This is a ““preproof" accepted article for Canadian Mathematical Bulletin
This version may be subject to change during the production process.
DOI: 10.4153/50008439525101446

Canad. Math. Bull. Vol. 00 (0), 2025 pp. 1-15
http://dx.doi.org/10.4153/xxxx Q 4
© Canadian Mathematical Society 2025

An asymptotic formula for Tate-
Shafarevich groups of CM elliptic curves
at supersingular primes

Katharina Miiller

et K be an imaginary quadratic field and E/Q an elliptic curve with complex
multiplication by Ok. Let Ko/K be the anticyclotomic Z,-extension of K and K,
the intermediate layers. Under additional assumptions on Kobayashi’s signed Selmer
groups we prove an asymptotic formula for IIT(E/K,,).

1 Introduction

Throughout this article p > 5 is a prime. Let k be a number field and ko, /k be a Z,-
extension. Let k,, be the unique subextension of degree p™ and h,, the p-class number
of k. Iwasawa proved in his seminal paper [6] the asymptotic formula

Vp(hn) =up" +An+v n>0,

for invariants y,A > Oand v € Z.

In light of this key result the analysis of arithmetic objects along Z, -extensions has
become a central topic in modern Iwasawa theory. Mazur [10] generalized Iwasawa’s
ideas and applied them to elliptic curves with good ordinary reduction at all primes
above p. He showed that - if the p-primary Selmer group over k is cotorsion over
the Iwasawa algebra of Gal(k /k)- there is an asymptotic formula

vp(IILI(E/kp)|) = up" + An+v n>0,

where III(E/k,,) is the Tate-Shafarevich group of E over k,, (assuming that it is finite)
.Acrucial step in his argument is a so called control theorem. For supersingular primes
this control theorem is no longer valid. Let E /Q be an elliptic curve supersingular at p
and let Qc be the cyclotomic Z,-extension of Q. As p > 5, this implies that a,, = O by
the Hasse bound [11, Chapter V, Theorem 1.1]. Kobayashi [7] constructed plus/minus
Selmer groups that satisfy a control theorem. From his control theorem he was able
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to derive the following asymptotic formula

=

v, (I(E/Q,)]) = 2 prik gj n {gJ A*+

L3 L2
—nr + Z $(p* )t + Z p(p™* Hu+v, n>0
k=1 k=1

n+1
2

e

where r = rank(E(Qw)) < o0 and ¢ denotes the Euler ¢-function. The invariants u*
and A* are the Iwasawa invariants of the Pontryagin duals of the plus/minus Selmer
groups.

Instead of the cyclotomic Z,-extension we consider the anticyclotomic Z,-
extension for the rest of the paper. We keep the assumption that E£/Q is an elliptic
curve and that p is a supersingular prime. Let K be an imaginary quadratic field. Let
K /K be the anticyclotomic Z, -extension, i.e. the Z, -extension on which Gal(K /Q)
acts as —1, and let K, be the unique subextension of degree p”. Assume that K satis-
fies the generalized Heegner hypothesis: Let N = NN, be the conductor of E, where
Ny and N, are coprime and N, is square-free. Assume that all primes dividing pN;
are split in K and that all primes dividing N, are inert in K. In particular, we assume
that p splits in K. In this setting the rank of E(K,,) is unbounded and the plus/minus
Selmer groups are no longer cotorsion. Nevertheless there is— under the assumption
that ITI(E/K,,) is finite and that the representation

p: Gg — Aut(T,(E))

is surjective— an asymptotic formula [8]:

p(IE/KID = D, e+ D we(rh)

k<n,k even k<n,k odd

+1
+L§J/l+ + [nTJ/l‘ +v n>0.

These Iwasawa invariants are no longer the ones of the plus/minus Selmer groups.

The Heegner hypothesis excludes the case of CM elliptic curves with complex mul-
tiplication by Ok as primes of good supersingular reduction are inert in K. The aim
of the present paper is to consider this case. Let £ € {1} be the root number of
E /Q. Then the —&-Selmer group is cotorsion while the £-Selmer group is not. Burun-
gale, Kobayashi and Ota [3, Theorem 1.1] prove that for all n large enough such that
(=1)" = —g one has

vp (IIL(E/Kn)]) = vp (IHL(E/Kp-1)]) = A+ up(p") (1.1)

for some invariants p, A > 0.

The invariants occuring in the asymptotic formula of Burungale-Kobayashi-Ota
come from the fine Selmer groups, the —& Selmer group, and a finitely generated Z, -
module A independent of n.
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Asymptotic forumla for Tate-Shafarevich groups 3

Let A be the Iwasawa algebra of I' = Gal(K«/K) over the ring O, the ring of
integers of K ,, where K, denotes the completion of K at p. Define

wiMy = [] @T+1) w,=T [] @T+1)
1<k<n,k even 1<k<n,k odd
where ®; denotes the p*-th cyclotomic polynomial. Our main result covers the

remaining steps:

Theorem 1 Assume that ITI(E /K,,) and the fine Selmer group Sel’(E/K,,) [w,?] are
finite for all n. Then for all n large enough and such that (-1)" = & one has

vp (III(E/Kn)|) = vp (IHI(E/Ky-1)]) = A+ u(p").

The integers p and A are the Iwasawa invariants of the fine Tate-Shafarevich groups.
As an immediate corollary we obtain

Theorem 2 Assume that III(E/K,,) and Sel’(E/K},) [w,, ?] are finite for all n. Then
for all n large enough one has

vp (IHI(E/K)])

/’l_g ngn,(—l)m:fg ¢(pm) + /’l& ngn,(fl)m:s ¢(pm)
_ 1 _
FAT[L] 4 AE 2y (1) = —¢

ﬂig ngn,(—l)m:—e ¢(pm) + :ug stn,(—l)’”:s ¢(pm)
+AF |+ AE | 2 4y (-)"=¢

The invariants are the ones from (1.1) and Theorem 1 respectively. Note that one
expects u* = 0 in this setting.

Remark 1.1 The condition that Sel’(E/K,,) [w,, ©] is finite is equivalent to the state-
ment that the characteristic ideal of Sel’(E/Ko)" is corpime to w,, ©.
If one assumes that III(E/K},) is finite, this is equivalent to

_ rank(E(K,,)) — rank(E (K, _1)) <
" 2¢(p") B

for all n such that (—1)" = —¢. It is known that f;, = 0 for all such n large enough [5].

1,

The central idea of the proof is to decompose III(E/K,) into plus and minus
Tate-Shafarevich groups whose intersection is the fine Tate-Shafarevich group. Using
control theorems for the respective Selmer groups we will then derive the above
asymptotic formula. This approach differs from the one presented in [2]. In loc. cit the
authors relate the growth of III(E/K},) to the cokernel of

Sel(E/K,,_1) — Sel(E/K,).
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If (—1)" = —¢ this cokernel is finite and compuatable in terms of Iwasawa invariants.
In the case (—=1)" = g, this cokernel is of corank ¢(p™) for all n. We have thus to
apply different methods and need the additional assumption that Sel’(E/K},) [w,°]
is finite for all n.

The fine Tate-Shafarevich groups do not only play a central role in our proofs, but
are also of independent interest and we are able to derive an asymptotic formula for
them.

Theorem 3 Let k°(E/K,,) be the fine Tate-Shafarevich group of E over K,,. For all
n > 0 we have

Vp(|K0(E/Kn)|) =An+pu+v,
foru,A >0andv € Z.

Note that Theorem 3 is a generalization of the results in [9]. Loc. cit. only conciders
the cases of good ordinary reduction (Theorem 1.7) and of E (K, ) being of finite rank
(Theorem 1.6). Both conditions are not satisfied for supersingular elliptic curves and
the anticyclotomic Z,,-extension.
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2 plus/minus Selmer groups

Let K be an imaginary quadratic field and let p be prime that is inert in K. Let E/Q be
an elliptic curve that has complex multiplication by Ok . Let K, /K be the anticyclo-
tomic Z,-extension and let K,, be the intermediate fields. Let & be the root number
of E. Let 7 be a topological generator of Gal(Kw/K),letT = 7 — 1 and A = O[T].
Throughout the paper we assume that III(E/K,,) is finite for all n.

Let E denote the set of Dirichlet characters of Gal(K./K). Let Z* be the subset
of non-trivial characters whose order is an even power of p and let E~ be the set of
characters whose order is an odd power of p and the trivial character. Let K,, ,, be
the localization of K, at the unique prime above p in K,,. We denote by E the formal
group of E at p and by log its formal logarithm. For any character y € E and any
X € E(Kn,p) we define

L =p™ Y legx)x (o),
oeGal(Kpm,p/Kp)

where ) is a character factoring through Gal(X,, ,/K) and m > n. Let
E(Knp)* ={x € E(Knp) | 4,(x) =0 Vy e E"}.

Let X the set of primes dividing the conductor of E and p. Let K5, be the maximal
Galois extension of K unramified outside Z.
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Definition 2.1 We define
Sel(E/K,)
e wpy o H' (Knp, E[P™])
= ker[H'(Ks/Kn, E[p™) =[] H'(Knr EIp™]) x =—£
veZ,(v,p)=1 E(Kn,p) ® Qp/Zp

We define the plus/minus Selmer groups

Sel*(E/K)

- wpy o H Knp EP™])
=ker|H'(Ky/Kn E[p™) =[] H' (K E[p™]) x =7
veX,(v,p)=1 Ei(Kn,p) ® Qp/zp

as well as the fine Selmer group

Sel’(E/K,) = ker |H' (Ks/Kn, E[p¥]) = | | H' (Kun E[P¥]) |-

veX

For = € {0, +, —} we define
M (E/Ky) = Sel'(E/Ky) N (E(Ky) ® Qp/Zp).

The intersection is taken in H'(Kx /Ky, E[p™]) and E(K,) ® Q,/Z, is a subgroup
after applying the Kummer map. We furthemore define
Sel"(E/K,)
K (E/K,) = ———=.
(EIKD) = N E K,

Let Sel"(E/K«) = li_n}n Sel*(E/K;,).

Remark 2.1 By [3, Lemma 2.2] H' (K., E[p®]) = 0 for all v coprime to p. Thus,
one can omit the conditions at primes away from p in the definition of Selmer groups.

In the following we will analyze the g-Selmer groups.

Sel® (E/K)

Lemma 2.2 (SelO(E/KW)

) has A-corank one.

Proof By [3, Proposition 3.4] Sel’(E/Ko) is A-cotorsion. By [1, Theorem 3.6]
Sel? (E /K«) has A-corank one. Both results together imply the desired result. ]

. v
Lemma 2.3 (M)

Sel’ (E/Ko)

IR

A

Proof By [3, Theorem 3.2 and Lemma 3.3] we have
(E*(Kn.p) ® Qp/Zp)" = wjiAn,
where A, = O[Gal(K,,/K)]. Taking the projective limit, we obtain
(E*(Kw,p) ® Qp/Zp)" = A.
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By definition
( Sel®?(E/Kw)
Sel’(E/Ks)
This implies that we have a natural surjection
(Sels(E /Ko) )V
ﬁ 0— .
Sel’(E/Kw)
As the latter module has A-rank one by Lemma 2.2, this map is actually an isomor-
phism. [

) s E?(Kw) ® Qp/Zp.

As an immediate corollary we obtain
Corollary 2.4 'The natural map

Sel®(E/Kw) — E?(Keo,p) ® Q,/Z,

is a surjection.

For all n > 0 we define
_ ranko, (E(Ky)) - ranko, (E(K,-1))
" o(p") '

Lemma 2.5 Assume that (—1)" = &. Then e,, > 1.

Proof By [1, Theorem 5.2] there is an injective homomorphism with finite cokernel
Sel?(E/K,)[ws] — Sel®(E/Kw)[ws].

By Lemma 2.2 Sel®(E/K) has a quotient that is isomorphic to AY. It follows that
Sel®(E/K,)" ® Q, contains a submodule isomorphic to A/ (w}; /w?_,) ® Q). As the
Tate-Shafarevich group is assumed to be finite for all i, this implies that E(K,,) ® Q,
contains a submodule isomorphic to A/(w;; /w?_|) ® Qp. As E(K},_1) is annihilated
by w,,—1, we obtain the desired result. [ |

Corollary 2.6 'The natural homomorphisms
Sel®(E/Ky) — E*(Kn,p) ® Qp/Z,
and

M?(E[K,) — E* (K, ) ® Qp/Z,

are surjective. In particular,

Sel®(E/Ky) . ES(Kup)®Qp/Zp ME(E/Kn)
Sel®(E/Ky-1) + Sel’(E/K,)  E®(K,_1.,) ® Qp/Z, M(E/Ku-1)+ M°(E/Kp)

Proof By [3, Theorem 3.2 (1)] EE(Kn,p) ®Qp, = Qp[X]/wf. Ase, > 1foralln
with (-=1)" = g, E(K,) ®Q,, contains a subrepresentation isomorphic to Q, [ X]/w};.
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Asymptotic forumla for Tate-Shafarevich groups 7

Thus, E€ (K, n,p) ® Qp lies in the image of the natural homomorphism

E(Ky) ®Q, = E(Knp) ® Qp.
It follows that
Sel®(E/K,) — E®(Ky.») ® Q,/Z,
and
ME(E[Ky) = E*(Kn.p) ® Qp/Z,

have finite cokernels. As the right hand side is divisible, the homomorphism has to be
surjective. [

The remainder of the section is dedicated to prove the existence of a short exact
sequence

0 — «°(E/K,) — «*(E/K,) ® k (E/K,) — III(E/K,) — 0.

Proposition 2.7 We have two short exact sequences
0 — Sel’(E/K,) — Sel" (E/K,) @ Sel (E/K,) — Sel(E/K,) — 0
and

0— M%E/K,) - M*(E/K,) ® M"(E/K,) = E(K,) ® Q,/Z, — 0

Proof For the first claim it suffices to show that
Sel*(E/K,) + Sel” (E/K,) = Sel(E/K,,).

ASE(Kp p)®Qp/Zp = (E*(Ky p)®Qp/Z,)S(E~ (Kn,p)®Qp/Zp) (c.£.[3, Theorem
3.2)), Corollary 2.6 implies that indeed

im(Sel*(E/K,) + Sel” (E/K,)) = im(Sel(E/K},)),

where im(-) denotes the image inside E(K, ) ® Qp/Z,. As Sel’(E/K,) C
Sel*(E/K,), the first claim follows.
The second claim can be proved similarly. ]

As an immediate Corollary, we obtain

Corollary 2.8 'We have a short exact sequence

0 — k*(E/Kn) = «"(E/Ky) ® k" (E/Ky) — II(E/Ky) — 0
Proof Consider the following commutative diagram:

0 —> MU(E/Ky) = M*(E/Ky) © M™(E/Ky) — E(Ky) ® Qp/Z, — 0

! ! !

0 —> Sel’(E/K,) — Sel*(E/K,) ® Sel (E/K,) — Sel(E/K,) —> 0

The vertical maps are all injective. The claim now follows from the snake lemma. =
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3 Plus/Minus Tate-Shafarevich groups

In view of Corollary 2.8 it suffices to find asymptotic formulas for «*(E/K},) for * €
{#, 0}. In the present section we will concentrate on the comparison of k*(E/K})
and k°(E/K,,).
Definition 3.1 Let = € {0, +, —} we denote by

@, oyt K (E/Kn-1) = k" (E/Kn)
the natural map. We define

* —
Kn,n—l -

K" (E/Ky)
im(ajl’n_l) '

Analogosly we define I11,, ,—; = im(LH(E/II?,,(,If)/inL%[(E/Kn))

Lemma 3.1 The natural homomorphism
., 0 &
(Dn‘ Kn,n—l - Kn,n—l

is an isomorphism.

Proof By definition,
Sel?(E/Kp) 0
Sel®(E/K,_1) + M#(E/K,) + Sel’(E/K,,)

by Corollary 2.6. It remains to show that ®,, is injective.
The kernel of @, is given by the image of (M®(E/K,) + Sel®*(E/K,-1)) N
Sel’(E/K,) in K?l,n_l. Note that
(M?(E/Ky) + Sel®(E/Ky-1)) N Sel’(E/Ky)
C (ME(E/Ku-1) + M°(E/Ky) + Sel®(E/K,—1)) N Sel’(E/K,)
= (M(E/Ky) + Sel®(E/K, 1)) N Sel’(E/K,)

= (Sel®(E/Kn-1) N Sel’(E/K,)) + MO(E/K,,) = Sel’(E[Ky—1) + M*(E[K,),

coker(®,,) =

where the first inclusion follows from the following fact. Let a € M*(E/K,), b €
Sel®(E/K,—1) and a + b € Sel’(E/K,). Thenim(a) € E®(Kn_1.) ® Qp/Z,, which
implies by Corollary 2.6 thata € M°(E/K,) + M*(E/K,_1).

By definition, the last term in the above equation has trivial image in K?l’n_l. Thus
@, is indeed injective. [

The next lemma is a preparation to prove the following exact sequence

0

0— Knon-1

+ _
— Knon-1 ® Knon-1 = H-In,n—l — 0.

Lemma 3.2 Assume that (—1)" = &. The natural homomorphism

&£

Kn,n—l

— Hln,nfl
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Asymptotic forumla for Tate-Shafarevich groups 9
is injective.
Proof Consider the natural homomorphism
W,: Sel?(E/K,) — I, ;.
The kernel is given by

Sel®(E/Ky) N (E(Ky) ® Qp/Zyy + Sel(E/K,,_1))

= (E(Kn-1) ® Qp/Zp + M®(E[Ky) + Sel(E/K,, 1)) N Sel®(E/K;,)
= (Sel(E/Ku-1) + M®(E[K,)) N Sel®(E/K,)

= Sel®(E/Ky) N Sel(E/Kp—1) + M?(E/K,)

= Sel®(E/Kn-1) + M®(E[Kp),

&

which has a trivial image in «;; ;.

Proposition 3.3 There is an exact sequence

0
0—« n,n—1

+
n,n—1 - Knon—-1 ® K - H-I",n—l -0

Proof Consider the following commutative diagram

0 = K%(E/Kn-1) = «*(E/Kp-1) ® k" (E/Kn-1) — HI(E/Ky-1) —> 0O

' ' ! ’

0 — k%(E/Ky) —> «*(E/Ky) ® k™ (E/K,) — HI(E/Ky) —> 0O

where the rows are exact by Corollary 2.8. Applying the snake lemma we obtain

0
n,n—1

K n,n—1

+
= Ky o1 DK — I, -1 — 0.

The left most homomorphism is injective by Lemma 3.1, which implies the desired
short exact sequence. u

Corollary 3.4 We have
|U—In,n71| = |k, 5l

n,n—1
Proof This is an immediate consequence of Lemma 3.1 and Proposition 3.3. [
Estimating «) |
Before we continue to estinmate I11,, ,—; and K;;’;_l we first determine K?L, net:
Lemma 3.5 The natural homomorphism
k“(E[Kn-1) = «°(E/Ky)

is injective.
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Proof Consider the natural map
Sel®(Kn-1/E) = k*(Ky/E).
Its kernel is given by
ME(E[Ky) 0 Sel®(E[Kp-1) = (M?(E[Kp-1) + Sel’(E/Ky-1)) N M®(E/[K,)
= M*(E[Kn-1) + M*(E/Ky-1) = M®(E/Kp-1),
where the first equality follows from Corollary 2.6. As the image of M*(E /K1) in
k®(E/K,—1) is trivial, the claim follows. [

As an immediate consequence of Lemmas 3.1 and 3.5 we obtain

Corollary 3.6 'The homomorphism
K(E/Kn-1) = K*(E/Kn)
is injective.

To prove an asymptotic formula for k°(E/K,,), we need a control theorem for
Sel’(E/K,) and M(E/K,). We write I, for I'?" = Gal(K,/K).

Theorem 3.7  The natural homomorphisms

Sel’(E/K,) — Sel’(E/Ko)"™
and

MO(E[Kn) > MO(E/Ke)'™

are injective with uniformly bounded cokernels.

Proof The injectivity follows from the inflation restriction exact sequence and the
fact that E(K,)[p] = 0. The fact that the first map has uniformly bounded coker-
nel follows from [9, Theorem 1.1]. To show the boundedness of the cokernels for the
second homomorphism consider the following commutative diagram

0 —> M°(E/K,) — Sel’(E/K,) —> «°(E/K,)) —> 0
Lan b, Len :
0 = MO(E/Ko)'m —> Sel®(E/Kw)™ —> k%(E /Koo)'

By Corollary 3.6 ¢, is injective. We therefore obtain an injection coker(a,) —
coker(by,). As the latter group is uniformly bounded independent of n, the same is
true for coker(ay). [

Recall that Sel®(E /K.,) is A-cotorsion. As k°(E /K, is a quotient of Sel®(E /K.,),
k°(E/K) is A-cotorsion as well. In particular, its Pontryagin dual K°(E/K)" is a
finitely generated torsion A-module.
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Theorem 3.8  Let u and A be the Iwasawa invariants of k°(E [Kw)". Then for all n large
enough we have

VoK amil) = A+ up(p").

Proof Using standard arguments in Iwasawa theory Theorem 3.7 implies that there
are invariants A’, ”’, u’ and y”’ such that

vp (| coker(Sel’(E/Ku—1) — Sel’(E/Ky))|) = " + 1/ ¢(p")
and
vp (| coker(M®(E/Ky-1) = MU(E/K))|) = A" + 1" $(p")
for n > 0. By Corollary 3.6 we furthermore have an exact sequence
0 — coker(M°(E/K,_,) = M°(E/K,)) —
— coker(Sel’(E/K,—1) — Sel’(E/Ky)) = Ky .-, — 0,
which implies
vp(lko ) =2 =27+ (W = ") (p").

Let F’ and F”’ be the characteristic ideals of Sel’(E /Ks)" and M°(E/K4). Choose
ng such that ged(F’, w,,) = gcd(F’, wy,) and gcd(F”, wy,) = gcd(F”, wy,) foralln >
no.Let G’ = gcd(F', wy,,) and G” = gcd(F”, wy,) . Thenwe have A’ = A(F')-A(G’)
aswell as A" = A(F"") — A(G""). As we are assuming that ITT(E/K,,) is finite foll all
n, Sel’°(E/K,) and M°(E/K,) have the same corank for all n. Thus, G’ = G”'. This
implies A’ — A" =dand p’ — u”’ = p.

|

3.2 Estimating the kernels

To obtain an asymptotic formula for III(E /K, ) we do not only need to understand
the cokernels II1,, ,_; but also the kernels of the natural maps III(E/K,—;) —
I(E/Kp). It turns out that these maps are injetive as we will prove in Proposition
3.10.

Lemma 3.9  Assume that (—1)" = &. For all n large enough we have that
M2 (E[Ky) = MT#(E[Kp-1) + MU (E[Ky).

Proof We have a natural isomorphism

E(K)) ®Qp/Zy _ M*(E/K,)
E(Kn—1)®Qp/Zp MS(E/Kn—l).

Note that E(K,,_1) ® Qp/Z, = MZ(E[K,_1) + M™% (E/K,_y).
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By definition
M (E[Kn) = MTE(E[Kn) N (E(Ku-1) ® Qp/Zp + M (E/Ky))
= MT(E/Kn) N (ME(E[Kn) + M™% (E/Kpn-1))
= MT(E/Kn-1) + (MT2(E/Kn) N ME(E/Kp))
= MT*(E/Ku-1) + M*(E/Kp).

]
Proposition 3.10 'The natural homomorphism
HI(E/Kp-1) — HI(E/Ky)
is injective for all n large enough.
Proof If (—1)" = —¢ this follows from [3, Lemma 4.5 and Remark 4.6). Assume now

that (—1)" = &. By Corollary 2.8 it suffices to show that k*(E/K,,-1) — «*(E/K})
is injective. For the & part this is Lemma 3.5. It remains to consider the kernel of
k ?(E/K,-1) — k ¢(E/K,). Consider the natural map

¥, % Sel *(E/Ky-1) = k “(E/Ky).
The kernel is given by Sel”®(E /K, 1) N M™¢(E/K},). By Lemma 3.9 we know
M™E(E[Kp) = M (E[Kn-1) + M(E/K,).

Thus,

Sel ®(E/Ky-1) N M™®(E/Kp,) = Sel *(E[Kp—1) N (M™%(E/K,-1) + M°(E[K,))
= M™®(E[Ku-1) + (Sel *(E/Kn—1) N M*(E[K,))
= M %(E/K,_1) + (Sel’(E/K,,_1) n M°(E/K,)).

Corollary 3.6 implies that Sel’(E/K,,_;) N M°(E/K,) = M°(E/K,_). Thus,

M7 (E[Kp-1) + (Sel®(E/Ky-1) N MU (E[Ky)) = M™®(E[Ky-1).

Therefore ker(y;, ¥) = M™¢(E/Ky,—1), which implies that

K (E[Kn-1) = & °(E/Ky)

is indeed injective. L]

Corollary 3.11 For n > 0 we have
Sel(E/K,-1) N (E(K,) ® Qp/zp) =E(K,.1)® Qp/zp-
3.3 Estimating« 7 |

In this section we always assume that (=1)" = &. Before we can analyze «, % |,

first need the following result on signed Selmer groups.

we
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Lemma 3.12  Assume that the Sel®(E /K,,) [w;, ©] is finite for all n. The natural maps

Sel“*(E/Kp,)
Sel’(E/K,,)

Sel ™ (E/Ke)
Sel’(E/Ko)

[w,°] — [w,*]

are injective with uniformly bounded cokernel.

Proof Consider the exact sequence
H'(Ks/Keo, E[p™]\ | _&
5 [, "]
Sel”(E/K)
— Sel®(E/Kw)/w;, ® Sel’(E/Kw).

H' (K3 /Ko, E[p™]) [0}, ] —

If SeIO(E/Kn)[w,_lg] is finite for all n, the characteristic ideal of Sel’(E/Ks) is
coprime to w; ® for all n. In particular, Sel®(E/Kw)/w;® Sel’(E/K,) is uniformly
bounded. It follows that the natural homomorphism

H'(Ky/Kw, E[p*])

H'(Ks/Keo, E[p™]) [w,; ] — w,
(Kz/ [P"Dlw,”] Sel%(E/K.0) [w, "]
is injective with uniformly bounded cokernel. In particular,
H'(Ks/Kn, E[p®]D) . _oy  H'(Ks/Kw, E[p™]) . _,
0 [w,"] = 5 [, "]
Sel”(E/K},) Sel”(E /Ks)
is injective with uniformly bounded cokernel. Consider the following commutative
diagram
0 5 Sel”#(E/Kn) 5 H'(Ks /Kn,E[p™]) [w—a] N Hl(Kn.P’E[Poo]) [w—s]

Sel(E/K,,) Sel®(E/Ky) E~%(Kn,p)®Qp |Zp

{ { 1

0 — S E(E/Ke) -e]_>H1(Kz/Km,E[p°°])

- H! (Koo, p, E[P™]) -
& P &
Sel)(E/Kw) “ 1 Sel’(E/Kwo) = [w,“]

[wn E% (Keo,p)®Qp /2

[w

The right vertical map is injective (this can be proved as in [7, Theorem 9.2] using the
Coleman maps defined by [4]). The middle vertical map is injective with uniformly
bounded cokernel. Thus, the left vertical map is injective with uniformly bounded
cokernel. ]

Lemma 3.13  Assume that (—1)" = & and that Sel®(E /K,,) [w,, ©] is finite for all n. Then
we have

Sel ¥(E/Ky) = Sel (E/K,_1) + Sel’(E/K,,).
Proof Asw,® = w,* Lemma 3.12 implies that

Sel #(E/Kp)
Sel’(E/K})

—e1 _ Sel_s(E/Kn_l) s
Lon™] = Sel’(E/K,-1) L]
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Sel™® (E/Kom)

SeP(E /Ko is annihilated by w,,® for all m, we obtain that

Sel “(E/K,) _ Sel “(E/K,-1)
Sel’(E/K,,) Sel’(E/K,_1)
In particular Sel ®(E/K,) = Sel *(E/K,_1) + Sel’(E/K,,). ]

As an immediate corollary we obtain

Corollary 3.14 Assume that (—1)" = & and that Sel’(E/K,,) [w;, ?] is finite for all n.

The natural homomorphism

0 —-&

Knn-1 7 Ky n_1

is surjective.

3.4 Estimating II1,, ,_;

In this section we put the results from previous sections together to obtain an estimate
for II,, ,,—; and to derive an asymptotic formula for IIT(E/K,,).

Theorem 3.15  Assume that (—1)" = & and that Sel® (E /K,)) [w}, ©] is finite for all n. Then
we have

0
|H~In,n71| = |K

n,n—1 |

Proof By Corollaries 3.4 and 3.14 we obtain

0
|I—Hn,n—l| < |Kn,n—1 |

On the other hand Lemmas 3.1 and 3.2 imply that there is a chain of injective
homomorphisms

0 &
n,n—1 - Kn,n—l - H-In,n—l’
which implies

Kt < 1M i

As a direct consequence of the above analysis we obtain

Theorem 3.16  Assume that Sel®(E /K,,) [w,, ] is finite for all n. For all n large enough we
have

vp (IHL(E/Kn)I)

/178 ngn,(—l)"’:—s ¢(pm) + ﬂs ngn,(—l)”’:s ¢(pm)
+AT[ 2]+ [ +y (-D)" = -¢

ﬂ_s ZmSn,(—l)m:—s ¢(pm) + ﬂg ngn,(—l)’":s ¢(pm)
+/18L"T“J+/1’SL%J+V (- =¢
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Proof This is a direct consequence of [3, Theorem 1.1], Theorem 3.15, Proposition
3.10 and Theorem 3.8. [ |
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