= (2w + 2uo+l) + Z 2u+l + Z 2!4
ue(UNV)\{up} uely

for some up € UNV; hence, n€3(A\{a}). If |l UNV|=1,1let UNV ={u}. If
u+1+#w-1,then

n=2vl g vl gty 4 Z 2" € 3(A\ {a)).

uely
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Ifu+1=w-1, then

2Y+2" )+ 2 + 3 v 2% if U0l > 2,
(2% + 2% 4 U0l 4 o=l if Uy = {uo)

and hence n € 3(A \ {a}) except for finitely many integers n.

Subcase 6.2: Uy = 0. Then
n=2""14 vy Z 241 € 3(A \ {a)).

ueUNV

This completes the proof of Theorem 1.7.
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