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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS
NIGEL PYNN-COATES

Abstract. Pre-H-fields are ordered valued differential fields satisfying some basic axioms coming
from transseries and Hardy fields. We study pre-H-fields that are differential-Hensel-Liouville closed,
that is, differential-henselian, real closed. and closed under exponential integration, establishing an Ax—
Kochen/Ershov theorem for such structures: the theory of a differential-Hensel-Liouville closed pre-H-field
is determined by the theory of its ordered differential residue field: this result fails if the assumption of
closure under exponential integration is dropped. In a two-sorted setting with one sort for a differential-
Hensel-Liouville closed pre-H-field and one sort for its ordered differential residue field, we eliminate
quantifiers from the pre-H-field sort, from which we deduce that the ordered differential residue field is
purely stably embedded and if it has NIP, then so does the two-sorted structure. Similarly, the one-sorted
theory of differential-Hensel-Liouville closed pre- H-fields with closed ordered differential residue field has
quantifier elimination, is the model completion of the theory of pre-H-fields with gap 0, and is complete,
distal, and locally o-minimal.

§1. Introduction. In [5], Aschenbrenner, van den Dries, and van der Hoeven
study the model theory of T as an ordered valued differential field, where T is the
differential field of logarithmic-exponential transseries constructed in [23], there
denoted by R((¢))“F. As part of this project. Aschenbrenner and van den Dries
introduced in [4] the elementary class of pre-H-fields, which are ordered valued
differential fields satisfying conditions capturing some of the basic interactions
between the ordering, valuation, and derivation in transseries and Hardy fields.
As such, the model theory of transseries leads naturally to the model theory of
pre-H-fields. Among the many results of [5], for which the three received the 2018
Karp Prize from the Association for Symbolic Logic, is an effective axiomatization
of the theory of T as a complete theory extending the theory of pre-H-fields.

But there are pre-H-fields satisfying different elementary conditions than T,
including d-henselian ones (we use “d” to abbreviate “differential” or “differentially,”
as appropriate), which are the focus of this paper. This is a generalization of
henselianity of a valued field to the class of valued differential fields with small
derivation, a strong form of continuity of the derivation with respect to the valuation
topology. To describe a family of completions of the theory of pre-H-fields, we
call a pre-H-field d-Hensel-Liouville closed if it is d-henselian, real closed, and
closed under exponential integration (i.e., for each f there is y # 0 such that
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2 NIGEL PYNN-COATES

y'/y = f). Given a complete theory T of ordered differential fields, the theory of
d-Hensel-Liouville closed pre-H-fields whose ordered differential residue fields
satisfy 7T is complete. Equivalently:

THEOREM 1. Let K| and K, be d-Hensel-Liouville closed pre- H-fields with ordered
differential residue fields k| and k,. Then K| = K, if and only if k| = k.

More precisely, the pre-H-field language is {+.—,-,0,1,9, <, <}, where, if O is
the valuation ring, / < g means f € gO. Each residue field is equipped with the
ordering and derivation induced by those of its pre-H-field and construed as a
structure in the language {+.—,-,0.1,9, <}.

Theorem 1 is a result in the spirit of Ax—Kochen [7] and Ershov [11], who showed
that the theory of a henselian valued field of equicharacteristic 0 is determined by
the theory of its residue field and (ordered) value group. The value groups of K;
and K do not appear in Theorem | because under its assumptions they are divisible
ordered abelian groups, and hence elementarily equivalent. Moreover, they are even
elementarily equivalent as asymptotic couples, as defined by Rosenlicht [19], which
is to say after being expanded by the map induced by logarithmic differentiation
(see Section 2). In addition to the axioms for divisible ordered abelian groups, the
complete axiomatization is given by four universal axioms of asymptotic couples
together with the statement that the logarithmic derivative map is surjective onto the
set of negative elements of the group; this is Corollary 4.9 (where these structures
are called “gap-closed H-asymptotic couples”).

Analogous AKE results for (unordered) valued differential fields have been
established earlier for d-henselian monotone fields: first for those with many
constants by Scanlon [21] and then in the general monotone case by Hakobyan
[12]. The interaction between the valuation and the derivation in a pre-H-field is
opposite to the condition of monotonicity, and, indeed, d-henselian pre- H-fields are
never monotone.

To which pre-H-fields does Theorem 1 apply? Certainly not T, which is not
d-henselian.! To construct an example, start with an Ng-saturated elementary
extension T* of T. Although every element of T is exponentially bounded in the
sense that it is bounded in absolute value by some finite iterate of the exponential,
T* contains transexponential (i.e., not exponentially bounded) elements. Enlarge
the valuation ring O« of T* to the set Ors« of exponentially bounded elements of
T*. With this coarsened valuation, (T*, @T*) is a d-Hensel-Liouville closed pre-H-
field whose valuation only distinguishes transexponentially different elements, and
its ordered differential residue field res(T*, O+ ) is a model of the theory of T. This
coarsening decomposes T* into a transexponential part, (T*, Or+). whose model
theory is the subject of this paper, and an exponentially bounded part, res(T*, Op+).
whose model theory we understand by [5]. The same coarsening procedure applied
to a maximal Hardy field, which contains transexponential elements [9], yields a
similar example.

Theorem 1 follows easily from Theorem 7.2, which establishes a back-and-forth
system in a two-sorted setting with a sort for a pre-H-field and a sort for its ordered
differential residue field, connected by a binary residue map. This back-and-forth

nstead, T satisfies a strong eventual form of d-henselianity called newtonianity: see [5, Chapter 14].
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 3

system allows us to eliminate quantifiers from the pre- H-field sort in Theorem 7.5,
which is used to show the following two results. (In fact, we get more precise
two-sorted versions.)

THEOREM 2. Let K be a d-Hensel-Liouville closed pre-H-field with ordered
differential residue field k.

(i) Every subset of k" definable in K, with parameters, is definable in the ordered
differential field k with parameters from k.
(ii) If the ordered differential field k has NIP, then K has NIP.

Another of the central results of [5] is that the class of existentially closed
pre-H-fields is elementary and axiomatized by a theory T™; note that T2 , =
T™ + “small derivation” axiomatizes the theory of T. Equivalently, 7" is the model
companion of the theory of pre-H-fields, that is, 7" is model complete and every
pre-H-field extends to a model of 7M. Also, 7™ , is the model companion of the
theory of H-fields with small derivation, where an H-field is a pre-H-field whose
valuation ring is the convex hull of its constant field. But a pre-H-field with small
derivation extends to a model of 72 . if and only if the derivation induced on
its residue field is trivial. This raises the question of whether the theory of pre-H-
fields with nontrivial induced derivation on their residue field, which includes all
d-henselian pre-H-fields, has a model companion.

We give a positive answer for the broader class of pre-H-fields with gap 0. In
defining this. we use the notation f < g when f < gand g < f, and f < g when
f < gand f # g. A pre-H-field has small derivation if f' < 1forall f < 1 and gap
0if it has small derivation and every f = 1 satisfies // = f.If a pre-H-field with gap
0 is closed under exponential integration (or even if its ordered differential residue
field is), then any f > 1 is “transexponential” in the sense that /' = e, for each n,
where e, is an nth iterated exponential integral of 1. To describe the axiomatization
of the model completion, we recall that the theory of ordered differential fields, with
no assumption on the interaction between the ordering and the derivation, has a
model completion, the theory of closed ordered differential fields. This theory also

has quantifier elimination and is complete [22]. Then:

THEOREM 3. The theory T fohdlf of d-Hensel-Liouville closed pre- H-fields with closed
ordered differential residue field is the model completion of the theory of pre-H-fields

with gap 0.

In fact, we prove a more general two-sorted version where other theories of the
residue field are permitted, as in the previous two results. By Theorem 1, T C‘i)l}j]f is
complete. This theory has quantifier elimination, so it is distal by [2] and locally
o-minimal. The one-sorted results are collected in Theorem 7.9.

The assumptions of “real closed” and “exponential integration” are necessary
in Theorem 3, but what of their appearance in Theorem 1? Even in the monotone
setting, it is not true that the theory of a d-henselian field is determined by the
theory of its differential residue field and its value group. Hakobyan provides an
example of two d-henselian monotone fields that are not elementarily equivalent
but have isomorphic value groups and differential residue fields [12, Example after
Corollary 4.2]. To remedy this, in his monotone AKE theorem there is an additive
map from the value group to the residue field. Hence any AKE theorem for
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4 NIGEL PYNN-COATES

d-henselian fields requires either additional assumptions or extra structure on
the value group or differential residue field. While it may be possible to remove
the assumption that K; and K, are real closed in Theorem 1 at the expense of
incorporating their asymptotic couples, the next result shows that closure under
exponential integration is necessary.

THEOREM 4. There exist d-henselian, real closed pre-H-fields K| and K, with
ordered differential residue fields k| and k, such that k| = k, but K| # K5.

More precisely. one of K| and K is closed under exponential integration but
the other is not. Also, their asymptotic couples are elementarily equivalent, so any
three-sorted improvement of Theorem 1 would still require some assumption on the
behaviour of logarithmic derivatives.

1.1. Structure of the paper. Section 2 contains basic definitions, notation, and
remarks, which we keep close to [5]. With the goal of back-and-forth arguments in
mind, in subsequent sections we consider extensions controlled by the residue field,
extensions controlled by the asymptotic couple, and those that involve adjoining
exponential integrals.

In Section 3, we show how to extend embeddings of ordered valued differential
fields by first extending the residue field.

We study extensions controlled by the asymptotic couple in Section 4, starting by
studying asymptotic couples as structures in their own right in Section 4.1. We isolate
the model completion of the theory of H-asymptotic couples with gap 0 and prove
that this theory has quantifier elimination in Theorem 4.8. In the rest of the section,
this result, or rather its consequence Corollary 4.10, is used to study extensions of
d-henselian pre-H-fields whose asymptotic couples are existentially closed.

The short Section 5 deals with extending the constant field and plays no role in
the main results; it is used only to strengthen the statement of Theorem 6.15 in the
next section.

Section 6 proves the most difficult embedding result of the paper, Theorem 6.16:
the existence of d-Hensel-Liouville closures, which are extensions that are
d-henselian, real closed, and closed under exponential integration, and that
satisfy a semi-universal property. Uniqueness of d-Hensel-Liouville closures is
Corollary 6.18.

Turning to the main results, in Section 7, first some embedding results from
previous sections are combined in the key embedding lemma. Next we establish
the two-sorted back-and-forth system, in Theorem 7.2. The AKE theorem,
Theorem 1 (Corollary 7.3), follows immediately. The relative quantifier elimination
is Theorem 7.5, from which the stable embeddedness of the residue field (the first
part of Theorem 2) follows immediately. The two-sorted model companion result
is Corollary 7.7, and the NIP transfer principle (the second part of Theorem 2) is
Proposition 7.8. One-sorted results for Tg)}gf, including Theorem 3 but also quantifier
elimination, distality, and local o-minimality, are collected in Theorem 7.9.

Section 8 documents two examples of d-henselian pre-H-fields. The first, in
Section 8.1, provides a fuller account of the example described in the introduction
of a d-Hensel-Liouville closed pre-H-field whose residue field is a model of 7™

small®
which arises from a transexponential extension of T. This example motivates the
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 5

earlier two-sorted results, in which the ordered differential residue field could
have additional structure. The second, in Section 8.2, establishes Theorem 4
(Corollary 8.6), showing that the assumption of closure under exponential
integration in the AKE theorem cannot be dropped. As part of the proof, we
show that for every ordered differential field & satisfying three obviously necessary
conditions, there is a d-Hensel-Liouville closed pre- H-field with ordered differential
residue field isomorphic to k.

§2. Preliminaries. We let m, n, and r range over N = {0, 1,2, ... } and p, 4, and u
be ordinals. The main objects of this paper are kinds of ordered valued differential
fields; all fields in this paper are assumed to be of characteristic 0. A valued field is
afield K equipped with a surjective map v: K* — I, where I is a (totally) ordered
abelian group, satisfying for f, g € K*:

(V1) v(fg) = v(f) +v(g):
(V2) v(f +g) = min{v(f).v(g)} whenever f + g # 0.

We also impose the condition that v(Q*) = {0}, i.e., that K has equicharacteristic 0.
A differential field is a field K equipped with a derivation 0: K — K, which satisfies
for f,g € K:

(D1) o(f +g) = a(f) +a(g):
(D2) o(fg) = falg) +ga(f).

Let K be a valued field. We add a new symbol co to I' and extend the addition
and orderingto ' =T U {0} byco+y =y + 00 =o0cand oo >y forally € I'.
This allows us to extend v to K by setting v(0) := co. We often use the following
more intuitive notation:

f=sgeuf)zue). f=<geolf)>v(g).
f=geuf)=uve). [f~ge f-g=<g

The relation < is called a dominance relation. Both =< and ~ are equivalence relations
on K and K* respectively, with a consequence of (V2) being that if /' ~ g. then
f=g. Weset O:={f€K:f =<1} and call it the valuation ring of K. Tt has
a (unique) maximal ideal 0 == {f € K : f < 1}, and we call res(K) := O/o the
residue field of K, usually denoted by k. We also let @ or res(a) denote the image of
a € Ounder the natural map to k. For another valued field L, we denote these objects
by Or. I, k. etc.

Let K be a differential field. For / € K, we often write f/ for o( /) if the derivation
is clear from context and set /7 := f'/f if f # 0, the logarithmic derivative of f.
We say that K has exponential integration if (K*)" = K. The field of constants of K
is C == {f € K : f’ = 0}. For another differential field L, we denote this object by
Cr. Welet K{Y} = K[Y. Y’ Y", ..] be the ring of differential polynomials over
K and set K{Y}7 := K{Y}\ {0}. For P € K{Y}7, the order of P is the smallest
rsuch that P € K[Y. Y', ..., Y(”]. We extend the derivation of K to K{Y} in the
natural way. If L is a differential field extension of K and a € L, then K (a) denotes
the differential subfield of L generated by a over K. If K is additionally a valued
field, we extend v to K{Y} by setting v(P) to be the minimum valuation of the
coefficients of P and thus also extend the relations <, <, <, and ~ to K{Y}.
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6 NIGEL PYNN-COATES

ASSUMPTION. Suppose for the rest of the paper that K is (at least) a valued
differential field. unless stated otherwise.

Relating the valuation and the derivation, we impose throughout most of this
paper the condition that K has small derivation, which means that do C o. If K has
small derivation, 00 C O [5, Lemma 4.4.2], so d induces a derivation on k, and we
always construe k as a differential field with this induced derivation. In contrast to
the main results of [5], we are interested in the case that it is nontrivial. We call &k
linearly surjective if for all ay. ... . a, € k with a, # 0. the equation 1 + apy + a1y’ +
-+ a,y") = 0 has a solution in k. We call K differential-henselian (d-henselian for
short) if K has small derivation and:

(DH1) k is linearly surjective:
(DH2) whenever P € O{ Y} of order r satisfies

PO) <1 and Y- )y <1,

n=0 oY ™

thereis y < 1 in K with P(y) = 0.

Differential-henselianity, a generalization of henselianity to valued differential fields
with small derivation, was introduced in [21] and studied more systematically in [5].

Here is another relation between the valuation and derivation fundamental to
this setting. We call K asymptotic if f < g <= f' < g’ for all nonzero f, g € o.
In the rest of this paragraph, suppose that K is asymptotic. Note that C C O. Also,
if f.g € K* satisfy f ~ g # 1. then f' ~ g’ and f7 ~ g'. Similarly, for g € K*
with g # 1, v(g") and v(g’) depend only on vg and not on g, so for y = vg we set
y":=w(g") and y’ := v(g’): note that y* =y’ —y. For any ordered abelian group
G, set G7 =G\ {0}, G- ={g€G:g<0} and G> :={g € G: g > 0}. Thus
logarithmic differentiation induces a map

w:IT7 5T
y =

We call (I, w) the asymptotic couple of K; such structures were introduced by
Rosenlicht [19], and more about them can be found in [5. Sections 6.5 and 9.2].
We set ¥ := w(I'7), and if we need to indicate the dependence on K, we denote
this by Wx. When convenient, we extend w to a map y: '« — ['s by setting
w(0) = y(c0) = oo.

Here are two additional properties an asymptotic K can have. We say that K is H-
asymptotic or of H-typeif, forall f,g € K> satisfying ' < g < 1, wehave /7 = g.
We say that K has gap 0 if it has small derivation and 7 > 1 for all £ € K* with
f < 1. Properties of K are reflected in its asymptotic couple, but conversely some
properties of K are determined by (I, y). For instance. K has small derivation if and
only if (')’ C I'>, and K has gap 0 if and only if (I'™)’ C I'” and ¥ C I'<. There
can be at most one f € I' with ¥ < < (')’ [5. Corollary 9.2.4], so K having gap
0 means that f = 0 separates ¥ and (')’ in this way. Similarly, K is of H-type just
in case w(a) < w(p) whenever o < < 0in I'. For more on asymptotic fields, see
[5, Chapter 9].
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 7

By the above, all asymptotic fields with gap 0 are clearly pre-d-valued. where we
say that K is pre-differential-valued (pre-d-valued for short) if:

(PDV) forall f.g € K* with f < 1and g < 1. we have f’ < g¥.

More on pre-d-valued fields can be found in [5, Section 10.1]., including a
characterization of them as those K that satisfy C C O and a valuation-theoretic
analog of ’'Hopital’s Rule [5, Lemma 10.1.4]. In the rest of this paragraph, let K be
pre-d-valued. If K has small derivation and the derivation induced on & is nontrivial
(for instance, if K is d-henselian), then K has gap 0. Having gap 0 is inherited by
valued differential subfields, and thus if K has a d-henselian valued differential field
extension, then K has gap 0. These remarks apply in particular to pre-H-fields with
gap 0, which we now define.

This paper is primarily concerned with certain ordered pre-d-valued fields called
pre-H-fields. Here, K is an ordered valued differential field if, in addition to its
valuation and derivation, K is equipped with a (total) ordering < making it an
ordered field. Relating the ordering, valuation, and derivation, we call K a pre-
H-field if:

(PH1) K is pre-d-valued;

(PH2) O is convex (with respect to <);

(PH3) forall f € K,if f > O, then f' > 0.

Condition (PH2) holds if and only if o is convex, which holds if and only if
0 C (- 1,1). Hence if (PH2) holds, then < induces an ordering on k making it
an ordered field. We thus construe the residue fields of pre-H-fields with small
derivation as ordered differential fields. By [5. Lemma 10.5.2(ii)]. pre-H-fields are
of H-type.

We now discuss extensions of valued differential fields and ordered valued
differential fields. Given an extension L of K, we identify I" with an ordered subgroup
of I'; and k with a subfield of k; in the obvious way. Here and in general we use
the word extension as follows: if F is a valued differential field, “extension of F”
means “valued differential field extension of F”’; if F is an ordered valued differential
field, “extension of F” means “ordered valued differential field extension of F”’; etc.
“Embedding,” “isomorphic.” and “isomorphism” are used similarly. Where there is
particular danger of confusion, we are explicit.

An important class of extensions are the immediate extensions: We say that an
extension L of K is immediate if 'y, = I" and k; = k: equivalently, forevery b € L*
thereis a € K* such that b ~ a. If K is a pre-H-field and L is an immediate valued
differential field extension of K that is asymptotic, then L can be given an ordering
making it a pre-H-field extension of K; in fact, this is the unique ordering with
respect to which O is convex, and hence any valued differential field embedding of
Linto a pre-H-field extension M of K is automatically an ordered valued differential
field embedding [5, Lemma 10.5.8].

§3. Extensions controlled by the residue field. In this section we prove Lemma 3.1,
which yields ordered variants of results from [5, Sections 6.3 and 7.1] for use in
Section 7. In the first lemma, K need not be equipped with a derivation.

Lemma 3.1. Suppose that K is an ordered valued field with convex valuation ring.
Let L be a valued field extension of K with Ty = T and suppose that k is an ordered
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8 NIGEL PYNN-COATES

field extension of k. Then there exists a unique ordering on L making it an ordered
field extension of K with convex valuation ring such that the induced ordering on k.
agrees with the given one.

If K is a pre-H-field with gap 0 and L is moreover a differential field extension of K
with small derivation, then L is also a pre-H-field with gap 0.

PrOOF. Suppose that L is equipped with an ordering making it an ordered field
extension of K with convex valuation ring such that the induced ordering on k.
agrees with the given one. Let ¢ € L>. Then a = su with s € K~ and u < 1 in L.
Since u > 0 <= u > 0, there is at most one such ordering on L, and this also
shows how to define the ordering on L: a > 0 <= u > 0. This is independent of
the choice of s and u: If ¢ = fuy witht € K~ and u; < 1 in L, then u; = st'u and
u=st!'-u sou; >0 < u > 0.0Obviously,a >0or—a > 0.

Next, assume that a.b € L~; we will show that ¢ +5 > 0 and ab > 0. Then
a = suy and b = tup with s, € K~ and uy, up < 1 in L>. Without loss of generality,
s=<t.soa+b=t(stu +u)and

stluy +ur = st -ur+u > 0.

Thus st lu; + up < 1 and a + b > 0. Also, ab = stuyur with ujmz = w1 - 43 > 0, so
ab > 0. Similarly, a®> > 0. Thus we have defined an ordering on L making it an
ordered field extension of K. Obviously, if « < 1, then— 1 < a < 1, so the valuation
ring of L is convex with respect to this ordering, and by construction it induces the
given ordering on k.

Finally, suppose that X is a pre-H-field with gap 0. Let a,b € L* witha < 1 and
b % 1. Since L has small derivation, we have a’ < 1. Write b = su with s € K~ and
u=1linL.sothenbh™ = 5"+ u" ~ s7 = 1.since K has gap 0. Thus a’ < b', showing
that L is pre-d-valued. It has the same asymptotic couple as K, so still has gap 0.
To see that L is a pre-H-field, it remains to check (PH3): If b > O;, then likewise
b~ s'u>0. =

LeEMMA 3.2. Suppose that K is an ordered valued differential field with small
derivation and convex valuation ring. Let k{y) be an ordered differential field extension
of k with y d-algebraic over k. Then there exists an ordered valued differential field
extension K (a) of K such that:

(i) Tgy =T
(i) K{a) has small derivation and convex valuation ring:;
(ili) a < 1 and res(K (a)) = k{a) = k{(y) over k (as ordered differential fields):
(iv) for any ordered valued differential field extension M of K with convex valuation
ring that is d-henselian, every embedding k{a) — ks over k is induced by an
embedding K (a) — M over K.

Moreover, if K is a pre-H-field with gap 0, then so is K (a).

Proor. The existence of the valued differential field K (¢) and its embedding
property as a valued differential field are provided by [5, Theorem 6.3.2 and Lemma
7.1.4]. Equipping K(a) with the ordering from Lemma 3.1 gives the rest, with
the embedding property as an ordered valued differential field following from the
uniqueness of the ordering on K{a). —
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 9

For the d-transcendental analog, which likewise follows from [5, Lemma 6.3.1]
and Lemma 3.1, we construe the fraction field K (Y') of K{ Y } as a valued differential
field extension of K by extending @ and the map P — v(P) to K(Y) in the obvious
way. Then 'k (yy = I', and K (Y') has small derivation if K does, in which case Y is

d-transcendental over k and res(K (Y)) = k(Y) (see [5. Section 6.3]).

LemMMA 3.3. Suppose that K is an ordered valued differential field with small
derivation and convex valuation ring. Suppose that k(Y is an ordered differential
field extension of k and equip K{Y') with the ordering from Lemma 3.1. Let M be an
ordered valued differential field extension of K with small derivation, convex valuation
ring, and a € M with a < 1 anda d-transcendental over k. Then there exists a unique
embedding K(Y) — M over K with Y — a. If K is a pre-H-field with gap 0, then so
is K(Y).

Similarly, we have an ordered variant of [5, Corollary 7.1.5].

COROLLARY 3.4. Suppose that K is an ordered valued differential field with small
derivation and convex valuation ring. Let k| be an ordered differential field extension
of k. Then K has an ordered valued differential field extension L with the following
properties:

(i) [ =T;
(ii) L has small derivation and convex valuation ring:;
(iii) res(L) = k. over k (as ordered differential fields):
(iv) for any ordered valued differential field extension M of K with convex valuation

ring that is d-henselian, every embedding res(L) — ks over k is induced by an
embedding L — M over K.

Moreover, if K is a pre-H-field with gap 0, then so is L.

§4. Extensions controlled by the asymptotic couple. Towards our quantifier
elimination and model completion results for pre- H-fields with gap 0. in this section
we study extensions controlled by the asymptotic couple. We begin by studying
H-asymptotic couples with gap 0 in their own right and finding the model completion
of this theory, which has quantifier elimination.

4.1. Asymptotic couples with small derivation. The material in this subsection is
based on [6], which, apart from its new results, revisits quantifier elimination for the
theory of closed H-asymptotic couples from [3], introducing several new lemmas
that simplify the arguments. For convenience, we use [5, Sections 6.5 and 9.2] as a
reference instead of the original sources [3, 4, 18, 19, 20] for asymptotic couples.

In contrast with the results of [3, 6], here we do not need to expand the language by
a predicate for the W-set or by functions for divisibility by nonzero natural numbers.
Additionally, those authors work over an arbitrary ordered scalar field &k, but here
we work over Q for concreteness (the results of this section hold in that setting in
the language L,.. described later, expanded by functions for scalar multiplication).

4.1.1. Preliminaries. We suspend in this subsection the convention that I is the
value group of K. Instead, (I, w) is an H-asymptotic couple, which means that I is
an ordered abelian group and w: I'” — T is a map satisfying, for all .6 € I'7:
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10 NIGEL PYNN-COATES

(AC1) ify +6 # 0, then w(y +0) > min{w(y), w(6)}:
(AC2) w(ky) = w(y) forall k € Z7;

(AC3) ify > 0, theny + w(y) > 1//(5);

(HC) if0 <y <4, thenw(y) > w(d).

Keeping in mind that later (I, w) will be the asymptotic couple of an H-asymptotic
field (such as a pre-H-field), we let ¥ .= w(y) and y’ := y + y for y € I'#. The map
y 9’ for y € I'7 is strictly increasing [5. Lemma 6.5.4(iii)]. We let ¥ := w/(I'7)
and for any ordered abelian group G we set GS = {g € G : g < 0}, having earlier
defined G” and G <. Thus (AC3) says that ¥ < (I™)’.

A fundamental result is that " \ (I'7)’ has at most one element [5. Theorem 9.2.1].
and moreover exactly one of the following holds [5, Corollary 9.2.16]:

(1) there exists f € T such that ¥ < f < (I'™)’, in which case (I, w) has gap f:
(2) there exists f € T such that max¥ = f, in which case (I, ) has max f;
(3) (I'#)’ =T, in which case (", w) has asymptotic integration.

We are primarily concerned with H-asymptotic couples having gap 0, although we
also consider the case of max 0 in this subsection. The material on H-asymptotic
couples with max 0 is only used in one later theorem that itself is not used in the
main results, but fits naturally with that of the gap 0 case. In contrast, the main
results of [3, 6] concern asymptotic couples with asymptotic integration, such as the
asymptotic couple of T. In adapting their arguments, we try to highlight how the
substitution of “gap 0” or “max 0” for “asymptotic integration” (or similar changes)
alters the proofs.

Note that if (', y) is the asymptotic couple of an asymptotic field K, then K has
gap 0 (in the sense of Section 2) if and only if (T, ) has gap 0. It follows from
[5, Theorem 9.2.1 and Corollary 9.2.4] that sup¥ = 0 <= (I'>)’ = I’ and that
sup¥ = 0 ¢ V¥ if and only if (I', w) has gap 0. Thus sup ¥ = 0 if and only if (T, w)
has gap 0 or max 0.

It follows from (AC2) and (HC) that v is constant on archimedean classes of T.
For y €T, we let [y] .= {0 € " : |d] < n|y| and |y| < n|d| for some n} denote its
archimedean class, and set [I'] .= {[y]: y € T}, ordering it by [5] < [y] if n|d| < ||
for all n, where .0 € I'. The map w extends uniquely to the divisible hull QI" of
I, defined by w(gy) = w(y) for y € T7 and ¢ € Q* (use [5. Lemma 6.5.3] to get
(AC3)), and in this way we always construe QI" as an H-asymptotic couple (QI", )
extending (T, w). It satisfies w ((QI')7) = w(I'7). soif (I", w) has gap 0 (respectively,
max 0), then so does (QI, ). We also use that if (T, ) has gap 0, then for every
y € T'7, we have [y] > [y'] by [5, Lemma 9.2.10(iv)] and so [y] = [y']: in particular,
ify <0, theny < y™ < 0.

We call (T, w) gap-closed if T is nontrivial and divisible, and ¥ = I'<. The goal of
this section is Theorem 4.8, which states that the theory of gap-closed H-asymptotic
couples has quantifier elimination and is the model completion of the theory of
H-asymptotic couples with gap 0. Likewise, the theory of max-closed H-asymptotic
couples, where (. w) is max-closed if T is divisible and ¥ = 'S, has quantifier
elimination and is the model completion of the theory of H-asymptotic couples
(T, w) with sup W = 0. The language for these results is the language £, = {+. .
<, 0,00, '} of asymptotic couples. The underlying set of (T, y) in this language is
I'so =T U{oco}. and we interpret oo in the following way: forall y € I', co + y =
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 11

y 4 00 =00 and y < 00; 00 + 00 = 00; — 00 = 00; W (0) = w(c0) := co. The other
symbols have the expected interpretations.

One of the new extension lemmas of [6] is [6, Lemma 2.7]. Here is a variant that
avoids assuming asymptotic integration by making a stronger cofinality assumption.

LemMA 4.1. Suppose that ¥ is downward closed in T. Let (T'1, w1) and (T, w.)
be H-asymptotic couples extending (I, y) such that T'< is cofinal in T'Y. Suppose that
n € 1\ Tandy, € T, \T realize the same cut in T and y;f ¢ T. Thenyl ¢ T andy]

realizes the same cut in I as yl’
PrROOF. Let a € I'7. We first show that:
yf <o = yl<al and yf >a = yl>a'

The first implication follows exactly as in [6, Lemma 2.7], which uses that ¥
is downward closed but not that (I, ) has asymptotic integration. The second
implication has a hidden use of asymptotic integration, so here are the modifications.

Suppose that yf' > a', so by the cofinality assumption, there is & € I" with yf >
6 > o. By the reasoning in the first implication (see [6, Lemma 2.7]), it suffices to
show that € ¥; asymptotic integration is used in [6, Lemma 2.7] to get this. By
the stronger cofinality assumption here, take § € T'7 with |yi| > |B]. so d < yf <
p T e ¥, Thusd € W, since ¥ is downward closed.

Finally, the last paragraph also shows that y! ¢ T, since < pteWand ¥is
downward closed, and therefore it realizes the same cut as yi]' by the displayed
implications. -

Alternatively, we can weaken the cofinality assumption from I'S being cofinal
in T'T to I'< being cofinal in (I + Qyp;)< (as in [6, Lemma 2.7]) in the case that
sup ¥ = 0; the only change in the proofis that now é € ¥ follows fromd < yi" <0.

Another of the new lemmas is the following, [6, Lemma 2.8], which we also use
in Section 4.2.

LemMA 4.2. Suppose that (I'y, wy) is an H-asymptotic couple extending (I, y),
and let yy € I'' \ T and o € T. Suppose that y, and = y;r — « satisfy le ¢ T and
BT ¢ V. and that |y,| > |y| for some y € T7. Then y| < BT

4.1.2. Embedding lemmas. We now turn to the proof of quantifier elimination
for gap-closed and max-closed H-asymptotic couples, which we handle uniformly
as much as possible. To that end, suppose that (I, ) is a divisible H-asymptotic
couple with sup¥ = 0, and let (I'1, w1) and (T..y,) be divisible H-asymptotic
couples extending (T, w) such that (T,, w.) is |T'|"-saturated. Let y; € I'; \ T and
(T(y1). w1) be the divisible H-asymptotic couple generated by I' U {y;} in (T'y, ).

The first two lemmas are proved similarly to [6, Lemmas 3.4 and 3.5]. so we
only sketch the proofs, omitting some details that are the same. The third lemma
is particular to the case of gap 0. For convenience, we set 0" := y(0) = co. so
I =%YU{oo}.

In the next lemma, the sup¥ = 0 assumption simplifies the case distinctions
needed in [6, Lemma 3.4], and the assumption of asymptotic integration there is
used only in Cases -2 of that lemma, which do not occur here. We also do not need

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.59, on 27 Sep 2025 at 10:34:24, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2025.28


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2025.28
https://www.cambridge.org/core

12 NIGEL PYNN-COATES

the “H-cuts” of that paper for quantifier elimination since the W-set in a gap-closed
or a max-closed H-asymptotic couple is already quantifier-free definable without
parameters.

Lemma 4.3. Suppose that (T + Qy)" =", Then (I'(y1). w1) can be embedded
into (T, w,) over T.

ProOF. From (I'+ Qy;)" =T, we get T'(y1) = T’ + Qy.

In case [+ Qy;] =[I'], realizing in I, the cut in I realized by y; yields
an embedding i: ' + Qy; — 'y of ordered Q-vector spaces fixing I', and the
assumption [[" + Qy;] = [['] ensures that it is an embedding of H-asymptotic couples
(see Case 3 of [6, Lemma 3.4]).

In case [’ + Qy] # [I'] but I'< is cofinal in (I + Qy)<, take g € I'; \ ' with
> 0and [f] ¢ [T']. Letting D; be the cut in T realized by ff and D, :=T \ Dy, it
follows from the cofinality assumption that D; has no greatest element and D, has
no least element. Then saturation gives 5. € I, realizing the same cut as f in I" and
with g7 = BI. yielding an embedding i: T 4+ Qy; — I, of H-asymptotic couples
fixing I (see Cases 4—6 of [6, Lemma 3.4]).

In case I'< is not cofinal in (I" + Qy;)<, take f € ' + Qy, satisfying 0 < f < T'>.
In this case, (I, w) must have max 0, since if (I', ) has gap 0, then ¥ < w(f) € \P.
a contradiction. By saturation, take f, € I', with0 < f, < ' and g = ¥ = 0. so
we get an embedding i: I' + Qy; — I, of H-asymptotic couples as before. -

In [6, Lemma 3.5]. the cofinality of I'< in I'* follows from asymptotic integration:
In the max 0 case it is also automatic, but needs to be added as an assumption in
the gap 0 case, (i) in the next lemma.

LemMma 4.4. Suppose that (T + Qy)" # T for all y € T\ T. Also, suppose that
either:

(i) (T, ) is gap-closed, (T'y, w1) has gap 0, and T'< is cofinal in TS; or

(i) (T.w) is max-closed and (U1, w1) has max 0.

Then (T'(y1), w1) can be embedded into (T, w.) over T.

Proor. Note that in case (ii), the cofinality assumption comes for free, for if
y € T'1 \ Tsatisfies0 < y < T, theny™ = 0andso (I + Qy)" = I'f, a contradiction.

Take a; € T such that (y; — ;)" ¢ I'". Then (y; — ;)" ¢ T, since (y; — ;)T <0
and in case (i) and case (i), ¥ = I'< and ¥ = T'S, respectively. (In [6. Lemma 3.5].
this step uses asymptotic integration.)

The proof now proceeds exactly as in [6, Lemma 3.5], substituting Lemma 4.1 for
[6, Lemma 2.7] (and Q for k); here is a sketch. Let n > 1. Continue this procedure
to construct sequences aj, @y, ... in I'and Sy, f, ... in T'(y;) \ T with f; =y — oy
and 5,41 = ﬁ,;; — ay 1. Then ﬂ;{ < ;+1 by Lemma 4.2 (with 8, in place of y; and

Bn1 in place Ofﬂ)e $0 [Bn] > [Bu+1]. s0
Ty =ToQheQhe .

Saturation gives y. € I', \ T realizing the same cut in T" as y;, so use the same
o, sequence to likewise define f,, € (I'y)s for n > 1. Inductively construct an
increasing sequence of Q-vector space embeddings

i11:1"+@,31+"'+@/3n%1"*
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 13

fixing I and sending f3, to S, in two steps: Given that f, and f,, realize the same cut
in T, use Lemma 4.1 to get that 8} and S}, realize the same cut in I'. Then argue with
archimedean classes, using Lemma 4.2 in (T',., .. ) now, to extend the embedding to
in+1. The union of these maps is the desired embedding of H-asymptotic couples. -

In case (i) of the previous lemma, we added a cofinality assumption that was not
present in [6, Lemma 3.5]. The next lemma handles the non-cofinal case, which is
particular to gap 0.

LemMMA 4.5. Suppose thatT< < y; < 0,and Ty, 1) and (T, w.) have gap 0. Then
(T(y1), w1) can be embedded into (T .. w..) over T.

PROOF. Set y1<0> := y; and yf"+1> = (yl<n>)Jr for all n. We have

> "> P> -

and so
r<<p<)<yP<..<o and [p"1¢[]foralln
Hence the family (yl<"> )nen is Q-linearly independent over I" and

Ty =TeQneQVeow? e .

By saturation, we may take y, € ', \ I with I' < y, < 0. The above holds in I,

with y, replacing y; (and y§"> defined analogously), so we obtain an embedding of
(T(y1), w1) into (Tx, w.) over I that sends y; to .. -

4.1.3. Quantifier elimination. We callan H-asymptotic couple (I'y, ) extending
(T.w) a gap-closure of (', y) if it is gap-closed and it embeds over (I, y) into
every gap-closed H-asymptotic couple extending (I, y). Similarly, we call an
H-asymptotic couple (I'1.w) extending (I'.w) a max-closure of (I',y) if it
is max-closed and it embeds over (I',y) into every max-closed H-asymptotic
couple extending (I, ). By the embedding lemmas of the previous subsection
and a standard quantifier elimination test (see for example [5, Corollary B.11.11]),
quantifier elimination for gap-closed and max-closed H-asymptotic couples reduces
to the existence of gap-closures and max-closures, respectively.

For that, we need one more embedding lemma, Let ¥+ be the downward closure
of WinT.

LEMMA 4.6. Let B € WY\ Wor B beagap in (T, y). Then there is an H-asymptotic
couple (T ® Za, w®) extending (T, w) such that:
(i) a>0and y*(a) = B;
(i) given an embedding i of (U, y) into an H-asymptotic couple (I'*,w*) and
o* € T* witha* > 0and w*(a*) = i(B), there is a unique extension of i to an
embedding j: (I ® Za, w®) — (T*, w*) with j(a) = o*.

Proor. This follows from [5, Lemma 9.8.7] with C = {[y]: y € T7, w(y) > B}.
but here is an outline. Define the ordered abelian group I' @& Za so that

{bufyel”y(y) >} <a < {yel”:yly) <p}
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14 NIGEL PYNN-COATES

and thus [a] ¢ [[7]. Extend w to yw®: (T ®Za)” =T by w*(y +ka):=
min{y(y), B}. where y € T and k € Z7. To verify that this makes (I' © Za. y®) an
H-asymptotic couple involves tedious case distinctions. The axioms (AC1), (AC2),
and (HC) are straightforward, while (AC3) is more subtle and uses [5, Lemma
6.5.4]. The universal property of (I' ® Za. w®) is easy. -

COROLLARY 4.7. Every H-asymptotic couple (T, w) with gap 0 has a gap-closure.
Every H-asymptotic couple (', w) with sup ¥ = 0 has a max-closure.

Proor. If (T, ) has max 0, then by applying Lemma 4.6 for f € W+ \ P, taking
the divisible hull, and repeating these procedures, we get a max-closure of (I', w). If
(T, w) has gap 0 and " # {0}, the same procedure yields a gap-closure of (I', w). To
obtain a max-closure of (I', y) when it has gap 0, first apply Lemma 4.6 with § = 0
and then repeat the previous argument.

It remains to show that the trivial H-asymptotic couple ({0}, y), where y: () —
{0} is the empty function, has a gap-closure. Let I’y := @, Qy, be the ordered
Q-vector space satisfying y, < 0 and [y,] > [y4+1] for all n, and equip it with the
function y defined by wo(q1yn, + -+ + gm¥ny) = Pny+1 forallm > 1.0y > - > ny,.
and qi. .... ¢, € Q. Then by the proof of Lemma 4.5, (I'y. wo) is an H-asymptotic
couple with gap 0 that embeds into every nontrivial H-asymptotic couple with gap 0.
Hence, a gap-closure of (I'y. yo) is a gap-closure of ({0}, w). -

Next we establish quantifier elimination, first proving it in L, giy := Lac U {div,, :
n > 1}, the language £, expanded by unary function symbols div, interpreted as
division by n with div,(co) := co. As noted already, unlike in [3, 6], we do not
need the predicate for the W-set, since it is already quantifier-free definable without
parameters.

THEOREM 4.8. The theory of gap-closed H-asymptotic couples has quantifier
elimination, and it is the model completion of the theory of H-asymptotic couples
with gap 0. The theory of max-closed H-asymptotic couples has quantifier elimination,
and it is the model completion of the theory of H-asymptotic couples (I, y) with
sup¥ = 0.

Proof. That these theories have quantifier elimination in L, g;, follows from
Lemmas4.3,4.4,and 4.5, and Corollary 4.7 by a standard quantifier elimination test.
To see that they have quantifier elimination in £,., recall how, for an H-asymptotic
couple (I', ), w extends uniquely to the divisible hull QI" of I', preserving the
property of having gap 0 or max 0.

The model completion statements follow from quantifier elimination and
Corollary 4.7. o

COROLLARY 4.9. The theory of gap-closed H-asymptotic couples is complete and
has a prime model. The theory of max-closed H-asymptotic couples is complete and
has a prime model.

Proor. The trivial H-asymptotic couple (see the proof of Corollary 4.7), embeds
into every H-asymptotic couple, yielding completeness of the two theories. It also
has gap 0, so its gap-closure and its max-closure are the respective prime models. -

As prime models of their respective complete theories, on standard model-
theoretic grounds (see for instance [13, Corollary 4.2.16]) the gap-closure and the
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 15

max-closure of the trivial H-asymptotic couple are unique up to isomorphism.
By quantifier elimination and adding constants to the language, similar reasoning
applies to the gap-closure and the max-closure of a countable H-asymptotic couple.
However, we do not know in general if gap-closures and max-closures are unique
up to isomorphism. One possibility is foreclosed: By adapting the arguments of
[1. Section 3], we can show that if an H-asymptotic couple (I, ) with gap 0 is not
gap-closed, then a gap-closure of (I', ) is not minimal in the sense that it has a
proper gap-closed substructure containing I'. The same is true replacing “gap 0”
with “sup ¥ = 0,” “gap-closed” with “max-closed,” and “gap-closure” with “max-
closure.” This nonminimality result has no bearing on the rest of the paper, so
we do not present details here. With more work, one could likely obtain further
model-theoretic results on such H-asymptotic couples, along the lines of [3, 6].

We do use Theorem 4.8 via the following corollary. Forn > 1, a1, ..., «a, € I', and
y € I'. we define the function yq, .. q, : ['ec — I's recursively by

Vo) =w(y—ay)  and a0, (?) =¥ (Way..a,,(7) —an) forn > 2.

CorOLLARY 4.10. Let (T, w) be a gap-closed H-asymptotic couple and let (T*, y*)
be an H-asymptotic couple extending (T, ) with gap 0. Supposen > 1, a4, ..., a, €T,
qis-.qn € Q, and y* € T* are such that:

Theny* € T.

ProOF. By Theorem 4.8, (I, w) is an existentially closed H-asymptotic couple
with gap 0, so we have y € " with

It remains to use [5, Lemma 9.9.3] to obtain y* =y € I B

The same holds with “max-closed” replacing “gap-closed”’and “sup¥ = 0”
replacing “gap 0.”

4.2. A maximality theorem. The results and proofs of this section are adapted
from [5, Section 16.1]. In the next lemma and its consequences, we use the quantifier
elimination for gap-closed asymptotic couples from Section 4.1 to study extensions
of certain asymptotic fields whose asymptotic couples are gap-closed. Note that if
K is an H-asymptotic field with exponential integration and gap 0, then ¥ = I'<, so
if additionally T is divisible then (T, w) is gap-closed.

AssUMPTION. In this subsection, K has small derivation.

The next lemma follows from Corollary 4.10 in the same way that [5, Lemma
16.1.1] follows from [5, Proposition 9.9.2], except with “d-algebraically maximal”
replacing “asymptotically d-algebraically maximal”: K is differential-algebraically
maximal (d-algebraically maximal for short) if it has no proper differentially
algebraic (“d-algebraic” for short) immediate extension with small derivation.
And instead of [5, Theorem 14.0.2] (used implicitly in [5, Lemma 16.1.1]). we
need [14, Theorem 3.6]. We also need the notion of a pseudocauchy sequence
(“pc-sequence” for short); for the definition and basic facts about pc-sequences,
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16 NIGEL PYNN-COATES

see [5, Section 2.2]. and for pc-sequences in valued differential fields, see [5, Sections
4.4 and 6.9]. In an immediate extension L of K, every element of L\ K is the
pseudolimit of a pc-sequence in K that has no pseudolimit in K, called divergent
in K, and divergent pc-sequences in K can be of d-algebraic or d-transcendental
type over K. The exact definitions are not really important here, for which see the
end of [5, Section 4.4]. But note that if the derivation on k is nontrivial, then K
is d-algebraically maximal if and only if there is no divergent pc-sequence in K of
d-algebraic type over K by [5, Lemma 6.9.3].

LeEMMA 4.11. Suppose that K is a d-henselian H-asymptotic field with exponential
integration and gap 0 whose value group is divisible. Let L be an H-asymptotic extension
of K with gap 0 and k; = k. and suppose that there isno y € L\ K such that K (y)
is an immediate extension of K. Let [ € L\ K. Then the vector space QU'g sy /T is
infinite dimensional.

Proor. First, we argue that there is no divergent pc-sequence in K with a
pseudolimit in L. Towards a contradiction, suppose that (a,) is a divergent pc-
sequence in K with pseudolimit ¢ € L. Since K is d-henselian and asymptotic, it is
d-algebraically maximal [14, Theorem 3.6]. so (a,) is not of d-algebraic type over
K. Hence (a,) is of d-transcendental type over K. so K (¢) is an immediate extension
of K by [5, Lemma 6.9.1]. a contradiction.

Thus for all y € L\ K, the set v(y —K) CI'y has a maximum. Take
by € K with v(f —by) = maxv(f — K), so v(f —bg) ¢ T since k; =k. Set
f1:=(f —bo)" € L. Then f| ¢ K, since otherwise, there would be g € K* with
(f —bo)" = g7, sov(f —by) = vg €T, acontradiction. Setting fo := . this leads
to sequences (f,) in L'\ K and (b,) in K such that for all n:

(1) v(fn _bn) :maxv(fn _K) ¢ r
(2) fn+1 = (fn —bn)T-

To finish the proof of the lemma, show that
v(fo—bo). v(f1—b1). ... are Q-linearly independent over I.

If T = {0}, then this follows from [5, Lemma 9.2.10(iv)]. Otherwise, the idea is that
by taking forn > 1ana, € K* with a,, = b, and setting o, == v(a,,), Corollary 4.10
(with one of the v(f, — b,) in the role of y) shows that a Q-linear dependence is
impossible since each v(f, — b,) ¢ T. -

The next result is a strengthening of [14, Theorem 3.6] under additional
hypotheses, including that the asymptotic couple of K is gap-closed. It follows from
the Zariski-Abhyankar inequality by combining [14, Theorem 3.6] and Lemma 4.11
justas[5, Theorem 16.0.3] combines [5, Theorem 14.0.2] and [5, Lemma 16.1.1]. This
result is used in Section 6 to prove the minimality of d-Hensel-Liouville closures.

THEOREM 4.12. Suppose that K is a d-henselian H-asymptotic field with exponential
integration and gap 0 whose value group is divisible. Then K has no proper d-algebraic
H-asymptotic extension with gap 0 and the same residue field.

By quantifier elimination for max-closed H-asymptotic couples, the above result
holds with “max 0” replacing “gap 0,” where we say an asymptotic field K has max
0 if its asymptotic couple does.
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 17

We now summarize some facts about the asymptotic couple of the K{f) from
Lemma 4.11 that we need in the next subsection.

LemMA 4.13. Let K, L, and fbe as in Lemma 4.11, and let the sequences ( f,), (by,),
(an)n>1. and (o) n>1 be as in the proof of Lemma4.11. Set f, == vr(fn — bn) — ps1.
The asymptotic couple (FK</~>, w) of K{f) has the following properties:

(i) (Bn) is Q-linearly independent over U and U (ry = T & P, Zp, (internal direct
Sum);

(ii) (B)) is Q-linearly mdependent over T, so B ¢ T and B, # P} for all m # n:

(i) l//(r§< )) YU {ﬂn n € N}

(iv) [ ¢}[F] Sor all n, [Bn] # [Ba] for all m # n, and [Tk 5] = [TTU{[Ba] :
neN

(v) if T< is cofinal in FK(f) thenﬂg < [)’1T < ﬁ; <

Proor. The Q-linear independence of (f,) over ' follows from the proof of
Lemma 4.11. Items (i)—(iv) are proved exactly as in [5, Lemma 16.1.2], without
modification, but are sketched below. The only differenceis (v): In [5, Lemma 16.1.2],
cofinality is established unconditionally. Here, Lemma 4.2 immediately gives (v).

The hardest part is (i), which involves showing that the element P(f) € K(f),
where P € K{Y}”, can be expressed as a polynomial in the “monomials”
my, = (fn — bu)/aus1. Since v(m,) = B,. item (i) then follows from the Q-linear
independence of (f3,) over I'. With that done, the Q-linear independence of (/)
over I follows from the Q-linear independence of (f,),>1 over I by noticing that
Bi = Bpi1 + o, and the rest of (ii)—(iv) follows. .

4.3. Further consequences in the ordered setting. Now we develop further the
results of the previous subsection in the pre-H-field setting. If K, L. and f are as
before but additionally pre-H-fields, and M is a pre-H-field with g € M realizing
the same cut in K as f, our goal is to embed K (f) into M over K by sending f
to g. This is accomplished in Proposition 4.15 and Lemma 4.16. The former handles

the case that 'S is cofinal in '} oy which follows from the previous subsection

by making small adjustments to the arguments for analogous results in [5, Section

16.1]. The case that I'< is not cofinal in I'} o does not occur in that context. and

here is handled in Lemma 4.16 by similar ideas.

In the next lemma, the reader may assume without harm that K, L, and f
additionally satisfy the assumptions of Lemma 4.11, but the lemma is stated in
more generality to clarify which assumptions are used. In particular, it does not
assume that K and L have gap 0 or that K is d-henselian. Small modifications to the
proof of [5, Lemma 16.1.4] yield the following generalization.

LEMMA 4.14. Let K be a pre-H-field with exponential integration and let L be a
pre-H-field extension of K with k; = k. Suppose that f € L\ K and by € K satisfy:
(1) vi(f — K) C 'y has a maximum and vy (f — by) = maxvy(f — K);
(ii) < is cofinal in F1<<<f.).
Suppose that M is a pre-H-field extension of K and g € M realizes the same cut in K

as f. Then vy (g — by) = maxwvy (g — K) ¢ T and (g — by)" realizes the same cut in
Kas (f —boy)'.
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18 NIGEL PYNN-COATES

Proor. Let a € I' and b € K. First we use the convexity of Ok sy and the
cofinality assumption to show that

vi(f-b)<a <= vylg-b)<a and v (f =b)>a <= vy(g->b)>a.

To see this, take ¢ € K> with va = «. Suppose that vy (f —b) < o, 80 |f — b| > a.
Hence |g —b| > a, and so vy (g —b) <a. To get the strict inequality, use
the cofinality assumption to take 6 € I' with v (f —b) <d <, and thus
vy (g —b) < < a. One proves similarly that vy (f —b) > a = vy (g —b) > a.
Finally, consider the case that vy (f —b) =ca. This yields f —b ~ua for
u € K with u < 1, since k = k. Convexity yields |u|a/2 < |f —b| < 2|ula, so
lula/2 < |g — b| < 2|ula, and thus vy (g — b) = va = o, completing the proof of
the displayed equivalences. Hence, vy (g — bo) ¢ I, since vy (f — by) ¢ I'. This in
turn yields vy (g — by) = max vy (g — K). It also follows that (g —by)" ¢ K, as
otherwise (g — by)" = b for some b € K*, in which case vy (g — by) = vb € T.

As written, the argument in [5, Lemma 16.1.4] that (g — by)" realizes the same cut
in K as(f — by)" uses that K and L are H-fields. so we give the following modified ver-
sion. First, we may assume that f* > by, so g > by. Suppose towards a contradiction
that we have h € K with (f —bg)" < handh < (g — bo)T. Take ¢ € K> with h = ¢*
and set s := (f — by)/¢. Then we have s > 0 and s" = (f — by)" — h < 0. Since L
is a pre-H-field, v (s) > 0 by [5, Lemma 10.5.2(i)], but since v (f —bo) ¢ T, we
have vy (s) > 0. Thus 0 < s < 1. Similarly, & < (g — bo)" gives 1 :== (g — by) /¢ > 0
and 7 > 0. so vy (¢) < 0 and thus ¢ > 1. Putting this together yields

S =bo+¢s < by+¢ and bo+¢ < by+ot = g.

contradicting that /" and g realize the same cut in K. The other case, that there is
h € K with (f —bg)" > hand h > (g — by)?. is symmetric. -

The next embedding lemma follows from Lemma 4.14 in the same way that [5,
Proposition 16.1.5] follows from [5, Lemma 16.1.4], without modification. The idea
is to use Lemma 4.14 to carry out the proof of Lemma 4.13 in M and thereby
construct the desired embedding.

PropoSITION 4.15. Let K, L. and f be as in Lemma 4.11 and suppose that T'<
is cofinal in Ty )" Additionally, suppose that K and L are pre-H-fields and L is a

pre-H-field extension of K with gap 0. Suppose that M is a pre-H-field extension of K
with gap 0 and g € M realizes the same cut in K as f. Then there exists an embedding
K{f)— M over Kwith f + g.

Above we assumed that 'S was cofinal in I ; oy and now we turn to the other
case, which does not occur in the H-field setting of [5, Section 16.1].

LemmaA 4.16. Let K be a pre-H-field and L be a pre-H-field extension of K with
gap 0. Let f € L” withT< <wvr(f) < 0. Suppose that M is a pre-H-field extension
of K with gap 0 and g € M satisfies T< < vy (g) < 0. Then there is an embedding
K({f)— M over Kwith f — g.

PROOF. Set fo:= f and f,4 = f,.and let f, :== v (f,) € ['z. Then
[T7] > [Bo] > [B1] > [Ba] > -+ > [0].
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 19

In particular, [$,] ¢ [T'] for allnand fo, f1. f. ... are Q-linearly independent over I'.
Hence the vector space QI'k,y/I is infinite dimensional. so f is d-transcendental
over K. Since f = fy and f} = f,fu41, induction yields F, € K[Yj. ..., Y,] of
(total) degree at most n + 1 with ) = F,(fy..... f,). Let P € K{Y}# of order at
most 7. Then P(f) = ;c,aifg .. f I where I is a nonempty finite set of indices
i = (ig.....1i,) € N"" In particular, Tg ) = T & P, Z,.

Set go == g. gus1 = g, and = vy (gn) € Tyr. The same argument yields that
g is d-transcendental over K and P(g) = D icr di g(l)‘) ...g" where I is the same set
of indices as in P(f) and a; are the same coefficients. Hence Tkgy=ToD,Zp;.
Thus we have an isomorphism of ordered abelian groups j: I'g(sy — [k () with
Bn > By By the expressions for P(f) and P(g). we have j (v, (P(f))) = v (P(g)).
which yields a valued differential field embedding from K(f) — M over K with
f +— g. To see that this is an ordered valued differential field embedding, note that
fa>0andg, >0foralln,so P(f) >0 < P(g)>0. -

§5. Extending the constant field. The results of this short section are used mainly
to strengthen the statement of Theorem 6.15 in the next section and play no role in
the main results of Section 7. The term “residue constant closed” defined in the next
paragraph, however, is used in some key lemmas of Section 6.

AsSUMPTION. In this section, K is asymptotic with small derivation.

Since C C O, C maps injectively into k under the residue field map, and hence
into Ci. We say that K is residue constant closed if K is henselian and C maps onto
Cy. that is, res(C) = Ci. We say that L is a residue constant closure of K if it is
a residue constant closed H-asymptotic extension of K with small derivation that
embeds uniquely over K into every residue constant closed H-asymptotic extension
M of K with small derivation. Note that if K has a residue constant closure, then it
is unique up to unique isomorphism over K.

ProPOSITION 5.1, Suppose that K is pre-d-valued of H-type with supW¥ = 0. Then
K has a residue constant closure that is an immediate extension of K.

PrOOF. Recall from Section 4.1 thatsup¥ = 0 <= (')’ = I'’>. Also note that
if L is an immediate asymptotic extension of K, then it is H-asymptotic, satisfies
¥; = ¥ (in particular, sup ¥; = 0), and is pre-d-valued by [5, Corollary 10.1.17].

Build a tower of immediate asymptotic extensions of K as follows. Set Ky := K.
If K; is not henselian, set K, := Kf, the henselization of K;, which as an algebraic
extension of K is asymptotic [5, Proposition 9.5.3]. If K is residue constant closed,
we are done, so suppose that K is henselian but not residue constant closed. Then
we have u € K; withu < 1.4’ < 1. and u’ ¢ dog, . Let y be transcendental over K;
and equip K, := K;(y) with the unique derivation extending that of K; such that
y' = u'. Since supWg, = 0, we have v(u’) € (I'"”)’. so the set {v(u' — a’) 1 a € ok, }
has no maximum [5, Lemma 10.2.5(iii)]. Thus by [5, Lemma 10.2.4] we can equip
K1 with the unique valuation making it an H-asymptotic extension of K; with
v % 1; with this valuation, y < 1 and K4, is an immediate extension of K. If 4
is a limit ordinal, set K, == | <i K,. Since each extension is immediate, by Zorn’s
lemma we may take a maximal such tower (K;),< -
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20 NIGEL PYNN-COATES

Itisclear that K, is residue constant closed, and we show that it also has the desired
universal property. Let M be an H-asymptotic extension of K with small derivation
that is residue constant closed, and let A < u and i: K; — M be an embedding. It
suffices by induction to extend i uniquely to anembedding K, . ; - M. IfK; | = K ;h
then this follows from the universal property of the henselization. Now suppose that
K; .1 = K;(y) with y and u as above. Take the unique ¢ € Cj, with ¢ ~ i(u) and set
z:=i(u) —c.Thenz’ = i(u)" and z < 1, so by the remarks after [5, Lemma 10.2.4],
z is transcendental over i(K;), and thus mapping y ~ z yields a differential field
embedding K;,; — M extending i. By the uniqueness of [5, Lemma 10.2.4], this
is a valued differential field embedding. Finally, if i extends to an embedding with
yrrzi €M, theni(u) -z, € Cyrandi(u) —z; ~i(u) ~c.s0z; = z. =

Note that if K is a pre-H-field with sup ¥ = 0, then as an immediate extension
of K any residue constant closure of K embeds uniquely, as an ordered valued
differential field, over K into every residue constant closed pre-H-field extension of
K with small derivation.

The following result is worth recording but not needed later. In it, we construe
an algebraic extension of a residue constant closed K as a valued differential field
extension of K by equipping it with the unique derivation and valuation extending
those of K (uniqueness of the valuation follows from the henselianity of K); if K is
additionally an ordered field, then by henselianity O is necessarily convex.

LEmMMA 5.2. Suppose that K is residue constant closed. An algebraic extension L of
K remains residue constant closed.

Prookr. First, recall that an algebraic extension of a henselian valued field is
henselian, and note that L is asymptotic [5, Proposition 9.5.3] and has small
derivation [5, Proposition 6.2.1]. Let u € L with u < 1 and u’ < 1; we need to
show that there is ¢ € C; with ¢ ~ u. Since & € Cz) is algebraic over res(K),
it is algebraic over Ck). Take a P € C[X] such that Pc Cres(x)[X] 1s the
minimum polynomial of # over Cgg). Then P = Q - []7_, (X — ¢;). where ¢; € Cp,
fori =1,....,nand Q € C.[X] has no roots in C;. Moreover, Q has no roots in L,
so henselianity yields i with 1 < i <nand¢; =u. o

§6. Differential-Hensel-Liouville closures.
AssUMPTION. In this section, K is a pre-H-field.

In this section we construct differential-Hensel-Liouville closures (Theorem 6.16)
in analogy with the Newton—Liouville closures of [5, Section 14.5] and prove that
they are unique (Corollary 6.18). To do this, we first construct extensions that
are real closed, have exponential integration, and satisfy an embedding property
(Corollary 6.11, Lemma 6.14), in analogy with the Liouville closures of [4]; however,
we use [5, Section 10.6] as a reference and also adapt some preliminaries from
[5, Sections 10.4-10.6]. Combining this with the residue constant closures from the
previous section, we record in Theorem 6.15 an improvement that is not needed
later.

Suppose momentarily that K has gap 0. In several results below, it is assumed
that k has exponential integration. It is worth noting that if K has exponential
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MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 21

integration, then so does k. Hence, the assumption that k£ has exponential integration
is necessary for K to have an extension with exponential integration and the same
ordered differential residue field.

6.1. Adjoining exponential integrals. Suppose that s € K\ (K*)" and f is
transcendental over K. We give K(f) the unique derivation extending that of K
with f T = 5. In the first lemma, K need only be an ordered differential field.

LemMA 6.1. If K is real closed and K ( ) can be ordered making it an ordered field
extension of K, then CK( y=C.

PROOF Suppose towards a contradiction that we have y € K* and m > 1 with
y" = ms. Then by takinga z € KX with z" = y, after arranging y > 0 if necessary.
we have z = s, a contradiction. Thus [5, Lemma 4.6.11] (with R = K. r = s, and
x = f)and [5. Corollary 4.6.12] (with R = K[f. f']) yield that Ck, is algebraic
over C, 80 Cg(p) = C. —

In the next two lemmas, K is just a valued differential field, and need not be
ordered. The first is based on [5, Lemma 10.4.2].

LEMMA 6.2. Suppose that K has small derivation and k = (k™)Y. Let K(f') have a
valuation that makes it an extension of K with Uy = I and 0Ok sy C Ok(y). Then
s—a’ < 1forsomea € KX,

PrOOF. Since vf € T, thereis b € K* with g := f/b < 1. Then s —-b" = g" <
g <x1.Ifs—b" <1 seta:=b.If s—b" <1, since k = (k*)". we have u < 1 in
K* with s — b" ~ u". Then set a := bu. 4

The last part of the previous argument also yields the following useful fact.

LEMMA 6.3. Suppose that K has small derivation and k = (k™). If s —a" = 1 for
alla € K*, thens —a' = 1 foralla € K*.

Now we return to the situation that K is a pre-H-field.

LEMMA 6.4 [5, Lemma 10.5.18]. Suppose that K is henselian and vs € (I')’. Then
there is a unique valuation on K () making it an H-asymptotic extension of K with
f ~ 1. With this valuation, K (f) is an immediate extension of K, so there is a unique
ordering of K ( f') making it a pre-H-field extension of K.

Here is a pre-H-field version of [5. Lemma 10.5.20] with the same proof; the
assumption there that K is an H-field (rather than a pre-H-field) is only used at the
end of the proof in showing that L too is an H-field. Recall that W+ is the downward
closure of ¥in I

LEMMA 6.5. Suppose that K is real closed, s < 0. and v(s —a') € W* for all
a € K*. Then there is a unique pair of a field ordering and a valuation on L = K (")
making it a pre-H-field extension of K with f > 0. Moreover, we have:

(i) vf ¢T. T, =T@Zvf. f <1
(i) W is cofinal in ¥y = 1//L(l"f);
(iil) a gap in K remains a gap in L;
(iv)if L has agapnotin, then [T'1] = [[];
(v) kp =
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6.2. Exponential integration closures. Let £ be a differential field. We call a
differential field extension F of E an exponential integration extension of E (expint-
extension for short) if Cr is algebraic over Cr and for every a € F there are
fi.....t, € F* with a € E(t,....t,) such that for i = 1., ..., n, either ¢, is algebraic
over E(t,....t;i1) or t;f € E(ty.....t;_1). In particular, any expint-extension is
d-algebraic. The following is routine.

LEMMA 6.6. Let E C F C M be a chain of differential field extensions.
(i) If M is an expint-extension of E, then M is an expint-extension of F:
(ii) If M is an expint-extension of F and F is an expint-extension of E, then M is an
expint-extension of E.

LEMMA 6.7. If F is an expint-extension of E, then |F| = |E|.

PrOOF. Supposing that F is an expint-extension of E, define an increasing
sequence of differential subfields of F by setting Ey := E and E, . to be the algebraic
closure of E,, in F whennisevenand E,.| .= E,({b € F* : b' € E,}) whennis odd.
Clearly, F = |, E,. so it remains to check by induction that |E,| = |E|foralln. -

Now suppose that E is an ordered differential field. We call E exponential
integration closed (expint-closed for short) if it is real closed and has exponential
integration. We call an ordered differential field extension F of E an exponential
integration closure (expint-closure for short) of E if it is an expint-extension of E
that is expint-closed. Note that in this latter definition, “closure” does not include a
universal property, unlike for instance the gap-closures of Section 4.1.

The next observation has the same proof as [5, Lemma 10.6.9].

Lemma 6.8. If E is expint-closed, then E has no proper expint-extension with the
same constants as E.

AssuMPTION. For the rest of this subsection, suppose that K has gap 0.

From this assumption it follows that (I'>)’ = I'™ and W+ = I'< (see Section 4.1).

Below. we construe the real closure K™ of K as an ordered valued differential
field by equipping it with the unique derivation extending that of K and the unique
valuation extending that of K whose valuation ring is convex (see for example
[5, Corollary 3.5.18]). Then TI'kre is the divisible hull QI of T', kg is the real
closure of k, and Ckrc is the real closure of C. Since K is a pre-H-field, so is K™
by [5. Proposition 10.5.4], and it also has gap 0 (see Section 4.1 for details on the
extensions of the asymptotic couples).

DEFINITION.  We call a strictly increasing chain (K} ),<, of pre-H-fields with gap
0 an expint-tower on K if:
(1) Ko =K:
(2) if A is a limit ordinal, then K; = Up<z K,:
(3) if A < A+ 1 < u. then either:
(a) K, is not real closed and K. is the real closure of K;; or
(b) K; is real closed and K ;1 = K;(y;) with y; ¢ K; satisfying either:
(bl) y] =s, € K, withy; ~ 1.5, < l.ands; # a’ foralla € K*; or
(b2) yf =, € K; withs; < 0.y, >0.and s, —a’ - 1foralla € K.
Given such a tower, we call K, its top and set C; = Ck, and k, := kg, for A < u.
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LEMMA 6.9. Let (K;),<, be an expint-tower on K. Then:
(i) K, is an expint-extension of K:

(ii) Cy is the real closure of Cif u > 0;

(iii) k is the real closure of k if u > 0;

(iv) |K,| = |K|. and hence u < |K|*.

Proor. For (i), go byinduction on 2 < u. The main thing to check is the condition
on the constant fields. If 4 = 0 or 4 is a limit ordinal, this is clear. If K, is the real
closure of K;, then C, is the real closure of C;. If K is real closed and K is as
in (b) above, then C;,; = C; by Lemma 6.1.

For (ii), C) is the real closure of C, and then C; = Cj for all 2 > 1 as in the proof
of (i).

For (iii), k1 is the real closure of k. and then k; = k; for all 4 > 1; in case (a) this
is obvious, in case (b1) Lemma 6.4 applies, and in case (b2) Lemma 6.5 applies.

Finally, (iv) follows from (i) and Lemma 6.7. =

LEMMA 6.10. Let L be the top of a maximal expint-tower on K such that kj has
exponential integration. Then L is an expint-closure of K.

PrOOF. Suppose that L is not expint-closed. If L is not real closed, then its real
closure is a proper pre-H-field extension of L with gap 0, so we could extend the
expint-tower. We are left with the case that Lis real closed and we have s € L\ (L*)".
In particular, L is henselian. We may assume that s < 0. Take f transcendental over
Lwith T =s.

First suppose that s —a’ < 1 for some a € L*. Then taking such an a and
replacing f and s by f/a and s —a', we arrange that s < 1. Giving L(f) the
valuation and ordering from Lemma 6.4 makes it a pre-H-field extension of L with
gap 0 of type (bl).

Now suppose that s —a’ =1 for all a € L*. By Lemma 6.3, s —a’ > 1 for all
a € L*. Then giving L(f') the ordering and valuation from Lemma 6.5 makes it a
pre-H-field extension of L with gap 0 of type (b2).

Thus L is expint-closed, and hence an expint-closure of K by Lemma 6.9(i).

Recall from Section 5 the term “residue constant closed.” In a few arguments
below, this property roughly plays the same role as “d-valued” does in the
construction of Liouville closures in [5, Section 10.6].

COROLLARY 6.11. Suppose that k is expint-closed. Then K has an expint-closure
that is a pre-H-field extension of K with gap 0. If K is residue constant closed, then K
has a residue constant closed expint-closure that is a pre-H-field extension of K with

gap 0.

PrOOF. By Lemma 6.9(iv), Zorn gives a maximal expint-tower (K;);<, on K.
Then k, = k by Lemma 6.9(iii). so C4, = Ci.and C, = C by Lemma 6.9(ii). Hence
K, is an expint-closure of K by Lemma 6.10. If K is residue constant closed, then
so is K, since it is real closed, so henselian, and C = C, maps onto Cy = C,,.

LEMMA 6.12. Let M be a residue constant closed, expint-closed pre-H-field
extension of K with gap 0. Suppose that (K;),<, is an expint-tower on K in M
(i.e.. each K; is a pre-H-subfield of M) and maximal in M (i.e.. it cannot be extended
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24 NIGEL PYNN-COATES

to an expint-tower (K;),<,+1 on K in M) such that k, has exponential integration.
Then (K;‘)K# is a maximal expint-tower on K.

PrOOF. Since M is real closed, K, must be real closed by maximality in M. So
supposing (K;);<, is not a maximal expint-tower on K, we have s, € K, such that
s, #a foralla e K : we may assume that s, < 0. Since M is expint-closed. we
have y, € M with y; = s5,; we may assume that y, > 0.

First suppose that s, —a’ = 1 for all a € KX, so actually s, —a’ > 1 for all
a € K, by Lemma 6.3. Thus setting K11 := K, (y,) yields an extension of (K ;)<
in M of type (b2).

Now suppose that s, —a’ < 1 for some a € K .. - Taking such an @ and replacing
s, and y, by s, —a' and y,/a. we may assume that s, < 1. Since M has gap 0.
we have y, < 1 and so y, < s, < 1. That is, ¥, € Cieg(ar)- S0 We have ¢ € Cyy with

Vu ~ c. Replacing y, by y,/c. we obtain the desired extension of (K;);<, in M of
type (bl). =

This comment is not used later, but in the above lemma, we can replace the
assumption that M is residue constant closed (50 Ces(pr) = res(Car)) with Creg(ap) =
Cres(k)- In the final argument, instead of ¢ € Cy we have u € K with u < 1 and
u’ < 1. so we also replace s, with s, — u'.

COROLLARY 6.13. Suppose that L is an expint-closed pre- H-field extension of K.

(i) If L is an expint-closure of K. then no proper differential subfield of L containing
K is expint-closed.

(i) Suppose that k is expint-closed, and that L has gap 0 and is residue constant
closed. If no proper differential subfield of L containing K is expint-closed, then
L is an expint-closure of K.

Proor. For (i), if L is an expint-closure of K, then no proper differential subfield
of L containing K is expint-closed by Lemmas 6.6 and 6.8.

For (ii), suppose that no proper differential subfield of L containing K is expint-
closed. Take an expint-tower (K;),< » on K in L that is maximal in L. Since k is
real closed, k, = k. and hence k, has exponential integration. Then (K;),<, is a
maximal expint-tower on K by Lemma 6.12. By Lemma 6.10, K, is expint-closed
and hence equal to L. 4

LEMMA 6.14. Let (K}),<, be an expint-tower on K. Then any embedding of K into a
residue constant closed, expint-closed pre- H-field extension M of K with gap 0 extends
to an embedding of K. If K is residue constant closed and k is expint-closed, then any
two residue constant closed expint-closures of K that are pre-H-field extensions of K
with gap 0 are isomorphic over K.

Proor. Let M be a residue constant closed, expint-closed pre-H-field with
gap 0. We prove that for 4 < x4 any embedding K, — M extends to an embedding
K; .1 — M. which yields the result by induction. Suppose that i: K, — M is an
embedding. If K, is the real closure of K, then we may extend i to K, ;.

So suppose that K is real closed and we have s, € K; and y, € K, \ K, with
K1 =K;(3,). yI =5y, ~1.5, <1, and s, #a' forall a € K. Take z € M
with z" = i(s;). Hencez < land z € Cres(m)» SO we have ¢ € Cyy with z ~ ¢. By the
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uniqueness of Lemma 6.4, we may extend i to an embedding of K;(y;) into M
sending y; to z/c.

Now suppose that K, is real closed and we have s, € K; and y; € K, \ K; with
K, = Ki(yi).,yiT =5;.8,<0.y;, >0.ands; —a' - 1foralla € K. Takez € M
with z7 = i(s;); we may assume that z > 0. Then by the uniqueness of Lemma 6.5,
we can extend i to an embedding of K;(y;) into M sending y; to z.

The second statement follows from the first by Corollary 6.13(i) and the proof of
Corollary 6.11. -

Combining these results with Proposition 5.1 yields the following theorem,
although for the construction of differential-Hensel-Liouville closures in
Theorem 6.16, Corollary 6.11 and Lemma 6.14 already suffice.

THEOREM 6.15. Suppose that k is expint-closed. Then K has a pre- H-field extension
L with gap 0 such that:

(1) L is a residue constant closed, expint-closed extension of K:
(ii) L embeds over K into any residue constant closed, expint-closed pre-H-field
extension of K with gap 0;
(ii1) L has no proper differential subfield containing K that is residue constant closed
and expint-closed.

Proor. By Proposition 5.1, let K be the residue constant closure of K. Taking the
top of a maximal expint-tower on K yields an expint-closure L of K| that is residue
constant closed as in Corollary 6.11. For (ii), let M be a pre-H-field extension of
K with gap 0 that is residue constant closed and expint-closed. Then K, embeds
uniquely into M over K, so by Lemma 6.14 we can extend this to an embedding of L.
For (iii), suppose that Ly D K is a differential subfield of L that is residue constant
closed and expint-closed. Then Lo 2 Ky, and hence Ly = L by Corollary 6.13(1).

Let L be as above. Then any pre-H-field extension of K with gap 0 satisfying (i)
and (ii) is isomorphic to L over K by (iii). Also, L is a Liouville extension® of K,
since Ky is a Liouville extension of K by construction and expint-extensions are
Liouville extensions.

6.3. Differential-Hensel-Liouville closures.

AssUMPTION. We continue to assume in this subsection that the pre-H-field K
has gap 0.

DrerFINITION. We call K differential-Hensel-Liouville closed (slightly shorter:
d-Hensel-Liouville closed) if it is d-henselian and expint-closed. We call a pre-
H-field extension L of K a differential-Hensel-Liouville closure (slightly shorter:
d-Hensel-Liouville closure) of K if it is d-Hensel-Liouville closed and embeds over
K into every d-Hensel-Liouville closed pre-H-field extension of K.

Note that if K is d-henselian, then K is also closed under integration in the sense
that 9 is surjective [5, Lemma 7.1.8], hence the use of “Liouville” in the terms just
defined.

2The definition is similar to that of expint-extensions in Section 6.2 except that we also allow
t! € E(ty.....t;1).
1
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To build d-Hensel-Liouville closures, we use the fact that if F is an asymptotic
valued differential field with small derivation and linearly surjective differential
residue field, then it has a (unique) differential-henselization (d-henselization for
short) F4 by [14, Theorem 3.7]. For such F, F" is an immediate asymptotic
d-algebraic extension of F that is d-henselian and embeds over F into every
d-henselian asymptotic extension of F: if F is a pre-H-field, then F is too and
embeds (as an ordered valued differential field) into every d-henselian pre-H-field
extension of F.

THEOREM 6.16. Suppose that k is expint-closed and linearly surjective. Then K has
a d-Hensel-Liouville closure K.

Proor. We use below that any d-henselian asymptotic field is residue constant
closed by [5, Lemma 9.4.10]. Define a sequence of pre-H-field extensions of K with
gap 0 as follows. Set Ky .= K. Forn > 1, if n is odd, let K, be the d-henselization
of K, 1, and if n is even, let K, be the expint-closure of K, | from Corollary 6.11.
Note that kg, = k for alln. We set K9 := |, K, and show that K is a d-Hensel-
Liouville closure of K.

Let L be a pre-H-field extension of K that is d-henselian and expint-closed. We
show by induction on » that we can extend any embedding K,, — L to an embedding
K, .1 — L,sosuppose that we have an embeddingi: K, — L.Ifniseven, then K,
is the d-henselization of K,,, so we may extend i to an embedding K, — L. Ifnis
odd, then K, is d-henselian and K, is the expint-closure of K,,, so we can extend
i to an embedding K,,; — L by Lemma 6.14. o

Note that K9 is a d-algebraic extension of K with the same residue field. In the
next two results, adapted from [5, Section 16.2], we show that K" is the unique, up
to isomorphism over K, d-Hensel-Liouville closure of K.

LeEmMA 6.17. Suppose that k is expint-closed and linearly surjective. Let
i: K% — L be an embedding into a pre-H-field L with gap 0 such that res (i (thl)) =
res(L). Then

i(K) = j(K)%e .= {f e L: fis d-algebraic over i(K)}.

PrOOF. We have i (K9") C i(K)d%2¢ since K9 is a d-algebraic extension of K. For
the other direction, note that i (K9") is a d-henselian, expint-closed pre-H-subfield
of i(K)%e so i(KIM) = j(K)d!e by Theorem 4.12. -

Hence for K as in the lemma above, any d-algebraic extension of K that is a
d-henselian, expint-closed pre- H-field with the same residue field as K is isomorphic
to K9 over K, and is thus a d-Hensel-Liouville closure of K.

COROLLARY 6.18. Suppose that k is expint-closed and linearly surjective. Then K !
has no proper differential subfield containing K that is d-Hensel-Liouville closed. Thus
any d-Hensel-Liouville closure of K is isomorphic to K over K.

Proof. If L D K isa d-Hensel-Liouville closed differential subfield of K9, then
we have an embedding i : K — L over K. Viewing this as an embedding into K",
by Lemma 6.17 we have K = j (K1) so KN = [, .
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§7. Main results.

AssUMPTION. In this section, K is a pre-H-field with gap 0.

7.1. Two-sorted results. We first combine earlier results to establish the key
embedding lemma. For an ordered set S we denote the cofinality of S by cf(S). In
Cuase 2 of the next lemma, recall from Section 4.2 the brief discussion of pc-sequences
and the notion “d-algebraically maximal,” along with its connection to pc-sequences.

LeMMA 7.1. Suppose that K is d-Hensel-Liouville closed, and let E be a pre-H-
subfield of K with res(E) = res(K). Let L be a d-Hensel-Liouville closed pre-H-field
such that L is | K |*-saturated as an ordered set and cf(I's) > |U'|. Then any embedding
E — L can be extended to an embedding K — L.

Proof. Leti: E — L be an embedding. We may assume that £ # K. It suffices
to show that i can be extended to an embedding F — L for some pre-H-subfield F
of K properly containing F.

First, suppose that I'; is not cofinal in I' and let /' € K~ with I'; <vf < 0.
By the cofinality assumption on I';, take g € L~ with l"i<( 5 <UL (g) < 0. Then we
extend i to an embedding E(f) — L sending /" — g by Lemma 4.16.

Now suppose that I'; is cofinal in I'< and consider the following three cases.

Case 1: E is not d-Hensel-Liouville closed. From the assumptions on K, we get that
res(K ) is expint-closed and linearly surjective. Since res(E) = res(K ), we may extend
i to an embedding of the d-Hensel-Liouville closure of E into L by Theorem 6.16.

Case 2: E is d-Hensel-Liouville closed and E(y) is an immediate extension of E for
some y € K \ E. Take such a y and let (a,) be a divergent pc-sequence in K with
a, ~+ y. Since E is d-henselian, it is d-algebraically maximal [14, Theorem 3.6].
and so (a,) is of d-transcendental type over E. By the saturation assumption on L
and [5, Lemma 2.4.2], we have z € L with i(a,) ~» z. Then [5, Lemma 6.9.1] yields
a valued differential field embedding E(y) — L sending y — z. Since E(y) is an
immediate extension of E, this is also an ordered field embedding.

Case 3: E is d-Hensel-Liouville closed and there is no y € K \ E with E(y)an
immediate extension of E. Take any f € K \ E. By saturation, take g € L such that
forall a € E. we have

a< f = ila)<g and f<a = g<ila).

Then we can extend i/ to an embedding E(f) — L with f +— g by Proposi-
tion 4.15. 4

We now suspend the convention that k is the ordered differential residue field of K,
and instead let k be an ordered differential field such that we have a surjective ordered
differential ring homomorphism n: O — k: note that 7 has kernel o, so it induces
an ordered differential field isomorphism res(K) — k. Thus we continue to think
of k as the ordered differential residue field of K, but below possibly equipped with
additional structure. We consider two-sorted structures of the form K = (K, k; n)
in the language £,, where the language on the sort K is £ = {+,—,-,0,1,9, <%, <},
the language on the sort kis L5 2 {+.—.-.0,1,0, <}, and 7 : K? — kisdefined by:
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28 NIGEL PYNN-COATES

(1) my(a.b) =n(ab™') fora € K and b € K* witha < b;

(2) ns(a.b) =0fora, b € K witha > b;

(3) 72(0,0) = 0.

Note that the dominance relation < can be axiomatized as a binary relation on
K, without reference to v or I (see for example [5, Definition 3.1.1] and successive
remarks). Also, the only reason for including a binary residue map here instead of
the unary residue map is so we can avoid including multiplicative inversion in the
language.

Fix an L,s-theory T extending the theory of ordered differential fields that are
linearly surjective and expint-closed, and let 79" be the £,-theory whose models
are structures K = (K, k; ) as above such that K is d-Hensel-Liouville closed,
I' £ {0}, and k = Ties.

7.1.1. Equivalence theorem. Let K = (K. k:m,) and K™ = (K*. k™; 7}) be mod-
els of 79", We aim to construct a back-and-forth system from K to K* (when
K and K™ are sufficiently saturated). To that end, a good substructure of K is an
Lr-substructure E = (E, kg) of K such that E and kg are fields, where we drop
the 7, from the notation. Note that then E is a pre-H-subfield of K with gap 0
and also that the restriction 7,: E> — kx need not be surjective. Let E and E* be
good substructures of K and K™, respectively. We say that amap f: E — E" isa
good map if f = (f, f;) is an Ly-isomorphism such that f: kg — kg« is moreover
elementary as a partial map from k to k*. In particular, f: E — E* is a pre-H-field
isomorphism and f,: kg — kg« is an Ls-isomorphism.

TueEOREM 7.2 (Equivalence theorem). Every good map E — E™ is elementary as
a partial map from K to K*.

Proor. Let f = (f. f:) be a good map from E to E*. Let  be a cardinal of
uncountable cofinality such that max{|E|, |kg|,|Lrws|} < & and 2* < & for every
cardinal 1 < k. By passing to elementary extensions, we may suppose that K
and K™ are s-saturated. We say a good substructure (E;. k1) of K is small if
max{|E1|.|ki|} < x: note that if (E),k;) is small and E, C K is a pre-H-field
extension of E; with 'y, = 'y, and ny(E». E>) C k. then (E». ki) is small. To
establish the theorem, it suffices to show that the set of good maps with small
domain is a back-and-forth system from K to K*.

Given a € K, we need to extend f to a good map with small domain (F, kr) such
that @ € F. First, we note two basic procedures for extending kg and n(E, E):

(1) Given d € k. arranging that d € kg: By the saturation assumption, we can
extend f to a partial elementary map with 4 in its domain. Without changing
f or E, this yields an extension of f to a good map with small domain.

(2) Givend € kg \ my(E. E), arranging that d € ny(E, E): By Lemmas 3.2 and
3.3, wehave b € K such that 7y (E (b), E (b)) = my(E. E)(d) and T'gy = ',
and a good map (g, ;) extending f with small domain (E(b). k).

In this proof only, we call an ordered differential field closed if it is real closed,
linearly surjective, and has exponential integration. Consider E(a). By (1), we
extend f'; to a partial elementary map f, with domain k; such that k; is closed,
m(E{a), E(a)) C ky.and |k;| < k. By (2), weextend f to f sothat £, = (f1. f11)
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is a good map with small domain (E;, k) satisfying n,(E;. E1) = k. In the same
way, we extend f to a good map f, = (f2, f2,) with small domain (E,. k) such
that k, is closed and n,(E{a), E\(a)) C ky = m(E». E»). terating this procedure
and taking unions yields a good map f, = (fw. fw,) With small domain E, =
(Ey. k) such that k,, is closed and 7y (E,, (a), Ey,(a)) = ko = 12(Ey, E).

Now take the d-Hensel-Liouville closure F C K of E,(a) by Theorem 6.16.
By construction, n;(F. F) = k., and F = | J, F, is a countable increasing union of
pre-H-fields F, such that Fy = E,(a) and for all n, either |F,,|| = |F,| or F, is
an immediate extension of F,,. It follows that (F, k,,) is small. Thus we may apply
Lemma 7.1 to extend f,, to fu11 50 that (fui1. fwr) is @ good map with small
domain (F k). -

COROLLARY 7.3. We have K = K* if and only if k = k™.

ProoF. The left-to-right direction is trivial, so suppose that k = k*. We may
assume that L is an expansion of {+,-,-,0.1,9,<} by relation symbols, so
then we can identify @Q with an Ls-substructure of & and an Ls-substructure
of k™, respectively, and by assumption, these are isomorphic. Consider (Q, Q; 7):
the first Q is endowed with its usual ordered ring structure, the trivial derivation,
and the trivial dominance relation <; the second Q is an Ls-structure as above;
and mp: Q% — Q is defined by, for ¢1.4> € Q. m2(q1.42) = 145" if ¢2 #0 and
72(q1.0) = 0. This structure embeds into both K and K*, inducing an obvious
good map between good substructures, which is then elementary as a partial map
from K to K* by Theorem 7.2. Hence K = K*. -

COROLLARY 7.4. Let E = (E.kg:my) C K with E |= T and ky < k. Then
E<K.

PrOOF. View the identity map on (E, kg) as a map from E to K and note that it
is good. -

In particular, if Ty is model complete, then so is 79", We now prove relative
quantifier elimination, using much more of the strength of the Equivalence theorem
than the previous corollaries did.

7.1.2. Relative quantifier elimination. Let x = (x1., ..., x,,) be a tuple of distinct
variables of sort K and y = (1. .... y,) be a tuple of distinct variables of sort k. We
call an £,-formula w(x, y) special if w(x, y) is

We(ma(P1(x). 01(x)). ... . ma(Pe(x). Qr(x)). y).

for some £ € N, Ly-formula w,(u,....up, y), and Py, Q1. .... Py, O € Z{ X, ...,
)(m}~

THEOREM 7.5. Let ¢(x.y) be an Lr-formula with x and y as above. Then ¢(x., y)
is T -equivalent to

(01 (x) Awi(x.p)) Ve v (On(x) Ay (x.p)) (%)

for some N € N, quantifier-free L-formulas 01(x). ..., Ox(x). and special formulas
w1(x.9). . wn(x. ).
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ProoF. Let O(x, y) be the set of £,-formulas displayed in (). Then O(x, y) is
obviously closed under disjunction and also closed under negation, up to logical
equivalence. It suffices to show that every (x.y)-type (consistent with 79) is
determined by its intersection with ®(x, y). Below, (x) ranges over quantifier-free
L-formulas and y(x, y) ranges over special formulas. For a model K = (K, k: 7)
of T and ¢ € K™ and d € k", we set

qftp® (@) == {0(x) : K = 0(a)}
and
tpi(a.d) = {w(x.y): K E wla.d)}.

Let K = (K. k:mp) and K* = (K*,k*;7}) be models of 79! Let a € K™, a* €
(K*)", d € k", and d* € (k*)", and assume that qftp” (a) = qftpK* (a*) and
tpX (a.d) = tpX” (a*.d*). We need to show that tpX (a.d) = tpX " (a*.d*).

Let E := Q(a) be the differential subfield of K generated by a, construed as a pre-
H-subfield of K, and let kg be the Ls-substructure and subfield of k generated by
no(E.E)andd. Then E = (E. k) isa good substructure of K . Defining E* and k g+
likewise yields a good substructure E* = (E*, kg+) of K*. Since we have qftp” (a) =
qftpX” (a*)and tpX (a.d) = tpX" (a*,d*). the naturalmap E — E* sendinga > a*
and d — d* is good, and hence tpX (a.d) = tpX " (a*.d*) by Theorem 7.2. .

Note that the outer L s-formula in a special formula may have quantifiers, so
the previous theorem eliminates quantifiers down to quantifiers over the sort k. In
particular, if Ty has quantifier elimination, then so does T9". Also, k is purely
stably embedded in K in the following sense.

COROLLARY 7.6. Let K = (K. k:my) = T Every subset of k" definable in K
(with parameters from K ) is definable in the L s-structure k (with parameters fromk).

Let T, C Ty and let T be the L,-theory of structures (K, k; ) such that K

is a pre-H-field with gap 0, k = T/, and we no longer require 7: O — k to be
surjective.

' then T is the model
companion of T. If Tres additionally has quantifier elimination, then T is the model
completion of T.

COROLLARY 7.7. If Tyes is the model companion of T,

PROOF. Suppose that every model of T can be extended to a model of Ties.
By Corollary 7.4 and Theorem 7.5, it remains to show that every model of T
can be extended to a model of T4, Let (K, k;my) = T. First extend k to k* |=
Tres and apply Corollary 3.4 to obtain a pre-H-field extension K* of K with gap
0 and a surjective ordered differential ring homomorphism 7*: Og+ — k™. Now
by Theorem 6.16 extend K* to its d-Hensel-Liouville closure (K*)" and z* to
"1 Ogeyan — k*, and note that ((K*)™, k*;73) = T, -

The NIP transfer principle in Proposition 7.8 below follows from Theorem 7.5
and an analogous transfer principle from [8, 10] by the standard trick of “forgetting”
the derivation. In those papers, it is shown that the three-sorted theory of henselian
valued fields of equicharacteristic 0 has NIP if the residue field does. More explicitly,

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.59, on 27 Sep 2025 at 10:34:24, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2025.28


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2025.28
https://www.cambridge.org/core

MODEL THEORY OF DIFFERENTIAL-HENSELIAN PRE-H-FIELDS 31

let (K. k,T'; 7. v) be a valued field of equicharacteristic 0 construed as a three-sorted
structure. That is, K is a field in the language of rings, I is an ordered abelian group,
and k is a field of characteristic 0 in the language of rings such that the surjective
mapv: K* — I'makes K a henselian valued field with residue field (isomorphic to)
k and residue field map z: O — k. The relevant NIP transfer principle from [8, 10]
is that if k has NIP, then so does (K, k,T"; 7. v). Moreover, although not explicitly
stated there, the proof goes through when k has extra structure. It is not relevant
here, but one can also expand (K., k. I'; 7, v) by an angular component map, as done
in [8].

What is the difference with our setup? We have K = (K. k: ) = T, a two-
sorted structure in which K is additionally equipped with a derivation, an ordering,
and a dominance relation, and we have a binary rather than unary version of the
residue field map. Although & too is equipped with additional structure, this is taken
care of already, as mentioned above. Let K,z be the reduct of K to the language
of rings. Then the ordering, the dominance relation, and 7, are definable without
parameters in (Kring, k.T:m v): Since K is real closed, its ordering is definable in
Kiing. and its dominance relation is definable from v and I'. Finally, 7, is definable
from n. Thus, we must only deal with the derivation, as done in detail in the
proposition.

PROPOSITION 7.8. Let K = (K. k:my) |= T If the Les-structure k has NIP, then
so does K .

PrOOF. Suppose that k& has NIP. Recall that a boolean combination of formulas
that have NIP has NIP, so by Theorem 7.5 it suffices to show that every quantifier-free
L-formula has NIP and every special formula has NIP.

First, consider a special formula w(x; y.z). where y is an m-tuple of distinct
variables of sort K. z is an n-tuple of distinct variables of sort k. and x is a single
variable distinct from the variables in y and z, and suppose towards a contradiction
that w(x;y.z) is independent in K. As a reminder, this means that the family
defined by w(x: y, z) hasinfinite VC-dimension, where, by convention, the semicolon
indicates that x is the object variable and y, z are the parameter variables. That is,
for every N € N with N > 1, there exist ay, ..., ay of the same sort as x such that,
forall I C {l,..., N}, there exist b; € K™ and d; € k" with:

K|:l//(a,»;b,,d,) <— i€l

First suppose that the variable x is of sort k. As a special formula, w(x; y.z) is
thus

yr(x:m(P1(y). 01(p)). ... ma(Pe(¥). Qe(y)). 2).

where £ €N, Py, Q1. ... Pg, Qo € Z{Y1, ..., Y, }, and w(x:uy, ..., up, 2) is an Lyes-

formula. Then w,(x;ui, ..., up. z) itself is independent in k. To see this, let N > 1
and I C{1,...,N},and take ay,...,ay € k, by € K™, and d; € k" as above. Then
letting

er = (ma(Pi(br). Q1(by)). ... ma(Pe(br). Qe(br))) € K°.
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we have

kEvyiaizer.dr) < K | yi(ai:ma(Pi(br). Q1(br)). ... m2(Pe(br). Qe(br)). dp)
<~ i€l

Now suppose that x is of sort K, so then w(x; y, z) is

We(ma(Pi(x. ). Q1(x.p)). ... ma(Pe(x. ). Qe(x.p)). 2).

where £ € N, P, Q..... Pe,Qy € Z{X, Y1, ..., Yi }, and w,(uy, ..., up, 2) is an Lyes-
formula. For notational simplicity, we assume that £ = m = n = 1 and replace P;
by P. Q) by Q. and Y; by Y. It is no longer obvious how to extract an independent
Les-formula from w now that x and y both appear in the term 7, (P (x, y), Q(x. y)).
so for this case we instead appeal to the results of [8, 10] (this works too for the
previous case, but the goal in separating the cases is to illustrate the reason for
using [8, 10]). Now comes the “forgetting” of the derivation. Explicitly, take r and
p.q € Z[Xp. .... X;. Yy, ..., Y,] such that

P(a,b) = p(a,a',....,a("),b.,b’,...,b(r)) and Qa.b) = q(a,a',....,a("),b,b’,...,b(r))

for all a,b € K. Then for all a,b € K and d € k, we have K |= wl(a:b,d) if and
only if

(Kiing. k:72) = wi(m2(pla. ... a” b, b)) qla.....a" b, ... ,b<’))),d),

where Kiing is the reduct of X to the language of rings (no change is made here to the
sort k. which in particular retains its derivation). Letting ¢ (xo. ..., X,: Y0, ... Yy, 2)
be

We(ma(p(X0. oo X0 Y0 oo ¥0). q(X0w o Xrs Yoo e V1)), 2).

¢ is independent in (Kjing. k: 72), but since 7 is definable in (King. k. I': 7, v), this
yields an independent formula in (King. k. I': 7, v), contradicting [8. 10].

A similar argument shows that every quantifier-free L-formula has NIP;
alternatively, reduce to the fact that RCVF, the theory of real closed fields with a
nontrivial valuation whose valuation ring is convex, has NIP, bypassing [8, 10]. -

7.2. One-sorted results. Recall that the theory of closed ordered differential fields
is the model completion of the theory of ordered differential fields, where no
interaction is assumed between the ordering and the derivation. This theory has
quantifier elimination and is complete [22]. We have the following results for T;ggf.,
the one-sorted theory of d-Hensel-Liouville closed pre-H-fields with nontrivial

value group and closed ordered differential residue field.

THEOREM 7.9. The theory T

(i) has quantifier elimination;

(ii) is the model completion of the theory of pre-H-fields with gap 0;
(iii) is complete, and hence decidable;

(iv) is distal, and hence has NIP;

(v) is locally o-minimal.
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ProoF. Item (i) follows from a standard quantifier elimination test (see for
example [5, Corollary B.11.9]), using quantifier elimination for closed ordered
differential fields, Corollary 3.4, and Lemma 7.1.

For item (ii), argue as in Corollary 7.7 that every pre-H-field with gap 0 extends
to a model of ngf, using the definition of closed ordered differential fields to check
that they are expint-closed and linearly surjective.

The completeness in item (iii) follows from (i) using that the ordered ring (Z:; +.
—,-.0, 1. <) expanded by the trivial derivation and dominance relation embeds into
every pre-H-field (or use Corollary 7.3). Decidability then follows, since Tci}gf hasa
recursive axiomatization.

Item (iv) follows by [2, Proposition 7.1] from (i) and the fact that RCVF, the
theory of real closed fields with a nontrivial valuation whose valuation ring is
convex, is distal; in applying [2, Proposition 7.1], note that a derivation satisfies its
assumptions, as shown implicitly in the proof of Proposition 7.8.

Item (v) is similar to [5, Proposition 16.6.8], which is the statement of local
o-minimality of 7™ (strictly speaking. it is equivalent to local o-minimality by
taking fractional linear transformations). By (i) and compactness, it suffices to show
that for L = K |= T with /. g > K in L, there is an isomorphism K (/) — K (g)
over K, which is done as in Lemma 4.16. The only difference is that now vf < T’
instead of I'S < vf < 0,souse that ¥ = I'< to get v f, < I for all n, where f, is as
in the proof of Lemma 4.16. =

§8. Examples. In this section, we provide two examples of pre-H-fields with
gap 0. The first, outlined in the introduction, is a model of T, with Tyes = T2 .
that is transexponential and whose residue field is exponentially bounded; we have
continued the study of such structures in [15, 16]. The second shows that the
assumption of exponential integration is necessary in Corollary 7.3 and also that
T4 is satisfiable for any T}, extending the theory of ordered differential fields that
are real closed, linearly surjective, and have exponential integration.

8.1. A transexponential pre-H-field. This subsection elaborates on [5, Example
10.1.7]. Let T* be an Ny-saturated elementary extension of T. Enlarging the valuation
ring Op« of T* to Op« = {f € T* : |f| < exp”(x) for some n > 1}, where exp”
denotes the nth iterate of the exponential function, yields a pre-H-field (T*, Op-)
that is d-henselian, real closed. and has exponential integration. The saturation
ensures that Op-« is a proper subring of K. i.e.. K contains a transexponential element.
Moreover, the residue field of (T*, O-) is elementarily equivalent to T as an ordered
valued differential field. To explain this, we first review the theory of T.

In the language {+,—,-.0,1.9, <%, <} the theory of T is model complete and
axiomatized by the theory TM . of newtonian, w-free, Liouville closed H-fields
with small derivation. An asymptotic field K is differential-valued (d-valued for
short) if © = C + o; d-valued fields are pre-d-valued and an H-fields is a d-valued
pre-H-fields. An H-field K is Liouville closed if it is real closed, has exponential
integration, and has integration in the sense that d is surjective. For more on H-fields
and related notions, see [5, Chapter 10]. The property of w-freeness is crucial to
studying T but incidental here, so we refer the reader to [5, Section 11.7]. Likewise,
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we do not define newtonianity, a technical cousin of d-henselianity, and instead refer
the reader to [5, Chapter 14].

To describe (T*, Op+) and its residue field, it is convenient to work with value
groups instead of valuation rings via the notions of coarsening and specialization.
Let K be pre-H-field with small derivation and let A be a nontrivial proper convex
subgroup of T such that w (A7) C A and w(I'\ A) C "\ A. The coarsening of K by
A is the ordered differential field K with the valuation

va: KX = T/A
a— va+ A,
denoted by Kj,. Its valuation ring is
= {a € K:va >0 forsomed € A} O O
with maximal ideal
= {aeK:va>A} C o

Then K, is asymptotic with gap 0 by [5, Corollary 9.2.26 and Lemma 9.2.24], so it is
pre-d-valued. Moreover, Ky is a pre- H-field: O remains convex since ® C 0 C -1.1)
and K, still satisfies (PH3) since O 2 O.

Setting ¢ :=a + 6 for a € O, we equip the ordered differential residue field
K = O/b of K with the valuation

v KX = A

a— vda,

making K an ordered valued differential field with small derivation called the
specialization of K to A. Its valuation ring is Og = {d : a € O} with maximal
ideal oy == {d :a € o}. Clearly, Oy is convex. The map O — O given by
a — a induces an isomorphism res(K) = res(K () of ordered differential fields. By
[5. Lemma 10.1.8]. K is pre-d-valued and if K is d-valued. then so is K with
Cyx = C, where we identify C with a subfield of Cy via a — d. To see that Kisa
pre-H-field, it remains to check (PH3). so let a € @ with @ > Og. Then va € A<
andsov(a’) = va + w(va) € A. Also, a’ > 0,s0a’ > 0, and thus ¢’ > 0. If K is an
H-field, then so is K, since H-fields are exactly the d-valued pre-H-fields.

Suppose now that K = T* and set A:=={y € T : y"(y) > 0 forsome n > 1}, a
nontrivial proper convex subgroup of I with (A7) C Aand w(I'\ A) C T \ A, as
in [5. Example 10.1.7]. It is an exercise to check that @ = O« as defined above.
To summarize the preceding discussion, K, is a pre-H-field with gap 0 and K is
an H-field with Cy = C. an elementary extension of R. As the differential field
structure is unchanged. K is still real closed and has exponential integration. And
since K is newtonian, K, is d-henselian by [5. Lemma 14.1.2]; this also uses that
1 :=v(1/x) > 0is the unique element of I'” with w(1) = 1 (see [5. Lemma 9.2.15]).
so automatically 1 € A.

We now proceed to show that K |= T2 . First, since K is w-free, so is K by
[5. Lemma 11.7.24]. Since K is real closed, so is K. and since K has integration,
so does K by [5. Lemma 9.4.13]. To see that K has exponential integration, let
a € O\ 6and take y € K* with y© = a. We may have vy = 0 € A. If vy # 0. from
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w(vy) =v(y") = va € A.wegetvy € A.Ineithercase. y € K* and j = a. Hence,
K is Liouville closed. )

It remains to see that K is newtonian. To explain this, for a valued differential
field Fand a € F*, welet F“ denote the valued field F equipped with the derivation
a'9p: if F is newtonian, then so is F¢. Let ¢ € O\ 6 be such that y(6) > v €A
for some § € A#. Then by [5. Lemma 14.1.4], it suffices to show that (K, v;) the
coarsening of K ¢ by A'; = {0 € A: w(d) > vé}. is d-henselian. First, note that
AZ; #£ (), since w (A7) has no maximum, and that AZ; = l"z5 ={yeTl:y(y) >vd}.
since for any y € 1"25 we have w(y) € A and thus y € A. It follows that (Kd’v;)
is isomorphic to the specialization of (K ¢’,fu(';) to A/T? . where (K ¢,v;) denotes
the coarsening of K¢ by l";). Since K is newtonian, so is K¢. Hence, (K¢, v;) is
d-henselian by [5, Lemma 14.1.2] again; in applying this lemma, note that the new
14 > 0 is the unique element of T'# with y/(14) — v$ = 14, so again 1, € I}, Thus

the specialization of (K, vz)) to A/ 1";) is also d-henselian by [5, Lemma 7.1.6].
Putting this together, we have established:

ProposITION 8.1. Let K :=T* be an Ny-saturated elementary extension of T
and set A = {y € T :y"(y) >0 for some n > 1}. Then the coarsening K of
K by A (equivalently. K equipped with the valuation ring O = {f € T* : |f] <
exp"(x) for some n > 1}) is a pre-H-field that is d-henselian, real closed, and has
exponential integration. The residue field K of Ky is elementarily equivalent to T as
an ordered valued differential field.

In summary, we have thus decomposed T* into a transexponential pre-H-field
with gap 0. K. and an exponentially bounded model of T2 . K. Combining this
with the results of the previous section and facts about T2, from [5], we obtain:

COROLLARY 8.2. Let L5 ={+.-0,1,0,<.<} and Tyws=T™,. Then
(Ka. K:my) = TN where my is the binary version of the residue map K — K|
and K is purely stably embedded in (Kx. K:m,) in the sense of Corollary 7.6. Also.
dhl.

(1) is complete:
(ii) is model complete, and moreover is the model companion of the theory T from
Corollary 1.7 with T, being the theory of H-fields with small derivation;
(iii) has NIP;
(iv) has quantifier elimination if L and Tsrl‘llw111 are expanded by a function
symbol for multiplicative inversion and two unary predicates Q and A as in
[5, Chapter 16].

ProofF. Note that T is required to expand the theory of linearly surjective,
expint-closed ordered differential fields, and indeed newtonian fields are linearly
surjective by [5, Corollary 14.2.2]. Then the completeness of 79" follows from the
completeness of 71, [5, Corollary 16.6.3] by Corollary 7.3. Likewise, the model
completeness and model companion statements follow from [5, Corollary 16.2.5]
and Corollary 7.4, NIP follows from [5, Proposition 16.6.6] and Proposition 7.8,

and quantifier elimination from [5, Theorem 16.0.1] and Theorem 7.5. -
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8.2. Exponential integration is necessary. Unlike the AKE theorems for
monotone fields, Corollary 7.3 includes the assumption of closure under exponential
integration. Corollary 8.6 shows that the theorem fails when this assumption
is dropped by exhibiting two d-henselian, real closed pre-H-fields that are not
elementarily equivalent but have isomorphic ordered differential residue fields.
More precisely, one of these pre-H-fields has exponential integration but the other
does not, and, indeed, the issue is pervasive in the sense that it works for any ordered
differential residue field that is linearly surjective and expint-closed. Additionally,
the asymptotic couples of these pre-H-fields are elementarily equivalent, which
shows that some assumption on logarithmic derivatives is necessary not just in
Corollary 7.3, but even in any possible three-sorted extension of it.

This lemma is a variant of [5, Lemma 10.4.6]. Wenowset A™! .= {a € 4 : a = 1}
for A C K, and make use of the background material on asymptotic couples from
Section 4.1.

Lemma 8.3. Suppose that K is pre-d-valued of H-type with gap 0. Let s € K such
that vs € T<\ Y. Take a transcendental over K with a’ = s. Then the differential
field K, == K (aQ) can be equipped with a unique valuation making K, a pre-d-valued
extension of K of H-type such that a = 1. With this valuation, K, has gap 0 and
satisfies:

(i) res(K,) = res(K);

(ii) for every f € K1, either 7 ~ g' for some g € K™™' or f7 ~ es for some

ecQ”;
(iii) the asymptotic couple (Uy.w,) of K, satisfies T, =T ® Qa. with
a=v(a) <0 and [a] ¢ [T]. and y,(y + ea) = min{y(y).v(es)} for all
y€eTl ande € Q:

(iv) if K is a pre-H-field with s > 0, then K, can be equipped with a unique ordering
making K, an ordered field extension of K such that the valuation ring O, of
K, is convex; with this ordering, K, is a pre-H-field.

Proor. We first explain how we adjoin a new element a to the asymptotic
couple (T, y), which later will satisfy o = v(a). Let Dy = {y e [<: y(y) < vs}
and D, ={yeTlS:wy(y) >wvs}. and take a such that D; <a < D, and
[D1] > [a] > [D>]. Recall that since (', w) has gap 0, for any y € I'<, we have
y < w(y) < 0. In particular, vs € D; and [a] > [vs]. Set T, =T ®Qa. Lety € T
and e € Q, and define y + ea > 0 if either [y] > [ea] and y > 0 or [ea] > [7]
and e < 0; if e # 0, then y 4+ ea > 0 if and only if either [y] € [D;] and y > 0 or
[y] € [D2] and e < 0. This makes I', an ordered abelian group extending I" such that
a < 0. Now we extend v: K* — T to the unique valuation v: K — I', satisfying
v(a) = a. More explicitly, every element of KX is of the form p/gq for some
P=2cqlea’and g =3, qqca‘. whereall p..q. € K with only finitely many
of them nonzero and at least one p, and one ¢, are nonzero. For such p and ¢, we set

v(p/q) = min{v(p,) + ea : p, # 0} —min{v(q.) + ea : q. # 0}.

and it is routine to check that this map is a valuation. If w is any valuation on
K, making it a pre-d-valued extension of K of H-type such that wa < 0, then
Dy < wa < D,y and [D] > [wa] > [D;], and it follows that w = v after identifying
their value groups via wa — «.
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For every f € K)*, there are g € K™ and a unique e € Q such that f ~ ga°®.
Item (i) follows. Now we use [5. Lemma 10.1.19] with 7 = K*a9 and L = K,
to show that K, is pre-d-valued. Let t = ga® € T, where g € K* and ¢ € Q, and
suppose that ¢ < 1. It suffices to show that " = 1 and #' < 1. We may assume that
e # 0. Then v(g") # vs = v(es). so v(t') = v(g" + es) = min{v(g").vs} < 0. If
[vg] < [@]. then e < 0 and v(g") > vs. and so

v(t) = v(t") + vt = vs +ea+vg 0.

If [vg] > [«]. then similarly v(¢') = vg’ + ea > 0. Hence K|, is pre-d-valued with
gap 0. To prove (ii). let f € K”! and take g € K* and e € Q with f ~ ga®. Then
[T~ g%+ es. so likewise either 7~ g™ and vg < 0 or fT ~ es and e > 0. This
also finishes the proof of (iii).

Now we show that (I',, v, ) is of H-type. Lety1,7, € T'and e;. e; € Q and suppose
that y; + eja < 7, + exa < 0; we need to show that yw(y; + eja) < w(y: + era).
If [yi] > [e;a] for i = 1.2, then [y1] > [12] and w(y1 +e1a) = yw(n) < y(n) =
w(ps + exa). If [1;] < [eja] for i =1,2, then w(y + eja) = vs = y(y2 + er0).
If [y1] > [era] and [y2] < [e2a], then w(y +e1a) = w(y1) < wvs = w(n + exa).
Finally, if [y1] < [e1] and [72] > [e2a]. then [e1a] > [12] and w(y; + e1a) = vs <
w (1) = w(y, + exa) (in this case, e; = 0).

To show (iv), suppose that K is a pre-H-field and s > 0. Let / € KX, and take
g € K* and e € Q with f ~ ga®. For K, to be an ordered field extension of K, we
must have a¢ > 0 for all e € Q, and hence there is at most one way to define the
ordering: f > 0 if and only if g > 0. First, this is independent of the choice of g: if
f ~gia® with g; € K*, then g; ~ g, so g; > 0 if and only if g > 0. To see that
this makes K, an ordered field, let /. /> € K with f1, f» > 0. Fori = 1,2, take
g € K* and ¢; € Q such that f; ~ g;a%,so g; > 0. Then [ f> ~ g1g2a°1"%2 > 0.
Similarly, 2 >0 for all f € K)X. If f| < f5. then fi+ f2 ~ f2 > 0: the case
f1 = f> is symmetric. Suppose that f; < f», so e; = e; and g; < g,. Then since
g1.8> > 0, we have g; 4+ g»> =< gy and thus f + f2 ~ (g1 + g2)a! > 0.

To see that O, is convex with respect to this ordering, we show that its maximal
ideal o, satisfies o, C (— 1.1):If f € 0,.then 1+ f ~ 1a° > 0. To show that K, is
a pre-H-field, it remains to check that /¥ > 0 whenever f € K, satisfies f > O,,.
which follows from the proof of (ii) and the fact that K is a pre-H-field. -

PrOPOSITION 8.4.  Let k be an ordered differential field that is linearly surjective and
real closed. Then there is a d-henselian, real closed pre-H-field K such that ¥ = I'<
andres(K) = k., but (K*)" # K.

PrOOF. We construct increasing sequences of pre-H-fields with gap 0 (K,,) and
sets (90,) satisfying, for all n:

)
2) M, is a divisible monomial group for K,,:

3) m > 0forallm € 9M,;

4) Mt C (o))

5) forevery f € K;7!, there are m € 9! and e € Q> such that /7 ~ em.

In particular, each K, has ordered differential residue field naturally isomorphic
to k.
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Let (b;);cq be algebraically independent over k and set My := {b; : i € Q}. Let
k range over N*! := {n:n > 1} and i = (i;..... i) and e = (ey.....e;) over QF
with i} < --- <. We set bf = ]—[1;:1 ble/’ and define M == {b{ :i.e € QF with
h < <ip, ke N>l} and Ky := k(gﬁl) Set Ty = @ie(@ Qﬂ, with (ﬁi)ie@
Q-linearly independent. and order Iy lexicographically with each f; < 0. That is,
if ey # 0, define ey B, + - +ex i, > 0if ey < 0,50 [e1fi; + -+ exfi ] = [B;,]. and
[Bi] > [B;]ifand only if i < j, for i, j € Q.

We equip Ko with the unique valuation v: K¢ — Iy satisfying v(u) = 0 and
v(b;) = piforallu € k™ and i € Q. To do so more explicitly, note that every element
y € K has the form y = (3", f.bf)/(3, g.bf) for some i and some f..g. € k
such that only finitely many f, and g, are nonzero and at least one f, and one
g. are nonzero. Define v: K — I'g by v(ubf) = Zl;:l ei, Bi;. foru € k™, and. for
y € K, as above

Ze febll'
Ze geble

It is routine to check that this map is a valuation. Hence 91, is a divisible monomial
group for K. Moreover, for all /€ K with f 3 1, there exist unique u € k™. i,
and e € (Q*)* such that /" ~ ubf: forall f € K, with /=< 1. there exists a unique
u € k™ such that f ~ u.

We extend the derivation on k to K so that (b¢)" = eb; foralli,e € Q. Itis easy
to verify thatforall 7 € T := {ubf :u € k™. i.e € Q€ withi; < - < iy, k € N>},
if # <1, then ¢/ <1 and ¢' = 1. Then by [5. Lemma 10.1.19] (with K = k and
L = Ky). Ky is pre-d-valued and has gap 0. Also. for every f € K ! there exist
i.e € Q with e >0 and /7 ~ eb;. Hence the asymptotic couple of K is (. wo).
where y is defined by wo(ei i, + -+ + exfi,) = Pi,+1if e; # 0. and it satisfies ¥ =
w(I7) = v(m,).

To extend the ordering on k to Ko, let / € K and take u € k™ and m € 9} with
f ~ um. Then define /> 0 if u > 0. The proof that this makes K, a pre-H-field is
similar to the corresponding part of the proof of Lemma 8.3.

To construct K; and 91,, enumerate (9 \ My)~! by (m,) and set Ly = Ko
and 9 := M. By (5). vm, € Iy \ Wy for all n. Hence by repeated applications of
Lemma 8.3, we construct increasing sequences of pre-H-fields with gap 0 (L,,), sets
(M,). and elements (n,,) such that, for all n:

(a) L, = k(1,);

(b) 91, is a divisible monomial group for L,:
(C) Npy1 = mnng;

(d)nf =m,.n, = l.andn¢ > 0foralle € Q;
(

¢) forevery f € L7,  either /7 ~ g' for some g € L' or /T ~ em, for some

v(y) = v( > = min{v(b{) : f, # 0} —min{v(b{) : g, # 0}.

ecQ”:
(f) vm,, ¢ ¥, forallm > n.
Now we set Ky =], L, and M = J, N,. Iterating this procedure yields the
desired sequences (K,) and (91,). Set K = {J, K, = k(). where M = [J, M,.
Then K is a pre-H-field with gap 0 such that:
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(i) K has ordered differential residue field (isomorphic to) k;
(ii) T is nontrivial and divisible, and satisfies I'< = ¥;

(iii) forevery f € K, there are m € 9t~ and e € Q> such that £ ~ em.

We have not yet needed the assumptions on k. Using that k is linearly surjective,
we pass to the d-henselization of K, an immediate pre- H-field extension of K, thereby
arranging that K is d-henselian while preserving (i)—(iii). Then K is real closed, since
k isreal closed, T is divisible, and K is henselian. Finally, by (iii) we have um ¢ (K )"
forallu € k\ Qand m € M-, .

By taking a k as above that additionally has exponential integration, we obtain:

COROLLARY 8.5. There exists a d-henselian, real closed pre-H-field K such that
W =TI<and (res(K)*)" = res(K). but (K*)" £ K.

COROLLARY 8.6. There exist d-henselian, real closed pre-H-fields K, and K, such
that res(K;) = res(K>) (as ordered differential fields) and (T'y,w,) = (T2, w2), but
(K[)" # Ky and (K, )" = K>: in particular, K| # K.

ProOF. Let k be an ordered differential field that is linearly surjective and expint-
closed. Then Proposition 8.4 yields a d-henselian, real closed pre-H-field K; with
ordered differential residue field isomorphic to k, nontrivial divisible asymptotic
couple (T'y, y1) satisfying I'T = W, and (K|)" # K;. Now let K be the d-Hensel-
Liouville closure of K1 by Theorem 6.16. Then res(K>) = res(K) and the nontrivial
divisible asymptotic couple (I'y, y») of K, satisfies I's = ¥». Hence (I'1.y) =
(T3, w») by Corollary 4.9. -
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