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LARGE DEVIATIONS FOR DYNAMICAL SCHRODINGER PROBLEMS
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Abstract

We establish large deviations for dynamical Schrodinger problems driven by perturbed
Brownian motions when the noise parameter tends to zero. Our results show that
Schrodinger bridges charge exponentially small masses outside the support of the lim-
iting law that agrees with the optimal solution to the dynamical Monge—Kantorovich
optimal transport problem. Our proofs build on mixture representations of Schrodinger
bridges and establishing exponential continuity of Brownian bridges with respect to the
initial and terminal points.
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1. Introduction

1.1. Overview

The dynamical Schrodinger problem [19, 27] seeks to find the entropic projection of a ref-
erence path measure (such as a Wiener measure) onto the space of path measures with given
initial and terminal distributions. Originally motivated by physics, the problem has received
increasing interest from other application domains such as statistics and machine learning; see
[4, 16, 38, 43] and references therein. From a purely mathematical point of view, the time
marginal flow, called entropic interpolation, provides a powerful technique for deriving func-
tional inequalities and analysis of metric measure spaces [5, 20, 21], making the dynamical
Schrodinger problem of intrinsic interest. Additionally, the static version of the Schrédinger
problem is equivalent to quadratic entropic optimal transport (EOT) [35], the analysis of
which has seen extensive research activities. This is in particular due to EOT admitting effi-
cient computation via Sinkhorn’s algorithm, which lends itself well to large-scale data analysis
[14, 39].

Schrodinger problems can be interpreted as noisy counterparts of Monge—Kantorovich
optimal transport (OT) problems. In particular, [26, 31, 32] studied the rigorous connec-
tion between the two problems, establishing convergence of optimal solutions for dynamical
Schrédinger problems (Schrodinger bridges) toward the dynamical OT problem when the
noise level tends to zero. In this work, we study local rates of convergence of Schrddinger
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bridges toward the limiting law. Specifically, we establish large-deviation principles (LDPs)
for Schrodinger bridges on a path space and characterize the rate function.

Our baseline setting goes as follows. Let /19, 41 be Borel probability measures on R? with
finite second moments that will be fixed throughout. Let E be the space of continuous maps
[0, 11— R? endowed with the sup norm ||w||z = Sup;epo,17 lw@®)| for = (@(1)e0,1] € E (We
use | - | to denote the Euclidean norm). For a given & > 0 (noise level), let R® be the law, defined
on the Borel o-field of E, of & + \/eW, where & ~ o and W = (W(1))se(0,1] is a standard
Brownian motion starting at O independent of &. For s, 7 € [0, 1], we denote the projections at
t and (s, ) as e; and ey, respectively, i.e. e;(w) = w(f) and eg(w) = (w(s), w(t)) for w € E. For
a given Borel probability measure P on E, we write P, =P o efl and Py =Po e;,I . Given two
endpoint marginals o, 41 and a reference measure R®, the dynamical Schrédinger problem
reads as

. &

P1P0=rl£1012’1=m HPIR). 2
where H(- | -) denotes the relative entropy (see Section 1.4 for the formal definition). Provided
w1 has finite entropy relative to the Lebesgue measure (cf. Remark 1), the problem in (1)
admits a unique optimal solution P?, called the Schrddinger bridge. The solution P? is given by
a mixture of Brownian bridges against a (unique) optimal solution 7, to the static Schrodinger
problem

min  H(xw | Ry)), 2)
mell(po,m1)
where IT(ug, 1) is the set of couplings with marginals ©o and 1. The zero-noise limit (¢ |, 0)
of (2) corresponds to the OT problem with quadratic cost c(x, y) = |x — y|%/2,

min / ¢ dr. 3)

well(mo,p1)

which admits a unique optimal solution (OT plan) 7, (as @1 is assumed to be absolutely
continuous; [7]).

In his influential work [31], Mikami proved, under an additional assumption that 1. is abso-
lutely continuous, that P® converges weakly to the law P° of the geodesic path connecting two
random endpoints following 7o, 1+ o0-61(7) for o (r) = (1 — £)x + ty and (&, &1) ~ 7o, i.€.
P° = f 8ox dmo(x, y) with &. denoting the Dirac delta ([31] indeed proved convergence with
respect to Wasserstein W, distance). The limiting law P° can be characterized as an optimal
solution to the dynamical OT problem

1 1
min / (- f (0> dt) dP(w),
P:Po=po,P1=p1 2 Jo

where w(?) denotes the time derivative of w and fol |o(0)|? df = oo if w is not absolutely con-
tinuous [26]. The marginal laws of the limiting process give rise to a constant-speed geodesic
(displacement interpolation; [29]) in the Wasserstein space connecting g and 1.

Our main large deviation results establish that (see Sections 1.4 and 2 for notation and
definitions), under regularity conditions, for any sequence & |, 0, the Schrodinger bridges P
satisfy an LDP with rate function I(h) = fol (|h(0)2 /2) dt — ¥ ¢(h(0)) — Y (h(1)), where i is
an OT (or Kantorovich) potential from p; to pg and € is its c-transform (the rate function
1 is set to oo if h(0) or h(1) is outside the support of o or w1, respectively). Very roughly,
this means P*(A) ~ exp{—¢, ! infpea I(h)} for large k. The rate function I(h) vanishes as soon
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as h e Xn, := {0™: (x, y) € spt(,)}, which agrees with the support of P°, but I(h) is positive
outside ¥, in many cases. Effectively, our result implies that the Schrodinger bridges P°
charge exponentially small masses outside the support of the limiting law P°. Precisely, we
establish a weak-type LDP under uniqueness of OT potentials, which allows for marginals
with unbounded supports, but induces a full LDP when pq, (1 are compactly supported.

The proof of the main theorem relies on the expression of P as a 7.-mixture of Brownian
bridges. The main ingredient of the proof is the exponential continuity [18] of Brownian
bridges, i.e. establishing large-deviation upper and lower bounds for Brownian bridges when
the locations of initial and terminal points vary with the noise level. Note that an LDP for
Brownian bridges with fixed initial and terminal points was derived in [23], but Hsu’s proof,
which relies on transition density estimates, seems difficult to adapt to establishing the expo-
nential continuity. Instead, we use techniques from abstract Wiener spaces (cf. [45, Chapter
8]) to establish the said result. Given the exponential continuity, the main theorem follows
from combining the large-deviation results for 7, established in [3]. For the compact support
case, we provide a more direct proof of the full LDP using the representation of P® as an
integral of a (o ® w1)-mixture of Brownian bridges. The proof first shows an LDP for the
(o ® pp)-mixture of Brownian bridges, and then establishes the full LDP by adapting the
(Laplace—)Varadhan lemma (cf. [17, Theorem 4.4.2]) and using the convergence of EOT (or
Schrodinger) potentials. The alternative proof can be easily adapted to establish an LDP for
the dynamical Schrodinger problem with Langevin diffusion as a reference measure when two
marginals are compactly supported; cf. Remark 10.

1.2. Literature review

The literature related to this paper is broad, so we confine ourselves to the references directly
related to our work. The most closely related are [3, 36], which established large deviations
for static Schrodinger problems in fairly general settings, allowing for marginals on a general
Polish space and general continuous costs, and our proofs use several results from their work.
[3] derived a weak LDP for EOT via a novel cyclical invariance characterization of EOT plans,
while [36] built on convergence of EOT potentials.

The connection between Schrodinger and OT problems has been one of the central problems
in the OT literature. We focus here on convergence of Schrodinger problems. The pioneer-
ing works in this direction are [26, 31, 32]. Mikami’s proof in [31] relies on the fact that
the Schrodinger bridge P? corresponds to a weak solution of a certain stochastic differen-
tial equation (SDE) with diffusion component /¢ dW(¢), the special case of which is often
referred to as the Follmer process [25, 33]; see Remark 3. The drift function of said SDE being
dependent on ¢ in a nontrivial way (among others) makes the problem of large deviations for
dynamical Schrodinger problems fall outside the realm of the Freidlin—-Wentzell theory (cf.
[17, Chapter 5]). On the other hand, Léonard’s proof in [26] relies on the variational represen-
tation of the relative entropy and convex analysis techniques to establish I'-convergence of the
Schodinger objective functions, which yields convergence of the optimal solutions. Arguably,
recent interest in EOT (static Schrodinger problem) stems from the fact that EOT provides an
efficient computational means for unregularized OT [14, 39]. From this perspective, extensive
research has been done on convergence and speed of convergence of EOT costs, potentials,
plans, and maps toward those of unregularized OT [1, 8, 9, 11, 13, 36, 37, 40].

To the best of the author’s knowledge, this is the first paper to establish large deviations
for dynamical Schrodinger problems. As noted in the beginning, the dynamical aspect of the
Schrodinger bridge has received increasing interest from application domains, which calls for
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further research on this subject. Our results contribute to the rigorous understanding of the
connection between the dynamical Schrodinger and OT problems in the small-noise regime.
From a technical perspective, our use of mixture representations to explore large deviations on
path spaces might be applied to other problems. Finally, in this work we focus on the Wiener
reference measure that corresponds to the quadratic OT problem. Arguably, this setting would
be the most basic. Extending our large-deviation results to the dynamical problem in abstract
metric spaces [34] would be of interest, but beyond the scope of this paper.

1.3. Organization

The rest of the paper is organized as follows. Section 2 contains background on EOT,
Schrodinger, and OT problems, and Section 3 presents the main results. All the proofs are
gathered in Section 4.

1.4. Notation and definitions

Let x - y denote the Euclidean inner product for x, y € R. For x, y € R and a Borel probabil-
ity measure P on E, let P~ denote the (regular) conditional law of X given (X(0), X(1)) = (x, y)
for X = (X(#))sef0,11 ~ P. For a set A, let t4(x) =0 if x € A and = o0 if x ¢ A. On a metric space
M, let By(x, r) denote the open ball in M with center x and radius r. For a Borel probability
measure [ on a metric space, its support is denoted by spt(u). For probability measures «,
on a common measurable space, H(« | B) is the relative entropy defined as

da .
Ha| )= /IOgd_ﬁ da ifa<k§8,

00 otherwise.

A lower semicontinuous function /: M — [0, co] defined on a metric space M is called a
rate function. The rate function / is called good if all level sets {x: I(x) < a} for « € [0, 00) are
compact. Given a sequence of positive reals ay — 00, a sequence of Borel probability measures
{Pi}ren on M satisfies a weak large-deviation principle with speed ay and rate function 7 if

(i) for every open set A C M, lim infy_, a,?l log Pr(A) > — infyeq I(X);
(i1) for every compact set A C M, lim sup;_, o ak_l log Pr(A) < — infyeq ().

If condition (ii) holds for every closed set A C M, then we say that {Py}rcn satisfies a (full)
LDP. We refer the reader to [17] as an excellent reference on large deviations.

2. Preliminaries

2.1. From EOT to Schrodinger problems

We first review EOT and its connection to the Schrodinger problems, which will play a key
role in the proofs of the main results. Proofs of the results below can be found in [27] or [36].
Throughout, we set X = spt(i1p) and Y = spt(uq).

Given marginals pg, jt1, the EOT problem for quadratic cost c(x, y) = |x — y|?/2 reads as

min /cdn+8’H(7T|Mo®m)= min s([(c/e) dn+7—l(n|uo®,u1)>.
well(ug,p1) well(po,p1)
4
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Setting dv, = Z;le_c/s d(po ® wi) with Z, = [ e~/ d(uo ® w1), we have

/ (c/e) dm +H(mw | o @ 1) =H(mw | ve) — log Ze,
which implies that (4) is equivalent to the static Schrodinger problem

min  H(w | vg). (5)
well(po,p1)
Recall that IT(u, 11) is compact for the weak topology. Since m +— H(x | v,) is lower semi-
continuous with respect to (w.r.t.) the weak topology (which follows from the variational
representation of the relative entropy) and strictly convex on the set of 7 such that H(m | ve)
is finite (which follows from the strict convexity of x — x log x), the problem in (5) admits a
unique optimal solution 7., provided H(w | ve) < oo for some 7 € (i, w1). Since o and
w1 have finite second moments, we have H (g ® w1 | ve) < 0o. We will call 7, the EOT plan.
The EOT plan has a density w.r.t. ;1o ® (1 given by

drre (x, y) = W OFIEOIZCNIE (g @ ). y),

where ¢, € L' (o) and v, € L(u1) are EOT potentials satisfying the Schrodinger system

/ Qe WV O)=EI/E 4y () 21, pg-almost every x,

(6)
/ P OHVe0I—ce/e q0(x) =1, w;-almost every y.

EOT potentials are almost surely (a.s.) unique up to additive constants, i.e. if (¢, 1) is another
pair of EOT potentials, then there exists a constant @ € R such that ¢, = ¢, +a po-almost
everywhere (a.e.) and 1/75 =Y, —a pn1-a.e. In many cases (e.g. as soon as g, (] are sub-
Gaussian), we can choose versions of (finite) EOT potentials for which the Schrodinger system
(6) holds for all xe X and y € Y (in fact for all x € R? and ye Rd); see [30, Proposition 6].
Whenever possible, we always choose such versions of EOT potentials.

To link EOT to the original static Schrodinger problem (2), we make the following
assumption.

Assumption 1. | < dy and H(uy | dy) < oo.

Remark 1. (On the relative entropy H(ie1 | dy).) Here, as in [27, Appendix A], we define the
relative entropy (i1 | dy) against the Lebesgue measure dy given by

H(pr | dy):= /log(p/g) dug +f(logg) duy € (=00, o0],

where p = du1/ dy and g is the standard Gaussian density on R?.

The reference measure Rf)l =Rfo eall for (2) has a density w.r.t. dy duop(x) given by
dRy, (x, y) = 2me)~42e=@M/e dy dug(x), so v, is absolutely continuous w.r.t. RG, with
density dve(x, y) = 2me)2Z; 1 p(y) RS, (x, y). Hence,

d
H(m | ve) =H(w | RG) — 5 log @me) +log Ze — H(pr | dy),

and the unique optimal solution to (2) is given by 7.
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Going back to the dynamical Schrodinger problem (1), by the chain rule for the relative
entropy, we have H(P | R®) = H(Po1 | Rj,;) + [ HPY | R®Y) dPg)(x, y), which is minimized
by taking P~ = R®* and Py = 7, i.e.,

PE()= f RE() drre(x, y) = / POV e RED () d(pig @ pr)(x, y).  (T)

Alternatively, setting R® = f R_“y d(po ® 1), which is a (uo ® p1)-mixture of Brownian
bridges, P? has a density w.r.t. R® given by
dp¢ _
— () = e~ %@ ODVE ) = ((D)rego.11 € E, ®)
dRe
where ¢po: X x Y — Ri is a function defined by ¢.(x, y) = c(x, y) — @ (x) — Y- (). To see this,
for X = (X(#))re[0,11 ~ R’ and every Borel set A C E,

E[IA(X)C_¢E(X(O)'X(1))/6] =E[P(X € A | X(0), X(l))e—¢a(x(0),x(1))/8]
— E[RS»(X(O),XU))(A)e—lZ’s(X(O)vX(l))/S] =P°(A),

where we used (X(0), X(1)) ~ o ® u1.

Remark 2. (On Assumption 1.) Assumption 1 is unavoidable to ensure the problem in (2) has
a unique optimal solution. On the other hand, the initial distribution 1¢ need not be absolutely
continuous, e.g. (4o can be discrete.

Remark 3. (Connnection to Follmer processes.) The Schrddinder bridge P corresponds to
the law of a weak solution to a certain SDE, the special case of which is often referred
to as the Follmer process. Let B(E) be the Borel o-field on E. Equip (E, B(E), R®) with
the canonical filtration (augmented, if necessary), and denote by X = (X(?)):¢[0,1] the canon-
ical process, i.e. X(t, w) = w(t) for v = (w(?))sef0,1] € E. Under R®, W = e~ V2(X — X(0)) is
a standard Brownian motion starting at 0. Recalling that p = du;/dy, we set ¥(y):=
e((d/2)log 2me) + log p(y)) + ¥ (y). With this notation, it can be seen that

Pe() = / e((pg(x)+wg(y))/eRs,xy(_) ngl(x’ y),

which implies (cf. the preceding argument) that

dP* (X +e /e
dRe

We write

1 Y ~
Qre(l —n)~? / exp {——(M - wgm)} dy' ifrel0, 1),
bé‘(h Y) = _ & 1 —t
eVe0)/e ifr=1,
which satisfies (d; +£A,/2)h, =0 under regularity conditions (cf. the heat equation).
Applying Itd’s formula (cf. [24, Theorem 3.3.6]), we have

1 1 1
log be(1, X(1)) = log h(0, X(0)) +—— / be(t, X(1)) - dW(1) — — / b2, X2 dr,
—_—— \/5 0 2e
=—:(X(0))/e
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where we define b, (¢, y) = ¢ Vy log b (¢, ¥). We conclude that, R¢-as.,

dpP¢ {
— 57 = CXp

1! 1 )
iR —/0 be(t, X(1)) - dW(t)_Z/wS(t’ X(0)| dt}.

Je
By Girsanov’s theorem, under P° the new process W=w—g1/2 fo be(t, X(¢)) dr is a
standard Brownian motion, and the process X solves the SDE

dX(1) = be(t, X (1) dt + /& dW(D),  X(0) ~ o €))

(see, e.g., [24, Proposition 5.3.6]; see also [15]). When ¢ =1 and o =39, we can take
@1(x) =0 and ¥ (v) = |y|>/2, so e¥! is the density of 1| w.r.t. the standard Gaussian. Hence,
the SDE in (9) corresponds to the Follmer process in [25, (12)] and [33]. Abusing terminology,
we call P? with ¢ > 0 and g = §p a (perturbed) Follmer process.

2.2. OT potentials

The rate function for Schrodinger bridges involves OT potentials. For duality theory of OT,
we refer the reader to [2, 41, 47]. The OT problem (3) admits a dual problem that reads as

max /<P dM0+/ ¥ duy. (10)
(@)L (o) xL' (111)
p+¥=c
By restricting to the respective support, it is assumed without loss of generality that ¢ and
Y are functions defined on X and ), respectively. One of ¢ and i can be replaced with
the c-transform of the other. Recall that the c-transform of ¢ : ) — [— 00, 00) with  #
—00 is a function ¥“: X — [~ 00, 00) defined by ¥“(x) := infycy{c(x, y) — ¥ ()}, xe X.
The c-transform of ¢: X — [— 00, 00) with ¢ £ —o0 is defined analogously. The dual
problem (10) then reduces to

max /w’f d,uo+f¢ dur, (11

yeLl(ur)

whose maximum is attained at some c-concave function ¥ € L' (1) with ¥ € L' (1) (a func-
tion on Y is called c-concave if it is the c-transform of a function on X); see, e.g., [47, Theorem
5.9] or [2, Theorem 6.1.5]. We call such a ¢ an OT potential from | to po. An OT potential
from g to w1 is defined analogously.

For any OT potential ¢ and any OT plan 7, the support of m is contained in the
c-superdifferential 0y of ¥, 3¢ := {(x, y): ¥v(x) + ¥ (y) = c(x, y)}. Indeed, 01 is a closed
set (as c-concave functions are upper semicontinuous) on which 7 has full measure by duality,
s0 spt(;r) C 3¢y In particular, for (x, y) € spt(;r), ¥°(x) and () are finite.

Observe that Assumption 1 ensures that the OT problem (3) admits a unique OT plan 7,.
Let X, and ), denote the projections of spt(m,) onto X and ), respectively, i.e.,

Xo = {x: (x, y) € spt(,) for some y},

and ), is defined analogously. As 7, is a coupling for o and w1, the sets X, and ), have full
o- and pq-measure, respectively. As in [3], we assume uniqueness of OT potentials (from pq
to (o) on ), to derive our large-deviation results.

Assumption 2. The dual problem (11) admits a unique OT potential  on Yo, i.e. if Vs
another OT potential, then Y — { is constant on Y.

https://doi.org/10.1017/jpr.2025.10049 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2025.10049

8 K. KATO

Appendix B in [3] and [42] provide various sufficient conditions under which uniqueness
of OT potential holds. For example, Assumption 2 holds under each of the following cases:

(A) X and Y are compact, and one of them agrees with the closure of a connected open set
[24, Theorem 7.18].

(B) The interior int(})) is connected, w; is absolutely continuous with positive Lebesgue
density on int(})), and p1(0)) =0 [3, Proposition B.2].

Case (A) does not require po or 1 to have a Lebesgue density (although Assumption 1
requires (1 < dy). We provide a self-contained proof of Case (A) in Lemma 3 for complete-
ness. Case (B) imposes no restrictions on tig, so it allows po to be discrete.

Remark 4. Often, regularity conditions are imposed on the input measure (4o to ensure unique-
ness or regularity of OT potentials from g to 1. For the (static) EOT case, the role of o and
(41 is symmetric, so it is possible, without loss of generality, to focus on the forward (po — 141)
case. However, in our dynamical setting, the roles of 1o and w are asymmetric because of
Assumption 1. Since Assumption | already imposes absolute continuity on (1, we treat OT
potentials for the backward direction (11 — (o), contrary to the convention in the literature.

3. Main results

We first recall the weak convergence of P¢ toward P° = [ §po dro(x, y) with o(1) = (1 —
1)x + ty. Recall that the cost function is c(x, y) = |x — y|?/2.

Proposition 1. Under Assumption 1, P* — P° weakly as ¢ |, 0. The support of P° agrees with
Y, = {07 (x, y) € spt(io))}.

Remark 5. (On Proposition 1.) A version of this proposition was proved in [31] under the
extra assumption that (g is absolutely continuous. [26, Theorem 3.7] implies the proposition
but the proof is somewhat involved (as it covers more general settings). We provide a simple
proof in Section 4.

We are now in a position to state our main results. Let H denote the space of absolutely
continuous maps h: [0, 1] — R? with fol |h(z‘)|2 dt < oo, where h(t) = dh(r)/ dt. We endow H

with the (semi-)inner product (g, h)y = fol IHOE h(t) dr. Set || - ||g = +/(-, -)u. Formally, define
[|h]|g =00 for he E\ H. We first state the weak-type LDP for Schrédinger bridges, which
allows for marginals with unbounded supports.

Theorem 1. (Weak-type LDP for Schrodinger bridges.) Suppose Assumptions 1 and 2 hold.
Pick any e | 0. Then the following hold:

(i) For every open set A C eall(/'\,’o X V,) (w.r.t. the relative topology),
likrggfek log P*(A) > — ilzlel/l; I(h)
for the rate function I1(h) = ||h||%1/2 — ¥<(h(0)) — ¥ (h(1)).
(ii) For every closed set A C E of the form A = e&ll(C) for some compact set C C Xy X Vo,

lim sup g log P**(A) < — inf I(h).
heA

k— 00
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Theorem 1 is not precisely a weak LDP since (ii) holds for every compact set
CcC ea]I(XO x Y,) but also for some noncompact closed sets. As such, we call Theorem 1
a weak-type LDP. If the marginals have compact supports, then a full LPD holds, subject to
one technical condition essential to guarantee the uniqueness of OT potentials.

Corollary 1. (Full LDP for Schrodinger bridges.) Suppose Assumption 1 holds. Pick any
ex 4 0. If X and Y are compact and one of them agrees with the closure of a connected open set,
then the sequence {P}icN satisfies a (full) LDP on E with speed ek_l and good rate function

I, where I is set to 0o outside eall(?( x Y).
We leave several remarks on the preceding results.

Remark 6. (On Corollary 1.) The sets X, ) being compact implies X, = X and ), =), as
the projections from X’ x ) onto X and Y are then closed maps. The assumption of Corollary 1
guarantees the uniqueness of OT potentials; see the discussion after Assumption 2. Since P°
charges no mass outside e, 11 (X x )), the full LDP is indeed deduced from the preceding the-
orem. Connectedness of the support of one of the marginals is essential for the uniqueness of
OT potentials (see the discussion before Proposition B.2 in [3]). The full LPD (more specifi-
cally, establishing exponential tightness) for Schrodinger bridges requires both marginals to be
compactly supported, since exponential tightness implies the limiting law P° is concentrated
on a compact set, which fails to hold if one of the marginals has unbounded support. See [36,
Remark 4.2(b)] for a relevant discussion in the static case.

Remark 7. (On the rate function I(h).) Since ¥(x) 4+ ¥ (y) < c(x, y) by construction, the
rate function I(h) is positive as soon as h # o"O-hD) Eyen when h=c"O-"D which
entails ||h||%,/2 = c(h(0), h(1)), the rate function I(h) = c(h(0), k(1)) — ¥ °(h(0)) — ¥ (h(1)) can
be positive provided (h(0), h(1)) ¢ spt(mo). [3, Section 5] provides several conditions under
which the rate function for the static case, ¢(x, y) = c(x, y) — ¥“(x) — ¥(y), is positive out-
side spt(m,). Considering the characterization of the support of P, our large-deviation results
essentially imply that the Schrodinger bridges P? charge exponentially small masses outside
spt(P,) when ¢ | 0.

Remark 8. (Proofs of Theorem 1 main and Corollary 1.) The proof of Theorem 1 uses the
expression P¢(A) = f R®Y(A) dm(x, y) from (7). The main ingredient is the exponential con-
tinuity of {R°}, i.e. establishing large-deviation upper and lower bounds for {R®®&-Y0)};
when (xx, yx) = (x, ¥), which will be proved in Proposition 4. The proof then directly eval-
uates P?(A) by combining the large-deviation results for the static case from [3]. As noted
in Remark 6, Corollary 1 is a special case of Theorem 1. Nonetheless, we provide a sep-
arate, more direct proof for the compact support case. It relies on the expression Pf(A) =
/ N e %ecc01(@)/¢ 4R (w) from (8). Then the proof proceeds by (i) proving an LDP for R?,
which follows directly from the exponential continuity [18], and then (ii) adapting the
(Laplace—)Varadhan lemma (cf. [17, Theorem 4.4.2]) to evaluate P¢(A). Step (ii) is relatively
simple, because, while the function ¢, depends on ¢, so the Varadhan lemma is not directly
applicable, the assumption of Corollary 1 ensures uniform convergence of the EOT potentials.

Remark 9. (On uniqueness of OT potentials.) Inspection of the proof of Corollary 1 reveals
that, as long as Assumption 1 holds and X and ) are compact (but without assuming
uniqueness of OT potentials), the conclusion of Corollary 1 continues to hold, provided that

lim ¢, =¢ and lim ¥, = ¥ uniformly on X’ and ), respectively (12)
k—00 k—00
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for some (continuous) functions ¢ and ¥ on X’ and ), respectively (necessarily, (¢, V) are dual
potentials for (wo, ©1)). The rate function I needs to be modified so that (¢, i) are replaced
with (@, ). A similar comment applies to Proposition 3. Conversely, the uniform convergence
of the EOT potentials in (12) is necessary for the LDP for the Schrodinger bridges {P }icn to
hold, by [36, Proposition 4.5] in the static case and the contraction principle.

We now look at a few special cases.

Example 1. (Follmer process.) When o = 8y, we have Y, = ) and ¥(y) = |y|?/2, so the rate
function reduces to I(h) = ||h||%1/2 — (D) /2 + t10y(7(0)) + ty(h(1)), which vanishes if and
only if A(t) =ty for t € [0, 1] for some y € ), i.e. if and only if /& € spt(P°).

Example 2. (Two-point marginal.) The LDP in Corollary 1 directly yields an LDP for P% o
£~ for any continuous function f from E into another metric space by the contraction principle
(cf. [17, Theorem 4.2.1]). We consider the case where f = e for 0 <s <t < 1. Note that Pf{‘
is a coupling for P{* and P;*. Recall that the marginal flow (P);co.1] is called an entropic
interpolation, and its limiting analog (Py);c[o,1] is a displacement interpolation connecting 1o
and p1. To characterize the rate function for P;, we need additional notation.

For a function f: RY — (— 00, 00] and t > 0, define

Q) = inf {M +f<x>}, (>0, Q)=
xeRd t
The family of operators {Q;};~0 is called the Hopf-Lax semigroup; cf. [47, Chapter 7].
Assuming Case (A) after Assumption 2, we set ¢ = 1/ and extend ¢ and ¥ to the whole R?
by setting ¢ = —o0 and ¥ = —oo outside X and ), respectively. For 0 <s < < 1, consider
the rescaled cost ¢*!(x, 1) = c(x, ¥)/(t — 5).

Proposition 2. (LDP for two-point marginal.) Suppose Assumption 1 holds. Pick any 0 < s <
t<lander | 0. If X and ) are compact and one of them agrees with the closure of a connected
open set, then the sequence {P{f}icn satisfies an LDP on R* with speed & Vand good rate
function Ly(x, y) = ¢*'(x, y) — p5() — Y (y), where (s, Y) i= (= Qy(— @), —Qi_((— ¥) are
dual potentials for (PS, P?) w.r.t. ¢, i.e. optimal solutions to (10) with (1o, |41, ¢) replaced
by (P2, P?, ™).

Finally, we point out that the direct proof for Corollary 1 can be easily adapted to cover the
dynamical Schrodinger problem with Langevin diffusion as a reference measure.

Remark 10. (Langevin diffusion as reference measure.) For a bounded smooth potential
V: R? — R with bounded derivatives, consider the Langevin diffusion X = (X(#));>0 defined
by the unique (strong) solution to the SDE dX(¢) = —VV(X(?)) dr + dW(¢), X(0) ~ 1o, where
(W(1))>0 is a standard Brownian motion starting at 0 independent of X(0). Let p;(x, y) denote
the transition density of the Langevin diffusion X and R¢ be the law of X* := (X(et))ier0.1]
defined on B(E). Instead of the Wiener reference measure as in (1), we consider the dynamical
Schrodinger problem with reference measure RE:
: pe

P:Po=IlILlo1,rll’1=m HPIRD. (13)
Under Assumption 1, arguing as in Section 2 (see also [27, Proposition 2.3]), we can see that
the unique optimal solution to (13) is given by

Pe()= / RES() dit(x, y),
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where R®Y is the conditional law of X* given (X*(0), X°(1)) = (x, y) and ¢ is the unique
optimal solution to the static EOT problem

min /cg dm + eH(m | po ® p1)
7 €ll(1o,141)

with c.(x, y) := —e log pe(x, y). Recall that the transition density p;(x, y) is everywhere pos-
itive (cf. [44, Chapter 4]) and the conditional laws R are defined for all (x, y) e R* [6)].
The classical Varadhan asymptotics implies that limg o c¢(x, y) = |x — y|2 /2 =c(x,y) (cf. [44,
Chapter 4]), so we can expect that the Schrodinger bridges {IV’S }es0 satisfy the LDP with the
same rate function I as in the Brownian case. The next proposition confirms this under a similar
setting to Corollary 1.

Proposition 3. (Full LDP for Schrodinger bridges: Langevin case.) Suppose Assumption 1
holds. Pick any e | 0. If X and Y are compact and one of them agrees with the closure of
a connected open set, then the sequence (P} en satisfies a (full) LDP on E with speed &, !
and good rate function I, where I is given in Corollary 1.

The condition on the potential V appears to be stronger than needed, but is imposed for
the sake of simplicity. As announced, the proof follows similar arguments to the direct proof
for Corollary 1. To establish exponential continuity for the Langevin bridge REY, we use
the explicit expression for the Radon—Nikodym density of the Langevin bridge against the
Brownian bridge; cf. [28].

4. Proofs for Section 3

Recall that R is the (regular) conditional law of x + /eW given x + /eW(1) =y for a
standard Brownian motion W = (W(1)),¢[0,1] starting at 0. Alternatively, R®* can be character-
ized as the law of /eW° + o™ with W° = (W(¢) — tW(1))e[0.17 2 standard Brownian bridge.
For simplicity of notation, let z = (x, y) € R?*? and write R®¢ = R&™.

4.1. Proof of Proposition 1

Proof of Proposition 1. By the uniqueness of the OT plan, we have m, — m, weakly by [3,
Ne '= SUP,.R2 [ 1] -0

Proposition 3.2], which implies that
/ g d(me — 7o)
g 1-Lipschitz

(see [46, Chapter 1.12]. Pick any 1-Lipschitz function f: E — [— 1, 1]. We have

/f dpfz/ (/f dR“) dng(z)sz[f(ﬁW°+oZ)] dm(2).
[ —

=:8:(2)

By construction, g, is bounded by 1, |ge(z) — ge(Z)| <o —0o%|lg <2|z—7], and
limg 0 g:(z) =f(0°) = [ f dé,:. Hence,

/ga dm, S/ga d7To+277£=/ </f d80z> dm, +o(1),

=/[f dpe
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where we used the dominated convergence theorem. The reverse inequality follows similarly,
and we conclude that lim. o [ f dP® = [ f dP°, which yields P* — P° weakly. The second
claim follows from Lemma 1, which follows. O

Lemma 1. For any Borel probability measure y on R*, the mixture P = [ 8o dy(x,y) has
support %, := {o™: (x, y) € spt(y)}.

Proof. The set X, is closed in E. Pick any (x, y) € spt(y) and any open set U con-
taining 0. Since O = {(*', y'): oV eU}is open in R (as (', y') — ¥V is continuous),
we have, for (&, &)~ y, P(U) =P(c50:51 € U) =P((£, &1) € 0) = y(0) > 0, which yields
spt(P) = %,,. U

4.2. Exponential continuity of Brownian bridges

For given x, y € R?, [23] showed that the sequence {R®*},-¢ satisfies an LDP with rate
function

Il
Ty = = = c(x, ) + e (A(0), h(1).

Write J;(h) = J,y(h) for z=(x, y). Additionally, set H; := {h € H: (h(0), h(1)) = z}. Pick any
Ek \L 0.
Proposition 4. (Exponential continuity of Brownian bridges)

(i) For every open set A C E, lim infy_, & log R®%(A) > — infcy J,(h) whenever 7 — 7

in R
(ii) For every closed set A C E,
lim sup & log R°*%(A) < — }ilng J;(h) (14)
€.

k— 00

whenever z; — 7 in R%.

Proof. Hsu’s proof in [23] that relies on transition function estimates seems difficult to
adapt to establishing the exponential continuity. Instead, we adapt the proof of large deviations
for abstract Wiener spaces; cf. [45, Chapter 8]. For the sake of completeness, we provide a
self-contained proof.

For (i), it suffices to show that for every & € H such that J,(h) < oo,

lim inf lim inf ; log R** (Bg(h, r)) > —J,(h).
r{0  k—o0

Set heHy by h=h—o" and hxeH, by hy=h+o"%%. Since |k —h|g— 0,
Bg(hy, r/2) C Be(h, r) for large k. Observe that

RE%(B(hy, r/2)) = R (Bg(h, r/2)) = P(W° € Bg(h//ex, r/(2\/€0))).-

Recall that (Hy, (-, -)g) is a reproducing kernel Hilbert space for W° (cf. [22, Exercise 2.6.16]),
whose closure in E agrees with Ey:= {w € E: w(0) = w(1) = 0}. Hence, the pair of spaces
(Hy, Ep) coupled with the law of W° constitutes an abstract Wiener space; cf. [45, Chapter 8].
Let Ejj denote the topological dual of Ey with dual norm || - || ES» and (w, w™) denote the duality
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pairing for w € Ep and * € Ejj. Since Hy is continuously embedded as a dense subspace of Ey
(as |- le = Il - llz on Hy), for each w* € Efj, there exists a unique hy,+ € Ho with the property
that (h, hy,+)g = (h, ™) for all h € Hy, and the map w™ — h,+ is continuous, linear, one-to-
one, and onto a dense subspace of Hy (cf. [45, Lemma 8.2.3]). Let 0 < § < r/2 and w* € EE;

be such that Bg,(hy, §) C BEO(i_z, r/2). Now, an application of the Cameron—Martin formula
(cf. [45, Theorem 8.2.9]) yields

RO(Bg(h, r/2)) = R% (B, (h, r/2)) = R (Bg, (hoy, 8))
=P(W° — &, *hor € Br, (0, &, '/%9))
—E[exp {—e; 2 (W°, 0*) — e I ||,2,/2}1BE0(0’8;1/25)(W°)]
> exp |~ ™ gz — e har I15/2)P(W° € Br, (0. £ 25)),
so that, by taking k — oo,

7 l’l s 2
liminf e log R**(Bi(F. 1/2)) = —8ll6” | gy — o012,
k—o00 0 )

Choosing § = r/4 and w* € Ej with | — he« ||z < r/4, and then taking r | 0, we have

_ hl|2 1
lim inf lim inf & log R%**(Bg(h, r/2)) > Ml _ —— (% = 1x = y1P) = —J.(h).
rl k— 00 2 2
For (ii), we first show that for every h € E,
lim sup lim sup g log R *(Bg(h, r)) < —J (h). (15)

0 k=0
Using the same notation as in (i), we have Bg(h, r) C Bg(h, 2r) for large k and
REH(Bp(hy, 2r) = P(W® € Bp(h//ex., 2r/ /)
= E exp {—& (W, ") + o0 W 0"y, s ey e W)
< oxp {—eg  (h, ") — 2rll" ) }E[ess W]

=oxp {—e (7, %) = llhor 7/2 = 2rll0* | £2)}

for all w* € Ejj, where we used the fact that (W°, @*) ~ N(O, ||hqx ||12q). This yields

_ ho |2
lim sup lim sup & log R®*(Bg(hy, 2r)) < — sup ((h, ™) — e ”H>

r0 . koo w*eE: 2
71—
. —” I if h € Hy,
—00 otherwise.

Now, h € Hy if and only if 4 € H, and ||]|%, = ||h]|%, — |x — y|?, which leads to (15).
Given (15), it is standard to show that (14) holds for every compact set A C E. It remains
to verify exponential tightness for {R®¢%}; . (cf. [17, Lemma 1.2.18]), i.e. for every o < oo,
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there exists a compact set K C E such that lim sup,_, . &k log R**%(K®) < —a. We first note
that the exponential tightness holds for {R%%};cn. Indeed, by [45, Corollary 8.3.10], we can
construct a separable Banach space F that is continuously embedded in E(y as a measurable
subset with the properties that P(W° € F) = 1, bounded subsets of F are totally bounded in
Eop, and (Hyp, F) coupled with the restriction of the law of W° on F is another abstract Wiener
space. Then, choosing K to be the Ep-closure of a ball in F' with large enough radius satisfies
lim sup,_, o, €« log Rsk’O(K(C)) < —a by Fernique’s theorem (cf. [45, Theorem 8.2.1]), and Ky is
compact in E( by construction.

Now, for an arbitrary bounded neighborhood O c R* of z, set K| = {ox/y,: «,y)e O}
By the Ascoli-Arzela theorem, the set K = {w + o': @ € Ky, »’ € K1} is relatively compact
in E, and such that R%%(K)>R®%O(Ky) for large k. Indeed, 0% € K| for large k, so if
w € Ko, then w+ 0% € K, which implies R%°(Kp) < R%%(w + 0% € K) = R®%%(K). This
yields exponential tightness for {R®%%}; . (]

Given the exponential continuity, the following corollary concerning large deviations of
mixtures of Brownian bridges follows immediately from [18, Theorems 2.1 and 2.2]. The
result might be of independent interest.

Corollary 2. (Large deviations for mixtures of Brownian bridges.) Let y be a Borel probability
measure on R24. Consider the mixture distribution QF = f R&Y dy(x, y).

(1) The function

A2,

J(h) = inf  Jy(h)=
(x.y)espt(y)

— c(h(0), h(1)) + tspi(y)((0), A(1)) (16)
is lower semicontinuous from E into [0, oo].
(ii) For every open set A C E, lim inf_, oo &; log Q%% (A) > — infjeq J(h).

(iii) If y is compactly supported, then for every closed set A C E,

lim sup g log 0% (A) < — }ilng J(h),
€

k— 00
and J is a good rate function.

Proof. For (i), set F = {(h, z) € E x R*: (h(0), h(1)) = z}. The rate function J.(h) can be
expressed as

k112,

2

J(h) = ”h# —cx,y)+ip(h, 2) = — c(h(0), h(1)) + tp(h, 2).

This yields the second expression for the J function in (16). Since spt(y) is closed by defini-
tion, what remains is to verify that the mapping E > h +— ||h||?1 /2 is lower semicontinuous. It
suffices to show that the set {h € H: ||h||g <1} is closed in E. Let {h,},en C H be a sequence
with ||, |lg <1 for all n e N and h, — h in E. We may assume without loss of general-
ity that £,(0) = hoo(0) = 0. Since H= {h e H: h(0) =0} endowed with inner product (-, -)g
is a Hilbert space, by the Banach—Alaoglu theorem, there exists a subsequence /4, such that
hy — h weakly in H for some h € H with ||k g < 1, i.e. lim,y (B, 8H= (h, gy forall ge H.
This implies that s, = h (choose appropriate g) and ||hx ||z < 1, as desired.

Part (ii) follows from Proposition 4(i) and [18, Theorem 2.1].
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For (iii), the large-deviation upper bound follows from Proposition 4(ii) and [18, Theorem
2.2]. Finally, we verify that J has compact level sets, but this follows from [17, Lemmal.2.18],
since the argument in Proposition 4(ii) indeed shows that {Q%};cn is exponentially tight
(replace O by spt(y)). U

4.3. Proof of Theorem 1

Proof of Theorem 1. Set ¢p(z) = c(x, y) — ¥ °(x) — ¥ (y) for z=(x, y) € Xo X Vo.
For (i), it suffices to show that for any & € eall(Xo X Yo)NH and r > 0,

likm inf &x log P**(Bg(h, r)) > —I(h).
—>00

Set z=(h(0), k(1)) € X, x V,. By the exponential continuity of {R®*?} established in
Proposition 4, for every § > 0 we can choose an open neighborhood O, C &, x ), of z and
a positive integer k; such that, for every 7’ € O,

exlog R%Y (Bp(h, r)) > — inf  J.(W)—8, k>k.
W eBg(h,r)

For if not, for the open ball O; in X o x Yo with center z and radius i~

and a large enough positive integer k; (with k; > k;_1) such that

, we can find z} € O;

ex, log R%%(Bg(h, r)) < — inf  J.(H) =38,
W eBg(h,r)

but this contradicts the exponential continuity (as z; — z). Hence,
P ) = [ exp [e! e log RS Beth 1) dr @)
0
zexp (- er!( inf L0 +8) 700,
> exp { & h,dlgIEl(h’r) (W) + 8 ) 176,(0;)
Invoking [3, Corollary 4.7], we arrive at

liminf ¢ log P*(Bg(h, r)) > — inf J,(W)—8 — inf ¢(Z)
k— 00 W eBg(h,r) 7€0;

> —(J(h) +¢(@) —d=—1(h) -3,
establishing the desired claim.

For (ii), we first observe that for A= eo_ll(C) with CC X, x ), compact, P°(A)=
fC R%%(A) dme(z). Taking into account [3, Proposition 4.5], extend ¢ to X’ x ) as

14

4
¢(r,y)=sup  sup  sup Y c(xi,y) — ) o, Yrp),

22 ()t Cspt(mo) T =1 i=1

where sup, is taken over all permutations of {1, ..., ¢} and (xy, y1) = (x, y). The function
¢: X xY — [0, oo] is lower semicontinuous [3, Lemma 4.2]) and agrees with the previous
definition of ¢ on X, x ),. Let > 0 be given. For every z € C, by the exponential continuity of
{R®k} established in Proposition 4 we can choose a bounded open neighborhood O, C X x Y
of z and a positive integer k, such that, for every 7’ € O,

ex log R (A) < — inf 100 +8, k= ke.
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Furthermore, since ¢ is lower semicontinuous, by choosing O smaller if necessary, we have
inf, 5 ¢(Z) > ¢(2) — 8, where O, denotes the closure of O, in X’ x ). By the compactness of

C,wecanfindzy,...,zyv € Csuchthat C C U€V=1 0, 80

N N
PrA <Y / efi SkIOBREW) g () <3 e[e,;l ( — inf Jo () +5 + e log nek(éz,,)) ]
i=1 "0 i=1 c

We invoke the following elementary result, whose proof follows from Jensen’s inequality
[10].

Lemma 2. (Smooth max function.) For B> 0 and v=(v1, ..., vn) € RN, consider a smooth
max function mg(v) = B~ log ( Zivzl ePVi). Then, for every v e RN, we have maxj<j<y Vi <
mg(v) <maxj<j<y Vi + ,8’1 log N.

Using Lemma 1 combined with [3, Corollary 4.3 ], we have

i log P*(A) < max {— élelf« Jo;(h) + 8 + &k log ﬂak(éz,-)] + erlogN

1<i<N

< max {—}iln[f‘JZi(h)— inf ¢(z)}+8+0(1)
€

T I<isN z€0;,
< max {— inf J, (h) — ¢(z,-)} +285+o(1)
1<i<N heA

< — inf inf{J;(h) + ¢(2)} + 28 + o(1)
heA zeC

= — inf inf{I(h) + (5 ((0), h(1))} + 28 + o(1)
heA zeC

= — inf I(h) + 28 D,
},EA()JF +o(1)

where we used the fact that (h(0), h(1)) € C whenever h € A by our choice of A. This completes
the proof. O

4.4. Direct proof of Corollary 1

We first prove the following technical result concerning convergence of EOT potentials.

Lemma 3. (Convergence of EOT potentials.) Suppose that X and ) are compact and one of
them agrees with the closure of a connected open set. Then, under normalization [ ¥¢ dug =
f ¥ dwy, the OT potential  from 1 to g is everywhere unique, and (Y€, V) are bounded
and Lipschitz on X x ). Furthermore, let (¢g, V) be the unique EOT potentials under nor-
malization [ @ duo = [ Y dp1. Then, for any sequence ei |0, o — V< and Ye, — Y
uniformly on X and ), respectively.

Proof. The lemma follows from [41, Proposition 7.18] and [36, Proposition 3.2]. We include
a self-contained proof for completeness. First, under the current assumption, we observe that
any OT potential v is bounded and Lipschitz on ). We have seen that the support of any OT
plan 7 is contained in 9y, so any (xg, yo) € spt(;r) satisfies ¥ (yg) > —oo and ¥“(xg) > —o0,
which entails ¢ =¥ <supy,yc—¥xo) and ¥ > —supy ¥ > —supy,y ¢+ ¥ (o).
Lipschitz continuity follows from c-concavity. For the uniqueness, suppose int(})) is con-
nected. Recall that the projections of spt(w) onto X and ) agree with X and ), respectively
(cf. Remark 6). For any OT potential ¥ and any yg € int()/)), we can find xo € X such that
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Y(x0) + ¥ (yo) = c(xo, o), i.e. c(xp, -) — ¥ (-) is minimized at yg, which entails Vi (yg) =
Vye(xo, yo) as long as y is differentiable at yo. We have shown that Vi is uniquely deter-
mined Lebesgue-a.e. on int()). As int(}))) is connected, ¥ is uniquely determined on int()) up
to additive constants. By continuity, ¥ is uniquely determined on ) up to additive constants. If
int(X’) is connected, then the OT potential ¢ from o to w1 is unique up to additive constants.
If ¢ is an OT potential from w1 to wo, then by the definition of the c-transform, we must have
[ (¥ —¢°) du1 =0, which yields ¥ = ¢° 1-a.e. By continuity, we have y = ¢° on ).

For the second result, by the Schrodinger system (6) and Jensen’s inequality, we have
Ve < @e <supyyy ¢ and ¢ < Y <supy,y ¢, so the EOT potentials are uniformly bounded
by supyy c. Furthermore, under our assumption, the EOT potentials extend to smooth
functions on R? by the Schrodinger system, and directly calculating derivatives shows that
[Vpe| V |VYe| < Con X x ) for some constant C independent of €. Hence, the Ascoli—Arzela
theorem applies, and after passing to a subsequence, ¢;, — ¢ and v, — ¥ uniformly on X
and ), respectively. By the identity [ e@etVe=A/¢ d(110 ® ;1) =1 and Fatou’s lemma, we
have ¢ + ¥ < ¢ (1o ® p1)-a.e. By continuity, ¢ + 1% <c on X x ), but ¢ <@ and ¢¢ < ¥
by construction, ¢ = ¥ and ¥ = ¢¢, i.e. (¢, ¥) are c-concave. Now, using duality, for any OT
plan 7, [ ¢ dr <limy ([ ¢ dme + exkH (o, | o @ 1)) = [ @ dpo+ [ duy < [ ¢ dm, so
(@, ¥) are OT potentials. Since f ¢ dup = f ¥ du; by construction, by the uniqueness result,
¢ =v° and ¥ = . Finally, by the uniqueness of the limits, along the original sequence,
¢g, — ¥¢ and ¥, — ¥ uniformly on X" and ), respectively. O

Direct proof of Corollary 1. Set S = eall (X x V) C E. Recall that R = S R d(po @ p).
By construction, R(S)=1 for all &> 0. Abusing notation, we shall write ¢.(w)=
¢e(w(0), w(1)). With this convention, we have P*(A)= [, e %/ dR®. Set J(h)=
inf(y yyex xy Jry(h) and ¢(h) = p(h(0), h(1)) = c(h(0), h(1)) — ¥“(h(0)) — ¥ (h(1)) for h € S.

Step 1. Let A C E be open and pick any i € A such that I(h) < oo (if no such £ exists then the
conclusion is trivial). By Lemma 3, for every § > 0 there exists an open neighborhood G C A
of h such that sup,,cgng ¢e, (@) < ¢(h) + & for all large k. Hence,

PE(A) > PEK(G) > e~ @WHD)/ek ek Gy

Corollary 2 implies that g log P?%(A) > —¢(h) — 8 — J(h) + o(1) as k — oco. Noting that
¢(h) + J(h) = I(h) yields the desired lower bound.

Step 2. For the upper bound, we first note that by Lemma 3, ¢, are uniformly lower bounded
on S, and ¢.(w) > —M for all w € S and ¢ > 0 for some M > 0. Let A C E be closed. Pick any
a <oo and § > 0. Set V() ={h: J(h) <a}NA, which is a compact subset of E as J is a
good rate function and A is closed. By Lemma 3 and the lower semicontinuity of the function
J, for every h € W («) (which entails & € S), we can find an open neighborhood Uj, of & such
that infwei,h J(w)>J(h) — 6 and inf 75N Qe (@) > p(h) — 6 for large k, where Uy, denotes
the closure of Uy in E. By the compactness of W;(«), we can find Ay, ..., hy € V(o) such
that ¥, (o) C Uf\;l Up,;. Now, setting F' = ( vazl Uhl.)c N A (which is a closed subset of E), we
observe that

PR (A) = / e Pa/ek dR®
A

N
=" exp {(ex log R (D) — p(h) + 6) ey } -+ Mok loeREED e

i=1
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Using Lemma 2, and combining Lemma 3 and Corollary 2, we have
ek log P*“(A) < max {eg log R*(Up,) — p(h1) + 6, . . ., ex log R%(Upy) — ¢(hy) + 8,
M + gxlog R(F)} + ex log (N + 1)
< max {— inf J(w)—¢h)+6,...,— inf J(w)—¢(hy)+ 6,

wEU;,l wEU/,N
M — inf J(a))} +o(l)
weF
<max{—1I(h))+26, ..., —I(hy)+25, M — a}+ o(1)
< max {— inf I(h) + 28, M — a} +o(1),
heA
where we used J(h) + ¢(h) = I(h). Since o < oo and § > 0 are arbitrary, we obtain the desired

upper bound. Finally, the rate function 7 being good follows from an argument similar to the
proof of Corollary 2(iii). This completes the proof. O

4.5. Proof of Proposition 2

Proof of Proposition 2. The fact that the sequence {P;f }ien satisfies an LDP having a good
rate function follows from Corollary 1 and the contraction principle. The rate function is given
by

Ia(x, y) = inf w — @(h(0)) — ¥ (h(1))
S Rh(s)=x,h(y=y 2 '

First, fix two endpoints 4(0) =x" and h(1)=y and optimize ||h||%{ under the constraint
(h(s), h(?)) = (x, y). The optimal / is given by

<1 — —)x/ + —x if u € [0, s],
s s
u—s u—=s .
h(u) = <1— )x—i——y ifuels,t],
t—s r—s
u—t u—=s
1— —y if t, 1],
< 1—r>y+1—zy Huels 1]

which gives [|2]|%,/2 = ¢®5(x', x) + ¢*'(x, y) + "1 (y, /). Hence,
Iy(x, y) = inf {7 (¢, 1) + 0, 0) + (3, y) — o) — ¥ ()}
XLy

=c"(x, 3) + Q5= 9)(X) + Qi—r(— Y)®) = ' (x, ¥) — ¢5(x) — Y ().

The final claim follows from [47, Theorem 7.35] after adjusting the signs. U

4.6. Proof of Proposition 3
Proof of Proposition 3. The EOT plan 77¢ is of the form

e (x, y) = exp{(@e (¥) + Ve (v) — o (x, y))/e} d(po ® p1)(x, y),
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where (¢, V) are EOT potentials satisfying the Schrodinger system (6) with ¢ replaced by
ce. For uniqueness, we assume without loss of generality that [ ¢, duo= [ ¥, du;. Consider

the mixture distribution Q% = f REXY d(po @ w1)(x, y); then

dpe
dos

1 v
(w) =exp { g(és(w(o)) + Ye(o(1)) — ce(w(0), w(l)))}, o = (o(D)efo,1] €E.

Furthermore, by [44, Theorems 4.4.6 and 4.4.12], we have lim; o ce(x, y) = |x — y|2/2=
c(x, y) uniformly over (x, y) € X x ). Hence, in view of the direct proof of Corollary 1, the
desired claim follows once we verify the following:

e the mixture distributions {Q%};c satisfy the LDP with good rate function J(h) =
inf(x,y)eXxy -Ixy(h)Z

e as k— 00, ¢g, — ¥ and lﬂsk — ¢ uniformly on X" and ), respectively.

The first item follows by establishing the exponential continuity of {iefk VreN WL (X,Y).
To this end, we invoke the Radon—Nikodym derivative of the Langevin bridge R®* against the
Brownian bridge R®*:

dfes

_ e !
W(w)zz&;yexp{—zfo (IVV(0@)|* — AV(o(1))) dt}, (17)

where AV is the Laplacian of V and Z; , is the normalizing constant. See [28, Section 5]
and the proof of [12, Theorem 2.1]; see also Remark 11. Heuristically, this follows from the
following observation. The Langevin diffusion X¢ follows the SDE

dXe(t) = —eVV(XE(D) di + /e dW(D).
The Girsanov theorem yields that
pe

dR€

1 1
(w):exp{— / VV(w(t)) - da)(t)—g / IV V(w(t)))? dt}
0 0

under R?. An application of Itd’s formula yields

1

1
/ VV(w(®)) - do@) = V(o(1)) — V(w(0)) — % / AV(w(t)) dt
0 0

under R?. The bridge case is obtained by canceling V(w(1)) — V(w(0)), which is to be expected
since it depends only on the endpoints. Now, since the potential V has bounded derivatives, the
desired exponential continuity follows from Proposition 4.

For the second item, by the Schrodinger system and Jensen’s inequality, we have

|96 (x) = @ (x)| < sup s (x, y) — ¢ (', V)

ey
< sup [c(x, y) — c(x', )| +2 sup |ce —cl.
yey XxY

By the generalized Ascoli—Arzela theorem (cf. [36, Lemma 2.2]), the sequence of vamctions
{@¢, Jken converges uniformly on X" along a subsequence. A similar result holds for 1, . The
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rest of the proof is analogous to the second part of the proof of Lemma 3. This completes the
proof. (]

Remark 11 (Derivation of (17).) Formally, the Radon—Nikodym derivative (17) follows by
reducing to the ¢ =1 case via reparameterization and [12, (25)]. Indeed, the process Y*(r) =
X8(1)/ /¢ satisfies dY®(r) = —VV(Y®(r)) dt + dW(r), where V*(x) = V(/ex). By [12, (25)],
denoting by Y;IP the law of the process Y* = (Y*(#));¢[0,1], We have

d(vgPy

1 ! & &
e @ =Z exp{ 3 /0 (IVVE @) — AV (@) dt}

=Z, exp{ 3 / (IVVWew)I? = AV(Vew(®)) dt},

where Z,, is the normalizing constant. Now, the formula (17) follows by a simple reparame-
terization.
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