
J. Appl. Probab. 1–22 (2025)
doi:10.1017/jpr.2025.10049

LARGE DEVIATIONS FOR DYNAMICAL SCHRÖDINGER PROBLEMS

KENGO KATO,∗ Cornell University

Abstract

We establish large deviations for dynamical Schrödinger problems driven by perturbed
Brownian motions when the noise parameter tends to zero. Our results show that
Schrödinger bridges charge exponentially small masses outside the support of the lim-
iting law that agrees with the optimal solution to the dynamical Monge–Kantorovich
optimal transport problem. Our proofs build on mixture representations of Schrödinger
bridges and establishing exponential continuity of Brownian bridges with respect to the
initial and terminal points.
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1. Introduction

1.1. Overview

The dynamical Schrödinger problem [19, 27] seeks to find the entropic projection of a ref-
erence path measure (such as a Wiener measure) onto the space of path measures with given
initial and terminal distributions. Originally motivated by physics, the problem has received
increasing interest from other application domains such as statistics and machine learning; see
[4, 16, 38, 43] and references therein. From a purely mathematical point of view, the time
marginal flow, called entropic interpolation, provides a powerful technique for deriving func-
tional inequalities and analysis of metric measure spaces [5, 20, 21], making the dynamical
Schrödinger problem of intrinsic interest. Additionally, the static version of the Schrödinger
problem is equivalent to quadratic entropic optimal transport (EOT) [35], the analysis of
which has seen extensive research activities. This is in particular due to EOT admitting effi-
cient computation via Sinkhorn’s algorithm, which lends itself well to large-scale data analysis
[14, 39].

Schrödinger problems can be interpreted as noisy counterparts of Monge–Kantorovich
optimal transport (OT) problems. In particular, [26, 31, 32] studied the rigorous connec-
tion between the two problems, establishing convergence of optimal solutions for dynamical
Schrödinger problems (Schrödinger bridges) toward the dynamical OT problem when the
noise level tends to zero. In this work, we study local rates of convergence of Schrödinger
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2 K. KATO

bridges toward the limiting law. Specifically, we establish large-deviation principles (LDPs)
for Schrödinger bridges on a path space and characterize the rate function.

Our baseline setting goes as follows. Let μ0, μ1 be Borel probability measures on R
d with

finite second moments that will be fixed throughout. Let E be the space of continuous maps
[0, 1] →R

d endowed with the sup norm ‖ω‖E = supt∈[0,1] |ω(t)| for ω= (ω(t))t∈[0,1] ∈ E (we
use | · | to denote the Euclidean norm). For a given ε > 0 (noise level), let Rε be the law, defined
on the Borel σ -field of E, of ξ + √

εW, where ξ ∼μ0 and W = (W(t))t∈[0,1] is a standard
Brownian motion starting at 0 independent of ξ . For s, t ∈ [0, 1], we denote the projections at
t and (s, t) as et and est, respectively, i.e. et(ω) =ω(t) and est(ω) = (ω(s), ω(t)) for ω ∈ E. For
a given Borel probability measure P on E, we write Pt = P ◦ e−1

t and Pst = P ◦ e−1
st . Given two

endpoint marginals μ0, μ1 and a reference measure Rε, the dynamical Schrödinger problem
reads as

min
P:P0=μ0,P1=μ1

H(P | Rε), (1)

where H(· | ·) denotes the relative entropy (see Section 1.4 for the formal definition). Provided
μ1 has finite entropy relative to the Lebesgue measure (cf. Remark 1), the problem in (1)
admits a unique optimal solution Pε, called the Schrödinger bridge. The solution Pε is given by
a mixture of Brownian bridges against a (unique) optimal solution πε to the static Schrödinger
problem

min
π∈�(μ0,μ1)

H(π | Rε01), (2)

where�(μ0, μ1) is the set of couplings with marginals μ0 and μ1. The zero-noise limit (ε ↓ 0)
of (2) corresponds to the OT problem with quadratic cost c(x, y) = |x − y|2/2,

min
π∈�(μ0,μ1)

∫
c dπ, (3)

which admits a unique optimal solution (OT plan) πo (as μ1 is assumed to be absolutely
continuous; [7]).

In his influential work [31], Mikami proved, under an additional assumption that μ0 is abso-
lutely continuous, that Pε converges weakly to the law Po of the geodesic path connecting two
random endpoints following πo, t 
→ σ ξ0,ξ1 (t) for σ xy(t) = (1 − t)x + ty and (ξ0, ξ1) ∼ πo, i.e.
Po = ∫

δσ xy dπo(x, y) with δ· denoting the Dirac delta ([31] indeed proved convergence with
respect to Wasserstein W2 distance). The limiting law Po can be characterized as an optimal
solution to the dynamical OT problem

min
P:P0=μ0,P1=μ1

∫ (
1

2

∫ 1

0
|ω̇(t)|2 dt

)
dP(ω),

where ω̇(t) denotes the time derivative of ω and
∫ 1

0 |ω̇(t)|2 dt = ∞ if ω is not absolutely con-
tinuous [26]. The marginal laws of the limiting process give rise to a constant-speed geodesic
(displacement interpolation; [29]) in the Wasserstein space connecting μ0 and μ1.

Our main large deviation results establish that (see Sections 1.4 and 2 for notation and
definitions), under regularity conditions, for any sequence εk ↓ 0, the Schrödinger bridges Pεk

satisfy an LDP with rate function I(h) = ∫ 1
0 (|ḣ(t)|2/2) dt −ψc(h(0)) −ψ(h(1)), where ψ is

an OT (or Kantorovich) potential from μ1 to μ0 and ψc is its c-transform (the rate function
I is set to ∞ if h(0) or h(1) is outside the support of μ0 or μ1, respectively). Very roughly,
this means Pεk (A) ≈ exp{−ε−1

k infh∈A I(h)} for large k. The rate function I(h) vanishes as soon
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Large deviations for dynamical Schrödinger problems 3

as h ∈
π0 := {σ xy : (x, y) ∈ spt(πo)}, which agrees with the support of Po, but I(h) is positive
outside 
π0 in many cases. Effectively, our result implies that the Schrödinger bridges Pε

charge exponentially small masses outside the support of the limiting law Po. Precisely, we
establish a weak-type LDP under uniqueness of OT potentials, which allows for marginals
with unbounded supports, but induces a full LDP when μ0, μ1 are compactly supported.

The proof of the main theorem relies on the expression of Pε as a πε-mixture of Brownian
bridges. The main ingredient of the proof is the exponential continuity [18] of Brownian
bridges, i.e. establishing large-deviation upper and lower bounds for Brownian bridges when
the locations of initial and terminal points vary with the noise level. Note that an LDP for
Brownian bridges with fixed initial and terminal points was derived in [23], but Hsu’s proof,
which relies on transition density estimates, seems difficult to adapt to establishing the expo-
nential continuity. Instead, we use techniques from abstract Wiener spaces (cf. [45, Chapter
8]) to establish the said result. Given the exponential continuity, the main theorem follows
from combining the large-deviation results for πε established in [3]. For the compact support
case, we provide a more direct proof of the full LDP using the representation of Pε as an
integral of a (μ0 ⊗μ1)-mixture of Brownian bridges. The proof first shows an LDP for the
(μ0 ⊗μ1)-mixture of Brownian bridges, and then establishes the full LDP by adapting the
(Laplace–)Varadhan lemma (cf. [17, Theorem 4.4.2]) and using the convergence of EOT (or
Schrödinger) potentials. The alternative proof can be easily adapted to establish an LDP for
the dynamical Schrödinger problem with Langevin diffusion as a reference measure when two
marginals are compactly supported; cf. Remark 10.

1.2. Literature review

The literature related to this paper is broad, so we confine ourselves to the references directly
related to our work. The most closely related are [3, 36], which established large deviations
for static Schrödinger problems in fairly general settings, allowing for marginals on a general
Polish space and general continuous costs, and our proofs use several results from their work.
[3] derived a weak LDP for EOT via a novel cyclical invariance characterization of EOT plans,
while [36] built on convergence of EOT potentials.

The connection between Schrödinger and OT problems has been one of the central problems
in the OT literature. We focus here on convergence of Schrödinger problems. The pioneer-
ing works in this direction are [26, 31, 32]. Mikami’s proof in [31] relies on the fact that
the Schrödinger bridge Pε corresponds to a weak solution of a certain stochastic differen-
tial equation (SDE) with diffusion component

√
ε dW(t), the special case of which is often

referred to as the Föllmer process [25, 33]; see Remark 3. The drift function of said SDE being
dependent on ε in a nontrivial way (among others) makes the problem of large deviations for
dynamical Schrödinger problems fall outside the realm of the Freidlin–Wentzell theory (cf.
[17, Chapter 5]). On the other hand, Léonard’s proof in [26] relies on the variational represen-
tation of the relative entropy and convex analysis techniques to establish �-convergence of the
Schödinger objective functions, which yields convergence of the optimal solutions. Arguably,
recent interest in EOT (static Schrödinger problem) stems from the fact that EOT provides an
efficient computational means for unregularized OT [14, 39]. From this perspective, extensive
research has been done on convergence and speed of convergence of EOT costs, potentials,
plans, and maps toward those of unregularized OT [1, 8, 9, 11, 13, 36, 37, 40].

To the best of the author’s knowledge, this is the first paper to establish large deviations
for dynamical Schrödinger problems. As noted in the beginning, the dynamical aspect of the
Schrödinger bridge has received increasing interest from application domains, which calls for
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4 K. KATO

further research on this subject. Our results contribute to the rigorous understanding of the
connection between the dynamical Schrödinger and OT problems in the small-noise regime.
From a technical perspective, our use of mixture representations to explore large deviations on
path spaces might be applied to other problems. Finally, in this work we focus on the Wiener
reference measure that corresponds to the quadratic OT problem. Arguably, this setting would
be the most basic. Extending our large-deviation results to the dynamical problem in abstract
metric spaces [34] would be of interest, but beyond the scope of this paper.

1.3. Organization

The rest of the paper is organized as follows. Section 2 contains background on EOT,
Schrödinger, and OT problems, and Section 3 presents the main results. All the proofs are
gathered in Section 4.

1.4. Notation and definitions

Let x · y denote the Euclidean inner product for x, y ∈R
d. For x, y ∈R

d and a Borel probabil-
ity measure P on E, let Pxy denote the (regular) conditional law of X given (X(0), X(1)) = (x, y)
for X = (X(t))t∈[0,1] ∼ P. For a set A, let ιA(x) = 0 if x ∈ A and = ∞ if x /∈ A. On a metric space
M, let BM(x, r) denote the open ball in M with center x and radius r. For a Borel probability
measure μ on a metric space, its support is denoted by spt(μ). For probability measures α, β
on a common measurable space, H(α | β) is the relative entropy defined as

H(α | β) :=
⎧⎨
⎩

∫
log

dα

dβ
dα if α� β,

∞ otherwise.

A lower semicontinuous function I : M → [0,∞] defined on a metric space M is called a
rate function. The rate function I is called good if all level sets {x : I(x) ≤ α} for α ∈ [0,∞) are
compact. Given a sequence of positive reals ak → ∞, a sequence of Borel probability measures
{Pk}k∈N on M satisfies a weak large-deviation principle with speed ak and rate function I if

(i) for every open set A ⊂ M, lim infk→∞ a−1
k log Pk(A) ≥ − infx∈A I(x);

(ii) for every compact set A ⊂ M, lim supk→∞ a−1
k log Pk(A) ≤ − infx∈A I(x).

If condition (ii) holds for every closed set A ⊂ M, then we say that {Pk}k∈N satisfies a (full)
LDP. We refer the reader to [17] as an excellent reference on large deviations.

2. Preliminaries

2.1. From EOT to Schrödinger problems

We first review EOT and its connection to the Schrödinger problems, which will play a key
role in the proofs of the main results. Proofs of the results below can be found in [27] or [36].
Throughout, we set X = spt(μ0) and Y = spt(μ1).

Given marginals μ0, μ1, the EOT problem for quadratic cost c(x, y) = |x − y|2/2 reads as

min
π∈�(μ0,μ1)

∫
c dπ + εH(π |μ0 ⊗μ1) = min

π∈�(μ0,μ1)
ε

( ∫
(c/ε) dπ +H(π |μ0 ⊗μ1)

)
.

(4)
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Setting dνε = Z−1
ε e−c/ε d(μ0 ⊗μ1) with Zε = ∫

e−c/ε d(μ0 ⊗μ1), we have∫
(c/ε) dπ +H(π |μ0 ⊗μ1) =H(π | νε) − log Zε,

which implies that (4) is equivalent to the static Schrödinger problem

min
π∈�(μ0,μ1)

H(π | νε). (5)

Recall that �(μ0, μ1) is compact for the weak topology. Since π 
→H(π | νε) is lower semi-
continuous with respect to (w.r.t.) the weak topology (which follows from the variational
representation of the relative entropy) and strictly convex on the set of π such that H(π | νε)
is finite (which follows from the strict convexity of x 
→ x log x), the problem in (5) admits a
unique optimal solution πε, provided H(π | νε)<∞ for some π ∈�(μ0, μ1). Since μ0 and
μ1 have finite second moments, we have H(μ0 ⊗μ1 | νε)<∞. We will call πε the EOT plan.

The EOT plan has a density w.r.t. μ0 ⊗μ1 given by

dπε(x, y) = e(ϕε(x)+ψε(y)−c(x,y))/ε d(μ0 ⊗μ1)(x, y),

where ϕε ∈ L1(μ0) and ψε ∈ L1(μ1) are EOT potentials satisfying the Schrödinger system⎧⎪⎨
⎪⎩

∫
e(ϕε(x)+ψε(y)−c(x,y))/ε dμ1(y) = 1, μ0-almost every x,∫
e(ϕε(x)+ψε(y)−c(x,y))/ε dμ0(x) = 1, μ1-almost every y.

(6)

EOT potentials are almost surely (a.s.) unique up to additive constants, i.e. if (ϕ̃ε, ψ̃ε) is another
pair of EOT potentials, then there exists a constant a ∈R such that ϕ̃ε = ϕε + a μ0-almost
everywhere (a.e.) and ψ̃ε =ψε − a μ1-a.e. In many cases (e.g. as soon as μ0, μ1 are sub-
Gaussian), we can choose versions of (finite) EOT potentials for which the Schrödinger system
(6) holds for all x ∈X and y ∈Y (in fact for all x ∈R

d and y ∈R
d); see [30, Proposition 6].

Whenever possible, we always choose such versions of EOT potentials.
To link EOT to the original static Schrödinger problem (2), we make the following

assumption.

Assumption 1. μ1 � dy and H(μ1 | dy)<∞.

Remark 1. (On the relative entropy H(μ1 | dy).) Here, as in [27, Appendix A], we define the
relative entropy H(μ1 | dy) against the Lebesgue measure dy given by

H(μ1 | dy) :=
∫

log (ρ/g) dμ1 +
∫

( log g) dμ1 ∈ ( − ∞,∞],

where ρ = dμ1/ dy and g is the standard Gaussian density on R
d.

The reference measure Rε01 = Rε ◦ e−1
01 for (2) has a density w.r.t. dy dμ0(x) given by

dRε01(x, y) = (2πε)−d/2e−c(x,y)/ε dy dμ0(x), so νε is absolutely continuous w.r.t. Rε01 with
density dνε(x, y) = (2πε)d/2Z−1

ε ρ(y) dRε01(x, y). Hence,

H(π | νε) =H(π | Rε01) − d

2
log (2πε) + log Zε −H(μ1 | dy),

and the unique optimal solution to (2) is given by πε.
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6 K. KATO

Going back to the dynamical Schrödinger problem (1), by the chain rule for the relative
entropy, we have H(P | Rε) =H(P01 | Rε01) + ∫ H(Pxy | Rε,xy) dP01(x, y), which is minimized
by taking Pxy = Rε,xy and P01 = πε, i.e.,

Pε(·) =
∫

Rε,xy(·) dπε(x, y) =
∫

e(ϕε(x)+ψε(y)−c(x,y))/εRε,xy(·) d(μ0 ⊗μ1)(x, y). (7)

Alternatively, setting R̄ε = ∫
Rε,xy d(μ0 ⊗μ1), which is a (μ0 ⊗μ1)-mixture of Brownian

bridges, Pε has a density w.r.t. R̄ε given by

dPε

dR̄ε
(ω) = e−φε(ω(0),ω(1))/ε, ω= (ω(t))t∈[0,1] ∈ E, (8)

where φε : X ×Y →R is a function defined by φε(x, y) = c(x, y) − ϕε(x) −ψε(y). To see this,
for X = (X(t))t∈[0,1] ∼ R̄ε and every Borel set A ⊂ E,

E[1A(X)e−φε(X(0),X(1))/ε] =E[P(X ∈ A | X(0), X(1))e−φε(X(0),X(1))/ε]

=E[Rε,(X(0),X(1))(A)e−φε(X(0),X(1))/ε] = Pε(A),

where we used (X(0), X(1)) ∼μ0 ⊗μ1.

Remark 2. (On Assumption 1.) Assumption 1 is unavoidable to ensure the problem in (2) has
a unique optimal solution. On the other hand, the initial distribution μ0 need not be absolutely
continuous, e.g. μ0 can be discrete.

Remark 3. (Connnection to Follmer processes.) The Schrödinder bridge Pε corresponds to
the law of a weak solution to a certain SDE, the special case of which is often referred
to as the Föllmer process. Let B(E) be the Borel σ -field on E. Equip (E,B(E), Rε) with
the canonical filtration (augmented, if necessary), and denote by X = (X(t))t∈[0,1] the canon-
ical process, i.e. X(t, ω) =ω(t) for ω= (ω(t))t∈[0,1] ∈ E. Under Rε, W = ε−1/2(X − X(0)) is
a standard Brownian motion starting at 0. Recalling that ρ = dμ1/ dy, we set ψ̃ε(y) :=
ε((d/2) log (2πε) + log ρ(y)) +ψε(y). With this notation, it can be seen that

Pε(·) =
∫

e(ϕε(x)+ψ̃ε(y))/εRε,xy(·) dRε01(x, y),

which implies (cf. the preceding argument) that

dPε

dRε
= e(ϕε(X(0))+ψ̃ε(X(1)))/ε.

We write

hε(t, y) :=
⎧⎨
⎩

(2πε(1 − t))−d/2
∫

exp

{
−1

ε

(
c(y, y′)
1 − t

− ψ̃ε(y
′)
)}

dy′ if t ∈ [0, 1),

eψ̃ε(y)/ε if t = 1,

which satisfies (∂t + ε�y/2)hε = 0 under regularity conditions (cf. the heat equation).
Applying Itô’s formula (cf. [24, Theorem 3.3.6]), we have

log hε(1, X(1)) = log hε(0, X(0))︸ ︷︷ ︸
=−ϕε(X(0))/ε

+ 1√
ε

∫ 1

0
bε(t, X(t)) · dW(t) − 1

2ε

∫
|bε(t, X(t))|2 dt,
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where we define bε(t, y) = ε∇y log hε(t, y). We conclude that, Rε-a.s.,

dPε

dRε
= exp

{
1√
ε

∫ 1

0
bε(t, X(t)) · dW(t) − 1

2ε

∫
|bε(t, X(t))|2 dt

}
.

By Girsanov’s theorem, under Pε the new process W̃ = W − ε−1/2
∫ ·

0 bε(t, X(t)) dt is a
standard Brownian motion, and the process X solves the SDE

dX(t) = bε(t, X(t)) dt + √
ε dW̃(t), X(0) ∼μ0 (9)

(see, e.g., [24, Proposition 5.3.6]; see also [15]). When ε= 1 and μ0 = δ0, we can take
ϕ1(x) = 0 and ψ1(y) = |y|2/2, so eψ̃1 is the density of μ1 w.r.t. the standard Gaussian. Hence,
the SDE in (9) corresponds to the Föllmer process in [25, (12)] and [33]. Abusing terminology,
we call Pε with ε > 0 and μ0 = δ0 a (perturbed) Föllmer process.

2.2. OT potentials

The rate function for Schrödinger bridges involves OT potentials. For duality theory of OT,
we refer the reader to [2, 41, 47]. The OT problem (3) admits a dual problem that reads as

max
(ϕ,ψ)∈L1(μ0)×L1(μ1)

ϕ+ψ≤c

∫
ϕ dμ0 +

∫
ψ dμ1. (10)

By restricting to the respective support, it is assumed without loss of generality that ϕ and
ψ are functions defined on X and Y , respectively. One of ϕ and ψ can be replaced with
the c-transform of the other. Recall that the c-transform of ψ : Y → [− ∞,∞) with ψ �≡
−∞ is a function ψc : X → [− ∞,∞) defined by ψc(x) := infy∈Y {c(x, y) −ψ(y)}, x ∈X .
The c-transform of ϕ : X → [− ∞,∞) with ϕ �≡ −∞ is defined analogously. The dual
problem (10) then reduces to

max
ψ∈L1(μ1)

∫
ψc dμ0 +

∫
ψ dμ1, (11)

whose maximum is attained at some c-concave function ψ ∈ L1(μ1) with ψc ∈ L1(μ0) (a func-
tion on Y is called c-concave if it is the c-transform of a function on X ); see, e.g., [47, Theorem
5.9] or [2, Theorem 6.1.5]. We call such a ψ an OT potential from μ1 to μ0. An OT potential
from μ0 to μ1 is defined analogously.

For any OT potential ψ and any OT plan π , the support of π is contained in the
c-superdifferential ∂cψ of ψ , ∂cψ := {(x, y) : ψc(x) +ψ(y) = c(x, y)}. Indeed, ∂cψ is a closed
set (as c-concave functions are upper semicontinuous) on which π has full measure by duality,
so spt(π ) ⊂ ∂cψ . In particular, for (x, y) ∈ spt(π ), ψc(x) and ψ(y) are finite.

Observe that Assumption 1 ensures that the OT problem (3) admits a unique OT plan πo.
Let Xo and Yo denote the projections of spt(πo) onto X and Y , respectively, i.e.,

Xo = {x : (x, y) ∈ spt(πo) for some y},
and Yo is defined analogously. As πo is a coupling for μ0 and μ1, the sets Xo and Yo have full
μ0- and μ1-measure, respectively. As in [3], we assume uniqueness of OT potentials (from μ1
to μ0) on Yo to derive our large-deviation results.

Assumption 2. The dual problem (11) admits a unique OT potential ψ on Yo, i.e. if ψ̃ is
another OT potential, then ψ − ψ̃ is constant on Yo.
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Appendix B in [3] and [42] provide various sufficient conditions under which uniqueness
of OT potential holds. For example, Assumption 2 holds under each of the following cases:

(A) X and Y are compact, and one of them agrees with the closure of a connected open set
[24, Theorem 7.18].

(B) The interior int(Y) is connected, μ1 is absolutely continuous with positive Lebesgue
density on int(Y), and μ1(∂Y) = 0 [3, Proposition B.2].

Case (A) does not require μ0 or μ1 to have a Lebesgue density (although Assumption 1
requires μ1 � dy). We provide a self-contained proof of Case (A) in Lemma 3 for complete-
ness. Case (B) imposes no restrictions on μ0, so it allows μ0 to be discrete.

Remark 4. Often, regularity conditions are imposed on the input measureμ0 to ensure unique-
ness or regularity of OT potentials from μ0 to μ1. For the (static) EOT case, the role of μ0 and
μ1 is symmetric, so it is possible, without loss of generality, to focus on the forward (μ0 →μ1)
case. However, in our dynamical setting, the roles of μ0 and μ1 are asymmetric because of
Assumption 1. Since Assumption 1 already imposes absolute continuity on μ1, we treat OT
potentials for the backward direction (μ1 →μ0), contrary to the convention in the literature.

3. Main results

We first recall the weak convergence of Pε toward Po = ∫
δσ xy dπo(x, y) with σ xy(t) = (1 −

t)x + ty. Recall that the cost function is c(x, y) = |x − y|2/2.

Proposition 1. Under Assumption 1, Pε → Po weakly as ε ↓ 0. The support of Po agrees with

πo := {σ xy : (x, y) ∈ spt(πo)}.
Remark 5. (On Proposition 1.) A version of this proposition was proved in [31] under the
extra assumption that μ0 is absolutely continuous. [26, Theorem 3.7] implies the proposition
but the proof is somewhat involved (as it covers more general settings). We provide a simple
proof in Section 4.

We are now in a position to state our main results. Let H denote the space of absolutely
continuous maps h : [0, 1] →R

d with
∫ 1

0 |ḣ(t)|2 dt<∞, where ḣ(t) = dh(t)/ dt. We endow H

with the (semi-)inner product (g, h)H = ∫ 1
0 ġ(t) · ḣ(t) dt. Set ‖ · ‖H = √

(·, ·)H . Formally, define
‖h‖H = ∞ for h ∈ E \ H. We first state the weak-type LDP for Schrödinger bridges, which
allows for marginals with unbounded supports.

Theorem 1. (Weak-type LDP for Schrodinger bridges.) Suppose Assumptions 1 and 2 hold.
Pick any εk ↓ 0. Then the following hold:

(i) For every open set A ⊂ e−1
01 (Xo ×Yo) (w.r.t. the relative topology),

lim inf
k→∞ εk log Pεk (A) ≥ − inf

h∈A
I(h)

for the rate function I(h) = ‖h‖2
H/2 −ψc(h(0)) −ψ(h(1)).

(ii) For every closed set A ⊂ E of the form A = e−1
01 (C) for some compact set C ⊂Xo ×Yo,

lim sup
k→∞

εk log Pεk (A) ≤ − inf
h∈A

I(h).
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Theorem 1 is not precisely a weak LDP since (ii) holds for every compact set
C ⊂ e−1

01 (Xo ×Yo) but also for some noncompact closed sets. As such, we call Theorem 1
a weak-type LDP. If the marginals have compact supports, then a full LPD holds, subject to
one technical condition essential to guarantee the uniqueness of OT potentials.

Corollary 1. (Full LDP for Schrodinger bridges.) Suppose Assumption 1 holds. Pick any
εk ↓ 0. If X and Y are compact and one of them agrees with the closure of a connected open set,
then the sequence {Pεk}k∈N satisfies a (full) LDP on E with speed ε−1

k and good rate function

I, where I is set to ∞ outside e−1
01 (X ×Y).

We leave several remarks on the preceding results.

Remark 6. (On Corollary 1.) The sets X ,Y being compact implies Xo =X and Yo =Y , as
the projections from X ×Y onto X and Y are then closed maps. The assumption of Corollary 1
guarantees the uniqueness of OT potentials; see the discussion after Assumption 2. Since Pε

charges no mass outside e−1
01 (X ×Y), the full LDP is indeed deduced from the preceding the-

orem. Connectedness of the support of one of the marginals is essential for the uniqueness of
OT potentials (see the discussion before Proposition B.2 in [3]). The full LPD (more specifi-
cally, establishing exponential tightness) for Schrödinger bridges requires both marginals to be
compactly supported, since exponential tightness implies the limiting law Po is concentrated
on a compact set, which fails to hold if one of the marginals has unbounded support. See [36,
Remark 4.2(b)] for a relevant discussion in the static case.

Remark 7. (On the rate function I(h).) Since ψc(x) +ψ(y) ≤ c(x, y) by construction, the
rate function I(h) is positive as soon as h �= σ h(0),h(1). Even when h = σ h(0),h(1), which
entails ‖h‖2

H/2 = c(h(0), h(1)), the rate function I(h) = c(h(0), h(1)) −ψc(h(0)) −ψ(h(1)) can
be positive provided (h(0), h(1)) /∈ spt(πo). [3, Section 5] provides several conditions under
which the rate function for the static case, φ(x, y) = c(x, y) −ψc(x) −ψ(y), is positive out-
side spt(πo). Considering the characterization of the support of Po, our large-deviation results
essentially imply that the Schrödinger bridges Pε charge exponentially small masses outside
spt(Po) when ε ↓ 0.

Remark 8. (Proofs of Theorem 1 main and Corollary 1.) The proof of Theorem 1 uses the
expression Pε(A) = ∫

Rε,xy(A) dπε(x, y) from (7). The main ingredient is the exponential con-
tinuity of {Rεk,xy}, i.e. establishing large-deviation upper and lower bounds for {Rεk,(xk,yk)}k∈N
when (xk, yk) → (x, y), which will be proved in Proposition 4. The proof then directly eval-
uates Pε(A) by combining the large-deviation results for the static case from [3]. As noted
in Remark 6, Corollary 1 is a special case of Theorem 1. Nonetheless, we provide a sep-
arate, more direct proof for the compact support case. It relies on the expression Pε(A) =∫

A e−φε◦e01(ω)/ε dR̄ε(ω) from (8). Then the proof proceeds by (i) proving an LDP for R̄ε,
which follows directly from the exponential continuity [18], and then (ii) adapting the
(Laplace–)Varadhan lemma (cf. [17, Theorem 4.4.2]) to evaluate Pε(A). Step (ii) is relatively
simple, because, while the function φε depends on ε, so the Varadhan lemma is not directly
applicable, the assumption of Corollary 1 ensures uniform convergence of the EOT potentials.

Remark 9. (On uniqueness of OT potentials.) Inspection of the proof of Corollary 1 reveals
that, as long as Assumption 1 holds and X and Y are compact (but without assuming
uniqueness of OT potentials), the conclusion of Corollary 1 continues to hold, provided that

lim
k→∞ ϕεk = ϕ̄ and lim

k→∞ψεk = ψ̄ uniformly on X and Y , respectively (12)
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for some (continuous) functions ϕ̄ and ψ̄ on X and Y , respectively (necessarily, (ϕ̄, ψ̄) are dual
potentials for (μ0, μ1)). The rate function I needs to be modified so that (ψc, ψ) are replaced
with (ϕ̄, ψ̄). A similar comment applies to Proposition 3. Conversely, the uniform convergence
of the EOT potentials in (12) is necessary for the LDP for the Schrödinger bridges {Pεk}k∈N to
hold, by [36, Proposition 4.5] in the static case and the contraction principle.

We now look at a few special cases.

Example 1. (Föllmer process.) When μ0 = δ0, we have Yo =Y and ψ(y) = |y|2/2, so the rate
function reduces to I(h) = ‖h‖2

H/2 − |h(1)|2/2 + ι{0}(h(0)) + ιY (h(1)), which vanishes if and
only if h(t) = ty for t ∈ [0, 1] for some y ∈Y , i.e. if and only if h ∈ spt(Po).

Example 2. (Two-point marginal.) The LDP in Corollary 1 directly yields an LDP for Pεk ◦
f −1 for any continuous function f from E into another metric space by the contraction principle
(cf. [17, Theorem 4.2.1]). We consider the case where f = est for 0 ≤ s< t ≤ 1. Note that Pεk

st
is a coupling for Pεk

s and Pεk
t . Recall that the marginal flow (Pεt )t∈[0,1] is called an entropic

interpolation, and its limiting analog (Po
t )t∈[0,1] is a displacement interpolation connecting μ0

and μ1. To characterize the rate function for Pεk
st , we need additional notation.

For a function f : Rd → ( − ∞,∞] and t ≥ 0, define

Qt(f )(y) = inf
x∈Rd

{
c(x, y)

t
+ f (x)

}
, t> 0, Q0(f ) = f .

The family of operators {Qt}t≥0 is called the Hopf–Lax semigroup; cf. [47, Chapter 7].
Assuming Case (A) after Assumption 2, we set ϕ =ψc and extend ϕ and ψ to the whole R

d

by setting ϕ = −∞ and ψ = −∞ outside X and Y , respectively. For 0 ≤ s< t ≤ 1, consider
the rescaled cost cs,t(x, t) = c(x, y)/(t − s).

Proposition 2. (LDP for two-point marginal.) Suppose Assumption 1 holds. Pick any 0 ≤ s<
t ≤ 1 and εk ↓ 0. If X and Y are compact and one of them agrees with the closure of a connected
open set, then the sequence {Pεk

st }k∈N satisfies an LDP on R
2d with speed ε−1

k and good rate
function Ist(x, y) = cs,t(x, y) − ϕs(x) −ψt(y), where (ϕs, ψt) := (−Qs(− ϕ),−Q1−t(−ψ)) are
dual potentials for (Po

s , Po
t ) w.r.t. cs,t, i.e. optimal solutions to (10) with (μ0, μ1, c) replaced

by (Po
s , Po

t , cs,t).

Finally, we point out that the direct proof for Corollary 1 can be easily adapted to cover the
dynamical Schrödinger problem with Langevin diffusion as a reference measure.

Remark 10. (Langevin diffusion as reference measure.) For a bounded smooth potential
V : Rd →R with bounded derivatives, consider the Langevin diffusion X = (X(t))t≥0 defined
by the unique (strong) solution to the SDE dX(t) = −∇V(X(t)) dt + dW(t), X(0) ∼μ0, where
(W(t))t≥0 is a standard Brownian motion starting at 0 independent of X(0). Let pt(x, y) denote
the transition density of the Langevin diffusion X and Řε be the law of Xε := (X(εt))t∈[0,1]
defined on B(E). Instead of the Wiener reference measure as in (1), we consider the dynamical
Schrödinger problem with reference measure Řε:

min
P:P0=μ0,P1=μ1

H(P | Řε). (13)

Under Assumption 1, arguing as in Section 2 (see also [27, Proposition 2.3]), we can see that
the unique optimal solution to (13) is given by

P̌ε(·) =
∫

Řε,xy(·) dπ̌ ε(x, y),
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where Řε,xy is the conditional law of Xε given (Xε(0), Xε(1)) = (x, y) and π̌ ε is the unique
optimal solution to the static EOT problem

min
π∈�(μ0,μ1)

∫
cε dπ + εH(π |μ0 ⊗μ1)

with cε(x, y) := −ε log pε(x, y). Recall that the transition density pt(x, y) is everywhere pos-
itive (cf. [44, Chapter 4]) and the conditional laws Řε,xy are defined for all (x, y) ∈R

2d [6].
The classical Varadhan asymptotics implies that limε↓0 cε(x, y) = |x − y|2/2 = c(x, y) (cf. [44,
Chapter 4]), so we can expect that the Schrödinger bridges {P̌ε}ε>0 satisfy the LDP with the
same rate function I as in the Brownian case. The next proposition confirms this under a similar
setting to Corollary 1.

Proposition 3. (Full LDP for Schrodinger bridges: Langevin case.) Suppose Assumption 1
holds. Pick any εk ↓ 0. If X and Y are compact and one of them agrees with the closure of
a connected open set, then the sequence {P̌εk}k∈N satisfies a (full) LDP on E with speed ε−1

k
and good rate function I, where I is given in Corollary 1.

The condition on the potential V appears to be stronger than needed, but is imposed for
the sake of simplicity. As announced, the proof follows similar arguments to the direct proof
for Corollary 1. To establish exponential continuity for the Langevin bridge Řε,xy, we use
the explicit expression for the Radon–Nikodym density of the Langevin bridge against the
Brownian bridge; cf. [28].

4. Proofs for Section 3

Recall that Rε,xy is the (regular) conditional law of x + √
εW given x + √

εW(1) = y for a
standard Brownian motion W = (W(t))t∈[0,1] starting at 0. Alternatively, Rε,xy can be character-
ized as the law of

√
εW◦ + σ xy with W◦ = (W(t) − tW(1))t∈[0,1] a standard Brownian bridge.

For simplicity of notation, let z = (x, y) ∈R
2d and write Rε,z = Rε,xy.

4.1. Proof of Proposition 1

Proof of Proposition 1. By the uniqueness of the OT plan, we have πε → πo weakly by [3,
Proposition 3.2], which implies that

ηε := supg:R2d→[−1,1]
g 1-Lipschitz

∣∣∣∣
∫

g d(πε − πo)

∣∣∣∣ → 0

(see [46, Chapter 1.12]. Pick any 1-Lipschitz function f : E → [− 1, 1]. We have∫
f dPε =

∫ ( ∫
f dRε,z

)
dπε(z) =

∫
E[f (

√
εW◦ + σ z)]︸ ︷︷ ︸
=:gε(z)

dπε(z).

By construction, gε is bounded by 1, |gε(z) − gε(z′)| ≤ ‖σ z − σ z′ ‖E ≤ 2|z − z′|, and
limε↓0 gε(z) = f (σ z) = ∫

f dδσ z . Hence,∫
gε dπε ≤

∫
gε dπo + 2ηε =

∫ ( ∫
f dδσ z

)
dπo︸ ︷︷ ︸

=∫
f dPo

+o(1),
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where we used the dominated convergence theorem. The reverse inequality follows similarly,
and we conclude that limε↓0

∫
f dPε = ∫

f dPo, which yields Pε → Po weakly. The second
claim follows from Lemma 1, which follows. �

Lemma 1. For any Borel probability measure γ on R
2d, the mixture P = ∫

δσ xy dγ (x, y) has
support 
γ := {σ xy : (x, y) ∈ spt(γ )}.

Proof. The set 
γ is closed in E. Pick any (x, y) ∈ spt(γ ) and any open set U con-
taining σ xy. Since O = {(x′, y′) : σ x′y′ ∈ U} is open in R

2d (as (x′, y′) 
→ σ x′y′
is continuous),

we have, for (ξ0, ξ1) ∼ γ , P(U) = P(σ ξ0,ξ1 ∈ U) = P((ξ0, ξ1) ∈ O) = γ (O)> 0, which yields
spt(P) =
γ . �

4.2. Exponential continuity of Brownian bridges

For given x, y ∈R
d, [23] showed that the sequence {Rε,xy}ε>0 satisfies an LDP with rate

function

Jxy(h) = ‖h‖2
H

2
− c(x, y) + ι{(x,y)}(h(0), h(1)).

Write Jz(h) = Jxy(h) for z = (x, y). Additionally, set Hz := {h ∈ H : (h(0), h(1)) = z}. Pick any
εk ↓ 0.

Proposition 4. (Exponential continuity of Brownian bridges)

(i) For every open set A ⊂ E, lim infk→∞ εk log Rεk,zk (A) ≥ − infh∈A Jz(h) whenever zk → z
in R

2d.

(ii) For every closed set A ⊂ E,

lim sup
k→∞

εk log Rεk,zk (A) ≤ − inf
h∈A

Jz(h) (14)

whenever zk → z in R
2d.

Proof. Hsu’s proof in [23] that relies on transition function estimates seems difficult to
adapt to establishing the exponential continuity. Instead, we adapt the proof of large deviations
for abstract Wiener spaces; cf. [45, Chapter 8]. For the sake of completeness, we provide a
self-contained proof.

For (i), it suffices to show that for every h ∈ H such that Jz(h)<∞,

lim inf
r↓0

lim inf
k→∞ εk log Rεk,zk (BE(h, r)) ≥ −Jz(h).

Set h̄ ∈ H0 by h̄ = h − σ xy and hk ∈ Hzk by hk = h̄ + σ xk,yk . Since ‖hk − h‖E → 0,
BE(hk, r/2) ⊂ BE(h, r) for large k. Observe that

Rεk,zk (BE(hk, r/2)) = Rεk,0(BE(h̄, r/2)) = P
(
W◦ ∈ BE(h̄/

√
εk, r/(2

√
εk))

)
.

Recall that (H0, (·, ·)H) is a reproducing kernel Hilbert space for W◦ (cf. [22, Exercise 2.6.16]),
whose closure in E agrees with E0 := {ω ∈ E : ω(0) =ω(1) = 0}. Hence, the pair of spaces
(H0, E0) coupled with the law of W◦ constitutes an abstract Wiener space; cf. [45, Chapter 8].
Let E∗

0 denote the topological dual of E0 with dual norm ‖ · ‖E∗
0
, and 〈ω, ω∗〉 denote the duality

https://doi.org/10.1017/jpr.2025.10049 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10049


Large deviations for dynamical Schrödinger problems 13

pairing for ω ∈ E0 and ω∗ ∈ E∗
0. Since H0 is continuously embedded as a dense subspace of E0

(as ‖ · ‖E ≤ ‖ · ‖H on H0), for each ω∗ ∈ E∗
0, there exists a unique hω∗ ∈ H0 with the property

that (h, hω∗ )H = 〈h, ω∗〉 for all h ∈ H0, and the map ω∗ 
→ hω∗ is continuous, linear, one-to-
one, and onto a dense subspace of H0 (cf. [45, Lemma 8.2.3]). Let 0< δ < r/2 and ω∗ ∈ E∗

0
be such that BE0 (hω∗ , δ) ⊂ BE0 (h̄, r/2). Now, an application of the Cameron–Martin formula
(cf. [45, Theorem 8.2.9]) yields

Rεk,0(BE(h̄, r/2)) = Rεk,0(BE0 (h̄, r/2)) ≥ Rεk,0(BE0 (hω∗ , δ))

= P
(
W◦ − ε

−1/2
k hω∗ ∈ BE0

(
0, ε−1/2

k δ
))

=E
[

exp
{−ε−1/2

k 〈W◦, ω∗〉 − ε−1
k ‖hω∗‖2

H/2
}
1

BE0 (0,ε−1/2
k δ)

(W◦)
]

≥ exp
{−δε−1

k ‖ω∗‖E∗
0
− ε−1

k ‖hω∗‖2
H/2

}
P
(
W◦ ∈ BE0

(
0, ε−1/2

k δ
))
,

so that, by taking k → ∞,

lim inf
k→∞ εk log Rεk,0(BE(h̄, r/2)) ≥ −δ‖ω∗‖E∗

0
− ‖hω∗‖2

H

2
.

Choosing δ = r/4 and ω∗ ∈ E∗
0 with ‖h̄ − hω∗‖H < r/4, and then taking r ↓ 0, we have

lim inf
r↓0

lim inf
k→∞ εk log Rεk,0(BE(h̄, r/2)) ≥ −‖h̄‖2

H

2
= −1

2
(‖h‖2

H − |x − y|2) = −Jz(h).

For (ii), we first show that for every h ∈ E,

lim sup
r↓0

lim sup
k→∞

εk log Rεk,zk (BE(h, r)) ≤ −Jz(h). (15)

Using the same notation as in (i), we have BE(h, r) ⊂ BE(hk, 2r) for large k and

Rεk,zk (BE(hk, 2r)) = P(W◦ ∈ BE(h̄/
√
εk, 2r/

√
εk))

=E
[

exp
{−ε−1/2

k 〈W◦, ω∗〉 + ε
−1/2
k 〈W◦, ω∗〉}1BE0 (h̄/

√
εk,2r/

√
εk)(W

◦)
]

≤ exp
{−ε−1

k (〈h̄, ω∗〉 − 2r‖ω∗‖E∗
0
)
}
E

[
eε

−1/2
k 〈W◦,ω∗〉]

= exp
{−ε−1

k (〈h̄, ω∗〉 − ‖hω∗‖2
H/2 − 2r‖ω∗‖E∗

0
)
}

for all ω∗ ∈ E∗
0, where we used the fact that 〈W◦, ω∗〉 ∼ N(0, ‖hω∗‖2

H). This yields

lim sup
r↓0

lim sup
k→∞

εk log Rεk,zk (BE(hk, 2r)) ≤ − sup
ω∗∈E∗

0

(
〈h̄, ω∗〉 − ‖hω∗‖2

H

2

)

=
⎧⎨
⎩−‖h̄‖2

H

2
if h̄ ∈ H0,

−∞ otherwise.

Now, h̄ ∈ H0 if and only if h ∈ Hz, and ‖h̄‖2
H = ‖h‖2

H − |x − y|2, which leads to (15).
Given (15), it is standard to show that (14) holds for every compact set A ⊂ E. It remains

to verify exponential tightness for {Rεk,zk }k∈N (cf. [17, Lemma 1.2.18]), i.e. for every α <∞,
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there exists a compact set K ⊂ E such that lim supk→∞ εk log Rεk,zk (Kc)<−α. We first note
that the exponential tightness holds for {Rεk,0}k∈N. Indeed, by [45, Corollary 8.3.10], we can
construct a separable Banach space F that is continuously embedded in E0 as a measurable
subset with the properties that P(W◦ ∈ F) = 1, bounded subsets of F are totally bounded in
E0, and (H0, F) coupled with the restriction of the law of W◦ on F is another abstract Wiener
space. Then, choosing K0 to be the E0-closure of a ball in F with large enough radius satisfies
lim supk→∞ εk log Rεk,0(Kc

0)<−α by Fernique’s theorem (cf. [45, Theorem 8.2.1]), and K0 is
compact in E0 by construction.

Now, for an arbitrary bounded neighborhood O ⊂R
2d of z, set K1 = {σ x′y′

: (x′, y′) ∈ O}.
By the Ascoli–Arzelà theorem, the set K = {ω+ω′ : ω ∈ K0, ω

′ ∈ K1} is relatively compact
in E, and such that Rεk,zk (K)≥Rεk,0(K0) for large k. Indeed, σ zk ∈ K1 for large k, so if
ω ∈ K0, then ω+ σ zk ∈ K, which implies Rεk,0(K0) ≤ Rεk,0(ω+ σ zk ∈ K) = Rεk,zk (K). This
yields exponential tightness for {Rεk,zk}k∈N. �

Given the exponential continuity, the following corollary concerning large deviations of
mixtures of Brownian bridges follows immediately from [18, Theorems 2.1 and 2.2]. The
result might be of independent interest.

Corollary 2. (Large deviations for mixtures of Brownian bridges.) Let γ be a Borel probability
measure on R

2d. Consider the mixture distribution Qε = ∫
Rε,xy dγ (x, y).

(i) The function

J(h) := inf
(x,y)∈spt(γ )

Jxy(h) = ‖h‖2
H

2
− c(h(0), h(1)) + ιspt(γ )(h(0), h(1)) (16)

is lower semicontinuous from E into [0,∞].

(ii) For every open set A ⊂ E, lim infk→∞ εk log Qεk (A) ≥ − infh∈A J(h).

(iii) If γ is compactly supported, then for every closed set A ⊂ E,

lim sup
k→∞

εk log Qεk (A) ≤ − inf
h∈A

J(h),

and J is a good rate function.

Proof. For (i), set F = {(h, z) ∈ E ×R
2d : (h(0), h(1)) = z}. The rate function Jz(h) can be

expressed as

Jz(h) = ‖h‖2
H

2
− c(x, y) + ιF(h, z) = ‖h‖2

H

2
− c(h(0), h(1)) + ιF(h, z).

This yields the second expression for the J function in (16). Since spt(γ ) is closed by defini-
tion, what remains is to verify that the mapping E � h 
→ ‖h‖2

H/2 is lower semicontinuous. It
suffices to show that the set {h ∈ H : ‖h‖H ≤ 1} is closed in E. Let {hn}n∈N ⊂ H be a sequence
with ‖hn‖H ≤ 1 for all n ∈N and hn → h∞ in E. We may assume without loss of general-
ity that hn(0) = h∞(0) = 0. Since H̃ = {h ∈ H : h(0) = 0} endowed with inner product (·, ·)H

is a Hilbert space, by the Banach–Alaoglu theorem, there exists a subsequence hn′ such that
hn′ → h̃ weakly in H̃ for some h̃ ∈ H̃ with ‖h̃‖H ≤ 1, i.e. limn′ (hn′, g)H = (h̃, g)H for all g ∈ H̃.
This implies that h∞ = h̃ (choose appropriate g) and ‖h∞‖H ≤ 1, as desired.

Part (ii) follows from Proposition 4(i) and [18, Theorem 2.1].
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For (iii), the large-deviation upper bound follows from Proposition 4(ii) and [18, Theorem
2.2]. Finally, we verify that J has compact level sets, but this follows from [17, Lemma1.2.18],
since the argument in Proposition 4(ii) indeed shows that {Qεk}k∈N is exponentially tight
(replace O by spt(γ )). �

4.3. Proof of Theorem 1

Proof of Theorem 1. Set φ(z) = c(x, y) −ψc(x) −ψ(y) for z = (x, y) ∈Xo ×Yo.
For (i), it suffices to show that for any h ∈ e−1

01 (Xo ×Yo) ∩ H and r> 0,

lim inf
k→∞ εk log Pεk (BE(h, r)) ≥ −I(h).

Set z = (h(0), h(1)) ∈Xo ×Yo. By the exponential continuity of {Rεk,z} established in
Proposition 4, for every δ > 0 we can choose an open neighborhood Oz ⊂Xo ×Yo of z and
a positive integer kz such that, for every z′ ∈ Oz,

εk log Rεk,z′ (BE(h, r)) ≥ − inf
h′∈BE(h,r)

Jz(h
′) − δ, k ≥ kz.

For if not, for the open ball Oi in X ◦ ×Y◦ with center z and radius i−1, we can find z′
i ∈ Oi

and a large enough positive integer ki (with ki > ki−1) such that

εki log Rεki ,z
′
i (BE(h, r))<− inf

h′∈BE(h,r)
Jz(h

′) − δ,

but this contradicts the exponential continuity (as z′
i → z). Hence,

Pεk (BE(h, r)) ≥
∫

Oz

exp
{
ε−1

k · εk log Rεk,z′ (BE(h, r))
}

dπεk (z′)

≥ exp
{
− ε−1

k

(
inf

h′∈BE(h,r)
Jz(h

′) + δ
)}
πεk (Oz).

Invoking [3, Corollary 4.7], we arrive at

lim inf
k→∞ εk log Pεk (BE(h, r)) ≥ − inf

h′∈BE(h,r)
Jz(h

′) − δ − inf
z′∈Oz

φ(z′)

≥ −(Jz(h) + φ(z)) − δ = −I(h) − δ,

establishing the desired claim.
For (ii), we first observe that for A = e−1

01 (C) with C ⊂Xo ×Yo compact, Pε(A) =∫
C Rε,z(A) dπε(z). Taking into account [3, Proposition 4.5], extend φ to X ×Y as

φ(x, y) = sup
�≥2

sup
{(xi,yi)}�i=1⊂spt(πo)

sup
τ

�∑
i=1

c(xi, yi) −
�∑

i=1

c(xi, yτ (i)),

where supτ is taken over all permutations of {1, . . . , �} and (x1, y1) = (x, y). The function
φ : X ×Y → [0,∞] is lower semicontinuous [3, Lemma 4.2]) and agrees with the previous
definition of φ on Xo ×Yo. Let δ > 0 be given. For every z ∈ C, by the exponential continuity of
{Rεk,z} established in Proposition 4 we can choose a bounded open neighborhood Oz ⊂X ×Y
of z and a positive integer kz such that, for every z′ ∈ Oz,

εk log Rεk,z′ (A) ≤ − inf
h∈A

Jz(h) + δ, k ≥ kz.
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Furthermore, since φ is lower semicontinuous, by choosing Oz smaller if necessary, we have
infz′∈Ōz

φ(z′) ≥ φ(z) − δ, where Ōz denotes the closure of Oz in X ×Y . By the compactness of

C, we can find z1, . . . , zN ∈ C such that C ⊂ ⋃N
i=1 Ozi , so

Pεk (A) ≤
N∑

i=1

∫
Ozi

eε
−1
k ·εk log Rεk ,z(A) dπεk (z) ≤

N∑
i=1

e
{
ε−1

k

(
− inf

h∈A
Jzi (h) + δ + εk log πεk (Ōzi)

)}
.

We invoke the following elementary result, whose proof follows from Jensen’s inequality
[10].

Lemma 2. (Smooth max function.) For β > 0 and v = (v1, . . . , vN) ∈R
N, consider a smooth

max function mβ (v) = β−1 log (
∑N

i=1 eβvi). Then, for every v ∈R
N, we have max1≤i≤N vi ≤

mβ (v) ≤ max1≤i≤N vi + β−1 log N.

Using Lemma 1 combined with [3, Corollary 4.3], we have

εk log Pεk (A) ≤ max
1≤i≤N

{
− inf

h∈A
Jzi (h) + δ + εk log πεk (Ōzi)

}
+ εk log N

≤ max
1≤i≤N

{
− inf

h∈A
Jzi (h) − inf

z∈Ōzi

φ(z)
}

+ δ + o(1)

≤ max
1≤i≤N

{
− inf

h∈A
Jzi (h) − φ(zi)

}
+ 2δ + o(1)

≤ − inf
h∈A

inf
z∈C

{Jz(h) + φ(z)} + 2δ + o(1)

= − inf
h∈A

inf
z∈C

{I(h) + ι{z}(h(0), h(1))} + 2δ + o(1)

= − inf
h∈A

I(h) + 2δ + o(1),

where we used the fact that (h(0), h(1)) ∈ C whenever h ∈ A by our choice of A. This completes
the proof. �

4.4. Direct proof of Corollary 1

We first prove the following technical result concerning convergence of EOT potentials.

Lemma 3. (Convergence of EOT potentials.) Suppose that X and Y are compact and one of
them agrees with the closure of a connected open set. Then, under normalization

∫
ψc dμ0 =∫

ψ dμ1, the OT potential ψ from μ1 to μ0 is everywhere unique, and (ψc, ψ) are bounded
and Lipschitz on X ×Y . Furthermore, let (ϕε, ψε) be the unique EOT potentials under nor-
malization

∫
ϕε dμ0 = ∫

ψε dμ1. Then, for any sequence εk ↓ 0, ϕεk →ψc and ψεk →ψ

uniformly on X and Y , respectively.

Proof. The lemma follows from [41, Proposition 7.18] and [36, Proposition 3.2]. We include
a self-contained proof for completeness. First, under the current assumption, we observe that
any OT potential ψ is bounded and Lipschitz on Y . We have seen that the support of any OT
plan π is contained in ∂cψ , so any (x0, y0) ∈ spt(π ) satisfies ψ(y0)>−∞ and ψc(x0)>−∞,
which entails ψ =ψcc ≤ supX×Y c −ψc(x0) and ψ ≥ − supX ψc ≥ − supX×Y c +ψ(y0).
Lipschitz continuity follows from c-concavity. For the uniqueness, suppose int(Y) is con-
nected. Recall that the projections of spt(π ) onto X and Y agree with X and Y , respectively
(cf. Remark 6). For any OT potential ψ and any y0 ∈ int(Y), we can find x0 ∈X such that
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ψc(x0) +ψ(y0) = c(x0, y0), i.e. c(x0, ·) −ψ(·) is minimized at y0, which entails ∇ψ(y0) =
∇yc(x0, y0) as long as ψ is differentiable at y0. We have shown that ∇ψ is uniquely deter-
mined Lebesgue-a.e. on int(Y). As int(Y) is connected, ψ is uniquely determined on int(Y) up
to additive constants. By continuity, ψ is uniquely determined on Y up to additive constants. If
int(X ) is connected, then the OT potential ϕ from μ0 to μ1 is unique up to additive constants.
If ψ is an OT potential from μ1 to μ0, then by the definition of the c-transform, we must have∫

(ψ − ϕc) dμ1 = 0, which yields ψ = ϕc μ1-a.e. By continuity, we have ψ = ϕc on Y .
For the second result, by the Schrödinger system (6) and Jensen’s inequality, we have

ψc
ε ≤ ϕε ≤ supX×Y c and ϕc

ε ≤ψε ≤ supX×Y c, so the EOT potentials are uniformly bounded
by supX×Y c. Furthermore, under our assumption, the EOT potentials extend to smooth
functions on R

d by the Schrödinger system, and directly calculating derivatives shows that
|∇ϕε| ∨ |∇ψε| ≤ C on X ×Y for some constant C independent of ε. Hence, the Ascoli–Arzelà
theorem applies, and after passing to a subsequence, ϕεk → ϕ̄ and ψεk → ψ̄ uniformly on X
and Y , respectively. By the identity

∫
e(ϕε+ψε−c)/ε d(μ0 ⊗μ1) = 1 and Fatou’s lemma, we

have ϕ̄ + ψ̄ ≤ c (μ0 ⊗μ1)-a.e. By continuity, ϕ̄ + ψ̄ ≤ c on X ×Y , but ψ̄c ≤ ϕ̄ and ϕ̄c ≤ ψ̄
by construction, ϕ̄ = ψ̄c and ψ̄ = ϕ̄c, i.e. (ϕ̄, ψ̄) are c-concave. Now, using duality, for any OT
plan π ,

∫
c dπ ≤ limk

( ∫
c dπεk + εkH(πεk |μ0 ⊗μ1)

) = ∫
ϕ̄ dμ0 + ∫

ψ̄ dμ1 ≤ ∫
c dπ , so

(ϕ̄, ψ̄) are OT potentials. Since
∫
ϕ̄ dμ0 = ∫

ψ̄ dμ1 by construction, by the uniqueness result,
ϕ̄ =ψc and ψ̄ =ψ . Finally, by the uniqueness of the limits, along the original sequence,
ϕεk →ψc and ψεk →ψ uniformly on X and Y , respectively. �

Direct proof of Corollary 1. Set S = e−1
01 (X ×Y) ⊂ E. Recall that R̄ε = ∫

Rε,xy d(μ0 ⊗μ1).
By construction, R̄ε(S) = 1 for all ε > 0. Abusing notation, we shall write φε(ω) =
φε(ω(0), ω(1)). With this convention, we have Pε(A) = ∫

A e−φε/ε dR̄ε. Set J(h) =
inf(x,y)∈X×Y Jxy(h) and φ(h) = φ(h(0), h(1)) = c(h(0), h(1)) −ψc(h(0)) −ψ(h(1)) for h ∈ S.

Step 1. Let A ⊂ E be open and pick any h ∈ A such that I(h)<∞ (if no such h exists then the
conclusion is trivial). By Lemma 3, for every δ > 0 there exists an open neighborhood G ⊂ A
of h such that supω∈G∩S φεk (ω) ≤ φ(h) + δ for all large k. Hence,

Pεk (A) ≥ Pεk (G) ≥ e−(φ(h)+δ)/εk R̄εk (G).

Corollary 2 implies that εk log Pεk (A) ≥ −φ(h) − δ − J(h) + o(1) as k → ∞. Noting that
φ(h) + J(h) = I(h) yields the desired lower bound.

Step 2. For the upper bound, we first note that by Lemma 3, φε are uniformly lower bounded
on S, and φε(ω) ≥ −M for all ω ∈ S and ε > 0 for some M > 0. Let A ⊂ E be closed. Pick any
α <∞ and δ > 0. Set �J(α) = {h : J(h) ≤ α} ∩ A, which is a compact subset of E as J is a
good rate function and A is closed. By Lemma 3 and the lower semicontinuity of the function
J, for every h ∈�J(α) (which entails h ∈ S), we can find an open neighborhood Uh of h such
that infω∈Ūh

J(ω) ≥ J(h) − δ and infω∈Ūh∩S φεk (ω) ≥ φ(h) − δ for large k, where Ūh denotes
the closure of Uh in E. By the compactness of �J(α), we can find h1, . . . , hN ∈�J(α) such
that �J(α) ⊂ ⋃N

i=1 Uhi . Now, setting F = ( ⋃N
i=1 Uhi

)c ∩ A (which is a closed subset of E), we
observe that

Pεk (A) =
∫

A
e−φεk /εk dR̄ε

≤
N∑

i=1

exp
{
(εk log R̄εk (Ūhi) − φ(hi) + δ)/εk

} + e(M+εk log R̄εk (F))/εk .
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Using Lemma 2, and combining Lemma 3 and Corollary 2, we have

εk log Pεk (A) ≤ max
{
εk log R̄εk (Ūh1 ) − φ(h1) + δ, . . . , εk log R̄εk (ŪhN ) − φ(hN) + δ,

M + εk log R̄εk (F)
} + εk log (N + 1)

≤ max
{
− inf
ω∈Ūh1

J(ω) − φ(h1) + δ, . . . ,− inf
ω∈ŪhN

J(ω) − φ(hN) + δ,

M − inf
ω∈F

J(ω)
}

+ o(1)

≤ max{−I(h1) + 2δ, . . . ,−I(hN) + 2δ,M − α} + o(1)

≤ max
{
− inf

h∈A
I(h) + 2δ,M − α

}
+ o(1),

where we used J(h) + φ(h) = I(h). Since α <∞ and δ > 0 are arbitrary, we obtain the desired
upper bound. Finally, the rate function I being good follows from an argument similar to the
proof of Corollary 2(iii). This completes the proof. �

4.5. Proof of Proposition 2

Proof of Proposition 2. The fact that the sequence {Pεk
st }k∈N satisfies an LDP having a good

rate function follows from Corollary 1 and the contraction principle. The rate function is given
by

Ist(x, y) = inf
h:h(s)=x,h(t)=y

‖h‖2
H

2
− ϕ(h(0)) −ψ(h(1)).

First, fix two endpoints h(0) = x′ and h(1) = y′ and optimize ‖h‖2
H under the constraint

(h(s), h(t)) = (x, y). The optimal h is given by

h(u) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(
1 − u

s

)
x′ + u

s
x if u ∈ [0, s],

(
1 − u − s

t − s

)
x + u − s

t − s
y if u ∈ [s, t],

(
1 − u − t

1 − t

)
y + u − s

1 − t
y′ if u ∈ [t, 1],

which gives ‖h‖2
H/2 = c0,s(x′, x) + cs,t(x, y) + ct,1(y, y′). Hence,

Ist(x, y) = inf
x′,y′

{
c0,s(x′, x) + cs,t(x, y) + ct,1(y, y′) − ϕ(x′) −ψ(y′)

}
= cst(x, y) +Qs(− ϕ)(x) +Q1−t(−ψ)(x) = cs,t(x, y) − ϕs(x) −ψt(y).

The final claim follows from [47, Theorem 7.35] after adjusting the signs. �

4.6. Proof of Proposition 3

Proof of Proposition 3. The EOT plan π̌ ε is of the form

dπ̌ ε(x, y) = exp{(ϕ̌ε(x) + ψ̌ε(y) − cε(x, y))/ε} d(μ0 ⊗μ1)(x, y),
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where (ϕ̌ε, ψ̌ε) are EOT potentials satisfying the Schrödinger system (6) with c replaced by
cε. For uniqueness, we assume without loss of generality that

∫
ϕ̌ε dμ0 = ∫

ψ̌ε dμ1. Consider
the mixture distribution Qε = ∫

Řε,xy d(μ0 ⊗μ1)(x, y); then

dP̌ε

dQε
(ω) = exp

{
1

ε
(ϕ̌ε(ω(0)) + ψ̌ε(ω(1)) − cε(ω(0), ω(1)))

}
, ω= (ω(t))t∈[0,1] ∈ E.

Furthermore, by [44, Theorems 4.4.6 and 4.4.12], we have limε↓0 cε(x, y) = |x − y|2/2 =
c(x, y) uniformly over (x, y) ∈X ×Y . Hence, in view of the direct proof of Corollary 1, the
desired claim follows once we verify the following:

• the mixture distributions {Qεk}k∈N satisfy the LDP with good rate function J(h) =
inf(x,y)∈X×Y Jxy(h);

• as k → ∞, ϕ̌εk →ψc and ψ̌εk →ψ uniformly on X and Y , respectively.

The first item follows by establishing the exponential continuity of {Řεk,xy}k∈N w.r.t. (x,y).
To this end, we invoke the Radon–Nikodym derivative of the Langevin bridge Řε,xy against the
Brownian bridge Rε,xy:

dŘε,xy

dRε,xy
(ω) = Z−1

ε,xy exp

{
−ε

2

∫ 1

0

(|∇V(ω(t))|2 −�V(ω(t))
)

dt

}
, (17)

where �V is the Laplacian of V and Zε,xy is the normalizing constant. See [28, Section 5]
and the proof of [12, Theorem 2.1]; see also Remark 11. Heuristically, this follows from the
following observation. The Langevin diffusion Xε follows the SDE

dXε(t) = −ε∇V(Xε(t)) dt + √
ε dW(t).

The Girsanov theorem yields that

dŘε

dRε
(ω) = exp

{
−

∫ 1

0
∇V(ω(t)) · dω(t) − ε

2

∫ 1

0
|∇V(ω(t))|2 dt

}

under Rε. An application of Itô’s formula yields

∫ 1

0
∇V(ω(t)) · dω(t) = V(ω(1)) − V(ω(0)) − ε

2

∫ 1

0
�V(ω(t)) dt

under Rε. The bridge case is obtained by canceling V(ω(1)) − V(ω(0)), which is to be expected
since it depends only on the endpoints. Now, since the potential V has bounded derivatives, the
desired exponential continuity follows from Proposition 4.

For the second item, by the Schrödinger system and Jensen’s inequality, we have

|ϕ̌ε(x) − ϕ̌ε(x
′)| ≤ sup

y∈Y
|cε(x, y) − cε(x

′, y)|

≤ sup
y∈Y

|c(x, y) − c(x′, y)| + 2 sup
X×Y

|cε − c|.

By the generalized Ascoli–Arzelà theorem (cf. [36, Lemma 2.2]), the sequence of functions
{ϕ̌εk}k∈N converges uniformly on X along a subsequence. A similar result holds for ψ̌εk . The
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rest of the proof is analogous to the second part of the proof of Lemma 3. This completes the
proof. �

Remark 11 (Derivation of (17).) Formally, the Radon–Nikodym derivative (17) follows by
reducing to the ε= 1 case via reparameterization and [12, (25)]. Indeed, the process Yε(t) =
Xε(t)/

√
ε satisfies dYε(t) = −∇Vε(Yε(t)) dt + dW(t), where Vε(x) = V(

√
εx). By [12, (25)],

denoting by Yε#P the law of the process Yε = (Yε(t))t∈[0,1], we have

d(Yε#P)xy

dR1,xy
(ω) = Z−1

xy exp

{
−1

2

∫ 1

0

(|∇Vε(ω(t))|2 −�Vε(ω(t))
)

dt

}

= Z−1
xy exp

{
−ε

2

∫ 1

0

(|∇V(
√
εω(t))|2 −�V(

√
εω(t))

)
dt

}
,

where Zxy is the normalizing constant. Now, the formula (17) follows by a simple reparame-
terization.
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