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Abstract

We provide complete characterisations for the compactness of weighted composition operators between
two distinct LP-spaces, where 1 < p < co. As a corollary, when the underlying measure space is
nonatomic, the only compact weighted composition map between L”-spaces is the zero operator.
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1. Introduction

Let (X,Z, 1) and (¥, T, v) be two o-finite and complete measure spaces and suppose
that 1 < p < co. The Lebesgue space consisting of all (equivalence classes of)
p-integrable complex-valued X-measurable (respectively I'-measurable) functions on
X (respectively on Y) is denoted by L”(u) (respectively by L”(v)). The functions in
L™ () and L™ (v) are essentially bounded. The norm of a function in L”(u) or LP(v) is
written as || - [|zr¢,) or || - [|Lr(), Tespectively.

Let w := {w,},cn be a sequence of positive real numbers. If we take X = N, £ = P(N)
(the power set of N) and u(E) = g Wy for every E € P(N), then LP(u) is just the
weighted sequence space [”(w) for 1 < p < co. When p = oo, we define [*°(w) (or simply
[*) as the space of all bounded sequences of complex numbers.

Let u : Y — C be a I'-measurable function and ¢: Y — X be a point mapping such
that ¢ !(E) €T for all E € X. Assume that ¢ is also nonsingular, which means that
the measure defined by vo~!(E) := v(¢~!(E)), for E € X, is absolutely continuous with
respect to p.

The functions u and ¢ induce the weighted composition operator uC, from LP(u),
1 < p < oo, into the linear space of all [-measurable functions on Y by

uCy(f)(y) := u()f(e(y)) forevery f e LP(u)andye Y.

The nonsingularity of ¢ guarantees that uC,, is a well-defined mapping of equivalence
classes of functions. When u =1, the corresponding operator C, is called a
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composition operator and, when (X, X, u) = (Y,T,v) and ¢(x) = x for all x € X, the
corresponding operator M, is called a multiplication operator.

If uC, maps LP(u) into L9(v), where 1 < p, g < oo, it follows from the closed graph
theorem that uC,, is bounded.

Operator-theoretic properties of weighted composition operators from L”(u) into
itself were studied in [1, 8, 9] and such operators acting between distinct L”-spaces
in [3-5]. However, some results and proofs in [5] are rather sketchy or incomplete.
In this paper, we completely characterise compact weighted composition operators
between LP-spaces and illustrate the results with examples.

2. Preliminaries

Let B; and B, be two normed spaces over C. A linear operator T : B — B; is
compact if it maps bounded subsets of B into relatively compact subsets of B;. In
other words, T is compact if and only if it maps every bounded sequence {x,},en in By
onto a sequence {7 x,},en in B, which has a convergent subsequence.

We adopt the following decomposition of (X, X, u):

x=(|Ja)us
i=1

where {A;}?, is a countable collection of pairwise-disjoint atoms and B, being disjoint
from each A;, is nonatomic. This decomposition is unique in the sense that equality of
two X-measurable sets interpreted as their symmetric difference is of zero u-measure.
The o-finiteness of (X, X, u) ensures that u(A;) < oo for every i € N. Moreover, if
X = U2, Ai (respectively X = B), then (X, Z,u) is said to be atomic (respectively
nonatomic). The limits in the theorems of this paper are assumed to take the value
zero when the number of atoms in X is finite. The following facts will be useful.

(a) Let E be a nonatomic set in £ with u(E) > 0.
(1) There is a sequence {E,}°, of pairwise-disjoint (or decreasing)
X-measurable subsets of E with w(E,) >0 for each n e N and
limy o (E,)) = 0.

(i)  For every real number « satisfying O < o < u(E), there is a set E, € X with
E, c E and u(E,) = a.

(b) A X-measurable function f : X — C is constant p-almost everywhere on an atom
M in (X, Z, ). Consequently, we view an atom M as a ‘point’ at which f takes a
constant value denoted by f(M).

For 1 < g < oo, the measure y, defined by
Hq(E) = f |ul?dv forevery E€X
¢ I(E)

is absolutely continuous with respect to u. The corresponding Radon—-Nikodym
derivative, denoted by [dy,/du], has the following important property.
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Lemma 2.1. Suppose that 1 < p,q < oo. If uC, is a weighted composition operator from
LP(w) into L1(v), then

du
1uCy fllf4(,, = f [d—:]lflqdu for every f € LP(w).
X

Proor. We first establish the equality

d
f Wl f o v = f |0 @1
Y xLau

for every nonnegative X-measurable function f. For each E € Z,

du
f il e o @ dv = f i)y 16y dv = f uldy = 1y (E) = f |2 e
Y Y o I(E) x L du

Thus, (2.1) holds for characteristic functions. The linearity of the integral and the
map f — f o implies that (2.1) also holds for all simple functions. Let f be any
nonnegative X-measurable function. There exists a sequence of simple functions
{sn}o>, such that 0 < 51 < s <--- and lim,, e 5,(x) = f(x) on X. It follows from the
monotone convergence theorem that

‘ . ¢ o dpq _ [[4Hq
[w?f opdyv=1im | |ul?s,oq@dv=1lim — s, du = —|fdu
y n—oo Yy n—oo X dlu X dlj

Consequently, if f € LP(u), then

du
Cy Il = f uf*lf o pl? dv = f ullf1 o pdy = f ||t o
Y Y xLau

Let g : Y — Cbe al-measurable function. Its co-zero set, written as coz g, is defined
by cozg :={y € Y : g(y) # 0} (this set is also denoted by supp g, the support of g, by
other authors).

3. Main results

Singh and Dharmadhikari [8] studied compact weighted composition operators on
L?(u) by assuming that the corresponding composition operators had dense ranges. A
characterisation for a general compact weighted composition operator on L?(u) was
obtained by Chan [2] and independently around the same time by Takagi [9]. Narita
and Takagi [7] characterised compact composition operators between two distinct
LP-spaces. This work motivated the present study.

For the sake of completeness, we include the following result which characterises
compact weighted composition operators from L”(u) into LP(v). (The original theorem
was stated in the setting (X, X, ) = (¥, I, v), but the result still holds if the two
underlying measure spaces are different.)

Tueorem 3.1 [9, Theorem 1]. Suppose that 1 < p < co. Then uC, is a compact
weighted composition operator from LP(u) into LP(v) if and only if:
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(i) v '(B)Ncozu)=0; and
1
(i) lim —— [ul” dv = 0.
=0 (A1) Jp1a
We now consider compact weighted composition operators between different L-
spaces.

TheorEm 3.2. Suppose that 1 < q < p <oco. Then uC, is a compact weighted
composition operator from LP(u) into L1(v) if and only if:

(i) v ' (B)Nncozu)=0; and
1 pl(p=q)
i > ﬁ( f ult dv) < oo,
S p(ADTPmDR Jpo1ay)

Proor. Note that the conditions (i) and (ii) are equivalent to (i)’ [du,/du] = 0 u-almost
everywhere on B and (i) Y;en([dity/dpl(An)PP~Pu(A;) < oo, respectively. We shall
show that (i)" and (ii)’ characterise the compactness of uC,.

We first prove the necessity of (i)’ by contradiction. Suppose, on the contrary,
that u({x € B : [duy/dul(x) > 0}) > 0. Then there exists some ¢ > 0 such that the
set S :={x € B: [duy/dul(x) > 6} has positive u-measure. We may also assume that
U(S) < oco. Construct a sequence of functions {f; },en in L7 (1) as follows.

Since S is nonatomic, there is some S| € = with S| ¢ S and u(S}) = Ju(S). Put
S} =8\ S8} sothat u(S}) = 1u(S). Define f; = Xsi-

We now choose some §7 € £ with $2 € S| and u(S?) = 3u(S]) = ju(S) and S2 € £
with $2 c S} and pu(S2) = $u(S)) = Ju(S). Put §3:= 51\ S? and S2:=5)\ S
Define f, = Xs2 + Xs2

Continuing recurlsively in this manner, we obtain a sequence of functions {f;},en

such that f, := ¥, ys»_, where $4! ¢ S” and ,u(S””l) = 3u(S™) for i,n € N with

i=1,2,...,2". Note that fu € LP(w) Wlth I.f 2u(S) for all n € N. Moreover,
whenever J#k,

”Lp(ﬂ)

S
px € S 2 1f0) - fuol = 1)) = pdx € S < 1£;(x) = filx)| = 0}) = ﬁ%

Hence,

dug 94, =
”uCt,Df] uCtp.ﬁ(”Lq(V) g E |_f] _ﬁ€| dlu -

du 6 S
[ q] / /1( )

du T2
This shows that uC, is not compact.

It remains to prove the necessity of (ii)’. Assume that uC, is compact. Then uC,
is bounded and so fX[d,uq/du]P/(P*Q) du < oo by [3, Theorem 2.2]. Since [du,/du]
vanishes p-almost everywhere on B, we have ) o ([dyy 1du)(AN))P! PP p(A;) < .

We shall prove the sufficiency of (i)’ and (ii)’. Since

du
uCy fllfa,) = ﬁ([d—:]lﬂq du forevery f € L”(u),
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it suffices to show the compactness of the multiplication operator M : LP(u) — L9(u)
defined by Mf := [du,/du]l"/“f for each f € LP(u) (the conditions (i)’ and (i)’
guarantee that M is a bounded operator from L?(u) into L(w)).

From (ii)’, for every n € N, there exists some k, € N such that

3 ([%](Ai))p/@_q)um» <

>k,
Define M), : L (u) — L9(u) by M,,.f := u,f for f € LP(u), where
1/q

k, d,uq
Uy = ; ([E](Ai)) XA

Each M, is a finite-rank operator. By Holder’s inequality,

dluq 1/q
M, f - MAIY, = f e
L Uienw Ai d/’[

q
17 dy

= | Zeaarrcaucanieo-or
du

>k,
<[> ([fli/j](A»)p/(p_q)MA,»)](p_q)/p( Sirapruan)”
>k, i>ky

1\(r—/p p
<| -
<) g,

for all f € LP(u). Thus,

1M, — M|| = —0 asn— oo.

M, f— Mf”Lq(y) < (1)(17*11)/(17!])
02 feLP(u) 1 2r “\n

Hence, M is compact. O

Tueorem 3.3. Suppose that 1 < p < q < oco. Then uC, is a compact weighted
composition operator from LP(u) into L1(v) if and only if:

(i) v ' (B)ncozu)=0; and

(i) lim ! f |ul? dv = 0.
imeo (AP J 1,
Proor. Note that the conditions (i) and (ii) are equivalent to (i)’ [du,/du] = 0 y-almost
everywhere on B and (i)’ lim;_co[dpt, /dil(A;)/1(A)\9P)'P = 0, respectively. We shall
show that both (i)" and (ii)" are necessary and sufficient for the compactness of uC,.
The necessity of (i)’ is a direct consequence of [3, Theorem 2.5] and the fact that
the compact operator uC,, is bounded. We now prove that (ii)" also holds.
Assuming otherwise, we can find a constant € > 0 and a subsequence of natural
numbers {i; };eny such that

[dug/dpl(A;,)
#(Aik)(q—p)/p

>¢ forallkeN.
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Define f; := u(Aik)‘l/P)(Aik for every k € N. Then f; € LP(u) and || fillzpy = 1. If jk €N
with j # k, then uC, f; and uC, f; have disjoint co-zero sets. Moreover,
uCy fy — uCy fillly = U fillly, + 14Cu filllye,
ldug/dpl(Ai)  [dug/dul(A;,)

TV G ol > 26

Therefore, uC, is not compact.
It remains to prove the sufficiency of (i) and (ii)’. As in the proof of Theorem 3.2,
we only need to establish compactness of the multiplication operator defined by

M = [dug/du]'f for f € LP(u).
From (ii)’, for every n € N, there exists some k, € N such that

[dpy/dp)(A) 1 _
—ayair <y Toralli> k.

Define M,, : LP(u) — Li(u) by M,.f := u, f for f € LP(u), where
1/q

Uy 1= ;Z"I([“;—’:j]m») Y.

Then each M,, is a finite-rank operator. For every f € L?(u),

d
1M f = MAI, ) = Z[di/j]m,»Nf(Amqu(A»

i>k,
_ Z [dug/du](A;)

payair (ADIP (A

<- Zaf(A (AP,

t>k,,

Suppose that f € LP(u) and || fllz»(u) = 1. Then
AN A = f 1V du < 11f1 g =

for all i € N. Since ¢/p > 1, we have (|f(A)Pu(A))?P < |f(A)IPu(A;)), so that
D UFANPRANT? < 3 (AN A

>k, ieN
< 1A A

ieN

= LAIP du < 1I£1I7,
LieNA L,(lU)

Thus,
1/q
My — Ml = sup |IM,f =M fllrag < (—) -0 asn— oo
fllzpg)=1 n
This shows that M is compact. O
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Exampie 3.4. Let X = (U,en(m — 1,n)) UN. Let u be the Lebesgue measure on
Unen(m — 1,n) and pu({n}) = n for each n € N. Define ¢ : X — X by

n ifn—1<x<n(forneN),
¢(x):=<x+1 1if xis an odd positive integer,
x? if x is an even positive integer.

Then pg™ (U,en(n — 1,n)) = 0 and

1 if n is odd,
ue'({n}) = {n+ fn if nis even and a perfect square,
n if n is even but not a perfect square.

By Theorem 3.1, C, is not a compact composition operator on L”(u). However,
according to Theorem 3.3, C, is a compact operator from L?(u) into LY(u), where

P <q

It remains to consider compact weighted composition operators from LP(u) into
L9(v), where either p = co or g = co. The first result was proved by the authors in [6].

Tueorem 3.5 [6, Theorem 3.1]. Let uC, be a weighted composition operator from
L= (u) into L*(v). Then uC, is compact if and only if:

() v ' (Byncozu) =0; and
(ii) the set {i € N : v({y € 9™ (A)) : [u(y)| > €}) > O} is finite for every € > 0.
The proof of the next result is analogous to that of Theorem 3.2 and is omitted.

THEOREM 3.6. Suppose that 1 < g < co. Then uCy, is a compact weighted composition
operator from L™ (u) into L1(v) if and only if:
() v '(B)yncozu) =0; and

i > lul? dv < o,
ien Yerl(A)
Tueorem 3.7. Suppose that 1 < p < co. Then uC, is a compact weighted composition
operator from LP(u) into L*(v) if and only if:
() v '(Byncozu) =0;
(ii) u is essentially bounded on ¢~ (A;) for each i € N; and
(i) lim [jull?/u(A;) = 0, where
1—00 ?

llulli o := inf{M > 02 v({y € 7' (A) : lu()| > M}) = O}.

Proor. We shall first prove the necessity of these three conditions. Suppose, on the
contrary, that v(¢~'(B) N cozu) > 0. Then there is some constant § > 0 such that
v({y € ¢"1(B) : [u(y)| > 6}) > 0. With vp~!(B) > 0, the absolute continuity of v¢~! with
respect to u implies that u(B) > 0. By the o-finiteness of (X, Z, i), we may assume that
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U(B) < oo. Since B is nonatomic, we can find a decreasing sequence of X-measurable
subsets of B, say {G,},en, such that

B
UG =" and Wty €47 G <] > o1) > 0

foralln € N.

Let S, :={y € ¢"'(Gy) : [u(y)| > 6}. Then |uCyxg,| = lux,1G,l > 6 on S, and so
luCypx G, |~y > 6. Now,

luCoxc, =) 2MP s

— 0 as n — oo,
G, I1zr u(B)r

This shows that uC, is unbounded and is thus not compact.
By the boundedness of uC,,

luCoxallioey < NuCylllly allLr
or
lul < [|uC,llu(A)'?  v-almost everywhere on ¢! (A;)
for i € N. That is, u is essentially bounded on ¢~ !(A;) (with ||u||£m < uCyllPu(Ay)).
It remains to prove that (iii) also holds. Assume on the contrary that there exist a
constant € > 0 and a subsequence of natural numbers {iy };exv such that

lulf ., _
2 €.
H(A;)

Let S :={ye go_l(A,-k) :|lu)| > llulli, /2}, which has positive y-measure. Moreover,
let fi := u(Ai)"Pxa, . Then fi € LP(u) with ||fillrrg = 1. The f; also have disjoint

co-zero sets. Since

Cy O = (A Pux i a O

= (A )

4
e

2Pu(Ay) ~ 27

>

on Sy, it follows that

1/p
0
luCy fi — uCy fillLoe) > -

for all j, k € N with j # k.
Hence, uC,, cannot be compact.

We now assume that (i)—(iii) hold. For every n € N, it follows from (iii) that there is
some j, € N such that

4
1

— < foreachi > j,.
uAy " n /
Let u, : Y — C be a [-measurable function defined by

Jn
uly) o= 1HO) Ty € U] ¢ (A,

0 otherwise.
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Choose any f € LP(u). Each u,C, is a finite-rank operator because
jn
u,Cof = Z f(ADuCyys, v-almost everywhere on Y.
i=1

From (i) and the definition of u,,

Jn
u,Cof —uCyf =0  v-almost everywhere on e i(B)U ( U <p‘l(A,»)).
i=1

Ify € Usj, ¢ (A)), there is a unique j > j, for which ¢(y) € A;. Then

I f (AP (A )
(nCo )) = WCy YOI =
DO = UCI0 ua))
[ 1
i P p
Hence,
1\l/p
laCof = uCufllmr < () Wfllrgo
Since it is the limit of a sequence of finite-rank operators, uC, is compact. O

From Theorems 3.1 to 3.7, a necessary condition for the compactness of uC, is
(e~ (B) N cozu) = 0, that is, ¢ maps coz u essentially into |,y A;. Two important
consequences of this observation are stated below.

CorOLLARY 3.8. Suppose that 1 < p,q < co.

(@) IfuC, is a compact weighted composition operator from LP(u) into LI(v), then
cozu C ¢~ (Uiar Ab)-

(b) When (X, Z, n) is nonatomic, no compact weighted composition operator from
LP(u) into L1(v) exists except the zero operator.

The operator uC, maps L”(u) into LY(v), where 1 < g < p < oo, if and only if
[dug/dul € LP/P=D(y) [3, Theorem 2.2]. It is also clear that a necessary and sufficient
condition for uC, to map L*(u) into LI(v), with 1 < g < oo, is u € L4(v). These results,
together with Theorems 3.2 and 3.6, yield the following corollary.

CoroLLARY 3.9. Suppose that 1 < g < p < co. If (X, Z, u) is atomic, then every weighted
composition operator from LP(u) into L1(v) is compact.

ExampLE 3.10. Let {a,}qen be a fixed sequence of complex numbers. The unilateral
weighted right and left shift operators, Tg and Ty, on [P(w) are defined by

TR(XI,Xz, .o ) = (O,a/lxl, rX7, .. ) and TL()C], X2, ) = (CZQ.XQ, @3X3,.. )

for every {x,}sen € I’(w). Compactness of Tg and T, can be deduced using the
theorems in this section. We provide the details for T only (T, can be dealt with
by a similar argument).

https://doi.org/10.1017/5000497271900159X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271900159X

160 C.-O. Lo and A. W.-K. Loh [10]

TasLE 1. Compactness of weighted shift operators.

Case Characterisation for Tg
. aaPw
I<p=g< 11m|"|—"+1=0
n—co \
la Ipqwﬂ 1/(p—9)
n n+l
neN n
) a,|iw
I<p<g<o hm,Hoo'"'—"H:
wi'p
n
p=g=0 lim @, =0
n—oo
p=ocandl <g<oo Zlanlqwn+1<oo
neN
. a,l?
I<p<oandg=oco hm,,_m@:O

n

Case

Characterisation for T,

I1<p=g<o

1<g<p<oo

I<p<g<o

p:q:oo

p=ocand 1 <g<oo

l<p<ocoandgq=o0

. lape1Pw
lim I n+1| n -0

o Wiy

1(p-
Z(Iaml"qWﬁ) v
—_ " < oo
W

neN n+l

. |a'n+1|qwn
lim ——— =0
n—oo Wq/l’
n+l

lim e, =0

n—oo
Z |a'n+1|qwn <o
neN

lim

n—e W,

la”

0

Note that T can be realised as a weighted composition operator uC, foru : N — C

and ¢ : N — N defined by

0 ifn=1

u(n) = {a/n_1 ifn>1,

Then

n—-1 ifn>1,

and - p(n) = {1 ifn=1.

f lu)? du = |a,|’w,y  foreach n € N.
@7 ({n})

Characterisations for the compactness of T from [/7(w) into /4(w) are shown in Table 1.
In particular, the usual right and left shift operators between [P-spaces, that is,
(x1,x2,...) = (0, x1, x2,...) and — (x2, x3, .. .), are not compact.
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