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Abstract In this paper, we establish variational principles for the metric mean dimension of random
dynamical systems with infinite topological entropy. This is based on four types of measure-theoretic
e-entropies: Kolmogorov-Sinai e-entropy, Shapira’s e-entropy, Katok’s e-entropy and Brin—Katok local
e-entropy. The variational principle, as a fundamental theorem, links topological dynamics and ergodic
theory.
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1. Introduction

Mean dimension, introduced by Gromov [11], serves as a novel topological invariant for
dynamical systems. It quantifies the number of parameters per second required to describe
a dynamical system, analogous to how topological entropy measures the number of bits
per second. It especially exhibits some applications in solving the embedding problems
of dynamical systems [12, 13, 21, 24]. Inspired by the definition of Minkowski dimension,
Lindenstrauss and Weiss introduced the metric mean dimension and demonstrated that
it serves as an upper bound for mean dimension. See also some discussions about the
applications of metric mean dimension in estimating the upper bound of mean dimension
for some complex dynamical systems [32-34], some aspects of the analog compression [14]
in information theory, operator algebras and L2-invariants [7, 18, 20]. Notably, both mean
dimension and metric mean dimension are zero when the topological entropy is finite.
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Therefore, they are valuable tools for characterizing the topological complexity of infinite
entropy systems.

Two fundamental kinds of entropies in dynamical systems are the topological
entropy and measure-theoretic entropy, which are interconnected through the well-known
variational principle established by Goodwyn [10] and Goodman [9]:

hiop(T) = sup  h,(T),
pEM(X,T)

where T denotes a homeomorphism from a compact metric space X to itself, and the
supremum is taken over all T-invariant Borel probability measures on X. It is natural to
expect that there are variational principles for infinite entropy systems. The absence of
a role for measure-theoretic metric mean dimension is the main obstruction to obtaining
such variational principles. In 2018, using the foundations of lossy data compression meth-
ods, Lindenstrauss and Tsukamoto [22] established the following variational principles
for metric mean dimension in terms of rate distortion functions:

- su R, poo(e
mdimy (X, T, d) = limsup PueM(X,T) L ©
e—0 | log E|

Additionally, if (X, d) has the tame growth of covering numbers, then for p € [1, 00),

T su RL €
B (X, T, d) = limsup - Peem 1) B (©)
e—0 |log €|

Y

where mdimy; (X, 7', d) denotes upper metric mean dimension of X, Ry, ,,(¢) and R, poc (€)
are referred to as the LP and L*° rate distortion functions, respectively. For an exten-
sion of this result to amenable groups, see [4]. Subsequently, in 2019, Lindenstrauss and
Tsukamoto [23] proved the double variational principles for mean dimension, utilizing
rate-distortion dimension for systems possessing the marker property. Since then, many
researchers have been devoted to obtaining the new variational relations for metric mean
dimension by replacing rate-distortion functions. For instance, Velozo-Velozo [35] proved
an analogous variational principle using Katok’s e-entropy instead of a rate distortion
function, while Gutman and Spiewak [14] derived a variational principle for metric mean
dimension in terms of Kolmogorov-Sinai e-entropy. Additionally, Shi [30] obtained varia-
tional principles for metric mean dimension using Shapira’s e-entropy, Katok’s e-entropy,
and Brin—Katok local e-entropy. Inspired by the work of Feng and Huang, the authors
in [36, 38] introduced the concepts of Bowen and packing metric mean dimensions for
subsets and established variational principles for non-empty compact sets.

The modeling of random dynamical systems arises in some phenomena of physics,
biology, climatology, economics, etc. When uncertainties or random influences, which
we call noises, are taken into account, it not only compensates for the defects in some
deterministic models, but also reveals some rather intrinsic phenomena. The study of
the ergodic theory of random transformations can date back to 1980s, which emerged
from Kifer [15], Crauel [5], Ledrappier and Young [17], Bogenschutz [2], etc. Briefly,
a continuous bundle random dynamical system is a family 7' = (7},). of continuous
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transformations on the fibers of X driven by a measure-preserving system (9, #,P,6)
and is equipped with a induced skew product transformation ® : Q@ x X — Q x X.
Bogenschutz [2] and Kifer [16] proved the variational principle of random topological
entropy for random dynamical systems:
Riop(T) = sup { h,(T) : p is O-invariant | ,

where hy,(T') and hf,,(T) are the measure-theoretic entropy and topological entropy of
random dynamical systems, respectively. Based on the previous work on Z-actions, Ma,
Yang and Chen [27] introduced the mean dimension and metric mean dimension for
random dynamical systems. However, the variational principles for random metric mean
dimension in the setting of random dynamical systems remain still vacant and have not
been built up to now.

For a measurable subset £ C Q x X, the fibers £, = {r € X : (w,z) € £} with w € Q.
Let p € Ep(€) denote the set of all ergodic measures on £ having the marginal P over §2.
Let Px and C% denote the set of partition and open cover of X, respectively. Our aim in
this paper is to formulate some variational principles for random metric mean dimension
of continuous bundle random dynamical systems. The main results of this paper are the
Theorems 3.2-3.6, which can be stated as follows:

Theorem 1.1. Let T be a homeomorphic bundle RDS (random dynamical system) on
& over an ergodic measure-preserving system (0, % ,P,0). Then

Emdimy (7, €, d) = limsup sup  F(u,d,e),
e—0 |1oge| Lempe)

Emdim\(7,€&,d) = liminf —— sup F(u,d, e
mdimy( )= =0 |loge| yemp(e) ( )

where

. r . +BK
F(p,d,e) € diarixl(li)geh“(T’ (Q x a)g)7dimir(1£)§6hu( L(QxU)e) h (T €),h, (T,e)
a€Py UeCk

The definitions of Emdimy (T, €, d), Emdim, (T, E,d) and F(u,d,€) see § 2 and 3.

The aforementioned theorem generalizes previous variational principles of metric mean
dimension in the context of Z-actions [14, 30] whenever the space 2 is just a single
point. There are still some difficulties for us to obtain above theorems from Z-actions
to random dynamical systems. It can be explained as two aspects. One is the local
variational principle of Shapira’s entropy is still missing for random dynamical systems.
The other one is how to link different types of measure-theoretic e-entropies by some
proper inequalities.

This paper is structured as follows. In § 2, we revisit some fundamental definitions that
are essential for our discussion. In § 3, we establish the variational principles, specifically
theorems 3.2-3.6.
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2. Preliminaries

2.1. The setup of random dynamical systems

In this subsection, we recall the settings and related notions of random dynamical
systems investigated in [1, 5, 15].

Let (Q,.%,P,0) be a measure-preserving system, where (Q,.%,P) is countably gen-
erated probability space and 6 is an invertible measure-preserving transformation. We
always assume that % is complete, countably generated, and separates points. Hence
(Q,.Z,P) is a Lebesgue space. Let X be a compact metric space endowed with the Borel
o-algebra Zx. This endows 2 x X with the product o-algebra # ® Zx. For a measurable
subset £ C Q x X, the fibers £, = {x € X : (w,z) € £} with w € Q are non-empty com-
pact subsets of X. A continuous (or homeomorphic) bundle random dynamical system
(RDS for short) over (Q, F, P, 0) is generated by mappings T, : £, — g, with iterates

T _ Tyn-1,0---0Tp, 0T, ifn>0
w id, ifn=0

such that (w,z) — T,a is measurable and = — T,z is continuous (or homeomorphic,
respectively) for P-almost all w. The map © : £ — £ defined by O(w,z) = (w, T, x) is
called the skew product transformation.

A finite family U = {U;}}_, of measurable subsets of Q x X is said to be a cover if

Ox X = Ule U;, and for each i € {1,--- |k} the w-section
Uiw) ={reX:(wz)elU;} CX

is a Borel set of X. This implies that U(w) = {Ui(w)}f:1 is a Borel cover of X. A
partition of 2 x X is a cover of 2 x X whose elements are mutually disjoint. An open
cover of 2 x X is a cover of {2 x X whose w-sections are open sets. Denoted by Pox x,
Caxx and ng x the set of all finite partitions, finite covers and finite open covers of
Q x X, respectively. Specially, by ng + we denote the set of U € C§, y formed by
U = {Q x U;} with the finite open cover {U;} of X. The notions Pg, Cg, C2 and Cg/
denote the restriction of Poxx, Caxx, ng y and C’gx x on &, respectively. Given the
covers £ € Cq and W € Cx, we sometimes write (2 X W)e ={(Qx W)NE: W € W}
and ({ x X)g ={(Ax X)NE: A e} Given two covers U, V € Caxx, U is said to be

finer than V (denote as U = V) if each element of U is contained in some element of V.
The join of Y and V is defined by U VYV = {UNV :U €U,V € V}. For a,b € N with
b

a<band U € Cqyxx, we define U’ = \/ O "U.

We collect some examples of continuous bundle RDSs below.
Example 1. Among interesting examples of continuous bundle RDSs are random
sub-shifts, which appeared in the literature [3, 16]. Let (2,.%#,P) be a Lebesgue space

and 6 : (Q,.7,P) —» (Q,.%,P) an invertible measure-preserving transformation. Set
X ={(2;)iez : ¥; € NU{+00},i € Z}, a compact metric space equipped with the metric
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1
21l

ot =y,

d((z:)iez, (Yi)icz) = Z

i€Z

and let F: X — X be the translation (2;);ez — (Zi4+1)iez. Then, the integer group Z
acts on (Q x X,.# ® %x) measurably with (w,z) — (6'w, F'x) for each i € Z, where
AByx denotes the Borel o-algebra of the space X. Now let £ € .F ® %Bx be an invariant
subset of Q2 x X such that &, C X is compact for P-a.e. w € Q. This defines a continuous
bundle RDSs, for P-a.e. w € Q, F; , is just the restriction of F'* over Eyi,, for i € Z.

A very special case is when the subset £ is given as follows. Let k£ be a random N-valued
random variable satisfying

0< / log k(w)dP(w) < oo,
Q

and, for w € P, let M(w) be a random matrix (m;;(w) : ¢ = 1,-- k(w),j =
1,--- ,k(6(w))) with entries 0 and 1. Then the random matrix M generates a random
sub-shift of finite type, where

&= {(w’ (I’i)iEN) fweE Q7 1<z < k(elw)’mwl, (elw) = 17Z € Z} .

Tit+1
It is not hard to see that this is a continuous bundle RDS.

Example 2. There are many other interesting examples of random dynamical systems
coming from smooth ergodic theory, see for example [19, 25]. Let M be a C'°° compact
connected Riemannian manifold without boundary and C"(M,M), r € Z; U {+o0}
the space of all C'" maps from M into itself endowed with the usual C" topology and
the Borel o-algebra. Let (Q2,.%,P) be a Lebesgue space and {¢; : @ — C" (M, M);>0}
be a stochastic flow of C"(M, M) diffeomorphisms. It is well known that every smooth
stochastic differential equation (SDE) in the finite dimensional compact manifold has a
stochastic flow of diffeomorphisms as its solution flow. When the SDE is non-degenerate,
it has a unique stationary measure, which is ergodic and equivalent to Lebesgue measure.

2.2. Metric mean dimension of RDSs

In this subsection, we recall the definitions of topological entropy [2, 15] and metric
mean dimension introduced by Ma et al. [27] for continuous bundle random dynamical
systems.

Let w € Q, n € N and €>0. For each z,y € &, the n-th Bowen metric d* on &, is
defined by

d?(x,y) = max{d(T\z,Tly) : 0 < i < n}.
Then the (n,e,w)-Bowen ball around z with radius € in the metric d¥ is given by

Baw (v, e) ={y € &, : dy (w,y) <€}
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Fix w € Q and let o = {A; : 1 <i <m} be a finite open cover of &,. We define the
mesh of a with respect to the metric d¥ as follows

diam(e, d¥) = max diam(A4;,dY),

where the diameter of a set A; with respect to the metric d¥ is given by

diam(A4;,dY) = sup {d¥(z,y) : x,y € A;}.
Let #(€,w,e,n) = inf {|a|: a € C¢ ,diam(a,d¥) <e}. A set E C &, is said to be
an (w,e,n)-separated set if x,y € E, x#y implies that d¥(z,y) > €. The maximum
cardinality of (w, €, n)-separated sets is denoted by sep(€,w, €,n). A subset F' of &, is said
to be an (w, €, n)-spanning set if for any x € &,,, there exists y € F such that d¥(z,y) < e.
The smallest cardinality of (w, n, €)-spanning sets is denoted by span(&,w,n,€). Let

S"(€,w, €) = limsup 1 log #(&,w, €,n).
n—oo T

Set
S'(&,€) :/S/(é',w,e)dIP’(w). (2.2)

The quantity (2.2) is non-decreasing as e — 0. One can define a quantity to measure how
fast S'(&, €) increases as follows:

/
Emdimy (7, €, d) = lim sup S(E,¢)

, 2.3
=0 |loge] (23)

| (€
Emdimy (T, €, ) = lim nf - 1E)g e|) '

We call (2.3) the upper and lower metric mean dimension of € for RDSs, respectively.
It is easy to show that

#(E,w,2¢,n) <sep(&,w,e,n) < #(E,w,e,n). (2.4)

Notice that sep(&, w, €, n) is measurable in w [16, lemma 2.1]. Then metric mean dimension
can also defined by separated sets. Set

1
S(€,w,€) = limsup - logsep(&,w, €,n)

n—oo

and

h;‘op<T’5ada€) :/S(S,W,6>dp(w>.
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By (2.4) and the fact that ‘Ilgoggl‘ =1, we have

T,E,d,
Emdimy (7T, €, d) = lim sup M,
e—0 | log E|
T, E,d
Emdim,, (7, &, d) = lim inf M
€0 |log €|

Clearly, the metric mean dimension depends on the metrics on X and hence is not
topologically invariant. Furthermore, Ma et al. [26] proved that any finite entropy systems
have zero metric mean dimension in the setting of random dynamical systems. So metric
mean dimension is a useful quantity to describe the topological complexity of infinite
random entropy systems.

3. Variational principles for metric mean dimension

In this section, we establish four types of variational principles for metric mean dimension.
The main results are Theorems 3.2-3.6.

3.1. Variational principle I: Kolmogorov-Sinai e-entropy

In this subsection, we first introduce the local variational principle for the topological
entropy of a fixed finite open covers in terms of measure-theoretic entropy of a fixed finite
open covers given in [6, 26]. Subsequently, we prove the first main result Theorem 3.2 by
using the local variational principle of RDSs.

By Pp(Q2x X) we denote the space of probability measures on Qx X with the marginal P
on Q. Let Pp(€) = {u € Pp(Q x X) : u(€) = 1}. It is well-known [5, proposition 3.6] that
w € Pp(€) on &€ can be disintegrated as du(w, ) = du,, (z)dP(w), where p, is the regular
conditional probabilities with respect to the o-algebra Z¢ formed by all sets (A x X)NE
with A € #. The set of O-invariant measures p of Pp(€) is denoted by Mp(E). By
Bogenschutz [2], the measure p € Mp(€) if and only if T}, p, = g, for P-a.e. w. And the
set of ergodic elements in Mp(E) is denoted by Ep(€). This means that p,, is a probability
measure on &, for P-a.e.w and for any measurable set R C &, u,(R(w)) = u(R|F¢),
where p(R|.Z¢) is the conditional expectation of the characterization function 1x of R
with respect to Zg, R, = {z € &, : (w,z) € R;} and so pu(R) = [ p,(R(w))dP(w). Let
R = {R;} be a finite measurable partition of £ and R;(w) = {z € &, : (w,z) € R;}. Then
R(w) = {R;(w)} is a finite partition of &,. Set Fg ={(Ax X)NE:Ae F}.

The conditional entropy of R for the given o-algebra .Z¢ is defined by

H,(R|e) = /ZN (Ri|.Ze) log (R |- Ze ) dP(w / dP(w),
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where H,, ,(P) denotes the usual partition entropy of P. Let p € Mp(E), £ € Pg and
define

n—1
B(T.€) = lim ~H, (\/(@f)—lg@g)

n—oo n .
=0

Jim [ 1, (\7 (Tzrlaeiw)) AP(w),
=0

where the limit exists due to the subadditivity of conditional entropy[15]. If P is ergodic,
r 1 n—1(mi\—1¢(pi
then A, (T,§) = nh_>ngo ﬁHMw (\/Z.:0 (1) f(ﬁzw)) for P-a.e. w.
Let U € C2 and pu € Mp(E). We define the measure-theoretic entropy of open cover U
w.r.t. W as

PATU) = o (T, ).

For each U € C’g/, it is not difficult to verify (see [2, 6, 15]) that infimum above can only
take over the partitions @ of £ into sets @; of the form Q; = (2x P;)NE, where P = {P;}
is a finite partition of X.

Let U € CZ, n € Nand w € Q. Put

n—1
N(T,w,U,n) = min {#F : F' is a finite subcover of \/ (TE)"'U(H'w) over Ew} ,
i=0
By the proof of [16, proposition 1.6], the quantity N (T, w,U, n) is measurable with respect
to w. The Kingman’s subadditive ergodic theorem then gives us the following:

1
B (TU) : = / lim - log N(T, w, U, n)dP(w) (3.1)

n—o0o N

= lim l/1ogN(T,(.u,Z/l,n)d]P’({,u),

n—00 N

and (3.1) remains valid for P-a.e w without taking the integral on the right-hand side if
P is ergodic.

The proof of the variational principle I as stated in Theorem 3.2 is based on the
random version of the local variational principle for entropy of a fixed open cover. Local
entropy theory for deterministic dynamical systems has been studied by Romagnoli [28]
and proved by Glasner and Weiss [8]. In the case of random dynamical systems, authors
[6, 26] established the following local variational principle.
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Theorem 3.1. Let T be a homeomorphic bundle RDS on £ over a measure-preserving
/
system (Q, Z,P,0). If U € CZ, then

(T,U) = max_h (T,U).

to
v pEMp(E)

Additionally, if P is ergodic, then

h,’;op( U)= sup hT(T U).
HEEP(E)

Given a finite open cover U of X, We define diam(Uf) as the diameter of U, i.e., the
maximal diameter of the elements of /. The Lebesgue number of U, denoted by Leb(U),
is the largest positive number ¢ with the property that every open ball of X with radius
¢ is contained in an element of U.

Lemma 3.1 ([14, lemma 3.4]). For any compact metric space (X,d) and €> 0,
there exists a finite open cover U of X such that diam(U) < € and Leb(U) > §.

Lemma 3.2. Let 0 = {4;} be a finite open cover of X. Let U = (Q X 0)g =
{(¥x A;,)NE: A; € o} be a finite open cover of £. Then for each fized w,

S(E,w, diam(e)) < lim ~ log N(T}w, U, n) < S(E,w, Leb(a)). (3.2)

n—00 N

Proof. One can obtain the desired result by using
sep(€,w, diam(c),n) < N(T,w,U,n) < sep(&,w, Leb(o),n).
O

Theorem 3.2. Let T be a homeomorphic bundle RDS on &£ over a measure-preserving
system (Q, #,P,0). Then

Emdimy (7, €, d) = lim sup su inf  AL(T,(Q X a)g),
M( ) e—0 |10g6| ;LGMP(S) dlam((x)<e, H( ( )8)

1
Emdim,(7,€,d) = liminf ——  sup inf  AL(T, (2 X a)g).
M( ) e—0 ‘10g6| HEMp(E) dlam(a) €, H( ( )8)
Px

Additionally, if (2, F,P,0) is ergodic, then the results are also valid by changing the
supremum into sup,c g () -

Proof. It suffices to show the variational principles hold for Emdimy (T, &, d). Let

€>0. From Lemma 3.1, there exists a finite open cover U of X such that diam(U) < €
and Leb(U) > §.
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Note that, for any finite Borel partition « of X satisfying a = U, we have diam(«) < e.
By Theorem 3.1, we obtain

sup inf  AL(T,(Qxa)g)< sup inf AL (T, (2% a)g)="hi,(T,(QxU):e).
Byt T XS s B, W03 0e) = iy T2 X200
X

(3.3)

Using Lemma 3.2,
hop(T, (2 x U)e /S (&, w,Leb(U))dP(w /S (&, w, d]P’ (w). (3.4)

It follows from inequalities (3.3) and (3.4) that

sup inf Ay (T, (2 x a)e /S (w).

eMp(E diam(a)<e,
K P( ) a€Px

So we get

lim sup sup inf  A5(T, (2 x a)g) < Emdimy(T, €, d).
e—0 \log 6| NGMP(S) dlam(a) e, P«( ( )E) M( )
Px

On the other hand, for every finite Borel partition « of X such that diam(a) < £, we

have o > U. Then Theorem 3.1 and Lemma 3.2 give us

£
87

sup inf AL (T,(2xa)g) > sup inf K (T,(Q x a)e)
neEMp(£) diam(a)< g, neMp(E) o2
(XEPX X

7hrrf-op( (qu))
/Sé’wdlam ))dP(w /SSwedIP’)

which yields the desired results. If (2, %#,P,0) is ergodic, one can get the variational
principles by the similar arguments. (]

3.2. Variational principle II: Shapira’s e-entropy

In this subsection, we introduce the notion of Shapira’s entropy in the setting of ran-
dom dynamical systems and prove Theorem 3.3, which reflects the relationship between
Shapira’s entropy and the measure-theoretic entropy of a fixed finite open cover U for
random dynamical systems. Using this result, we can establish the variational principle
of Shapira’s e-entropy.
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LetU = {Uv;}f:1 be a finite open cover of £ and p € Ep(€). Givenw € Qand 0 < § < 1,
we define

N, U, 5) = min{#] e (U U,»(w)) >1— 5}.

icl

In order to define Shapira’s entropy of random dynamical systems, we need to prove the
measurability of N, (U, ).

Proposition 3.1. Let T be a continuous bundle RDS over a measure-preserving
system (Q, F,P,0). Let U € C2. Then the function w — Ny, (U,5) is measurable.

Proof. For every ¢ >0, we have

Qg = {w: Ny (U 0) = g}

= U {w:uw<UUi(w)>>1—5}m N {w:uUJ(UUi(M))Sl—é}.

#I=q, iel #J<q, =
Ic{1, #U} JC{1, #U}

For each I C {1,---,#U}, the graph(Aj)= {(w,z) : 2 € U;c; Ui(w)} = UierU; NE is a
measurable set of Q x X. By [5, corollary 3.4], the map w — u,,(U;(w)) is measurable.
Then €, is a measurable set of 2. This implies that w +— N, (U, §) is measurable since
the map only takes finite many values. 0

Using proposition 3.1, we can define Shapira’s entropy of U € C2 with respect to yi as

-5 — 1 n—
h, (T,U) := lim hmsupf/logNuw(Z/lO L8)dP(w).

0—0 nosoco N

1
B (T,U) := lim liminf — / log Ny, Uy, 8)dP(w).

6—0 n—oo N

If the limit supremum and infimum agree, we denote the common value by hﬁ (T,U).
By the above definition, the essence of Shapira’s entropy is the alternative of
Katok’s entropy defined by open covers. The Lemma 3.3 states the well-known
Shannon-McMillan-Breiman Theorem for RDSs [39]. The result of topological dynami-

cal systems can be seen in [31]. For § € Pg and n € N, denote by Af ,(z) be the atom of
V20 (TE) = €(#'w) containing the point z € &,.

Lemma 3.3 (Shannon-McMillan-Breiman Theorem). Let T be a continuous
bundle RDS on & over a measure-preserving system (0, % ,P,0) and p € Mp(E). Then
for any & € Pg, we have
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(1)
tm 1, (\/ (1) €0 @)

=E,(r|T)(w,z) p—a.e.and in Ll(,u),
where Iﬂw(v?;ol(Tﬁ)flf(in)) = —log . (Ag,(x)) is the information function,

r(w, ) = I, (&l \/1 1(T")71§(0iw ) and 7 is the o-algebra of ©-invariant sets;

(z
(2) h(T,8) = [ Hyy (§(@)| Vi, (T) 71E(0'w))dP(w);
(8) if pis ergodic, then

lim . log pw(AZ () = hy,(T,§)  p—a.e.and in L' (p).
n :

n—oo

Adapting the ideas from [29] and [37, lemma 6.1], the following theorem establishes the
bridge between Shapira’s entropy and measure-theoretic entropy of a fixed finite open
cover U for random dynamical systems.

Theorem 3.3. Let T be a homeomorphic bundle RDS on £ over a measure-preserving
system (Q, F,P,0). LetU € C2 and p € Ep(E). Then

—S S S _ 7
R (T\U) = BS(T,U) = hs (T, U) = h(T,U).

Proof. Step 1: We prove h%(T,U) > &, (T,U).
Take any finite measurable partition £ of £ such that £ = U. According to Lemma 3.3,
there exists F' C & such that u(F) = 1 and for each (w,z) € F,

lim L log 1o (A7, () = B (T, ).

n—oQ

Fix w € mq(F) and let a > 0. Set

)

1
Ly = {x € &yt ——log (AL, (z) < b (T,6) + a,Vm > n} .
m :

By Lemma 3.3, p,(Ly,n) > 1 —06 for n sufficiently large. Fix n and choose a finite subset
Gom = {a:l, cee L T, n} of Ly, such that L, ,, C US°J " A} . (x4). Since the sets Agw(%‘)
are distinct and p,, measure of each member of them is not “less than exp(—n(hy(T,§) +
a)), then

#Gom = S0 < exp(n(h,(T,€) + a)).

Note that g, (Ly,n) > 1 — 9§, we have

Ny UG™,6) < Npupy (€7,6) < exp(n(B,(T,€) + a)). (3.5)
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Thus for any a >0

lim sup 1 / log Ny, Uy, 8)dP(w) < hY(T,€) + a.
n

n—oo

Letting a — 0, we obtain

1
lim sup — / log Ny, Uy, 6)dP(w) < B3 (T, ).

n—oo 1N

Taking infimum over £ = U and § — 0, we have
—S r
h, (T,U) < i, (T,U).

Applying the approach from [37, lemma 6.1], we have

Claim 1. For any V € C¢ and 0 < § < 1, there exists B € Pg such that 3 =V and
Ny, (8,0) < N,,(V,6) for P-a.e. w € Q.

Proof. Let mq : (£, Ze,1,0) — (Q,.Z,F,0) be a factor map. Let V = {V;,--- ,V,} €
CZ. For P-a.e. w € Q, there exists I, C {1,---,m} with cardinality N, (V,d) such that
tw(Uier, Vi(w)) > 1 — 4. Hence we can find wy, -+ ,ws € Q such that for P-a.e.w € €,
I, =1,, for some i € {1, -+ ,s}. Fori=1,--- s, define

Q=weQ:p,(|J Viw)>1-35

jefwi

Let C1 = @y, Ci = Q\U;Z} Q. i = 2,-++,s. Fix i € {1,--+,s}. Assume that I, =
{k1,--- ,k‘ti}, where t; = Ny, (V,d). Take {ijﬂ ,W:;i} such that

Wt = Vi, W3 = Viy \ Vi, W = Vi, \ U Vi

Define A := & \ (u;;l(wglci N uy:lwfj)). Set Ay = ANV, A== An (Vi \UZLV;),
l=2,---,m. Finally, take

B= {77516’1 AW gt CL N W g PO NS g POy NS Ay ~,Am} :

Then § =V and Ny, (3,9) < N, (V,0) for P-a.e. w. O

Definition 3.1. A measure-preserving system (X, B, u,T) is said to be aperiodic, if
for everyn € N, u({z|T"x = x2}) = 0.
Lemma 3.4 (Lemma 1.5.4 in [30]). If§ < 1, then (I;) < 20O where
J<6K
H(6) = —dlogd — (1 —0)log(l—9).
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The following lemma is the strong Rohlin Lemma [29, lemma 2.5].

Lemma 3.5. Let (X,B,u,T) be an ergodic, aperiodic system and let « € Px. Then
for any 6> 0 and n € N, one can find a set B € B such that B, TB, ---, T""'B are

mutually disjoint, (U;:Ol TiB) > 1 — ¢ and the distribution of « is the same as the

distribution of the partition a|p that o induces on B.

The data (n,d, B, a) will be called a strong Rohlin tower of height n and error 6 with
respect to a and with B as a base.
Step 2: Our aim is to prove

r S
h#(T, U) < h, (T,U)

where y is an ergodic measure and U € C2.
Case 1: If the system (&, Z¢, u, ©) is periodic, then p is supported on a periodic point
of ©. In this case, it is straightforward to see that

r S
BE(T,U) = hS(T,U) = 0.

Now, we can assume that the system is aperiodic. Let U = {Uj,--- ,Up} be a open
cover of £. For fixed n € N, by claim 1, we can find a partition 5 € Pg such that
B = Uy, There exists a subset A of £ such that u(A) < p and for any (w,z) € A, we
have N, (8,p) < N, (U™, p). Choose § >0 with 0 < p + & < 1/4. By Lemma 3.5, we
can construct a strong Rohlin tower with respect to 8 with height n and error less than
8. Let B denote the base of tower and B = B\ A. That is

e the sets {B,0B,---,0" 1B} are disjoint and pu(U'-}O'B) > 1 — §;
o 1(A) = pp(A) for any A € .

Note that g is constructed according to Claim 1, we get that A is the union of the atoms
of B. Since the distribution of 8 is equal to the distribution of 85, we have u(B) >
(1 — p)u(B). Define E = U''©'B, then u(©°B) > (1 — p)u(©'B) and hence u(E) >
1-0)1=p)=1—=@0+p)+d-p>1—(6+p).

Since Bz = L[g“l, there exist sequences ig, -+ ,ip—1 and By, .. ; | € B| 5, such that
@jBiO,..‘Jn_l C Uij forevery 0 < j<n-—1.Let a= {Al, . ,AM} be a partition of F
defined by

Ay, = U{@sz‘o,~~.,in_1 0<j<n—1,4 = m}.

Note that A,, C U,, for every 1 < m < M. Extend & to a partition « of £ in some way
such that o = U and #a = 2M.
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Set n* = p + 4. For large enough k > n large enough, define

= _
x) = Z Z 15(0%(w,x))
i=0

and Ly = {(w,z) € E: fu(w,x) >1—n?}. By Birkhoff ergodic theorem, we have
[ frdp >1—n* and

2u(Li)§/ 1—fkdus/1—fkdu§n4.
L¢ I

k

It follows that u(Lg) > 1 —n?. Since E is measurable, Lj is measurable with respect to
(w,z) € €. For all j > k, take

Ji = {(w, ) € £:pu (AL, (2)) < exp(=(h}(T, ) = n)i) } )

{w x)e&: ‘ Zlog g, Z,lgb—l,p)lB(@i(w,x))—/logNuw(L{gf—l’p)lB(w,x)du'Sn}.

Applying Lemma 3.3 and the Birkhoff ergodic theorem, we conclude that u(Jy) > 1 —n?
for k sufficiently large k. Then by [5, corollary 3.4], the set

{(@,2) € € : (Al (@) < exp(—(HE(T,a) — )j), V) > k} |

is measurable. Since N, (Z/{g‘_l,p) is measurable with respect to w € §2, then the
function N, (U ™', p) is measurable with respect to (w,z) € & by [5, lemma 1.1].
And 15(0"(w,z)) = lg-ig(w,x) is a measurable function. Then Jj is measurable.

Set Gy = Ly N Jy, then Gy is measurable and u(Gy) > 1 — 2n%. Define G =
{(w,x) € Gk : pw(Gr(w)) > 1 — 4n}, we have

GSNE={(w,z) € Gy : pu(G§(w)) >4y U (G5 NE).
Therefore,

W(GENE) A0 < [ alGi)dP + u(G}) = 2u(GF) < 4

ie., u(GENE) <
Fix w € WQ(Gk
and set

7.
) and choose a sufficiently large k >n. Let 0 < iy < --- <4, < k —n,

C, ={r € Gr(w): Ttz € B(0w), -, Timz € B(#™w)}.

Because each element of this partition corresponds to a collection of subintervals of
[0,k — 1] of length n, which covers all but at most n°k + 2n elements of [0,k — 1] in a
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one-to-one manner, we have the number of elements in the partition of G (w) is bounded

above by
> .0)
i)

j<n2k+2n

In the sequel, we will want to estimate the number of afi~! (w)-elements needed to cover

it. If0 <4y < -+ <4y, < k—n are the times elements of C,, visit B(0"lw),--- , B(0"™w),
_ jj+n—1

then we need at most N"gij Ut p) "

w

of [0,k — 1]\ U;[i;,i; +n — 1] is at most 7%k + 2n, we need at most H;-”:lN#ej (/O

(w)-elements to cover C,,. Because the size

2 - ;
(2M) 7R H2n o1 (w)-elements to cover C,,. Since Gy C Ji, we know that G, (w) can be
covered by no more than

(5 e g
j<r]2k+2n
af ™! (w) elements. By Lemma 3.4, the above equation (3.6) less than

ekH(n2+2n/k) . (QM)n2k+2n . oF(/B 1og Ny, (U(T)L*l,p)d;&n).

Note that w € mo(G}), then we have

1—4n < 1, (Gr(w)) <
exp(—(hy, (T, a) = n)k) - exp(kH (n* + 2n/k))-

(2M)n2k+2n - exp (k(/ log N,,,, (Z/{{)L*l, p)lp(w,z)dp + n)) . (3.7)
Combining with (3.7), we obtain
hi (T a) <n+ H(n?) +n*log(2M) + / log Ny, (Ugil, p)lp(w,x)du+n
< 20+ HOP) + o log(2M) + - [ log Ny (U5 ™ ) Lis(w. )i
< 20+ HOP) + P log(2M) + [ 1og Ny U5 )L (0, 2) )
<20+ HOP) + 7 og(2M) + - [ og N, U5~ p)P(w).
Letting n — oo and then p — 0, we get

hE(T,U) < BE(T,a) < B (T, U).
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Theorem 3.4. Let T be a homeomorphic bundle RDS on £ over an ergodic measure-
preserving system (2, %#,P,0). Then

Emdimy (7, €, d) = limsup ——

sup inf  AS(T,(Q xUg).
0 |loge| yemp(e) diam(U)<e, w1 Je)
uec

Emdim, (7, &, d) = liminf ——  sup inf  RO(T,(Qx U)e).
M( ) e—0 \loge| HGE]P,(g)diam(l/{)ge, “( ( )5)
UeC%

Proof. Fix € >0 and p € Ep(E). Then by Theorem 3.3, we have

inf S(T, (Q = inf WA(T.(Q
dian}?l/{)ge’ hu( ’ ( % u)é’) diarri?u)ﬁe, M( ’ ( x u)g),
UEC% MEC%

= inf (T, (Q
diam(lj?ﬁé,aiuhu( ’( . 04)8)

> inf (T, (2 x a)e). (3.8)

diam (o) <e,
a€Py

By Lemma 3.1, we can choose a finite open cover U’ of X with diam(U’) < e and
Leb(U') > §. Then

: S S
ol BT U)e) < (T (0 x U)e)
UeC

= h,(T, (2 xU")g), by Theorem 3.3
inf Ay (T, (2 x a)e)
aru ,aePy
< inf Ay (T, (2 x a)e). (3.9)

o diam(a)gg,
a€Py

We finally get the desired results by the inequalities (3.8), (3.9) and Theorem 3.2. O

3.3. Variational principle III: Katok’s e-entropy

In this subsection, we prove the third main result by replacing Shapira’s e-entropy with
Katok local e-entropy. Given pu € Mp(E), let

Ngw(n,e) :min{j D e <U Bdoﬁ(a:i,e)> > 1 —(5}.

=1
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Based on proposition 3.1, we similarly obtain the measurability of IV, gw (n,€) and define
the upper and lower Katok’s e-entropies of i as follows

6—0 n—oo N

1
hK(T €) = lim limsup — /log Ngw (n, e)dP(w),

§—0 n—oco N

hK(T €) = lim lim inf 1 /log Niw (n, €)dP(w).

Theorem 3.5. Let T be a homeomorphic bundle RDS on £ over an ergodic measure-
preserving system (2, % ,P,0). Then

Emdimy (7, €, d) = limsup sup
e—0  |logel ems(e)

Emdim,(7,&,d) = liminf ——  sup h
M( ) e—0 ‘10g6| HEER(E) ( )

K
h, (T,e),

The results are valid if we change Ef(T, €) into ﬁf(T, €).

Proof. It suffices to show the results hold for Emdimy (T, €, d) since the second one
follows similarly. Fix €>0. Let 0 < § < 1 and u € Ep(E). Let U = {Uy,--- ,U;} be a
finite open cover of X with diam(U) < €. Then the family U (w) formed by the sets UNE,,
with U € U is an open cover of &,. This implies that each element of \/!'_, YT U0 w)
can be contained in an (n, €, w)-Bowen ball. So

Ngw (n,€) < Ny, ("\_/ (Ti)—llJ(in),(S) .

i=0
This shows

By (Tye) < ot o (T, (Q x U)e). (3.10)
uec

By Lemma 3.1, we can choose a finite cover U of X such that diam(U) < e and Leb(U/) >
£ Since each (n, §,w)-Bowen ball is contained in some element of \/?; (T~ U(0'w),
then N,,,, (V1o (T7) " 'U(0w), ) < N _(n, §). This shows

-

i <

dianigj)ge, BT (@ x Ue) <
uec

h, (T, Z)' (3.11)

Since 1 € Ep(&), we have ﬁi(T, (QxU)g) = hii (T, (2xU)¢g) by Theorem 3.3. Therefore,
by inequalities (3.10), (3.11) and Theorem 3.4, we get the desired results. O
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3.4. Variational principle IV: Brin—Katok local e-entropy

In this subsection, we borrow the Shannon-McMillan-Breiman theorem of random
dynamical systems and Theorem 3.5 to establish the fourth variational principle for
metric mean dimensions in terms of Brin—Katok local e-entropy.

Let p € Mp(€), w € Q and z € &,. Put

- 1
hBK(T7 z, 6) = lim sup —— IOg /J'w(Bd% (37, 6))a
n

Hw
n—oo
. 1
bz (T, €) = lim inf ——~ log (B («,©)).

n—oo

We define the upper and lower Brin—Katok local e-entropies of p at x as

—BK —BK
h, (T,e€) :/h#w (T, z,e)dp(w, ),

BK BK
@(ﬂd:/mw@mQWWw)

The Brin-Katok’s entropy formula for RDS is given by Zhu in [40, theorem 2.1][39,
theorem 2.1]. When p € Mp(&), they stated that

. 7BK . 1 BK r
15% h, (T,e)= elgr(l)ﬁu (T, €) = hy,(T).

. . . . TBK T BK g .
In particular, when p is ergodic, 25% by, (T,z,€) = ll_r)r(l)ﬁw (T,z,€) = hy,(T). We give

the following equalities for given € > 0.

Proposition 3.2. Let T be a continuous bundle RDS on £ over a measure-preserving
system (Q, F,P,0). If u € Ep(E), then for every e > 0,

—BK —BK BK BK
by, (T,z,€) = h, (T,¢€) and B (T,z,¢) = h, (T,e) (3.12)

for p-a.e (w,x).

Proof. Let p € Ep(E). By [5, proposition 3.6], u can be disintegrated as du(w,z) =
dpi,(2)dP(w). Here the definition of p, can see [5, defintion 3.1]. Let F(w,z) :=

Efj{(T,x, €). Fix n € N and w € Q, we have

By (x,€) = N2 (T) " (B(Thw,€) N &)
= Tujl(m?:_f (ngl)il(B(ngl(wa)vf) n 50];19“))) N (B(x,e) N &)
- Tulede (waa 6)7
n—1
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and hence ji,(Bgw (7,€)) < po (T B oo (Tow,€)) = pigw(Byow (Tuw,€)) for P-ae w by
n—1 n—1
using the fact T, ., = pgw. This shows for p-a.e (w,x)

F(w,x) =hy (T,x,6) > by (T.T,z,€) = F o 0w, x).

Since p is ergodic, this shows for p-a.e (w,x) Eff(T, x,€) = EfK(T, €). O
Theorem 3.6. Let T be a homeomorphic bundle RDS on £ over an ergodic measure-

preserving (Q, #,P,0). Then

Emdimy (7, €,d) = limsup ———  sup EfK(T, €),
0 |logel yenrp(e)

Emdimy (7, &,d) = liminf ——  sup h (T, €).
0 [loge| uenmp(e)

Moreover, both Mp(E) in the above equalities can be replaced by Ep(E).
Proof. Givene>0and u € Mp(E), choose a finite Borel partition £ of X with diam¢ <

€. By Lemma 3.3, we have

[ i~ og (e, o)) dn(o,0) = BT, (2 €)e).

n—00

It is clear that A7 () C Bgw(z,¢€) for every n € N. Then

(Qx8)e

[ timsup o (B (0. )t ) < [ i 1o 1 (A o (0)) il )

n—oo n—oo

Moreover
—BK v
h“ (T,e) < hu(T, (Qx&e).

Therefore,

— 1
Emdimy (7, €,d) = limsup ——  sup inf _ h, (T, (2 x §)e), by Theorem 3.2
e—0 | IOg 6| pEMp(E) dlgam§<e
Px

> lim sup sup h (T,e).
e—0 |1oge| Lenrpe)

We next verify the converse direction. By (3.12), there exists a p-full measure set £ C
Q x X so that for (w,z) € E,

1 _
lim sup - log p(Baw (2, €)) = th(T, €).

n—oo
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Note that P(nqFE) = 1 and pu(E) = waE tw (E(w))dP(w) = 1, where E(w) = {x € &,
(w,z) € E}. Then we can obtain that u,(E(w)) =1 for all w € mqF. Given w € moFE,
p>0and n € N; set

1 —BK
Gy, = {x € Ew): fﬁlogpw(Bd% (z,€)) <h, (T,e)+ p} .

Let 0 < § < 1. Then for all sufficiently large n € N (depending on 6,w,p), one has
tw(GS ) > 1 —0. Let H, be a maximal (w, 2¢, n)-separated subset of Gj, . Therefore

it is also an (w,2e,n)-spanning subset of G, , and the family {Bdw (z e) S Hn} is

pairwise dispmt It follows that pu, (U, cp,, Baw(z,2€)) > p,(Gy ) > 1~ 0 and

—BK
4, e (Tete) < Z fieo (B (2, €)) = pas( U Bys(z,€)) < 1.
r€Hp r€Hn

—BK
Then N (n,2€) < #H, < ""n (T9)_ This yields that

—BK 5
h, (T,e)+p> / lim sup flogN (1, 2¢)dP(w)

mE n—o0 n

5
/hm sup — log N, (n, 2€)dP(w)

n—oo

1
> lim sup — /log Ngw (n,2¢)dP(w), by Fatou’s lemma.

n—oo M

Letting 6 — 0 and then letting p — 0, we obtain Ef(T, 2¢) < EfK(T, €) for every
u € Ep(E). Then by Theorem 3.5, we have

Emdimy (7T, €, d) = limsup ———  sup h/J (T,e) <limsup —— sup h (T €).
€—0 |10g6|uef@($) €0 |1086|#eﬁ@ (&)

To illustrate our main theorem, we discuss the following example.

Example 3. Let (Q,F,P,0) be an ergodic measure-preserving system. Define the
standard metric on torus T as follows:

||z = yllr = min{|z —y —n|:n € N}
for each x,y € T. Set TZ equipped with the metric

d(a,y) = 327"l — yullr

nez

and let o : T — T? be the shift on T. Assume that h : Q — TZ is a measurable map.
We consider the T,,(z) generated by T,,(z) = o(z) + h(w) for w € Q, z € TZ. Observer
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that for any 0 < j < n,

j—1

T (z) = o’ (x) + Zaj_l_mh(b'kw).
k=0

The skew product is defined by ©"(w,z) — (0"w, T x) for n € Z. Let 0 < € < 1, set
I = [logy(4/¢)]. Then 3°,, -, 2"l < £/2. Consider the cover of T by

I — ((k—l)s (k+1)e

<k< .
e LR

I, has length £/6. For n > 1, consider

kee € kpyo€ €
T? = < E enge— <l
- kLJ . {x e D [T < B | Znte 1 [T < D
Sk_psekpy<[12/e

Each open set in the right-hand side has diameter less than e with respect to the distance
d,,. Hence

(T2 dnye) < (14 [12/2])" 251 = (14 [12/2])2Mom /2141 (3)

On the other hand, any two distinct points in the sets

{z €T | z,, €{0,,2¢,...,[1/c|e}or all 0 < m < n}
have distance > ¢ with respect to d,. It follows that

#(T? dnye) > (14 [1/e])".
Thus
mdimy (TZ, o, d) = 1.
Let dq be the metric on Q. Take the metric d’ on Q x [0,1]% as follows:
d'((w1,2), (w2,9)) = d(z,y) + do(wi,w2), Ywi,ws € Q, z,y € T

Note that for any w € Q, k > 0 and z,y € T?,

d' (6" (w, ), 0" (w,y))
= dl((ekwv T‘ZL.’L‘), (ekw’ Tﬁy))

= d'((0*w, 0% (z) + Z oI 1m0 W), (0Fw, o7 (y) + Z oI 7m0k w))
k=0 k=0

=d(c*x, o).
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Hence for any € >0, and n > 1, one has
sep(Q x TZ w, e,n) = sep(TZ,e,n), Yw € Q.
Thus
Emdim, (T, Q x TZ, d)

e—=0 n—00

1 1
= lim/ —— limsup — logsep(Q x TZ, w, €, n)dP(w)
o |logel n

1
= lim —— limsup — logsep(TZ, €, n)
e—0 |log e| n—soo "N

= mdim;(T%, 0, d) = 1.

Let £ be the Lebesgue measure on T and p, = £L®Z for P a.e w. Set du(w,z) =

dpes (2)dP(w). Let 0 < € < 3, x € TZ. Take £ = [log, 4] such that Din|>e ﬁ < 5. Let

In(m,e):{ye'ﬂ‘z:Hyk—kaTS V—£§k§n+€},

€
%
and
Jn(z, €)= {y € T” : ||y —zplr < e, VO< k <n}.
It is easy to see that for any w € €,
L(x,€) C Baw(z,€) C Ju(w,¢).

n+4

Since puo, (In(z,€)) > (§) and i, (J,(z,€)) < (4€)™, we obtain that

1 3
log — < b (x,€) <log =
4e Huw €

for Vw € Q. Therefore

| R (&, )du(w, 7)
0 |log €|

=1 = Emdim (T, Q x TZ, d).
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