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PETTY PROJECTION INEQUALITY ON THE SPHERE AND ON THE
HYPERBOLIC SPACE

YOUIJIANG LIN AND YUCHI WU

AssTrRACT. We define a spherical and hyperbolic analog to the Euclidean projection body
for star bodies via the gnomonic projection from the unit sphere and stereographic projec-
tion in the hyperbolid model of hyperbolic space. We then prove a spherical and hyperbolic
projection inequality for these notions by using an adaption of Steiner symmetrization for

spherical, respectively hyperbolic, star bodies.

1. INTRODUCTION

In the Brunn—Minkowski theory of the Euclidean space R”, the two classical inequalities
which connect the volume of a convex body with that of its polar projection body are the
Petty and Zhang projection inequalities, see e.g. [26,39]. The Petty projection inequality
shows that among all convex bodies with the same volume, the ellipsoids have the largest
volume of the polar projection body. The Zhang projection inequality shows that the sim-
plices minimise the volume of the polar projection body. Petty projection inequalities have
been extended to the L, Petty projection inequalities and Orlicz projection inequalities, see
e.g. [27,29,37]. Moreover, the functional versions of the Petty projection inequality—the
affine Pélya—Szegd inequality and the affine Sobolev inequality have been largely studied,
seee.g. [11,20,28,38].

Recently some researches on isoperimetry in the Euclidean space have been extended
to spherical or hyperbolic space, see e.g. [2—4,7,8,12, 14,16, 18,31,34,35]. F. Besau and
E. M. Werner [4, 5] introduced the spherical convex floating body for a convex body on
the Euclidean unit sphere and define a new spherical area measure—the floating area. We

are convinced that the floating area will become a powerful tool in the spherical convex
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geometry. F. Besau, T. Hack, P. Pivovarov and F. E. Schuster [3] introduced the spher-
ical centroid body of a centrally symmetric convex body in the Euclidean unit sphere,
studied a number of basic properties of spherical centroid bodies and proved a spherical
analogue of the classical polar Busemann—Petty centroid inequality. F. Gao, D. Hug and
R. Schneider [14] proved the Urysohn inequality and the Blaschke—Santal$ inequality in
the spherical space. Their arguments using two-point symmetrization are also applicable
in the hyperbolic space which also yields the hyperbolic version of the Urysohn inequality.
Later, T. Hack and P. Pivovarov [18&] proved a randomized version of the spherical and hy-
perbolic Urysohn-type inequalities. G. Wang and C. Xia [34] solved various isoperimetric
problems for the quermassintegrals and the curvature integrals in the hyperbolic space H"
and established quite strong Alexandrov—Fenchel type inequalities.

In comparison with the Euclidean case there are very few results and techniques avail-
able in spherical and hyperbolic space. In [14] and [18], the authors use the two-point
symmetrization procedure together with rearrangement inequalities in order to prove their
result. In [3], the authors used a probabilistic approach to prove the spherical centroid in-
equality. In [34], the authors used quermassintegral-preserving curvature flows approach to
solve the isoperimetric type problems in the hyperbolic space. It is well-known that Steiner
symmetrization is a fundamental tool for attacking problems regarding isoperimetry and
related geometric inequalities in the Euclidean space R”, see e.g. [6,9, 10]. In this paper, we
define the spherical and hyperbolic Steiner symmetrizations on S” and H" which preserve
the property of star bodies, the volume invariance after a Steiner symmetrization and con-
vergence of iterative Steiner symmetrizations. Using the spherical and hyperbolic Steiner
symmetrizations, we prove the spherical projection inequality and hyperbolic projection
inequality, respectively.

The spherical and hyperbolic projection body operators are dependent on the center
chosen and is invariant only with respect to isometries of spherical space, respectively
hyperbolic space, that fix this center. In both cases this group of isometries O(n + 1)
is isomorphic to the orthogonal group O(n). In contrast the Euclidean projection body
operator IT does not depend on the origin and behaves affine equivalent, that is, if K ¢ R”

is a convex body, ¢ € GL(n) and x € R", then
II(¢K + x) = |det p|¢p~ "TIK,

where ¢~ 7 denotes the inverse transposition of ¢. We also show that the notion of spherical
and hyperbolic projection body is continuous with respect to the Hausdorff metric on star
bodies with a fixed center. Another characteristic feature of the Euclidean projection body
is that it is a Minkowski valuation, see M. Ludwig [24]. However, because there is no
obvious analog to Minkowksi addition in spherical and hyperbolic space, it is not clear

how such a property may apply to the spherical or hyperbolic projection body.
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In this paper, first we study the spherical projection body in spherical space, which is a
natural analog of Petty projection body in the Euclidean space. Using the gnomonic pro-
jection from S” onto R” (see [32, Section 6.1]) and the definition of classical Euclidean
Petty projection body, we define the spherical Petty projection body. Using the mono-
tonic increasing property of the measures of the polar bodies of spherical projection bodies
after performing a spherical Steiner symmetrization and the continuity of spherical projec-
tion operator with respect to spherical Hausdorff distance, we proved the spherical Petty
projection inequality. Let Sp(S’}) denote the set of spherical star bodies with respect to
a spherical cap in S} (see Definition 5). Let II3(K) denote the spherical polar body of
spherical projection body of K (see Definition 3 and Definition 10).

Theorem 1. If K € Sp(S?) and K* is the spherical cap centered at e, with the same

volume as K, then
H" (T3(K)) < H" (T3(KY)). (1)
with equality if and only if K = K*.

In hyperbolic geometry, we will use the Poincaré ball model. In this model, the hyper-
bolic space H" is identified with the open Euclidean unit ball B” equipped with a certain
metric. The Poincaré ball model can be obtained from the hyperboloid model of hyperbolic
space via the stereographic projection, see [32, Section 4.5]. We use the stereographic pro-
jection instead of the gnomonic projection because stereographic projections can maintain
hyperbolic convexity (see Section 2.3 for details). Similarly, we use the gnomonic pro-
jection instead of the stereographic projection in considering spherical projection bodies
because gnomonic projections can preserve spherical convexity (see Section 2.2 for de-
tails).

In this paper, in order to construct a map from the hyperboloid model of hyperbolic
space to R”, we introduce a transformation ® from B” to the Euclidean space R". Com-
bining the Poincaré ball model and the transformation ®, we define the transformation @,
from hyperbolic space H" to R” (see Section 4.1 for the details). Therefore, we can use Eu-
clidean Steiner symmetrizations, Euclidean projection bodies and Euclidean polar bodies
in R” to define hyperbolic Steiner symmetrizations, hyperbolic projection bodies and hy-
perbolic polar bodies in H”. Using the monotonic increasing property of the measure of the
polar bodies of hyperbolic star bodies and the continuity of hyperbolic projection operator
with respect to hyperbolic Hausdorff distance, we proved the hyperbolic Petty projection
inequality. Let Sp(H") denote the set of hyperbolic star bodies with respect to a hyperbolic
ball in H" (see Definition 8). Let I1}(K) denote the hyperbolic polar body of hyperbolic
projection body of K (see Definition 11 and Definition 13).
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Theorem 2. If K € Sg(H") and K* is the hyperbolic ball centered at e,.; with the same

volume as K, then
H" (I5(K)) < H" (T5(K™)), @)
with equality if and only if K = K*.

In the proofs we rely, among other geometric observations in spherical space, respec-
tively hyperbolic space, on tools previously developed on the projection body of (Lips-
chitz) star bodies, see for example the work of the first author in [21], and an adaption
of Euclidean Steiner symmetrization by rescaling on the fibers, respectively radially, to
preserve the spherical, respectively hyperbolic volume.

Furthermore, we focus on a characteristic feature of the polar projection body which
was first observed by E. Lutwak [25] and strengthened by C. Haberl and F. Schuster [19].
That is, its volume gives an isoperimetric bound for the surface area that is better than the
classical isoperimetric inequality. Indeed, together with the Petty projection inequality, we
have for an Euclidean convex body K c R”, that

( H"(9K) )"]'>( H" (IT"K) )‘"<'3-')>( H"(K) )
H1(0B,(1))  — \H"(II*B,(1)) T\H(B,(1)))

where B,(1) is the Euclidean centered unit ball and IT*K denotes the polar body of the

3)

projection body I1K. Note that (3) is equivalent to
H" (I1"Byg) < H" (IT'K) < H" (IT" Bk) , 4

where By, respectively Bk, is a Euclidean ball with the same surface area, respectively
volume, as K.

In Theorem 1 and 2, we established isoperimetric inequalities for the notions of spher-
ical and hyperbolic polar projection body that can be seen as an extension of the Petty
projection inequality, that is, the second inequality in (4).

In Theorem 3 and Section 4.5, we attempt to also establish an analog of the first in-

equality of (4), we show that
T o T o
Vol (IT;K) = Vol (T13Bg ) .

where Byk is a geodesic ball with the same Euclidean surface area as K, Volj, denotes the
Lebesgue measure and 17 denotes the polar projection operator in spherical space, § = S,
respectively hyperbolic space, ¥ = H. Note that this does not achieve the desired goal yet,
that is, showing that the volume of the spherical, respectively hyperbolic, polar projection
body strengthens the isoperimetric inequality in spherical, respectively hyperbolic space.
For this, let C; . be a geodesic ball with the same spherical, respectively hyperbolic, surface

area as K, we give the following conjecture.
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Conjecture 1. Let K be a spherical, respectively hyperbolic convex body with e, as its
interior point. Then
Vol (IT5K) = Vol (T3¢ ). (5)

2. PRELIMINARIES

2.1. Basic facts from Euclidean convex geometry. We develop some notations and, for
quick later references, list some basic facts about convex bodies. Good general references
for the theory of convex bodies are provided by the books of Gardner [15], Gruber [17],
Schneider [33] and Artstein-Avidan, Giannopoulos and Milman [1].

Let R"” denote n-dimensional Euclidean space. Let o denote the origin of R”. Let
e1, - ,e, denote the standard orthonormal basis of R”. Let x - y denote the Euclidean
scalar product for x,y € R”. Let R*! denote the subspace of R”, where the n-th compo-
nentis 0, i.e., R"! := {x e R, x-e¢, = 0}. Let u* denote the orthogonal complementary
space of the unit vector u € S"!. Let S"~! denote the set of unit vectors of R". Let B,(r)
denote the closed ball centered at the origin o with radius r in R”. Let H* denote the k-
dimensional Hausdorff measure. Let w,, denote the volume of B,(1), i.e., w, := H"(B,(1)).
A convex body K is a compact convex subset of R”. The set of convex bodies in R” is de-
noted by K (R"). We denote by K, (R") the set of convex bodies that contain the origin
in their interiors. Let || - || denote the Euclidean norm. For K € K (R"), K is uniquely

determined by its support function h(K, -) defined by
MK, x):=max{x-y:ye K}, xeR"

The support function is homogeneous of degree 1, i.e.,

h(K,rx) = rh(K, x), forr>0. (6)
For K € K, (R"), its radial function is defined by

p(K,x):=max{r >0: rxe K}, xeR"\{o}. @)

The radial function is homogeneous of degree —1, i.e.,

p(K,rx) = %p(K, x), forr>0. ()

A compact set K C R" is a star-shaped set with respect to z € K if the intersection of
every straight line through z with K is either a line segment or a single point set {z}. Let
K c R”" be a compact star shaped set with respect to z € K, the radial function p,(K, ") :
R™"\{o} — R is defined by

p(K, x) :==max{r>0: z+rxeK}. ©))

If p,(K, ) is strictly positive and continuous, then we call K a star body with respect to z,

denotes the class of star bodies in R” by S,(R"). If K c R” is a star body with respect
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to each point of ball B,(r), then we say K is a star body with respect to a ball. The
class of star bodies with respect to ball B,(r) will be denoted by Sg(R"). It is clear that
Ko(R") € Sp(R"), i.e., any convex body with the origin as its interior is a star body with

respect to a ball. For K € Sz(R"), we have the following volume formula

1
H'(K) = - f 0K, u)du (10)
n Jgn-1
and the surface area formula
H(OK) = f P NK, u) [u VK (K, u)u)]’1 du, (11)
Snfl

where vK (o(K, u)u) denotes the outer unit normal vector of K at the boundary point p(K, u)u.
For K € S, (R"), its polar body is defined by

K :={yeR": y-x<1 forany x € K}.
It is well-known that if K € %K, (R"),
(K" =K. (12)
The support function and radial function of K € K,(R") have the following relationship:
MK, x)p(K*,x) =1, xeR"\{o}. (13)
The radial distance between K, L € S,(R") is defined by
dr(K,L) := max lo(K, u) — p(L, w)] . (14)
The Hausdorff distance between the compact sets K, L C R” is defined by
dg(K,L) :=min{r>0: Kc L+ B,(r), LC K+ B,(r)}. (15)
For K € Sg (R"), its Petty projection body is defined with its support function:
h(TIK, 2) := % f VE(x) - 2| dH™ (x), (16)
K

where K denotes the boundary of K, vK(x) denotes the unit outer normal vector of K at
the boundary point x € dK. The polar body of 1K will be denoted by IT*K rather than
(TK)*.

The following lemma shows that the Petty projection operator IT1 : S (R") — K,(R")

is continuous when K; converges to K, in the Hausdorff distance.

Lemma 1. [2/, Proposition4.1] Let K, K; € Sg(R"), i € N. If K; — K in the Hausdor{f
distance and H" 1 (0K;) — H" ' (0K), then TIK; — 1K, in the Hausdor{f distance.
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For K € S, (R), its Steiner symmetrization along the direction u € $"! is defined by

S.K = U {x’+tu: te[—%?—(l(Ku,xr), %WI(KM,X,)]}, (17)

X' €K], 1

where u' denotes the orthogonal complementary space of u, i.e., u™ := {z € R" : z-u = 0};

K],» denotes the orthogonal projection of K onto u™, i.e.,
K|,: :={x e ut : there exits some r € R such that x’ + ru € K};

K, denotes the intersection of K and the straight line parallel to # and passing through
point X', i.e.,

K.v:={xeK: x=x"+ru, reR}.
For simplicity of notation, we write SK, K’ and K, instead of S, K, K|,: and K,, ,
respectively.

Let K € S, (R"). Its symmetric rearrangement K* is the closed centered ball whose

volume agrees with K,
K* :={xeR": w,llxI" < H"(K)}.

The following lemma provides some properties on the Steiner symmetrizations of star
bodies.

Lemma 2. [22, Lemma 5.1] If K € Sg(R"), then S ,K € Sp(R") for every u € "',

Lemma 3. [22, Theorem 2.2] Let K, K; € Sp(R"), i € N. Then, the fact that K; converges

to K in Hausdorff distance is equivalent to the fact that K; converges to K in radial distance.

Lemmad. [22, Theroem 2.3] IfK € Sp(R") and T is a dense subset of S"~', then there is

a sequence {u;} C T such that K; :== S, --- S, K converges to K* in radial distance.

The following lemma characterizes the structures of the boundaries of star bodies with

respect to a ball.

Lemma 5. [23, Theorem 3.1] Let K € Sg(R"). Then, for almost all u € S"1 there
is a sequence of disjoint open subsets G,, C K’, and two sequences of graph functions
Smj»8mj: Gm = R, 1 < j < m, satisfying

(i) Uy, G is open dense in K', and fi,1 < gm1 <+ < fnj < &mjs

(ii) K has the representation (if we neglect an H"-null set)

K= U U {(x,’x”) : fm’j('x’) <Xy < gm,j(xl)}

m=1 x'eG,,
1<j<m
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and 0K has the representation (if we neglect an H"~'-null set)

[o] m

0K = LJI U X, fonj (x = Gm} U {(x’,gm,j (x')) :x € Gm};
m=1 j=

(1ii) fin,j» &m,j are differentiable at each x' € G, and

(V fn,j(x'), 1) (=Vgm,;(x), 1)

V1 +[Vf | V1 +[Ven, o[

The following well-known fact, which is provided by Lutwak, Yang and Zhang [29],

VK (x/’ fm,j(x,)) — VK (X/, gm,j(x,)) —

establishes the relationship between Steiner symmetrizations and polar bodies.
Lemma 6. [29, Lemma 1.1.] For two convex bodies K, L € K,(R"),
S.,L"cK
if and only if
’ ’ . , s+1
ML@0) = hL @ =) = 1, with 12 =5 = h(K. (7,50 )) <1,

In addition, if S.,L* = K*, then h(K,(',5")) = 1 for any (z,0),(z',~s) € R"! xR
satisfying t # —s and h(L, (7', 1)) = KL, (Z, —S)) =L

Let f: R" — [0, +00) be a nonnegative measurable function that vanishes at infinity, in

the sense that all its positive level sets have finite measure,
H" ({x: f(x)>1}) <co, forallz>0.

We define the symmetric decreasing rearrangement f* of f by symmetrizing its level sets,

f*(x)=\f0 Xifsix (X)dt, (18)

where y g denote the characteristic function of E C R”, i.e

1 ifxekE,
Xe(X) = ) (19)
0 otherwise.

Lemma 7. (Hardy-Littlewood inequality) If f,g : R" — [0, 00) are nonnegative measur-

able functions that vanish at infinity, then

f Fg(dx < f F*(0g* (Ddx (20)
R" R)X

in the sense that the left hand side is finite whenever the right hand side is finite.
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2.2. Basic facts from Spherical convex geometry. Let us recall some facts about spher-
ical convex geometry; see e.g. [4,30,32]. Let R™! denote (n + 1)-dimensional Euclidean
space. LetR" := {x eRM™!: x.ep = O}. Let o denote the origin of R™*!. Letey, -+ , e, €441
denote the standard orthonormal basis of R"*!. We denote the Euclidean unit sphere in R"*!
by S$",n > 2. For u € S", let S, denote the set {v € S" : v-u = 0}. Let S} denote the set
{veS": v-u>0}and S, denote the set {v € S" : v-u < 0}. To simplify notation, we let
S"! denote S, ,, and S" denote S; .. Aset A C §"is called (spherical) convex if its radial

extension

radA:{rveR”Jr1 :rZOandveA}

is convex in R™*!. If A C S” is convex, then rad A is a convex cone with o as its vertex in
R™!. A closed convex subset of S” is called a (spherical) convex body. The set of convex
bodies is denoted by K (S"). Furthermore, the set of convex bodies contained in S” with
ens1 as its interior point is denoted by %K, (S”). And the set of convex bodies contained in
S”" with —e,; as its interior point is denoted by K, (S").

The natural spherical distance dy is given by dy(u,v) = arccos(u - v) for u,v € S". For
spherical compact sets K, L C S", the spherical Hausdor{f distance of K and L is defined
by

dyK,L):=inf{r>0: KCL, and LCK,}, (21)
where L, denotes the spherical parallel set of L, which is defined by
L, :={weS": there exists v € L such that d,(w,v) < r}.
Let B,(@) denote the spherical cap of radius @ € (0, /2) and center e, in S", i.e.,
By(@):={(veS": dyv,en) < a).

The convex hull convA of A C S” is the intersection of all convex bodies in S” that
contain A. The convex hull of two spherical convex bodies K, L is denoted by conv(K, L),

i.e.,
conv(K, L) := conv(K U L).

The segment spanned by two points u, v € S", u # —v, is given by conv(u, v) = conv({u}, {v}).

A k-sphere S, k € {0,...,n}, is the intersection of a (k + 1)-dimensional linear subspace of
R™! with §". Let S be a k-sphere and let K € K (S"). Then the spherical projection K | S
is defined by

K|S :=conv(S°,K)N S,

where S° :={weS": w-u=0forall u € S}. The spherical projection of a point is given
by x|S :={x}|S.
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Definition 1. For K € K, (S"), the spherical support function h(K,) : S"~' — (0, g) of K
is defined by

hy(K,v) = max {sgn(v . w)c?s (e,m, wlSs!

€n+1,V

J:wek}, ves™, (22)

where S!  denotes the 1-sphere spanned by e, and v.

€n+1,V
The intuitive interpretation of the spherical support function is as follows: If v € $"~!

1

Cn+1,V

then the projection K | S is a spherical segment and the spherical support function

measures the width along the direction v with respect to e,,;. We have
K| s! = {cos(@)e,+1 + sin(@)v : @ € [-h(K, —v), (K, V)]}.

€n+1,V

Definition 2. For K € K,(S}), its spherical radial function is defined by

ps(K,v) := max {sgn(v . w)aAVS (epe1, W) :WEKN Séw,v }, ve s (23)
Definition 3. For K € K,(S"), its spherical polar body K° is defined by
K°={eS": v-w<0 forallwe K}. (24)

By the above definition, if K € K,(S}), then K° € K,(S"). Moreover, the spherical
polar body K° is the intersection of S" and (rad A)*, here

(radA)* := {z eR™: 7.x<0, x€ radA}
denotes the polar of the corresponding convex cone rad A.

Definition 4. The gnomonic projection g : S} — R" is defined by

gv) =

— €ntl-
€n+l *

The inverse gnomonic projection g~' : R" — S" is defined by

By the definition of gnomonic projection of K € K, (S"}), the following equalities show
the relations between spherical support function (spherical radial function) of K and the

Euclidean support function (Euclidean radial function) of g(K):

h(g(K),v) = tan hy(K,v), ve S, (25)

p(g(K),v) = tanpy(K,v), ve S (26)
Moreover, it is easy to prove that for K € K,(S7),
8(K)" = —g(=K®). (27
By (12) and (27), for K € K,(S"}), we have

(K°)° =K. (28)
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By (25), (26) and (27),

1 1
p(g(K)*,v) — p(g(—K°),—v)  tanps(—K°,—v)’

Therefore, for K € K,(S") and v € "1,

tan hy(K, v) = h(g(K),v) =

hy(K,v) + py(—K°, —v) = g (29)

By Definition 4 and the definitions of star bodies in R”, we define spherical star bodies

as follows.

Definition 5. For a spherical compact set K C S}, if its gnomonic projection g(K) is a star
body with respect to o in R", then K is called a spherical star body with respect to e, 1. If
g(K) is a star body with respect to a ball B,(tan ) in R", then K is called a spherical star
body with respect to a spherical cap By(@).

The set of spherical star bodies with respect to e, is denoted by S,(S;). The set of
spherical star bodies with respect to B(@) is denoted by Sp(S}). Similarly, K,(S"}) c
Sp(Sh). For K € §,(S%), its spherical radial function pg can be defined as in (23).

Definition 6. For K € K,(R"), its spherical measure is defined by

ntl

peaBy = [ (1) (30)

By [3, Lemma 2.3], the spherical measure of K € K, (R") equals the n-Hausdorff mea-

sure of its inverse gnomonic projection H" (g‘l(l_()). Thus, for K € K,(S’}), we have
H"(K) = psn(8(K)). (31)

Lemma 8. ( [36, Lemma 6.5.1]). Let S be a k-sphere, 0 <k <n-—1,andlet f:S" > R

be a non-negative measurable function. Then
Jw)dw = ff sin (d, (S°, u))* f(uw)dudv. (32)
S S Jconv(S°,v)

2.3. Basic facts from Hyperbolic convex geometry. Let us recall some facts about hy-
perbolic geometry; see e.g. [32]. Recall that R"*! = R" x R, where

R" := {xER"“ DX ept =0}.
In R™! let

H' = {6 xne1) € R™ 2 I = 2,y = =1, Xye1 > 0}

denote the upper sheet of a two-sheet hyperboloid.
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Definition 7. (Poincaré ball model) Let o' := —ey,1. For any X := (x,x,41) € H", the
Poincaré ball model projection point of X, denoted by P(X), is the intersection of the half-
line o'% and e, ,. In the Poincaré ball model, H" is identified with the following open unit

ball equipped with a certain metric
B" := {(x, Xpe1) € R ¢ |Ix]l < 1, x4 = O}, (33)

We call the projection P : H" — B" as Poincaré ball model projection. In the Poincaré
ball model, the corresponding metric is

) dx}+ - +dx?
s* =4 . (34)

(l—(x%+-~~+x%))2

In this metric, geodesic segments are arcs of the circles orthogonal to the boundary of the

ball B". If a segment passes through the origin, then the circle becomes a straight line. We
say that a body K C B" is hyperbolic convex if it is convex with respect to the metric (34).
The hyperbolic convexity means that for any two points x and y in K the geodesic segment
connecting these two points is also in K.

For two compact sets K, L ¢ H", their hyperbolic Hausdor{f distance is defined by
dy(K,L):=inf{r>0: KCL,, LCK,}, (35)
where
K, :={y e H" : there exits ¥ € K such that ds*(P(X), P(y)) < r*}.
Let B, (a) c H" denote the hyperbolic ball centered at e, with radius «, i.e.,
By(e) = {x e H" : ds® (P(%).0) < a?}.

The volume element of the metric (34) equals
dx; ---dx, _on dx
(1-@+ep) A=)

Therefore, for K ¢ B”, the hyperbolic volume is then given by
_ dx
hvol,,(K) = f dup, =2" f —_— (37)
I3 & (1—1Ix%)
If K is a star body in B", we can write its hyperbolic volume in polar coordinates,
_ Pk (1) -l
hvol,,(K) = 2" ———drdu, 38
(K) fslfo a=m u (38)

where pg denotes the radial function of K in R” given in (7).

ity = 2" (36)

Definition 8. For K c H", if P(K) is a star body with respect to the origin in R", then we
call K is a hyperbolic star body with respect to e,+1. If P(K) is a star body with respect to a
ball B,(r) inR", then K is called as a hyperbolic star body with respect to some hyperbolic
ball.
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We denote the class of hyperbolic star bodies with respect to e, in H"” by S,(H") and
denote the class of hyperbolic star bodies with respect to a hyperbolic ball by Sp(H").

3. SPHERICAL PROJECTION BODY AND SPHERICAL PROJECTION INEQUALITY

3.1. Spherical Steiner symmetrization. In this section, we define the spherical Steiner
symmetrization for spherical star bodies and study some of its fundamental properties.
Without loss of generality, we only consider the Steiner symmetrization along the direction
en. If K € Sp(S}), then g(K) € Sp(R"). By Lemma 5, there is a sequence of disjoint open

subsets G,, C g(K)’, and two sequences of graph functions
s 8mj:Gm = R, 1< j<m,

satisfying (i), (ii) and (iii) in Lemma 5. In particular, g(K) has the representation (if we

neglect an H"-null set)

gK) =) [ {50 1 £ < 30 < g6} (39)

m=1 xX'eG,,
1<j<m

By (17), the Euclidean Steiner symmetrization S g(K) of g(K) along the direction e, (if

we neglect an H"-null set)

Sg(K) = {(x',xn) erR": ¥ el JGu o) <x, < @(x')}, (40)
m=1
where for X’ € G,,,
—_ - m,'( ,)_ m, ( /) ,
o(x') = ; g,x% = —o(x). 1)

The following lemma shows that the spherical measure of S g(K) is not less than the

spherical measure of g(K).

Lemma 9. For convex body K € K,(S"), we have
Hsn (SE(K)) > psn (8(K)), (42)
with the equality if and only if S g(K) = g(K).

Proof. By Fubini’s theorem and the definition of spherical measure (30), we only need to

prove that for any x’ € g(K)|g»-1,

_ntl _n+l
[Pl T dnz [ (P R) T dn @)
(Sg(K))y 8(K)v
Let
el
fiG) = L+ I+ 16l) 7 A = X, ().
Then

X =f, and £* = xsew.
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where f* denotes the symmetric decreasing rearrangement of f (see (18) for specific
definition).

By Hardy-Littlewood inequality (see Lemma 7), we have

_nkl
f (1+ 1P + 1) 7 dx, (44)
§(K)y

fR Si(x) fo(xp)dx,

IA

fR FX )X Gen)dx,

_mil
f (1+ 1P + )7 e
(SgK))w

Moreover, since f] is an even nonnegative unimodal integrable function, the equality in
(44) holds if and only if g(K), = S g(K),. Thus, the equality in (42) holds if and only if
Sg(K) = g(K). 0

By Lemma9, y,, (S g(K)) > psn (g(K)). Thus, there exists some real number rx € (0, 1]
such that

Sg(K) = {(x',x) €R": X € g(K)lpmr, rxo(x) < x, < rgd(x')) 45)
satisfies
fsn (S8(K)) = pren ((K)) . (46)

Definition 9. For K € K,(S"), its spherical Steiner symmetrization S ¢, K along the direc-
tion e, € S"! is defined by

S (K) =g (Sg(K)). (47)

For simplicity of notation, we write S K instead of § ¢,(K). In Definition 9, g and g!
denote the gnomonic projection and the inverse gnomonic projection (see Definition 4). If
K € K,(S"), then g(K) € K,(R"). Thus S g(K) € K,(R"). By (45), Sg(K) € K,(R"). Thus
by (47),

K € K,(S") = SK € K,(S"). (48)

By Lemma 2, (45), (47) and the definition of spherical star bodies with respect to a spher-

ical cap (see Definition 5),
K € Sp(S") = SK € Sp(s"). (49)

By (31) and (46), the spherical Steiner symmetrization maintains the invariance of n-

Hausdorff measure, i.e.,

H'"SK) = H'(K). (50)
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Similarly, for a compact set K C S", we define the spherical symmetric rearrangement
K* as follows

K* = {v €S d(v,ens) <@, HYK) = ?["(Bs(a))}. (51)

Lemma 10. For K € Sp(S?), there exists a sequence of directions {u;};2, C S" 1 such

that the sequence of successive spherical Steiner symmetrizations of K converges to K * in

spherical Hausdorff distance, i.e.,
lim dy($,. --- 8, (K),K*) = 0. (52)
Proof. By Lemma 4, there exists a sequence of directions {u;};°, C S such that
lim dg(S -+ S, (8(K)). (K)*) = 0. (53)
Let r; € (0, 1] satisfy
fsn (Sur.r, (8(K))) = H'(K),
where S, -, (g(K)) denotes the star body with the overgraph function on the direction u,
B (Sunn (KD ") = 118y, (S (8(K)). ")
and the undergraph function on the direction u;
o, (Sun(8®).) = rig, (S (gK)).").
Let 7 € (0, 1] satisfy
tsn (S (KD = prsn (¥ 2(KV*). (54)
Let r; € (0, 1] satisfy
tsn (S, (88w (KD)) = H'(S .y (K)).

Repeating the previous process, we can get a sequence of real numbers {r;}*, € (0, 1] such

that
tsn (S (8 (Sus -8 (K)))) = H (S, -+ 8., (K)). (55)
By (53), (54) and (55), we have
i di (S, - Sy (CK)). 7' g(K)*) = 0. (56)

By the definition of spherical Steiner symmetrizations, we have
fim dy (S, -+~ 8., (K), 7 (' 8(K)*))

= (e (S (55 S0 (2080%)

= limd,(¢7 (Su S (8(KD) 87" (F8K)*)). (57)

i—00
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By (56), (5§7) and the continuity of inverse gnomonic projection, we have

lim dy (S, -+ 8., (K). g7 (¥ 8(K)*)) = 0. (58)
Let K* = g’1 (r' g(K)*). The desired conclusion now follows from (58). O

3.2. Spherical projection bodies. In this section, using the Euclidean projection bodies,
we introduce the notion of spherical projection bodies and study some elementary proper-

ties.
Definition 10. For K € Sg(S"), its spherical projection body I1s(K) is defined by
MK = g~ (Ig(K)). (59)
By the definition of spherical projection body (59), (25) and (16), for u € "1,

1

tanh (K = 5 [ fu v O] a0, (60)
2 Jog)

The following lemma shows that the spherical projection operator I1s : Sp(S}) = K,(S")

is continuous.

Lemma 11. For a sequence of spherical star bodies {K;}2, C Sp(SY), if

lim dy(K;, K») = 0, (61)
then
lim d,(Ils K;, [Is K) = 0. (62)

Proof. By the continuity of gnomonic projection and (61), we have
lim dir(g(K)). g(Kw)) = 0. 63)
Since {Ki}2, € Sp(SY), g(K;) € Sp(R"). By Lemma 3 and (63), g(K;) converges to g(K«)
in radial distance. By (11) and Lemma 1, we have
lim dyy (T1(g(K:)). TI(g(K=0))) = 0.

Thus by the definition of spherical projection body and the continuity of gnomonic projec-

tion, we have

lim d, (s K;, s K.o)

lim d; (37 (T(g(K1))) . g™ ((g(K)))
lim dyy (T1(g(K), T(g(Ko))
0.

This is the desired conclusion. O

Let 6(n +1) denote the set of rotation transformations around the x,,-axis in R**!. The

following lemma demonstrates the rotation covariance of the spherical projection operator.
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Lemma 12. Let ¢ € O(n + 1) be a rotation transformation on R™" and K € S(S"). Then
[Is(¢K) = ¢IIsK. (64)
Proof. For ¢ € O(n + 1), there exists a rotation transformation ¢ € O(1) on R” such that
8(¢K) = ¢ (3(K)) . (65)
By [23, Lemma 6.4], we have
(4 (¢(K))) = $T1(g(K)) . (66)
Therefore,
Ns(¢K) = g7 [(g(#K)) = g™ ((Bg(K)) = g~ (PMU(g(K))) = ¢g~" (N(g(K))) = $IIsK,

where first equality is due to (59), the second is due to (65), the third is due to (66), the
fourth is due to (65) and the last equality is due to the definition of spherical projection
body (59). O

3.3. Spherical projection inequality.
Lemma 13. Let K € Sp(S}). Then

H" (13 (SK)) = H" (3K, 67)
with equality if and only if SK = K.

Proof. If K € Sp(S"), then g(K) € Sp(R"). For g(K), by Lemma 5, there is a sequence of

disjoint open subsets G,, C g(K)’, and two sequences of graph functions
s 8mj: Gm = R, 1< j<m,

satisfying (i), (ii) and (iii) in Lemma 5. In particular, dg(K) has the representation (if we

neglect an H"~'-null set)

o m

0g(K) = U U {(x',fm,j (x')) X' € Gm} U {(x’,gm,j (x')) X' € Gm}.

m=1 j=1
Let (Z,1),(z,—s) € (;H* (g(K))and t # —s, s.t.,
h(I(g(K), (@, n) =1 = h(I1(g(K), (', ~5)). (68)
By the definition of projection body (68), (16) and (iii) in Lemma 5, we have
I = h(l(gK)).(E.0) (69)
= % fa ” @ 1) O | dH ™ (x)

- 302,

=l =1 {( fnj(x)): X €Gi} 1+ |me,j(x')

(Z,, t) . (Vﬁn,j(-x’)’ _1)‘(1{]_{”1( )
X

|2
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1 o m f .(—ng,j(x'),1)|d7_{n_l
5 (x)
"2 mZ: Z {7 gm j()): ¥ €G, 1+ |ng!j(x,)|2
- %Zé f (s, =1)| dx +%:,Z:: fG @0+ (~Tgm i), 1)| dx
Similarly, we have
I = h(Il(gK)), (. ~s) (70)
= 3 Z;Zl“f (Vo @), =1)| +%Z‘;Z‘f0 @ =) (~Vem (), 1)] dx
m=1 j= =1 j=

Therefore, we have
n(n(5s0). (2. 52)) (71)
j[; (Z', t+_s) - (=rgVo(x'), 1)|dx" + % L (z’, HTS) . (rKVg(x’), —1) dx
dx’ + %f (z’,HTs)-(VQ(x’),—l) dx
e e ),
(Z’ r+ s) [

(z - ng,j(x’)71)|dxl+%ii |(Z',—S)'(me,j(x'),—l)‘dx

= Ja

f @ =5) - (=T (). 1)] dx

N =

IA
| =
R 2

(.52 (=vaw

dx’

1
¢ ng ](x ) - me ](x ) 1]

j=1

IA
FNg-
il N
‘Ms

m

=1
<)

l
4

m=1 j=1

(Z,7 t) : (me,j(X’), _1)| dx’ +

m=1 j=1

1 1
= Sh (K. E0) + 5 (HEE). (=) = 1.

where the first equality is due to (45) and the same reasoning process as (69), the first
inequality is due to 7x < 1 and the monotonically increasing property of |a + bt| + |a — bt|
ont > 0 for any a, b € R, the second equality is due to (41), the second inequality is due to
the triangle inequalities for absolute value functions, the last two equalities are due to (69)
and (70).

By (71) and Lemma 6,

STI (g(K)) € IT" (S g(K)) . (72)
By Lemma 9 and the above containment relationship, we have

e (T ((KD)) < o (STI” (9(K))) < prs (IT° ($8(K))).
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By the above inequality, the definition of spherical projection body (59), the definition of

spherical Steiner symmetrization (47) and (27), we have
H" (T3(K)) < H" (TS K)).

It H" (Hg(K)) =H" (Hg(S’ K)), then the equality in the first inequality of (71) is estab-
lished. Thus by the arbitrariness of 7/, rx = 1. By Lemma 9, S g(K) = g(K). Therefore,
SK =K. o

Proof of Theorem 1. By Lemma 10, there exists a sequence of directions {u;};°, such
that § w .S « K converges to K * in spherical Hausdorff distance. By the continuity of

spherical projection operator (see Lemma 11), we have

lim d (TTs (S, - - 8., K) . TIs(K*)) = 0. (73)

1—00

By Lemma 13, H" (Hg (§ w' '§L,IK)) is increasing with respect to i. Thus, by (73), we

have
H" (T3(K)) < H" (I(K™)). (74)
If K # K*, then there exists some u, € $"~! such that S,,”(K) # K. By Lemma 13, we

have
H" (I(K)) < H" (113 (8, (K))) - (75)

By (74) and (75), we have
H" (TZ(K)) < H" (TI(K™)).

Therefore, the equality in (74) holds if and only if K = K*. O
3.4. Spherical projection inequality and an inequality on surface areas. In this sec-
tion, we shall prove that spherical projection inequality is stronger than an inequality on

surface areas.
Let

Fi(t) = g —arctant, € (0,00)
and

Fy(s) := f ‘(sinr)”_ldr, s€(0, 5,
0 2

Let F := F, o F| be the composition function of F| and F,. It is easily to check that F;
and F), are strictly convex functions, F is strictly increasing and F is strictly decreasing.
Thus F is strictly convex and strictly decreasing. Let F~! be the inverse function of F, then

F~!is also strictly convex and strictly decreasing.

https://doi.org/10.4153/5S0008414X25101089 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101089

20 Y. LIN AND Y. WU

Theorem 3. Let K € Sp(S%) and ¢, = w,—1/(nwy). Then

n— — 1 n o
o™ (9g(K*)) = F l(nw,,q-{ (HS(K*)))

<F! (mL H" (n;(m)) < ¢, H" (9g(K)).
Moreover, H" (9g(K*)) = H"™' (9g(K) if and only if K* = K.
Proof. For K € Sp(S"), by Lemma 8, (29) and (60),

H" (IT3(K)) H" (-TI3(K))

. ~ n—1
f f sin (ds (€n+1, M)) X-niz (k) (u)dudv
Sn=1 Jconv(e,41,v)

(=115 (K),v)
f f (sin?)"~'dtdv
st Jo

Z—h,(Ts(K).v)
f f (sint)" 'dtdv
sn=1.J0o

z —arctan(% fag(K)|v-Vg(K)0’)|d7'("_l 0’))
f f (sin#)"""dtdv.
S=1.J0o

By (77), we have

1
H" (M3(K)) = f F(z fa " lv-vg“)(y)ldW"‘l(y))dv.

sn-1

By Theorem 1 and the strict decreasing and strictly convex properties of F~!,

F—l
n

By Jensen’s inequality, (78) and Fubini’s theorem, we have

i}n H" (Hg(x*))) <F! (iw (ng(K))) .

IA

Fl( 1 w"(ng(K))) 1 f (1 f |v~vg(K)(y)|d7-l"l(y))dv
nwy, nwy Jgn-1 2 dg(K)

Lt
2”(1)” 0g(K) gn-1

= 2lgmt (9g(K)).
nw,

(76)

7

(78)

(79)

(80)

Similarly, by the equality case of Jensen’s inequality, (78) and Fubini’s theorem, we have

1 ! !
F_] gy o K* f _f
(na)nﬂ (Hs( ))) nw, Jgi (2 Ag(K*)

- f ( f |v-vg<’<*>(y)|dv)d7{"‘(y)
ann Ag(K*) gn-1

= Ll (9g(K*)).

nwy,
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Note that the first equality of (81) is due to the fact that the following integral is a constant

ﬁg(K*)

Then, the desired inequality follows from (79), (80) and (81).
If ! (6g(K *)) = H"! (0g(K)), then by strict monotonicity of F~! and (76), we have
H" (Hg(K*)) =H" (H;(K)) . Thus, the equality case of Theorem 1 gives K * =K. O

forany v e st

v vg<’<*>(y)| dH"™ (y).

4. HYPERBOLIC PROJECTION BODY AND HYPERBOLIC PROJECTION INEQUALITY

4.1. Transformation @, of Hyperbolic space. First, we introduce a transformation from

the Poincaré ball model B” onto R". Let ® : B" — R” be a transformation given by

2
¥ = O(x) = tan Qarctan Jx) —— = ———. (82)
Il 1 = Il
Then its inverse transformation ®~! : R” — B" is
=0 —2—— (83)

1+ T+ b

Let @, := ® o P denote the composite of transformation ® defined in (82) and the Poincaré
ball model projection defined in Definition 7.

By (83), we have
dyi iy - dy)

L+ VTHDIE (14 YT+ D) T+ P

Combining (34), (83) and (84), let |dx|? := dx} + - - - + dxZ, the metric in the Poincaré ball

model

dx; = (84)

2 n . .
ds2:4L2 — Z dyi_ yl(y d)’)
(1= I1xdP) S (1+ VI+1yIP) VT +1IP
ol - 231+ VIR +2 +IIylP - dy)?
y ~\ S y
(1+ VT+IyIP)" (1 + Iyl

|d |2 _ (Yd)’)2
1+ yll?

(85)

By the above equality and the Cauchy-Schwarz inequality, we have

ylPldyl>  dyl?
dy> > ds? > |dy* - = . 86
2 ds™ 2 =T = T P (80)

By (83) and the area formula (see [ 13, Theorem 3.8]), we have the volume element

dx = ! dy. &7

T+ (1+ VT +1bIP)
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By (82) and (83), we have
1= |xP 1
P _ | 58)
2 VI+IyIP+ 1
Combining (36), (88) and (87) we obtain
1
dup, = ————dy. (89)
V1 +(yll?
Therefore, for K € S,(H"),
1
Hpa(K) = ——dy. (90)
®,(K) 1+ [[yll?

Lemma 14. Ler K € S,(H"). Then

1 1
__——@zj“ S o1)
fmpuo 1 +1Iyll? o, 1+ [yl

with equality if and only if S ®,(K) = ©,(K).

Proof. By Fubini’s theorem, we only need to prove that for any y' € @, (K)lg1,

_1 _1
[ e ez [ (e a0
(S, (K))y (@, (K))y
Let
v 2\" %
AW = (L+IYIP+ ) 5 O = Xy, On)-
Then

* *
f] = f1, and f2 = XS Op(K))y >

where f* denotes the symmetric decreasing rearrangement of f (see (18) for specific

definition).
By Hardy-Littlewood inequality (see Lemma 7), we have
[ e mp) ™ an ©3)
((D[)(K))_v’
= ffl(yn)fZ(yn)dYn
R
sLﬁmﬁmm

_1
f (1+ 112+ yal) * dyn.
(SDH(K))y

Moreover, since f; is an even nonnegative unimodal integrable function, the equality in
(93) holds if and only if (®,(K)),, = (S®,(K)),. Thus, the equality in (91) holds if and
only if S®,(K) = O, (K). O

Lemma 15. For K ¢ H", K € S,(H") is equivalent to ®,(K) € S,(R"). Moreover,
K € Sp(H") is equivalent to ®,(K) € Sp(R").
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Proof. By (82) and (83), P(K) is a star-shaped set with respect to origin if and only if
®,(K) is a star-shaped set with respect to origin in R". Moreover, by (82) and (83), we

have
C 2p(P(K). x) \
PO, 0 = T s Y ERNO) 94)
and
p(P(K), x) = PO, 1) x € R"\{o). 95)

1+ T+ XPRA@, (KD, %)
Therefore, p(P(K), ) is strictly positive and continuous in R"\{o} if and only if p(®,(K), -)
is strictly positive and continuous in R"\{o}. Moreover, by (94) and (95), p(P(K), ) is
locally Lipschitz continuous in R"\{o} if and only if p(®,(K), -) is locally Lipschitz contin-
uous in R"\{o}. By [22, Theorem 2.1], a Lipschitz star body (its radial function is locally
Lipschitz continuous in R*\{o}) is a star body with respect to a ball and vice versa. This

shows the desired conclusion. O
Definition 11. For K € S,(H"), its hyperbolic polar body K° is defined by
K =@, ((0,K)) ). (96)
By the above definition and Lemma 15, if K € S,(H"), then K° € S,(H").

4.2. Hyperbolic Steiner symmetrization.
Definition 12. For K € Sz(H"), its hyperbolic Steiner symmetrization S (K) is defined by

$(K) := @, (rgS®,(K)). 97)
where rg € (0, 1] satisfies pj (SV (K)) = tpa(K).

By [22, Lemma 5.1], if K € Sp(R"), then SK € Sp(R"). Moreover, it is clear that
rSK € Sz(R") for r € (0,1]. Thus, the hyperbolic Steiner symmetrization maintains the
property of star bodies, i.e., if K € Sg(H"), then S(K) € Sz(H"). Moreover, by Definition
12, the hyperbolic Steiner symmetrization maintains the invariance of y;,, measure.

Similarly, for compact set K € H", we define the hyperbolic symmetric rearrangement

K* as following
K* = {veH": dS(P().0) < @, (n(K) = pha(Bi(@))} (98)
Next, we prove the convergence of hyperbolic Steiner symmetrizations.

Lemma 16. For any K € Sp(H"), there exists a sequence of directions {u;}° | C ™1 such
that

lim dj (S, -+ S, (K), K*) = 0. (99)

i—o0
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Proof. Since K € Sg(H"), ®,(K) € Sp(R"). By [21, Theorem 3.1], for the compact set
®,(K), there exists a sequence of directions {u;}2, C S" ! and a ball B(r,) ¢ R”" with the

same volume as ®,(K) such that

lim dyy (Su -+ S @p(K), B(ry)) = 0. (100)

Let r; € (0, 1] satisfy
@, (115, ®p(K)) = 8., (K).

Let r, € (0, 1] satisfy
(Dl_yl (rZSug(Dp(Sv I (K))) = Svuzsvul (K)

Repeating the previous argument, we get a sequence of positive real numbers {r;}°, satis-

i=

fying r; € (0, 1] and
O, (riS 1, @p(S i, -+ S (K)) = 808, -+ 81, (K). (o1)
Let 7 := lim;oo(ri7iz1 - - - 1), by (101), (86) and (100),

1im dj (S, -+ S (K), @, (i 11 B(r,))

1—00

= hmdh((l);] (r,---~r1S,,i---SMICDP(K)),q);] (ri"'rlB(ro)))

i—0oo

< dimdy (i 1Sy, -+ Sy ©p(K), 1+ 11 B(r,))

1—00

= Flimdy (S, S.,®y(K), B(r,))

i—0o0

0.

Since iy, , (S’ui e 51,1(1()) = pna(K) for any i € N, K* = @' (7B(r,)). This completes the

proof. O

4.3. Hyperbolic projection body.

Definition 13. For K € Sg(H"), its hyperbolic projection body lg(K) is defined by
y(K) := @, (I(®,(K))). (102)

By (90),

rn—l
Hnn (Ma(K)) = f drdu. (103)

1 Pn(a)p(l())(”)
Pl S e
m(@,(K)) 1 +[ylP st Jo L+7r?

Next, we show that the hyperbolic projection operator Sp(H") — Sg(H") is continuous.

Lemma 17. For K., K; € Spg(H"), i=0,1,2,..., if

lim d (K;, Ko) = 0, (104)
then
lim dj, (Ig(K;), Ig(K)) = 0. (105)
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Proof. By the relation between ds* and |dy|2 (see (86)), if (104) holds, then
lim dy (@p(K), Dp(Keo)) = 0.
By [22, Theorem 2.2] and the above equality, ®,(K;) converges to ®,(K) in radial dis-
tance. Thus by (11), their surface areas satisfy
lim (" (00, (K7) = H" (90,(K.)).-
By the above equality and the continuity of projection operator (see [2 |, Proposition 4.1]),

we have

lim dy (1 (®,(K;)) , T (®(Ko))) = 0. (106)

i—o0

By (102), (86) and (106),

lim dj, (Mzx(K). Mes(Kw)) - = lim dy (@, (T1(®(K0)) @' (T1(@p(Ke0))))

lim dy (I1(@,(K) . TT(D(Keo))) = 0.

IA

This completes the proof. O

The following lemma shows that the rotation invariance of the hyperbolic projection

operator.
Lemma 18. If K € Sp(H") and ¢ € O(n + 1), then
T(¢K) = ¢llz(K). (107)
Proof. For ¢ € 6(11 + 1), there exists a rotation transformation ¢ € O(n) in R” such that
D,((K)) = ¢(Py(K)).

By the definition of hyperbolic projection body (102) and the affine invariance of Euclidean

projection body on Lipschitz star bodies (see [23, Lemma 6.4]), we have

@, (IL(@, @K))) = ;' (11(, ()))
@, (#11(®, (K))) = 9@, (IT(®, (K))) = ¢IT:(K).

Hz(4K)

This completes the proof. O
4.4. Hyperbolic projection inequality.
Lemma 19. For K € Sg(H"), we have

fnn (ME(KD) < i (TS K)), (108)

with equality if and only if K = SK.
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Proof. By Lemma 15, if K € Sp(H"), then ®,(K) € Sp(R"). By [23, Theorem 7.1],

ST (©,(K)) I (S @, (K)). (109)
Therefore,
una (M5 K)) - = f : dy—f S
h.,n = y—— = jgy=——
g 0,(m8K6) T+ VP~ (s ) T+ [P

1 1
[ e Ly,
m(s@,(K0) 1+ [yl ST(@,%0) V1 + [IyIP

1
————dy = i, (Nx(K)), (110)
fn*(mm) N ;
where the first equality is from (89), the second equality from (96), (102) and (97), the first

\%

inequality from rx € (0, 1], the second inequality from (109), the third inequality from (91)
and the last equality is from (89) and (102).

If the equality in (108) holds, then the equality in the first inequality of (110) holds.
This implies rx = 1. By the sufficient and necessary conditions of the equality holds in
(91), S®,(K) = ®,(K). Thus, K = SK. o

Proof of Theorem 2. By the convergence of hyperbolic Steiner symmetrizations (see
Lemma 16), for K € Sp(H"), there exists a sequence of directions {u;};°, C S™ ! such
that the iterative hyperbolic Steiner symmetriztions § wr S ., K converge to K* in hyper-
bolic Hausdorff distance. Then by the continuity of hyperbolic projection operator (see
Lemma 17), the sequence of the hyperbolic projection bodies Iy (S’ we S MIK) converge
to [y (K *) in hyperbolic Hausdorff distance. By the monotonically increasing property of

Hhn (H];I(K)) with respect to hyperbolic Steiner symmetrization (see Lemma 19), we have

pn (ME(K)) < g (TTE(K™)) (111

If there exists u € S"°! such that K # S,K, then by Lemma 19, u;, (Hﬁ(K)) <
ftnn (T5(S ,K)). By (111) and the above inequality, s,y (TT%(K)) < uyn (TIZ,(K* ). There-
fore, if the equality in (111) holds, then for any direction u € §"°!, K = §,K. By the

arbitrariness of u € $"!, K = K*. O

4.5. Hyperbolic projection inequality and isoperimetric inequality on H". In this sec-
tion, we show that the hyperbolic projection inequality is stronger than the hyperbolic
isoperimetric inequality with respect to the transformation @,,.

On the one hand,

pn (U5(K)) = gt (05" (@ (T2(K) ) = pna (@}, ((T10,(K)))) (112)

1 1/h(T1(®,(K))u) el
f ——dy = f f drdu,
1 (0,K) /1 + ||yl s Jo V1 +r?
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where the first equality is from the definition of hyperbolic polar body (96), the second
equality from the definition of hyperbolic projection body (102), the third from (89) and
the last equality from (103) and (13). Let G(¢) := %, t > 0, then Gy is a strictly

decreasing convex function. Let

s> 0,

S
G () ::f dr
? 0 V1+r?

then G, is a strictly increasing convex function. Thus, the composite function G := G; o
G, is a strictly decreasing convex function. Then its inverse function G~! is also strictly

decreasing convex function. Therefore, by (112), Jensen’s inequality, (16) and Fubini’s

( W U Dp(K))ar)  pn=1
f f drdu] (113)
nwy Jgr-1 Vi+r2
af 1
- G 1(n fgl G(h(H((I)p(K)),u))du)
nw, Ln . ( ( p(K)),u) du

|u : V(D”(K)(x)| d?—("‘l(x)J du

theorem,

G-
nwy,

()|

IN

Zn(,t)n gn-1 [ a@p(]()

S f ( f |u~v‘1’r<’<>(x)|du)d7{”1(x)
2nwy Jaw, k) \Jsm

= Lyl (50,(K)).

nwy,

On the other hand, the same reasoning applies to K*, the only difference being the

equality in Jensen’s inequality, we have

G! !
nwy,

Let ¢, := wy_1/(nw,). By (2), (113), (114) and the monotonicity of G~!,

, (H;H(K*))) <G™! (nl

Therefore, hyperbolic projection inequality is stronger than the hyperbolic isoperimetric

, (n{;ﬂ(K*))) ‘”2)17{" H(00,(K%)). (114)

o o a00) - LK) 0 (50,000,

inequality on transformation ®y,.
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