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Abstract

This paper considers two supercritical branching processes with immigration in different random environments,
denoted by {Z; ,} and {Z;,,}, with criticality parameters x; and uy, respectively. Under certain conditions, it
is known that ,lllogZLn — up and %log Zym — My converge in probability as m,n — co. We present basic
properties about a central limit theorem, a non-uniform Berry—Esseen’s bound, and Cramér’s moderate deviations
for %log Zyy — %log Zy m as m,n — oo. To this end, applications to construction of confidence intervals and
simulations are also given.

1. Introduction

As a significant extension of the branching process in a random environment (see [7, 8, 15, 18, 24, 25]
and their references), the branching process with immigration in a random environment (BPIRE) has
received extensive attention, Bansaye [1] investigated BPIRE by studying a model of cell contamina-
tion. Kesten [13] obtained the limiting distribution of random walks in random environments by using
branching processes with one immigration at each generation in an i.i.d. environment. Wang and Liu
have obtained the almost surely convergence, L” convergence, the conditional moments, the quenched
moments, the harmonic moments, the exponential decay rate, and the L” convergence rate under the
annealed law about (W,,); and the nondegeneracy, the existence of the p-th moments and the harmonic
moments for its limit W; central limit theorem (CLT), the large and moderate deviation principles, and
the Berry—Esseen bound for log Z,, [26-28]. Wang et al. provide the Cramér’s large deviation expansion
for log Z, [29]. Li and Huang [16] investigated a polynomial convergence rate of the submartingale to its
limit on BPIRE, and the almost surely convergence rate for a submartingale associated with branching
process in a varying environment. In [17], Li et al. considered the convergence rate in probability or dis-
tribution, and two forms of the CLTs about (W,,). Huang et al. [12] considered the rate of convergence
of the CLT under a moment condition of order 2 + ¢, with fixed § € (0, 1]. Huang et al. [10, 11] showed
the moments and the harmonic moments of Z,, the large deviation principle and large deviations for
log Z,,, and described the decay rates of n-step transition probabilities. For the subcritical and critical
cases (with multi-type), Key [14] demonstrated the convergence to a limit distribution. Roitershtein [21]
investigated CLTs and strong laws of large numbers for the partial sums of this process. Additionally,
Vatutin [22] applied a multi-type BPIRE to study polling systems with random service regimes.
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Despite these contributions, there is no result for comparison on the criticality parameters for two
supercritical BPIRE, which hinders their practical application. The objective of the paper is to fill this
gap.

Let (£1,)T = (€10, €2.0)T)nx0 be a sequence of i.i.d. two-dimensional random vectors, where
T is the transport operator and (£],,,&2,)7 € R? stands for the random environment at generation 7.
Thus, (¢1,, 52»")520 are independent random vectors, but notice that for given n, &1 , and &2, may not
be independent. For any n € N and i = 1,2, each realization of &;, corresponds to two probability
distributions on N = {0, 1,2, - - - }: one is the offspring distribution denoted by

P(Ein) = {pe(€in) k€ N}, where pe(€i0) 2 0, )" pe(&in) = 1,
k

the other is the distribution of the number of immigrants denoted by

p(&in) = {Pr(in)ik € N}, where p(&i0) 2 0, D pil&in) = 1.
k

Let {Z,,,n > 0} and {Z,,,n > 0} be two branching processes with immigration in the random
environmentsé; , and & ,, respectively. Then, {Z; ,,n > 0} and {Z,,,n > 0} can be described as
follows: for n > 0,

Zl,n ZZ,n
Zig=1, Zipp=Yip+ le,n,i, Lo=1, Zyps1 =Y, + ZXZ,n,i’

i=1 i=1

where X, ; and X3 ,, ; are the number of offspring of the i-th individual in generation n with environments
&1, and &, respectively. Y, and Y5, are the number of new immigrants in the n-th generation with
environments &1, and &, ,. Given (€1 ,, £€2,,)7, the random variables {X{ ,;, X200 = 1} and {Y},, Y2,,}
are mutually independent.

Let (I', P¢#) be the probability space under which the process is defined when the environment ¢ is
given. The total probability space can be formulated as the product space (I" x O, P), with P(dx, d¢) =
P¢(dx)T(d¢). Usually, the conditional probabilities P, and P, are called the quenched laws, while
the total probability P is called the annealed law. We further define two laws P, y,, i = 1,2, which
denote the conditional probabilities of P given (&;, ¥;) where Y; = (Y;o0, Yi1,...),i = 1,2. Additionally,
we denote P, ¢ may be considered to be the conditional probability when the environment (&1, &)’
is given, and 7 is the joint law of the environment (&1, &)7. Then,

P(dx1,dxa, dy1,dyz) = Pg, g (dx1, dx2)7(dy1, dy2)
is the joint law of the two branching processes in random environment. In the sequel, the expectation

with respect to Py, ¢, (resp. Py, v,, P, P) will be denoted by E¢, &, (resp. B, y,, E¢, E).
We define, for any n > O and a > 0,

m?) (a) = kapk(fl,n)a m) (a) = kapk(&’”)’
k=0 k=0

n—1 n—1
I, = l—lml,ia I, = 1_[ my;,
i=0 i=0

with the convention that I1; o = I o = 1. Moreover
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i’ (a) = Z Kpe(€rn), ) (@) = Zk"pk(fz,n).

k=0 k=0
Clearly, (mip;)nzo and (mépz )n>0 are two sequences of i.i.d. random variables and we denote

Xip=logmy,, Xpn,=logmy,, w1 =Elogmy, > = Elogma,
Cov(X1.n, X2.0)

oy = Var(logm, o), 0'22 = Var(logmy ), p= e

where u; and u, are known as the criticality parameters for BPIREs {Z; ,,n > 0} and {Z,,,n > 0},
respectively. In particular, if £; and &, are independent, we have p =0. To avoid the environments &
and &; are degenerate, we assume that 0 < o1, 0% < 0. For [l = 1, 2, to establish some limit theorems on
Z;, and the fundamental submartingale, we shall use the decomposition of Z; ,,, similar to the approach
used in [26].

For simplicity, we will primarily concentrate on the case of Z;,. To include the immigrants in
the family tree, we introduce one particle at each time n which we call eternal particle, denoted by
00, 01,0, - - - with 0, := 0,-,0 (the juxtaposition of Oy with n times 0), and we consider that the Y7,
immigrants are direct children of 0,,. To form a tree, we also consider that each 0, is a direct child of
0,. Let E = {0 : k > O} represent the set of all virtual particles introduced and assume that the Y,
particles moved into the n + 1 generation are the descendants of the virtual particle 0, introduced in the
n-th generation. To construct a complete family tree, we assume that the virtual particle 0,4 introduced
in the n + 1 generation is also the offspring of the virtual particle 0, introduced in the n-th generation.

To enhance accessibility, we use “~” to represent the pedigree with the initial particle ¢ with-
out the immigrating particle, and “A” to represent the pedigree with the initial particle Oy including
the immigrated particle. Therefore, the Z; , represents the branching process in the random environ-
ment excluding the immigrating particles, the other Zl,n represents the branching process including the
immigrating particles in the random environment, then

Zip= Zfﬁ) +Zl(2;’) -1,n>0.

Set
Zin  ~(o) Z) < (0p) Zin
Wi,= s — and W = S
" 1_Il n Ln 1,n Ln Hl n
it is obvious that
Wi =W+ W% - (1.1)

The sequence W(¢) is the well-known martingale associated with the branching process 21 » (without
immigration) in a random environment, and its asymptotic properties have been extensively studied.
We will break down the branching processes with immigration, which begin with an eternal particle
0, € E, in terms of branching processes (without immigration) in random environment, we have

o) _ L won , 1 2 00
0o 0 17 (0oi
w —W — > W
1,n mi l,n— l my ; I,n—1
For the case of a single supercritical BPIRE, denoted by {Z; ,,n > 0}, the normal approximation
\P P
has been extensively studied. Given the additional conditions E( “(’)) < oo and E (%) < oo for
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a constant p > 1, and ]EX12+0‘5 < oo for a constant § € (0, 1]. Wang et al. have derived the following
Berry—Esseen bound for log Z; ,, in their work [27]:

logZ,,—n C
sup [p(—E2n Z L ) - (I>(x)| <, (12)
XeR o\n no/2
where ®(x) is the standard normal distribution function.
» 70 %
Assume Cramér’s condition Ee0X10 < oo for a constant 1o > 0, and E ﬁ) < oo, E (ﬁ < o

for a constant p > 1, Wang et al. [29] also have established the following Cramér’s large deviation
expansion: for 0 < x =0 (n),n — oo,

log Zy n—np
P(=2m <) ’ 1+x°

1 -®(x)

‘log (1.3)

where C is positive constant. For instance, when the parameter o is known, they can be applied to
construct confidence intervals for estimating the criticality parameter u;. This estimation is formulated
by considering both the observation Z; , and the generation n, providing a more precise understanding
of the process.

Although the limit theorems for a single supercritical BPIRE have been extensively studied, there cur-
rently exists no comparative result concerning the criticality parameters for two supercritical BPIREs.
The objective of the paper is to fill this gap. We begin by considering the following common hypothesis
testing:

Hy:puy—pr=0 or Hy:puy—ur #0.

When u; and p, represent the means of two independent populations, this form of hypothesis testing
has been considered by Chang et al. [3]. Within their work, they have established Cramér type moderate
deviations. In this paper, we are interested in the case where x4 and uy are two criticality parameters of
BPIREs. By the law of large numbers, % logZ, — pi and % log Z,,» — 12 converge in probability as
m,n — oo, respectively. Therefore, to test the hypothesis, it is essential to estimate the asymptotic dis-
tribution of the random variable % logZy , - i log Z5 ,, this estimation is central to the main purpose of
this paper. Observe that the expression % logZ; , — % log Z, ,, has an asymptotic distribution equivalent
to ,ll Do Xk — ”11 ey Xo k. When £ and &; are independent, both 37, X4 and X}’ | X5 are sums
of i.i.d. random variables.
In this paper, we always assume [ = 1,2,

Y,
Elog" =2 < 0o and E(logmyg) > 0 (1.4)
mpo

which means that the process is supercritical. We assume that the following conditions hold:

z zZ
E| 2L 10t Z ) + 2L log* 2 | < o, (1.5)
mio my0

write log* x = max{logx, 0}. From Grama et al. [7], it can be inferred that under the conditions (1.4)
and (1.5), W, converges almost surely to a non-negative random variable W. Additionally, we assume
the following condition:
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po(é10) =po(é20) =0,  a.s. (1.6)

which ensures that the random walk has positive increments and states that each individual has at least
one offspring. Assumptions (1.5) and (1.6) imply that the processes (Z; ,,n > 0) and (Z; ,,m > 0) are
both supercritical and satisfy uy, u2 > 0 and Z; , — 00,2, ,, — oo.

Define

_alogZi, - py = 108 Zom + o

Vm,n,p

Throughout the paper, we assume either
e[-1,1) or p=1buto # oy.

The final condition guarantees that

I , 1 mAn

-0y + 0'2 2p0107

n m

isin orderof—asmn—>oo Clearly, it is easy to see thatif m < n,
2_2 2

1 , 1, mAn 1 1., oy—2p0102t0; 1
-0+ —05 = 2p010n =(=—-=)oy + = —.
n m mn m n n m

We now introduce our main results. First, Theorem 2.1 presents the CLT for Ry, , : for all x € R, it holds

lim P(Rp, < x) = ®(x). (1.7)

mAn— oo

Second, under some moment conditions, Theorem 2.2 gives a non-uniform Berry—Esseen bound for
Ry i forany 6’ € (0,6) and all x € R,

C 1
(mAR)S/2 1+ |x|!+o""

P(Ryn < x) — ®(x)| < (1.8)

According to Lemma 4.3 and (3.16) in the paper, under the given conditions, we conclude that R,,, ,, only
has a finite moment of order 1 + ¢’. This explains why the non-uniform Berry—Esseen bound exhibits
an order of |x|7'7%" as x — oo, instead of an order of |x|~2>~%. In particular, we have L —logZym — uo
in probability when m — oo, which leads to R,,,, — logz;l”—\f"’“ in probability. Thus, inequality (1.8)

implies that

1
(m A n)‘s/2 1+ |x|1+o"”

(IOgZI,n — N
Pl ————
O'lw/ﬁ

sup
xeR

Sx)—®(x )‘

which improves the Berry—Esseen bound (1.2) by adding a factor W
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Third, we establish Cramér’s moderate deviations. Assuming conditions A3, A4, and AS are satisfied,
Theorem 2.3 demonstrates that for all 0 < x < ¢™'Vm A n,

P Rmn =X 1+ 3
log (Ron29)| (o 142 (1.9)
1 -®(x) VmAn
When m — oo, it is easy to see that (1.9) holds with R, , replaced by mgz;,]%m' Therefore, our results

reconfirm the Cramér’s moderate deviations (1.3) as initially established by Wang et al. To conclude,
we explore the creation of confidence intervals for p; — py as an application of our finding.

We now explain briefly the organization of this paper. In Section 2, we present our main results.
Some applications are demonstrated in Section 3. The proofs of some results in Section 2 are given
in Section 3.2.

Additionally, the symbols ¢ and C are used to represent a small positive constant and a large positive
constant, respectively. Their values may vary from line to line. For two sequences of positive numbers
(an)n>1 and (by,),>1, we write a, < b, if there exists a positive constant C such that for all #, it holds
C~'b, < a, < Ch,.

2. Main results

To better study the properties, we make the following conditions:

Al. There exists a constant 6 € (0, 1] such that
E[XTH° + X557 ] < co.

A2. There exists a constant p > 1 such that

(4 P
S
My

A3. There exists a constant p > 1 such that

P P
TEAAN
mt '

1,0 2,0
Theorem 2.1 For all x € R, we have

lim P(R,, < x) = ®(x). 2.1)

mAn— oo

The following theorem gives a non-uniform Berry—Esseen bound for R, ;.

Theorem 2.2 Assume that conditions Al, A2, and A3 hold. Let 6’ be a constant such that 6’ € (0, 6).
Then for all x € R,

C 1
(m An)9/2 1+ |x|1+9""

[P (R < %) - @(0)| < 2.2)

Under the conditions A1, A2, and A3, and during the proof of the theorem, it can be shown that
Ry, has a finite moment of order 1 + ¢’. This explains why the non-uniform Berry—Esseen bound (2.2)
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|—1—6' |—2—6

decays at the rate |x rather than |x
the following Berry—Esseen bounds for R, ;.

as x — oo. According to Theorem 2.2, we can establish

Corollary 2.3. Assume that conditionsAl, A2, and A3 hold. Then

C
su ]PRm,,Sx—CI)xIS—. 2.3
P PR < x) = @] < CoTR @)
Note that % log Z, ,, converges in probability to uo, thus,
10g Zl,n —np

Reop = lim Ry, =

m—oo o1 \/ﬁ

in probability. Therefore, when m — oo, Corollary 2.3 yields the Berry—Esseen bound established by
Huang and Liu [27], that is,

sup
xeR

P(logzl,n —nyy <
o1vn

C
< —.
1012

x) - D(x)

It known that the convergence rate of the last Berry—Esseen bound aligns with the best achievable rate
for i.i.d. random variables with finite moments of order 2 + §.
Next, we will establish Cramér’s moderate deviations for R, ,. To achieve this, we require the
following conditions.
A4. The random variables X; o and X» o have exponential moments, i.e. there exists a constant 19 > 0
such that

E[e/loxl,o + e/loxz,o] < oo.
AS5. There exists a constant p > 1 such that

P P
Zl,l Z2,1
Bl L4 2L
mio m.0

< 0.

We have the following Cramér’s moderate deviations for Ry, ;.
Theorem 2.3 Assume that conditions A3, A4, and A5 hold. Then for all 0 < x < c\Vm A n,

1+

P(Rm,an) <c
- \/m/\n.

o = —5m

2.4)

By the symmetry between m and n, Theorems 2.1-2.3 hold true when R, is replaced by —R;, ..
Consequently, we have —R,,,, = Ry, .

By a similar argument to the proof of theorem 7.3 in [26], it becomes evident that Theorem 2.3
implies the subsequent moderate deviation principle (Markov decision process) result for Ry, .
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Corollary 2.4. Assume that conditions A3, A4, and A5 hold. Let a, be a sequence of positive numbers
satisfying

a
50 and
mAn mAn

— 00, as mAn— 0.

Then, for any measurable subset B of R,

2 1 _(R
—inf = < liminf—=P[~" ¢ B
xeBe 2 n—oo a% ay,
. 1 Rmn . X2
< limsup — logP| —— € B] < —inf —, 2.5)
n—oo  dj an xeB 2

where B® and B denote the interior and the closure of B, respectively.

3. Applications and simulations
3.1. Applications to construction of confidence intervals

In this section, we focus on the construction of confidence intervals for u; — u>. When we have known
of the parameters o, 0, and p, we can use Theorems 2.2 and 2.3 to establish confidence intervals for

M1 — 2.

Proposition 3.1. Let k., € (0, 1), Consider the following two groups of conditions:
H1. The conditions of Theorem 2.2 hold and

log k| = o(log(m An)), asmAn— oco. (3.6)
H2. The conditions of Theorem 2.3 hold and
|log/<m,,,| :0((m/\n)'/3), asm A n — oo, 3.7

Assume HI or H2 holds, Then [Am,n, Bm,n], with

1 1 B
Am,n = - IOgZ],n - — 1OgZZ,m - ‘/m’n’pq)_1 (1 — ﬂ) ,
n m 2

1 1 ’
Byn,=—-logZ, — —logZ, + Vm,n,pd)_1 (1 - m) R
n m 2

is al— Kk, confidence interval for uy — po, when m A n is sufficiently large.
Proof. Assume H1 holds. Theorem 2.2 implies that, as m A n — oo,

P (Rm’,, > x)
1-®(x)

P (Rm,n < —x)

=1+0(1) and (=)

=1+0(1) (3.8)

uniformly for 0 < x = o (y/log(m A n)) . For p N\, 0, the quantile function of the standard normal
distribution has the following asymptotic expansion

1 1
<I>_IQ)) = _\/1ng - loglog? —log(27) + o(1).
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Specifically, when «,,, satisfies (3.6), the upper (1 — %)-th quantile of standard normal distribution
satisfies

1 Kmnyy _ 1 Kmn _ 1 Kmn\y _ a1 Kmn
Q@1 - ) oy ot (K1) - a1 (K,

hence

o7 (1-522) <071 (£22) - 0 {frog sl .

which, by (3.6), is of order o (\llog(m A n)) . Then applying the last equality to (3.8), we obtain the

result

P (Rm,,, > @ (1 - %)) ~ "”2“” 3.9)
and

P(Rm,n <-o! (1 - %)) ~ "’; (3.10)

asmAn — oo. Note that, R, < @' (1 - (ky,/2)) means u > A, while Ry, > —®~' (1= (kK0 /2))
means u < By, ,. Thus, asm A n — oo,

P(—cb-l(l—@)de <q>-1(1—'<'"—’”))~1— G.11)
) = Bmpn = ) Kmn- .

Next, assume H2 holds. By Theorem 2.3, as m A n — co, we have

P (Rpn > x)
1 —®(x)

P (Rup < —x)

=1+0(1) and (=)

=1+0(1) (3.12)

uniformly for 0 < x = o((mAn)!/). When «,,, , satisfies (3.7), by the definition of the upper (1 — “3)-th
quantile of standard normal distribution satisfies

o' (1-21) = —o! (222) = 0 (/Jlo
1-22) o (52) o flwre].

which is of order o ((m A n)!/%). By (3.12), we have

IP( _ ! (1 - K”z””) <Ry <@ (1 - %) ) 1= Ky

as m A n — oo. This completes the proof of Proposition 3.1. O

When {Z,,,n > 0} is an independent copy of {Z; ,,n > 0}, we can apply Theorems 2.2 and 2.3 to
construct confidence intervals for o.
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Proposition 3.2. Assume HI1 or H2 holds, let k,,, € (0,1). Then [A,, By], with

(log Zy, —log Z, ,)* (logZy, — log Z» ,)*
= and B, =
2nx* (1) 2nxt (1)
1-5k 1K

2 Rn,n n,n

Ay

is a 1 — Ky, confidence interval for o ;° for sufficiently large n, where )(3(1) the q-quantiles for chi-
squared distribution with one degree of freedom.

Proof. Assume H1 holds. By Theorem 2.2, as n — oo, we have

log Zy ,—log Zp.1)?
P((Og l.éln(:zg 2.n) >x)
1

P(x*(1) > x)

=1+0(1) (3.13)

uniformly for 0 < x = o(4/logn). Then, applying the last equality to (3.13), we have, as n — oo,

log Z1n — log Zy,,)?
Py, (< LEAnZIEB) o)) L, (3.14)
5 Kn,n 2n0—12 1- 5 Kn,n

which implies 0']2 € [A,, B,] with probability 1 — «,, for n large enough.
If H2 holds, analogous arguments apply. This completes the proof of Proposition 3.2. O

3.2. Numerical simulation

We now present numerical simulations validating Theorems 2.1-2.3. Let (Xii)n>0.>1 and
(X2.n.i)n>0.>1 follow the distributions:

< text >< [text > k =1,

Pe(Xipi=k) = S “ fex
1—¢&1, <text>< [text >k =2,
p < text >< [text > k=1,

Pe(Xani = k) = |52 et =< frex
1-&, <text>< [text >k =2.

Similarly, (Y1,)n>0 and (Y2,,)n>0 follow Poisson distributions:

/lk(é‘l’n)e_/l(fl,n)

Pf(Yl,n :k) = k' )
/lk( n)e_/l(‘fZ.n)
Ps (Yo, = k) = &T

where A(£1,) = 261, + 1 and A(&2,) = 3&2, + 0.5. & pand &, follow uniform distributions
U(0,1) and U(0,0.5), respectively. The computed parameters are p; = 0.3863,0’12 = 0.0391, and
uy = 0.2781, 0'22 = 0.081. In the theoretical proofs, we assume initial population sizes Z; o = Zp o = 1.
for simplicity. However, any finite values of Z; o, Z> o would not affect the theoretical conclusions. To
obtain better simulation performance, we set Z; o = Z> o = 5 and conducted numerical experiments with
environmental correlation coefficients p = 0,0.5, and —0.5. For the numerical verification of Theorems
2.2 and 2.3, we performed 3000 simulation trials with m An = 50 generations of offspring reproduction.
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Figure 2. Non-uniform Berry—Esseen bounds.
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Figure 3. Cramér’s moderate deviations.

Figure 1 demonstrates the convergence of the empirical distribution of R, to the standard normal
distribution. As m A n — oo, the empirical cumulative distribution function approaches the theoretical
normal curve across all tested p values, validating the CLT (Theorem 2.1).

Figure 2 illustrates the non-uniform Berry—Esseen bound (Theorem 2.2). The upper and lower
bounds are demarcated by dashed lines. Specifically, the two dotted lines above and below correspond
to ®(x) — W W and ®(x) + m W, respectively. The central solid curve represents
the standard normal distribution function, while the discrete points within the solid region denote the
simulation results.

Figure 3 verifies Cramér’s moderate deviations (Theorem 2.3). The upper and lower dashed lines

. 3 3 . e . . .
represent the boundaries C \/1% and -C ‘/1’% , the middle blue solid line is the simulation result, and

the red dashed line serves as the theoretical baseline.
Figures 1-3 confirm the validity of Theorems 2.1-2.3, as the simulations align closely with
theoretical predictions.
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3.2. Proof of Theorem 2.1

The following random walk related to the branching process will be used in our research. For [ = 1, 2,

n
S10=0, S =Y logm;y, nx1,
i=1

the random variables {log m;;_1 };>1 are independent and identically distributed, depending only on the
environment £. Clearly

log Z = Sin +log Wi, (3.15)

where (W;,),>0 is non-negative submartingale under the annealed law P, with respect to the natural
filtration

Fo=o0{é1,&)Y, Fa=0{én&. Y106 Xp Yo, Xoki0<k<n-1,i>21},n>1.

Without loss of generality, we assume that m < n. For the sake of simplicity in notation, in the sequel,

denote
Xii-1 — M Xpj-1— M2
.:’—’ i:l’...’n, and = ':1’...,m'
Mm,n,i n Vm,n,p Nm.n.n+j m Vm,n,p J
We can write R, , the following form:
n+m
logW;, logW,,
Ry, = i + — - —. 3.16
m Zl e (3.16)

Let
N; = Nman,i + Mmp,n+is i=1,---,m, and N;= Nm,n,is i=m+1,---,n.

Then (N;)1<i<n is a finite sequence of centered and independent random variables and satisfies

n+m

S Ni= ) nuni and Y EN? = 1. (3.17)
i=1
pa

i=1 i=1

Furthermore, it is easy to see

1
Var(N;) < —

, i=1,...,m, and Var(N;) < i=m+1,...,n,
m

m
5
n2

as m — oo.
Below we will use the relationship between W;,, and VNVZ,,,. The following lemma plays a crucial role,
as it demonstrates that W;,, almost surely converges.

https://doi.org/10.1017/50269964825100107 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964825100107

Probability in the Engineering and Informational Sciences 13

Lemma 3.3. (cf. [26, Theorem 3.2 and Lemma 4.1]) Assume the condition (1.4) is satisfied, | = 1, 2.
By the martingale convergence theorem, since the submartingale Wy, is L; bounded under P¢ y, then

Wiw = lim W, P—a.s. (3.18)

n—oo

and it takes a value of [0, o) and satisfies the following decomposition formula:
~ n Y1 )
Wi = W2+ Y I Y WD s (3.19)
k=1 i=1

Proof of Theorem 2.1 Without loss of generality, we assume that m < n. Recall that 0 < o, 0% < oo,
and equation (3.17). It is worth noting that

and max Var(N;) —» 0, m — oo.

1
ﬁ 1<i<n

We begin with the decomposition formula (3.16). On the one hand, by the CLT for independent
random variables, we have Zl”:lm Nm.n,i converges in distribution to the standard normal distribution as
m — oo. On the other hand, recall that (3.18), we have W, converges to W, o, as n — oo, and it is
known that EW;,, < oo, almost surely. Moreover, since pyp = 0, almost surely, the condition (1.5) and
the decomposition formula (3.19), we can obtain W, > W;,n > 0, a.s. Therefore, we obtain in that

Vinnp <

log Wi, log W3

— 0 and

q O
nVinp mVinp

as m — oo,
Combining the above results, we see that R, , converges in distribution to the normal distribution.
This completes the proof of Theorem 2.1. O

4. Proof of Theorem 2.2

In the proof of Theorem 2.2, we require the following non-uniform Berry—Esseen bound derived by
Bikelis [2]. For more general results, see Chen and Shao [4].

Lemma 4.1. Let (X;)|<i<n be independent random variables satisfying EX; = 0 and E 1X;|7*% < o0 for

some positive constant 6 € (0,1] and all 1 < i < n. Assume that 3| ]EXl2 = 1. Then, for all x € R,

Next we will explore the (conditional) Laplace transforms of W; , and W5 o, for all > 0,
Gie(t) =Ege™Vio 0;(t) = B¢y ¢(1) = Be ™i,

~ 77(0) ~ ~ 77(0)
bie(t) =Ege ™o and  $i(r) =B ¢ (1) = Be Viw | i=1,2.

Since Wi > Wi > 0, it follows that ¢;(r) < ¢;(r). We have the following bounds for ¢;(),i = 1,2,

ast — oo.
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Lemma 4.2. Assume that conditions Al and A2 are satisfied. Then for i = 1,2, it holds

~ C
() —— ¢ )
¢i(0) 1+ (log* r)1+6 -

Here, we use results from Fan et al. [6]. In the earlier work of Grama et al. in [7](see theorem 3.1),
they established an upper bound for ¢(), which states that ¢(r) < Ct® for > 0, where « is a positive
constant. This upper bound is superior to the one referenced in our Lemma 4.2. However, theorem 3.1 in
Grama’s work requires condition A3, whereas our condition A1 is weaker. Therefore, we cannot directly
apply the conclusions from Grama et al.’s work.

Next, we obtain the following results regarding the L, moments of log W;,, and log W; .. Wang et al.
[27, Lemma 3.2] have previously demonstrated this for the case of g € (1,1 + ¢/2). Our results extend
their findings to the range g € (1,1 +6).

Lemma 4.3. Assume conditions Aland A2 are satisfied, and there is a constant € >0 such that

O\ €
E (ril_,?)) < o00,i=1,2. Then, fori=1,2and q € (1,1 + 8), the following two inequalities hold
Ellog W; |7 < o0, supE|log W;,|? < co. (4.20)
neN

Proof. Seti=1,2. We decompose E|log W, |7 as follows
E|log Wiel? = E|log Wi ol 1w, 51} + Ellog Wi ol 1w, <1} 4.21)

For the first term in (4.21), it is crucial to note that there exists a constant C >0 such that
[log x|? 1(>1} < Cx€ holds for any x > 0. Therefore, we have

E|log Wil 1 (w,.>1y < CEWE,. (4.22)

Observe that pg = 0,a.s. and o~ > 0 imply mg > 1, thus Em; € < 1. From the Fatou’s lemma and the

work of Wang and Liu [27], we can deduce that under the conditions of Lemma 4.3, we have EW_ < 0.
Thus,
E|log Wi ol 1w, .51 < CEWfOo < oo. (4.23)

For the second term, by Markov’s inequality and ¢;(¢) < ¢;(f), we have

~ (log)™ 1y -1y dtdP
o, / s

q/ o) B (Wi < 17
1

E|log Wil w, . <1y

< / ¢()(1 g )4 dt
- (/ ‘Mt) og )4 di + / ¢() ogt)\dr|.  (424)
Clearly,
/1 ‘ @(log 147 dr < co. (4.25)
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Based on Lemma 4.2 and ¢ < 1 + 6, we can derive the following:

/eoo @(mgz)q—' dr < c/ew mm < oo, (4.26)
Substituting (4.25) and (4.26) into (4.24), we obtain
E|log Wil 1w, <1} < 0. 4.27)
Therefore, by (4.21), (4.23), and (4.27), we obtain the first conclusion in (4.20).

Applying a similar truncation as E |log Wi, “, we give a proof for the second conclusion in (4.20).
Using the result in [26], we obtain

sup flog Wis[" 1w, 21) < CSUpEWS, < co.
neN

Since x — ’logq () 1e<ny \ ,q > 1, is a decreasing function, and we have W;,, > V~V,~,n, SO
supE |log W,',,,|q 1w, <1y <supE |logWi,n|q
neN

i I{Wi,nﬁl} < 00,

For the last inequality, see [6]. Combining the above results, we see that sup,,cyy E |10g W,',n|q < oo. This
completes the proof of Lemma 4.3. O

Lemma 4.4. Assume that conditions Al, A2, and A3 are satisfied, then there exists a constant y €
(0, 1), such that

E|log Wi, — log Wi | + E|log W, — log W) .| < Cy™".

Proof. Let’s first prove the case when i=1. Since < log. < [log>Win1— < logs < [log-W;, =
log (1 +11,) , where

1 X1 ni Y
Min = Z ( 1,n,i _ 1) " 1,n )
Zl,n P mi Zl,nml,n

Under P, the sequence {X‘ Al 1} ' consists of i.i.d. random variables with zero mean, independent
i>

from {Z; ,,}, and the sequence {;‘l” } is also independent from {Z; ,,}. Choose p € (1,2) such that A2

and A3 hold. Using the convexity inequality |x + y|” < 2°~! (Jx|’ + |y|) and Zygmund inequality, we

get

Yln

min

Elmal <27'E

Zin P
Li(xl,n,i ~ 1)
Zin et min

+ 2P IE(

Y.l
< 2%~ 'E[E 1” E (’ ) +20" ‘E[E (ZP)E (‘ ” )]
§ ¢ mi ¢ min
X YiolP
< %" IE( )E( 1,0,1 _1') op- IE( IH)E(;’O ) (4.28)
mi mio
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~ ~ n ~
By Grama et al. [7], for p > 1, we have EZ%;P < (EZ:I”) because of Z;, > Z;, and p > 1, we can

obtain
~ ~ n
B2, <87, < (EZ}}*) = (E[mio (1 -p)])". (4.29)

Bring (4.29) into (4.28), we can obtain

(Elnal)" < cil, (4.30)
where 6, = (E [mo (1 - p)])'/? € (0, 1),

X p\ 1/p Yoo lP 1/p
C1=2max{(E‘ Lol ) ,(Eﬁ ) < oo,
mio mio

Fix M € (0, 1). By decomposition and standard truncation, we have

E|< logs < [log=Wipe1— < logs < /log>W1,n| = E|< logs < [log=(1 +n1,,,)| l(m,nz—M)
+E|< logs < [log=(1+ 771,n)| 1(7]],n<_M)
=1,+J,

It is obvious that there exists a constant C > 0 such that for all x > —M, |log(1 + x)| < C |x|. By (4.30),
we get

1

I < CElpi| < € (Blmaf')” < 16}, 4.31)
By Lemma 4.3, for any r € (0, p) and under the conditions of Lemma 4.4, we have

supE|< logs < [log (1 +771»n)|r < .
neN

Let r,s > 1 satisfy % + % = 1. By Holder’s inequality and Markov’s inequality, we have

, 1/r
In < (E|< logs < [log>(1+m1,)| ) (P (10 < M)
» 1/s
<C (E|m,,,| ) <o, (4.32)
Combining with (4.31) and (4.32), we obtain
E |log W1 — log Wy,| < €167
By the triangle inequality, for all k € N, we have

Ci
1-0;

B [log Winut — log Wi| < C1 (8 + -+ 61%71) < s,

Letting kK — oo and applying Fatou’s lemma, we obtain E[log Wi o — log Wy 4| < C;6). Similar to the
proof above, we can obtain

El log W0 — log Wa,ul < C267.
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Then, we can obtain
E|log Wi e — log Wy ,| + E|log Wy . — log Wy,,| < Cy"™".
The following lemma plays a crucial role in the proof of Theorem 2.2. O

Lemma 4.5. Assume that conditions Al, A2, and A3 are satisfied. Let 6’ be a constant such that §' €
(0,6). Then forall x € R,

n+m C 1
P(Rm,n <x, Z i 2 x) < A T (4.33)
<

and

n+m C 1
P(Rm,n > x, Z: Nmni < x) < A I (4.34)
=

Proof. We prove only (4.33), the same method applies to (4.34). Without loss of generality, assume that
m < n. For all x € R, the following inequality holds,

ntm

P(Rm,n < x,znm,n,i > X) < P(Rm,n < x) < P1+P,, (4.35)
i=1

where
logZi, —n logZy,, —m
Plzp(wsf) and P2=P(— g L2.m ,Uzsf .
nvm,n,p 2 mvm,n,p 2
172

We have known that Z;, > 1 P- almost surely and V,,,,, < m~

> as m — oo, for some positive
constant C such that

log Z1n = 1 . >—1Cm1/2 P-as
an,n,p Vm,n,p 2 o

First, we prove (4.33) when x < —Cm!/?. From the inequality above, we deduce

logZ , — nuy S X
nVpnp 2’

hence P; = 0. For P,, note that
m
log Zym = Z Xoj-1 +log Wa,
j=1

thus, by Lemma 4.1, Markov’s inequality, and EW,,,, < co, we can obtain that for all x < —Cm!/?,
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= log W, |x|)
P2 = P( m,n,n =
]ZZ:IU K mVnp 2
m
| x| logWo,, x|
j=1
N |x]| |x]|
< P(;nmnnﬂ < I) + exp { - — anp}EW2m
=L+
For I, since V.5 =< m 2 as m — oo, by the inequality
1 e <1-®(x) < ;e"‘zﬂ, x>0,
V27 (1 +x) Vr(1+x)
where
2 s 246
(1+x]) e > Cm? (1+|x| )
Applying Lemma 4.1 , we can obtain
m
Nm,n,n+j |X| )
no= o _p( - <l
j=zl () )
m X, | — 2+6
< 1-0 (JL') C|l|2+5 ]E( o ”2)
P g i s
< C3 1 + C4 m
T mS21+ |x|2+6 1+ |x|2+6 mtom—1-6/2
< Cs 1

mo/2 1+ |x|2+6'
For I, we can easily obtain exp {—%m} m®/2 (1+Cm*°) = 0(1) as m — co. Thus,

Cs 1

L<—
22 R 11 k2o

For the above reasons, we show that

1

< <= >
Pr<sh+h< moI2 1+ [x[2+0

Hence, inequality (4.33) holds for all x < —Cm!/2.

(4.36)

(4.37)

(4.38)

(4.39)

Next, we show that inequality (4.33) holds for all x > Cm'/?. By Lemma 4.1 and the inequality

(a+b)2+6 < 21+5(|a|2+6 + |b|2+5)’ Cl,b € R,

we establish that for all x > 0,
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n+m
P(Rm,,, <X i 2 x) < 1-0®)
i=1

C m n

1 2+6 2+6
+ — E E P+ i + E E i
1+ x[2o ( - [Mmni + T nsil 77l

i=m+1

G N 2+6 N 2+6
< 1-00)+ TP ;Elnm,n,i| + ;Emm,n,nﬂ'l
Cy 1 C3 n m
S O T4 20 T 14 k|70 \ n2rom 102 T prveg 102
Cy 1

T mo/2 1+ |x|2+6'
O

To complete the proof, we now show that (4.33) holds for |x| < Cm!/?. Consider the following
notations, forall0 < k <m -1,

n m
Tm,n,k = Z Nmn,i + Z Nm,nn+js Tm,n,k = Tm,n,O - Tm,n,k,

i=k+1 J=k+1
logWix  log Way logW;, logWs,

mnk = - and Dm,n,k = - —mnk-
nVinp mVinp nVinp m Ve

Let a,, = m~%/? and k = [m'~%/?], where [¢] denotes the largest integer less than ¢. From equation
(3.16), we deduce that for all x € R,

n+m

P(Rm,n <X, Z Nmn,i = x) < P(Tm,n,o + Hm,n,k <X+ ap, Tm,n,O > )C)

i=1

+ P(le,n,kI > am). (4.40)
We first provide an estimation for the first term on the RHS of (4.40). Let
Gruni(x) = B (Tpuns < x) and vy (ds, dr) = P (ka € ds, Hypx € dt) :
Due to the independence between T}, , x and (Tm,n,k, Hypnx), we have

P(Tm,n,o + Hyppg < X+ @y Tyuno > x)
= / / Lssan) (Gt (= 5= 14 @) = G (x = )i, d)
=// 1{,5%}(Gm,n,k (x—s—t+a/m)—<D(x—s—t+am))vk(ds,dt)
—// 1{,Sam}(Gm,,,,k(x—s)—d)(x—s))vk(ds,dt)
+// 1{,§am}(d>(x—s—t+am)—CD(x—s)vk(ds,dt)). 4.41)
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Denote Cfnnk = Var(Ty ), then it holds Cpx = 1+ O(k/n) /' 1 asm — co. By Lemma 4.1, for all
x € R, we have

Flez e -olan)
Cm,n,k Cm,n,k Cm,n,k

i=k+1 ¥ j=k+1
< m(;‘;z ﬁ (4.42)
By the mean value theorem, for all x € R,
'op( al )—d)(x) Sxexp{—x—z} L _ '_ ¢ L (4.43)
Conik 2 ) | Cunk mo/2 1 + |x|++6
Combining (4.42) and (4.43), we deduce that for all x € R,
|Gk (x) — @(x)] < %ﬁ (4.44)
Therefore, we have for all x € R,
B(Touno + Hinnk <3+ T > ) < Jy +02 +J3, (4.45)
where
J1 = // Lican [P (x =5 —t+ ) — P(x —5)| vi(ds, dt),
Jo= % // 1{,<Hm}mvk(ds,dt)
and
Jy = % // 1{t<am}—1 P —1s - t|2+6vk(ds, dr).
For J, we have for all x € R,
2
Q) <ty Lnsiadinny < PE Lygaratpyy < Cexp {‘§}~
Then by the mean value theorem, we have for all x € R,
<o) 1P (x—s—t+a,) - Px—s)| < |y, —1|®(£)
< lam =gz ety + PO o101 gy + PO gy<rad o i<as 1oy )
2
< lam — f][Cexp {‘%} sty F Lzt ]
thus
Ji <Ju+Ji2+J13, (4.46)
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where

xZ
Ji =C// |am—t|exp{—§}vk(ds,dt), J12=/ |a'm_t|1{|3|21+%|x\}vk(d5,dt)

and

s = // o = t|1{|l|21+%|x|}vk(ds, dt).

Based on Lemma 4.3, it is evident that for all x € R,

Ji1 £ Cex x +E|Hpynkl] < & ! (4.47)
< -—— | < ——. .
11 p 3 m m,nk mo2 1 + x>0

For J1,, we can make the following estimation, for all x € R,
- 1
Ji2 £ P Tmnil = 1+ Z|x| +E|Hm’"’k|1{|Tm,,,_k\21+%le}'

Denote C2 ok = = Var(T},.x), then we can establish that C2
Lemma 4. 1 we can conclude that for all x € R,

i = =57 Now, let 6 € (0,6). Applying

= 1 1+ 4 i F Tnnsi |20
P |Tm,n,k| > 1+ _|x|) <1-20 |x|/ — Z ‘nmn Mm,n,n+
4 m,n,k 1+|x|/4 mnk
mnk
G 1
< 4.48
1+ |x|2*0 mf (4.48)
Lett =1+ %- We have the following relationship:
- log W log Wo i |7 log Wi |* log Wo . |*
B |Hyn|” = eWik _logWak|™ _ e (E gWik|" |, o |log Wax )
nVonp MV o nVonp nVonp
Applying Lemma 4.3,we have
’TR log Wl,k ’ Cl
NWVnp |~ m!/2
Thus
Al a\'"
(E |Homnk| ) <\ <
Using Holder’s inequality and making ¢ satlsfymg + =1, we have
- 1/t . 1 1/¢
BlHnns Ly 7, ooty < (EHmadl ) (BTl = 14 51x1))
C 1
(4.49)

<—— .
= mo/2 1 + x|+
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Combining inequalities (4.48) and (4.49), we have for all |x| < Cm'/?,

Ji < %ﬁ (4.50)
For J;3, we have for all x € R,
1
Ji3 < amP(|Hm,n,k| >1+ Z|x|) +E|Hm,"»k|1{|Hm_,,_k|zl+%|x|}'
Let p’ = 1+ 6/2, by Markov’s inequality and Lemma 4.3, for all |x| < Cm'/?, we have
P(le,n,kl > 1+ l|x|) < Bl
4 1+ |xP
=7 +C|x|P’ mpl’/2 =T |i|2+5’ “.51)
and, similarly to (4.51) with p”" = 1(5 + &),
El kL 11,1210 10) < %ﬁ
Hence, we have for all |x| < Cm!/?,
Ji3 < %ﬁ. (4.52)
Substituting (4.47), (4.50), and (4.52) into (4.46), for all |x| < Cm'/?, we conclude
5<-S ! (4.53)

< — .
= o2 1+ x|+

Next, we consider J,. By an argument similar to the proof of (4.48), we can conclude that for all |x| <

le/z,
C / 1 / !
7, < —  vi(ds)+ 5 (ds
2 mo/2 ( lsl<t+fxl/2 1+ |x — 5|2+ k(ds) ls|=1+x)2 1+ |x — s|2*9 i (ds)
.G 1 .\ ‘Tm,n,k J L+l/2
= w2 |1+ |xj22e Connk Cnnk
Cy 1

< AT (4.54)
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For J3, using arguments similar to those in (4.48) and (4.51), we obtain for all |x| < Cm'/?,

w

=/ 1
J3 € — ——————w(ds, dt)
mé/? s+l <2+lx] /2 1+ [x/2[>+9

+// vk(ds,dt)+// vk(ds,dt))
|s|>1+|x|/4 |t|>1+]x| /4

C 1 T, 1+ |x|/4

< 62/2 2+6 IED(| ~m’n‘k > = |X|/ ) +P(|Hm,n,k| >1+ m)
m I+ |)C/2| Cm,n,k Cm,n,k 4

Cs 1

= mS/2 1 + |x|2+e” (4.55)
Substituting (4.53)—(4.55) into (4.45), for all [x| < Cm!/?, we have
P(T +H, <x+ T, > ) < ¢ ! (4.56)
m,n,0 mnk S X+t Ay Impo 2 X| = m5/2 1+ |X|1+5, . .

We now bound the tail probability P (|Dy,n k| > ). By Markov’s inequality and Lemma 4.4, there
exists a constant y € (0, 1) such that for all -m < x < m,

E |Dm,n,k|

A
572
m
< E
Vm,n,p

log W log Wi e
E g Wik log Wi, +E

P (|Dm,n,k| > a'm) <

logWi, logWi logWa,,  log Wa o

+E

n n m m

|

logWy  log Waeo

n n m m

IA

o m(l+6)/2(lyn+l,yn+lyk+l,yk)
n nm n m

IN

Cym®112 (,yn + yk)

C 1

< TS (4.57)

The last inequality follows because m®~! (1 + m*%)y™ = 0 (1) ,m — oco. Combining (4.40), (4.56)
and (4.57), we conclude that (4.33) for all |x| < Cm!/2. This completes the proof of Lemma 4.5. O

Proof of Theorem 2.2 Notice that

n+m n+m

P (Rm,n < x) = P( Z Nmon,i < x) - IP)(Rm,n > X, Z Mmn,i < x)
=1 =1

n+m

+ P(Rm,n <0 N > x). (4.58)
i=1
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By Lemma 4.1 and the fact that V,,,, , < Vm~! + n~!, we can establish the following result for all x € R,

+
(rinnmnl— )—(D(x) |2+5(ZElnmnl|Z+5+ZElnmnn+j| )

(&) n m
= 245 | 2ve (L5 1y(r0)/2 | pav6 (L4 1)(200))2
L+ 22 200 (5 4+ 50) m*o (5 +5)

C 1

< . 4.59
(m An)6/2 1 + |x|2+6 (4.59)
Combining (4.59) with Lemma 4.5 and substituting into (4.58), for all x € R, we obtain
n+m ntm
|]P (Rm,n < )C) - q)(x)‘ < |P( Z Nm,n,i < X) - q)(x)l + IP(Rm,n > X, Z Mm,n,i < )C)
i=1 i=1
n+m
+ IP)(Rm,n <x, Z Nmn,i > x)
i=1
C 1
< . 4.60
(m AR)9/2 1+ |x|1+d (4.60)
This completes the proof of Theorem 2.2. O

5. Proof of Theorem 2.3
To prove Theorem 2.3, we first establish the existence of a positive-order @ >0 harmonic moment

concerning the BPIRE for both W, ,, and W, ,,. Additionally, we will make use of the lemma in [6].

Lemma 5.1. Assume A3, A4, and A5 hold. There exists a constant ag > 0 such that for all a € (0, agp),
the following inequalities hold

EW, % +EW; S (5.61)
and

sup (EW " + EW;) < co. (5.62)

neN

Proof. Leti=1,2. By the fact that

l (o)
W = “Wiwga=l gy,
i = T (a) /0 ¢

we obtain

l (o]
EWng':—/ (D dr
@ gy

l (o)
:F(la) (/0 ¢,-(t)t"_ldt+/l ¢,-(t)t"_1dt), (5.63)

where I is the gamma function.
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Since 0 < ¢;(¢) < 1for ¢t > 0, the first term in (5.63) satisfies for any a > 0,

1 1
/ ¢i(HN1* dr < / 197 dr < . (5.64)
0 0

For the second term in (5.63), by (4.56) in [6] and lemma 4.1 in [20], if 0 < @ < ap we have

/ ¢i()t*” 1dt</ bi(0)t \dr

/ 19071 gr < oo, (5.65)
1

Combining (5.63), (5.64), and (5.65), we conclude that (5.61) holds.
Now, we prove inequality (5.62). Note that the function x +— x~% (@ > 0, x > 0) is non-negative
convex. Then by lemma 2.1 in [9], we have

supEW EW
neN

This completes the proof of Lemma 5.1. O

Lemma 5.2. Assume A3, A4, and A5 hold. Then for all |x| < +/log(m A n),

n+m 1 x2 1
P(Rmn <X, annz = x) <C exp { - —xz} (5.66)
P mAn 2
and
n+m 2
1+x 1
P(Rmn > X Nmni < x) < C——ex { - ExZ} (5.67)

Proof. Since A4 and A5 imply A1 and A2, inequalities (5.66) and (5.67) follow directly from Lemma
4.5 for |x| < 1. Therefore, we need to establish the inequalities 1 < |x| < 4/log(m A n). Additionally,

we shall only present a proof for (5.66) with 1 < |x| < +/log(m A n), as the proof for (5.67) follows a
similar approach. O

Without loss of generality, we assume that m < n. For |x| < m!/¢

deviations for independent random variables, we derive

(e ) o()
Cm,n,k Cm,n,k Cm,n,k

‘_ (1 ¢ (Crzn,k)) (eXp {_C1V+’7)1C3} B 1)'
1+x%—x x2
< m) exp {—3}

1+ |x|? { x? }
c S 5.68
m TP 200w S 568

, using Cramér’s moderate

IA
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For |x| > m'/%, by Bernstein’s inequality for independent random variables,

Tnl " - ) ( - ) ( Tm " - ) ( - )
Pl—=< - <P > +1-®
‘ ( Cm,n,k Cm,n,k Cm,n,k Cm,n,k Cm,n,k Cm,n,k

1+ |x)? { x? }
<G expl - —> L (5.69)
2(1+ =)

ﬁ 1+\/—'Z

Combing (5.68) and (5.69), we obtain

(s ) -ofe]
Cm,n,k Cm,n,k Cm,n,k

From the last inequality, for all x € R, we deduce

@ (C:,n,k) —®(x)

s o) ol
G X)—0x)| <P < ) +
’ m,n,k( ) ( )| (Cm,n,k Cm,n,k Cm,n,k
<C1+X2exp{ x? }+exp{ x? } a
<C - - -Xx
\/ﬁ 2(1 + ‘/%|x|) 2C,2n,”’k Cm,n,p
<C 1+x? exp{ x? }
< C3 -_—_—,
\m 2(1+ =)
Therefore, we have for all x € R,
P (Tm,n,O +Hynk X+ am, Yuno 2 x) <Ji+Jp+J3, (5.70)
where
J1 = // Lica | @ (x—s—t+a,) —P(x - s)|vk(ds, dr),
1+ |x—s)? (x —5)?
Jr = C// <o, ———=——€xp { - —————— v (ds, dr)
m 2(1+ e = sl)
and

1+|x—s—1? x—s5—1)2
e ff M B
\m 2(1+\/—ﬁ|x—s—t|)

Denote C}i k= Var(Y,,,...1), then it holds Crzn k= O(1/+/m) as m — co. By the mean value theorem,
the upper bound of J; satisfies for 1 < |x| < /logm,

1{t<am} |® (x —s—r+ am) -D(x - S)l < oy - th)(f),

< lam —1| {l{mz el Gy T PE) [1{mz ColtCnnsd + List<ted ey ini< co|x|ém,n,k}”

2
X
< lam =t L5 010600 T Lz ol }+C6XP{‘—C }
$12 23| G 2 Colxl G 2(1+ S )
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Therefore
Ji < Ju+Ji+Jis, (5.71)
where
m=c [ [lan-dex{- - lw@san.
2(1+ W| )
J12=// |am—t|1{|s|22|x‘@mk}vk(ds,dt)
and

JB:// |@m = 111115 o101} VE (D55 A1)

By Lemma 4.3, we obtain

E|Hpui| < B l:z)g,Z;k +E 1°g’z2p" \/i_
Forall 1 < |x| < \/@,
2
Ji <G (a'm +E|Hm,n,k|) exp { - 2(1+—\/£,7,|x|)}

= P 21+ )
For J15, the following bound holds for 1 < |x| < +/logm,

-]12 < a’m]p(|Tm,n,k| > 2|x|cm,n,k) + Ele’”akll{\va,,_kIZZleﬁ‘

m,n.k } :

By Bernstein’s inequality, for all x € R,

- ~ T, T,
P(|Tm,n,k| > 2|x|cm,,,,k) =IP( mak 2|x|) +IP( mak —2|x|)

m,nk m,nk

(2%)° }

<dexpl - — 2
Xp{ 201+ S

and by Cauchy—Schwarz inequality,

172 _ _ 1/2
Ele’n’kll{lenkl>2|X|Cmnk} = (E|Hmnk| ) (|Tm,n,k| = 2|X|Cm,n,k)

c a2 )"
: ﬁ(ze’(p{_ 21+ —le)})

C1 x2
< —expy - ——————¢. (5.72)
m p{ 2(1+ \%m)}
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Hence, for all 1 < |x| < VInm, we have

Ji2 £

¢ exp{ X }
i 21+ )
For J3, the following inequality holds for 1 < |x| < /logm,

J13 = amP(|Hm,n,k| = C0|x|Cm,n,k) +E[le’n’kll{|Hm,n,k|ZC0‘x|an,n,k} ’

Note that V,,, ., < \/L’% and Cp =< # It is evident that for all 1 < |x| < VInm,

~ log W 1 ~ log W, 1 ~
P |Hm,n,k| = Clelcm,n,k) < P(‘ £ Lk’ = _C0|x|Cm,n,k) + P(‘M‘ > _C0|X|Cm,n,k)
m,n,p 2 me,n,p 2
=T +T5.

By Lemma 5.1 and Markov’s inequality, for 1 < |x| < 4/logm,

1 ~ _ 1 -
Tl < P(Wl,k > eXp{ECOI)Cln Vm,n,pcm,n,k}) + P(Wl,]i > exp{§C0|x|” Vm,n,pcm,n,k})
1 ~ Y 1 .
<E[Wi]expy§ — §C0|x|n VinnpCmni | +E[W[ "Texp{ — Ea/Co|x|n Vo Crn i

1,
< Cexp —zx ,

for Cy sufficiently large.
Similarly, we have T, < Cexp{—%xz}. Thus, for 1 < |x| < +/logm,

~ 1
P(|Hm,n,k| > ColxICm,n,k) < Cexp { - Exz}.
By Lemma 5.1 and the inequality | log x|?> < Cq (x +x~9) for all @, x > 0, we observe that

c
E|Hppil? < —I(Ewl,k +EW; & +EWay +EW;,§’) <
- , ,

3O
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By Markov’s inequality and Cauchy—Schwarz inequality, for all 1 < |x| < 4/log m, we have

1 > 12
E |Hm’n’k|1{|Hm,n,k|ZC()lx‘ém,n,k}] S eXp{ - ZC()|.X|I’I Vm,n,pcm,n,k}E[Wl ,éc |Hm’n’k|]
1 > 12
+expy — ZC0|x|m Vm,n,pCm,n,k E[W2,k |Hm,n,k|]

1 ~ -
+ exp{ - ZQC0|x|n Vm,n,pcm,n,k}E[Wl’k /2|Hm,n,k|]

+ exp { - %aco|x|m Vm,n,pém,n,k}E[W;,f’”|Hm,n,k|]

< exp { - %C0|x|n Vm,n,pém,n,k}(EWI,k) V2(B|Hyp i)'
+exp { - %C0|x|m Vm,n,pém,n,k; (EWa )" (ElHp i)'
+exp { - %a/Colx|n Vm,,,,pém,n,k} EW; N EBlHpail '

1 ~ _
+exp { - ZCYCO'XVI’[ Vm,n,pcm,n,k} (EWZ,]?)I/Z(Ele,n,klz)l/z

c 1,
< \/—ﬁexp{— L } (5.73)

for Cy sufficiently large. Thus, we have for all 1 < |x| < +/logm,
Cc 1
T < —=exp{ - 322}, 5.74
13 Vi eXp )~ 5% (5.74)
From (5.71), for all 1 < |x| < +/log m, we have

C x2
e - 5.75
JIS\/mGXp{ 2(1+%|x|)} (5.75)

For J,, we arrive at the result that holds for all 1 < |x| < VInm,

2

J < ) / . (l+x2)exp{—x—c4}vk(ds)+/ ) (1 + x*)vi(ds)
Vim\Jisi <121 G 2(1+ ) 151 x| G

2 T,
< 2(1+x2) exp{— xc }+P(’ k| |x|)
\m 2(1+\/—;‘7|x|) ok
C x?
< —(+x)exp{ - ———1. 5.76
M( : p{ 2(1+\%|x|)} 470
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By a similar argument as in the previous cases, for J3, for all 1 < |x| < y/logm, we have

2

o x| -
J3 < N //(1+x)exp{ 2(1+L|x|);Vk(ds’dt)+.//s|>|x|6m.n,ka(ds’dt)

m
+ //  we(ds, dt))
‘t‘>C0|X|Cm,nJ<

C x2 Tk ~
< ﬁ (1 +x2) exp { - 2(1 " £|x|) } +P(’ém"k > |x|) +P(|H,,m,k| > Colx|Connk
Vi m,n,
C4 2 { Xz ;
< —0+x)expy — ———— . (5.77)
\/ﬁ( yexp 2(1 + =)

Substituting (5.75)—(5.77) into (5.70), we get for all 1 < |x| < /logm,

C 2
IP)(Tm,n,() +Hm,n,k < x+a’maTm,n,0 = x) < _1(1 +x2) CXP{ - x—C}
C x2
< —(+x%)exp{ - =1. 5.78
\/r?( ) p{ 2} (5.78)

Following the method of (4.57), the second term on the RHS of (4.40) satisfies for 1 < |x| < 4/logm,

logWy, logW,

log W, log Wi o
4 l,n_ g Wi, +E

n n

P (|Dni| > am) < m(E
m m

log Wi log Wi log War  log Wae
cpllegWie logWiw| L llogWay logWs, )
n n m m
2
X 1
< C2 ex {—-xz}. 579
Vm P 2 ( )

Combining (4.40), (5.78) and (5.79), we conclude that (5.66) holds for 1 < |x| < +/logm. This
completes the proof of Lemma 5.2. O

Proof of Theorem 2.3 We present a proof of Theorem 2.3 for the case of Pﬁ%"é;{) , x > 0. The case

W can be dealt with similarly due to the symmetry between m and n. We prove Lemmas 5.3 and

5.4, then combine them to establish Theorem 2.3. To avoid trivial cases, we assume that m A n > 2.
The next following gives an upper bound for Theorem 2.3. O

Lemma 5.3. Assume A3, A4, and A5 hold. Then, for all 0 < x < ¢ Vm A n, we have

P(Rppn > x) P T
1-®(x) = vVmAn
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Proof. We will begin by examining the situation when 0 < x < 4/log(m A n). Notice that

n+m

n+m
IP)(Rm,n 2 X) = IP)(Rm,n 2 X, Z NMmn,i = X) + IP)(Rm,n =X, Z NMm,n,i < x)
=1 i=1
n+m n+m

< P(an,n,i = X) + P(Rm,n 2 xaznm,n,i < x)- (5.81)
=1 i=1

For the first term of (5.81), we can apply Cramér’s moderate deviations for independent random
variables (refer to inequality (1) in [5]) to the last equality. We obtain for all 0 < x < cVm A n,

n+m

P(;nm,n,,- > x) < (1 - @(x))(l + C\/ln:szn )

Applying Lemma 5.2 and inequality (4.37), we can obtain the following for the second term when

0 < x < ylog(m A n)

n+m

P(Rm,n > x, ; Toni < x) < (1 - (D(x)) (1 +C

1+x3)
VvmAn )

Since 1 +x < €%, the above inequalities imply

1+x3 1+x°
P(Rm,,, > x) < (1 —q>(x))(1 O ) < (1 —@(x))exp{C — }
Thus, we obtain (5.80) holds for all 0 < x < /In(m A n). O

Next, we consider the case /log(m A n) < x < ¢ Vm A n. Clearly, it holds for all x € R,
P(Rm‘n > x) <Lh+L+16, (5.82)

where

Vinnp

n+m 1 1
L+ ——)x
I = P(an,n,i > x(l _ M))
i=1

2

log Wy, S x2 log W2, S X

L =P

and I3 = IP(

n Vm,n,p T n Vm,n,p m Vm,n,p T ma Vm,n,p
where @ given by Lemma 5.1.

Now, let us provide estimations for /i, I, and I3. Condition A4 implies that Zl”;’” Nmani 1S @ sum
of independent random variables with finite moment generating functions. Using Cramér’s moderate
deviations for independent random variables (cf. [5]), we can deduce the following for all 1 < x <

c\Vm A n,

1

(3 + g C G+ ma)*\?
R e
X

< (1 - d)(x(l - M))) exp {C

Vinnp

i)
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By inequality (4.37), for all x > 1 and &, € (0, 5], we have

1 _X2(1_511)2/2
-oG(-8) _,, ¢ en
1-® - 1 -x2/2
(.X) V27r(1+x)e !

< exp {2Cx28n}. (5.83)

Since Vi pp < \/Lﬁ, we have

Itholdsforalll <x < cvVmAn,

3

L < (1 - (D(x)) exp {2szsn} exp {C — n}
< (1 —<D(x))exp{C1 \/%} (5.84)

By Markov’s inequality and (3.18), it is easy to see that for all x > +/log(m A n),

1 1
L<Cexp{-x}<cC exp {——xz}

mAn 2
1+x
< CW(1—¢(x)) (5.85)

and

I <exp{—-x"}EW,y < Cexp{—x’}

<cts (1—¢(x)). (5.86)

mAnR

Combining (5.84)—(5.86), we obtain for all \/log(m A n) < x < cVm A n,

3

P(Rm,n > x) < (1 —<I>(x))exp{C3 \/r%}

which implies the desired inequality for all \/log(m An) < x < cVm A n. O
The following lemma establishes the lower bound in Theorem 2.3.

Lemma 5.4. Assume that conditions A3, A4, and AS are satisfied. Then for all 0 < x < ¢ Vm A n,

P(Rypn > x) ooty

1-®x) ~ vman
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Proof. The lower bound can be established following a similar approach to the upper bound. For
example, to establish (5.87) for all \/log(m A n) < x < cVm A n, we can observe that

P(Rm,n > )C) > Iy—1Is—1Ig,

where
n+m 1 1
(== +-)x
Iy =P Nmpni 2)c(1+M ,
; Vm,n,p
log W n 2 log W m 2
Is=p| - &0, X and Ig=p| 2 2m 5 X
nVinp na Vynp mVpynp mVynp
where @ given by Lemma 5.1. The remainder of the proof parallels the argument in Lemma 5.3. O
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